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Abstract

Theoretical study on self-propulsion and state
transition of micromachines
(FBFE) : M40 VOECHEEREERICET 2EmIME (X0

Kento Yasuda

Micromachines are tiny machines, such as motor proteins, metabolic enzymes
or motile bacteria. All of the micromachines show net functions in overdamped
situations, and are expected to be relevant to microfluidics and microsystems.
By transforming chemical energy into mechanical work, micromachines show
various non-equilibrium behaviors. Recently, these behaviors have attracted
great interests both experimentally and theoretically.

First, I discuss the locomotion of a three-sphere microswimmer in a viscoelas-
tic medium and propose a new type of active microrheology. I derive a relation
that connects the average swimming velocity and the frequency-dependent vis-
cosity of the surrounding medium. In this relation, the viscous contribution can
exist only when the time-reversal symmetry is broken, whereas the elastic contri-
bution is present only when the structural symmetry of the swimmer is broken.
Purcell’s scallop theorem should be generalized for a three-sphere swimmer in a
viscoelastic medium.

Next, I propose a model of three-disk micromachine swimming in a quasi
two-dimensional supported membrane. I calculate the average swimming veloc-

ity as a function of the disk size and the arm length. Due to the presence of the
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hydrodynamic screening length in the quasi two-dimensional fluid, the geomet-
ric factor appearing in the average velocity exhibits three different asymptotic
behaviors depending on the microswimmer size and the hydrodynamic screening
length. This is in sharp contrast with a microswimmer in a three-dimensional
bulk fluid that shows only a single scaling behavior. The intrinsic drag of the
disks on the substrate does not alter the scaling behaviors of the geometric

factor.

Then I discuss the locomotion of a three-sphere microswimmer in a viscoelas-
tic structured fluid characterized by typical length and time scales. I derive a
general expression to link the average swimming velocity to the sphere mobilities.
In this relationship, a viscous contribution exists when the time-reversal sym-
metry is broken, whereas an elastic contribution is present when the structural
symmetry of the microswimmer is broken. As an example of a structured fluid,
I consider a polymer gel, which is described by a “two-fluid model”. I demon-
strate in detail that the competition between the swimmer size and the polymer

mesh size gives rise to the rich dynamics of a three-sphere microswimmer.

After that, I discuss the dynamics of a generalized three-sphere microswim-
mer in which the spheres are connected by two elastic springs. The natural
length of each spring is assumed to undergo a prescribed cyclic change. I ana-
lytically obtain the average swimming velocity as a function of the frequency of
cyclic change in the natural length. In the low-frequency region, the swimming
velocity increases with frequency, and its expression reduces to that of the orig-
inal three-sphere model. Conversely, in the high-frequency region, the average
velocity decreases with increasing frequency. Such behavior originates from the

intrinsic spring relaxation dynamics of an elastic swimmer moving in a viscous

fluid.

In the latter part of the thesis, I propose a model that describes cyclic state
transitions of a micromachine driven by a chemical reaction. I consider the dy-

namics of variables representing the degree of chemical reaction and the state
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of a micromachine. The total free energy of the system is the sum of the tilted
periodic potential and the periodic coupling energy. I assume that the reaction
variable obeys a deterministic stepwise dynamics characterized by two character-
istic times: the mean first passage time and the mean first transition path time.
To quantify the functionality of a micromachine, I introduce a physical quantity
called “state cyclone” and further discuss its dependency on the properties of
the chemical reaction. For example, I show that the state cyclone is proportional
to the square of the mean first transition path time. The explicit calculation of
these time scales reveals that the state cyclone is inversely proportional to the
square of the activation energy of the chemical reaction.

Finally, with the use of the “two-fluid model”, I discuss anomalous diffusion
induced by active micromachines in viscoelastic media. Micromachines, such
as proteins and bacteria, generate non-thermal fluctuating flows that lead to
a substantial increment of the diffusion. Using the partial Green’s function of
the two-fluid model, I calculate active (non-thermal) one-point and two-point
correlation functions due to active force dipoles. The time correlation of a force
dipole is assumed to decay exponentially with a characteristic time scale. I show
that the active component of the displacement cross-correlation function exhibits
various crossovers from super-diffusive to sub-diffusive behaviors depending on

the characteristic time scales and the particle separation.
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Chapter 1

General Backgrounds

1.1 Introduction

1.1.1 General properties of micromachines

Micromachine is a general term for tiny objects that perform a net mechanical
function and correspond to biological matter and objects as discussed below. F1-
ATPase is known as an ATP synthase whose size is about 10 nm [1.1, 1.2]. Tt
exists in cell membranes and plays a role of synthesizing ATP using a proton
concentration gradient and membrane potential. On the other hand, F1-ATPase
has a function to catalyze ATP decomposition, just as a general enzyme catalyzes
both the forward and the reverse reactions. Here, it is known that the axis of
F1-ATPase rotates 120° each time when a single ATP molecule is produced.
Such a dynamics has attracted many attentions. Therefore, F1-ATPase is called

a rotary motor protein and is one of the subjects of micromachine research.

On the other hand, a group of proteins called kinesin is a rod-shaped protein
with a size of 100 nm [1.1, 1.2]. This protein is responsible for intracellular sub-
stance transport by moving in one direction on microtubules. Kinesin catalyzes
the hydrolysis of one ATP molecule, and undergoes a step-wise motion (about
10 nm/step) during this process. Kinesin has also attracted many attentions as

a typical micromachine called as a linear motor protein.
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Micromachine

Bacteria

plasn;a DNA  cellwall flagellum
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Figure 1.1: Objects and substances targeted by micromachines. Rotating motor
proteins such as F1-ATPase, linear motor proteins such as kinesin, metabolic
enzymes such as catalase, and microorganisms such as bacteria. Figures are
taken from Ref. [1.1].

Moreover, metabolic enzymes such as catalase, that are considered not to
have a mechanical function, are also studied as micromachines. Metabolic en-
zymes play a role in regulating the concentration of chemical substances in cells
and maintaining homeostasis. On the other hand, it is known that the structural
change of metabolic enzymes is large in the process of catalyzing a chemical re-
action [1.1, 1.2], and the mechanical properties associated with this structural

change has attracted many attentions.

Furthermore, larger microorganisms with more complicated internal struc-
tures can also be treated as micromachines when they swimm in viscous fluids.
For example, E. coli has a size of about 1 pym and can swim in water with a
speed of about 10 pum/s using flagella [1.1, 1.2]. Although their size is 100 times
larger than that of micromachines such as enzymes, it is expected that there is

something in common both in the hydrodynamic and statistical behaviors.

When we investigate micromachines, we try to extract a universal mecha-

nism of motion by focusing on the mechanical functions of various materials as
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described above (Fig. 1.1). Therefore, it is important to consider the physical
properties and problems that are universally present in micromachines. For this
purpose, I shall briefly describe energetics, fluctuations, hydrodynamics effects,

and Brownian ratchets.

Energy supply is essential for micromachines to perform a net function. En-
ergy source varies depending on the micromachine, but most of them use chem-
ical energy. Similar to macroscopic machines, part of the supplied energy is
used for mechanical functions, and the rest is dissipated as heat. Hence, energy
efficiency can also be discussed for micromachines. In recent years, owing to the
progress of the fundamental theory of non-equilibrium statistical mechanics and
experimental techniques, the efficiency of micromachines has been measured. It
was shown that the efficiency of F1-ATPase is almost 100% [1.3], while that of
kinesin is only about 20% [1.4].

Because micromachines are small, thermal fluctuations due to the surround-
ing molecules cannot be ignored. Moreover, since micromachines always operate
in a non-equilibrium environment, they are also affected by non-thermal fluctu-
ations. Hence, it is necessary to take into account these fluctuations when we
discuss the dynamics of micromachines. Especially, the mechanism for showing
a net mechanical function in the presence of strong fluctuations is interesting,
and its relation to the fluctuation control and information processing is impor-
tant. It has been discussed that fluctuations can be actively used as a power
source, which is generally called a Brownian ratchet [1.5]. Note that Feynman’s

impeller is one of the well-known examples of a Brownian ratchet.

Many micromachines operate in viscous fluids and the surrounding fluid plays
useful roles for their dynamics. Important examples are hydrodynamic interac-
tions within a micromachine and between multiple micromachines, or energy
dissipation due to hydrodynamic friction. Micromachines change their structure
owing to their mechanical function. Hence, we need to consider a hydrodynamic

problem with time-dependent boundary conditions, which requires a non-linear
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analysis. In recent years, not only homogeneous viscous fluids but also fluids
showing complex mechanical responses such as viscoelastic fluids or structural

fluids have been discussed [1.6].

1.1.2 Energetics of motor proteins

In 2005, Harada and Sasa proposed a relation connecting the breakdown of
the fluctuation dissipation theorem and energy dissipation [1.7], which provides
with a framework of how to experimentally discuss energetics. After the theory
was proposed, Toyabe et al. performed an energy analysis of F1-ATPase in
2010 [1.3] and Ariga et al. performed an energy analysis of kinesin in 2018 [1.4].

According to the statistical mechanics, fluctuation-dissipation theorem holds
between the response due to an external force and fluctuation in thermal equilib-
rium. However, fluctuation dissipation theorem does not always hold when the
system is in a non-equilibrium state. This has been experimentally confirmed by
measuring fluctuations of microparticles introduced into cells [1.8]. Therefore,
many attempts to quantitatively evaluate the non-equilibrium properties have
been performed by analyzing how the fluctuation dissipation theorem breaks
down. Harada and Sasa proposed a relation showing that the breakdown of the
fluctuation dissipative theorem corresponds to the steady energy dissipation rate
of the system [1.7].

In recent years, using Harada-Sasa equation, Ariga et al. performed an anal-
ysis of kinesin which is a motor protein moving linearly on microtubules. Mi-
croparticles were bound to the kinesin molecule and the translational motion of
kinesin was measured as in Fig. 1.2. It was found that the fluctuation dissipa-
tion theorem breaks down at low frequencies in the presence of ATP. The energy
dissipated by the translational motion was estimated from this measurement. It
was found that only 20% of the chemical energy obtained by hydrolyzing ATP
was dissipated by the translational motion and the non-equilibrium translational
diffusion, although the usage of the remaining 80% was not specified. This result

is very different from that of F1-ATPase. Ariga et al. pointed out that energy
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Figure 1.2: Experiments for energy analysis of kinesin. The probe is bound to
kinesin and the movement of the probe is analyzed. In particular, they measure
fluctuations and responses to external forces when the probe is moving freely,
and quantify the violation of the fluctuation-dissipation theorem. Figure is taken
from Ref. [1.4].

may be dissipated due to structural changes in kinesin that cannot be extracted

in this experiment.

1.1.3 Diffusion enhancement of metabolic enzymes

In recent years, experiments have been conducted to measure the self-diffusion
coefficient of metabolic enzymes. There are several works which reported that
the diffusion coefficient increases due to the presence of substrate molecules [1.9-
1.11].

Since the discovery of the increased diffusion of enzymes, similar experiments
have been conducted. Riedel et al. measured the diffusion coefficient for various
types of enzyme-substrate systems to investigate the conditions under which the
increase takes place. Figure 1.3 is a plot of the diffusion coefficient against the
reaction rate [(a) catalase, (b) urease, (¢) alkaline phosphatase, and (d) triose
phosphate isomerase].

The diffusion coefficient of most enzymes increases in proportion to the re-

action rate, while no increase in diffusion was observed for triose phosphate
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Figure 1.3: Types of enzymes and increased diffusion. The reaction rate is
plotted on the horizontal axis, and the magnitude of diffusion increase is plotted
on the vertical axis. The results of the enzymes of (a) catalase, (b) urease, (c)
alkaline phosphatase and (d) triose phosphate isomerase are shown. It can be
seen that in (a), (b) and (c), the diffusion increase is observed in proportion to
the reaction rate, but in (d), the diffusion increase is not observed. Figure is
taken from Ref. [1.11].

isomerase in (d). Riedel et al. argued that an exothermic reaction is important

for the increased diffusion [1.11].

On the other hand, Illien et al. claimed that an exothermic reaction is not
always necessary, and an increase in diffusion was also observed in an enzyme-
substrate system showing an endothermic reaction [1.12]. Since different claims
have been made in multiple experiments, the actual mechanism has not yet
been clarified. Several theoretical mechanisms have been proposed for these

observations, but none of them are conclusive yet [1.12-1.14].

When an enzyme catalyzes a chemical reaction, the structure is changed
so that it can be treated as a micromachine. It has been pointed out that
enzymes can stochastically swim in a viscous fluid due to stochastic structural
changes following a chemical reaction. It was suggested that the enzyme shows a
ballistic motion, and stochastic swimming is considered to be one of the leading

mechanisms [1.15].

1.1.4 Microswimers

E. coli swim in water by deforming a tail-like organ called flagella. On the
other hand, Paramecium has a hair-like organ called cilia that covers the body

surface, and it can swim by beating cilia. In this way, many microorganisms
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Figure 1.4: Ciliary movement of a ciliate that slides near the wall. The upper
row shows the ciliary movement of the body surface that is not in contact with
the wall. We can see that the cilia are moving with a large stroke. The lower
row shows the ciliary movement of the body surface in contact with the wall.
Here, it can be seen that the movement of the cilia is significantly weakened and
hardly moves. Figure is taken from Ref. [1.16].

can swim freely in water and are regarded as microswimmers. The concept of
microswimmer can be used not only to microorganisms but also to objects and
molecules that can move autonomously in fluids using their shape deformation.
Therefore, the concept of micromachines can be applied to enzyme molecules in
the living body. In recent years, many theoretical and experimental researches
have been conducted.

For example, ciliates are known to swim in water using cilia distributed on
the body surface. Their swimming behavior near the wall was investigated, and
it was observed that they slid along the wall [1.16]. The ciliates touch the wall
at an average angle of 13° and slid in a stable way. A more detailed observation
revealed that the movement of the cilia in contact with the wall was significantly
reduced, as shown in Fig. 1.4, suggesting that it is responsible for the sliding
motion on the surface wall.

The physical mechanism of swimming and photoresponse of spherical green
alga Volvox has also been investigated. A Volvox is phototactic when swimming
in water and is known to swim in the direction of the light. The relationship
between the random walk of a Volvox in the absence of light and the response to

the light has been investigated. It was found that there is a linear relation be-
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Figure 1.5: Schematic picture of Brownian motion. The blue sphere represents
a microparticle and brownian motion in a trajectory like a black line. Brownian
motion occurs when surrounding medium molecules (red circles) collide with the
microparticle.

tween them. In other words, for Volvox showing large fluctuations, the response

to light becomes stronger [1.17].

1.2 Basic concepts for micromachines

1.2.1 Non-equilibrium statistical mechanics and thermal

HAuctuations

Converting chemical energy to mechanical energy, micromachines exhibit
functions such as propulsion. Hence, the system that containes micromachines
is essentially non-equilibrium, and the framework of non-equilibrium statisti-
cal mechanics that goes beyond equilibrium statistical mechanics is required.
Therefore, the introduction of non-equilibrium statistical mechanics is briefly

discussed in this section.

First, I discuss thermal fluctuation and Brownian motion (shown in Fig. 1.5)
as the simplest subject of non-equilibrium statistical mechanics. In a macro-
scopic state, even if the system is in thermal equilibrium and behaves stationary,
molecules and micro objects continue to move microscopically. These motions
should be described deterministically by the equations of motion, but a huge

number of variables results in a random situation. These small scale motions
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are treated as random thermal fluctuations, and their properties have been in-

vestigated.

The Brownian motion of particles is famous as the phenomenon in which
this thermal fluctuation can be observed directly. Here the surrounding solvent
molecules randomly collide with small particles, causing random motions. The
coordinate of the center of mass of the particle, x(t), is used in the Langevin

equation as follows [1.18]
mi = —Cuv + (1), (1.1)

where m is the mass, v is the velocity defined as v = & = dz/dt, ( is the drag

coefficient, £ is the random force due to thermal fluctuations.

The statistical property of random force can be written as

(€(1)&(0)) = 2¢*Da(t), (1.2)
where the bracket indicates the statistical average, d(t) is delta function and
D is diffusion constant which fixes the magnitude of the fluctuation. The
diffusion constant is estimated from the mean squared displacement (MSD),
ie., ([x(t) — z(0)]?). By solving the Langevin equation, MSD can be given by
([x(t) — £(0)]?) = 2Dt. The diffusion constant D in thermal equilibrium state is
determined by the fluctuation dissipation theorem which relates the fluctuation
(Brownian motion) and the dissipation (response). The Einstein’s relation is

the simplest fluctuation dissipation theorem, which can be written as [1.18]
kT
< 7

where kg7’ is the thermal energy of the system. Furthermore, we use the Stokes

D (1.3)

relation, which gives the drag cocfficient of a particle with radius a in a viscous
fluid of viscosity n, i.e., ( = 6mna. The Stokes-Einstein relation can often be

used to estimate the viscosity 1 of the surrounding fluid.

Next, we describe the framework of dealing with a non-equilibrium state

slightly away from the equilibrium state. The thermal equilibrium with a con-
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stant temperature is given as the state for which the free energy G is minimized.
Consider a state in which the free energy is slightly shifted from the minimum
one, and the system evolves so as to decrease the free energy. Since the devia-
tion from the equilibrium state is small, one can assume that the time evolution
can be described by a linear relation. This is called the linear response theory.
Assuming that free energy G is dissipated by a frictional effect, we consider the

following time evolution equation [1.18]

P— MY 1.4
v dr’ (1.4)

where M is the Onsager’s coefficient. The above equation is called the Onsager’s
phenomenological equation and has been established as a method for describing

the time evolution of non-equilibrium systems.

1.2.2 Continuum mechanics

Micromachines perform their functions in continuum media such as viscous
fluids. In some of the mechanisms, the continuous field around micromachines
plays an important role and requires a careful handling. In this subsection,
I briefly describe pure viscous fluids, pure viscoelastic bodies, and viscoelastic

bodies as the basis of continuum mechanics.

We consider a continuous body whose density p depends on time and space.
Then the continuity equation p = —0,(pv,) is satisfied, where v is the flow field

of the continuum. The equation of motion is given as follows:
p('l'}a + Uﬁaﬁva) = aﬂgaﬁ + Fa. (15)

Here, o is the stress and F is an external body force. Since the flow is very slow
in a system containing micromachines, the inertia term on the left side is often

ignored. Then we have the following force balance equation [1.18§]
0:(95005+Fa. (16)

Here, the mechanical properties of the medium are expressed by the consti-

tutive equations that gives the relationship between the stress and deformation.
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For a pure viscous fluid, the following constitutive equation is satisfied [1.18]
Tap = 1(0avp + 0pva) — Pdag, (1.7)

where 7 and p indicate shear viscosity and pressure, respectively. In the case
of an incompressible fluid (constant p), p is an unknown function. Then, the
incompressibility condition (9,v, = 0) and the equation of motion derived from

the continuity equation should be solved simultaneously.

For a pure elastic body, on the other hand, the following constitutive equation

is satisfied [1.18]
0ap = (Ot + O5ta) + A0yt Oap. (1.8)
Here, u represents the displacement field, g and A\ are the Lamé coefficients.

1.2.3 Viscoelastic fluids

Many materials around us do not exhibit uniform behavior such as viscous
fluids and elastic bodies, but behave as viscoelastic fluids. For macromolecules,
surfactants, biological substances, known as soft matter, viscoelastic behavior

can be observed on a larger time scale.

Such viscoelastic fluids often exhibit a non-linear response to stress and
strain, and the constitutive equation becomes complicated. Hence, the frame-
work of linear viscoelasticity that deals with a linear response is widely used.
This may also be described in various ways, but the following constitutive equa-

tion is often used as a uniform linear viscoelastic model [1.18],

Gus(t) = / 4t n(t — )[0uvs(t') + Bsoa(t)] — p(oas. (L)

Here, 7(t) is the time-dependent viscosity, which reflects the mechanical proper-
ties of the viscoelastic fluid. In particular, n[w] defined by nlw] = [° dt n(t)e =™
is called the complex viscosity. The real part of the complex viscosity reflects

the viscous component and the imaginary part reflects the elastic component.

Here, the frequency dependence of nfw] varies between the viscoelastic models.

In the well-known Maxwell model, for example, we assumes the following w
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Figure 1.6: Examples of a continuum with an intermediate structure. There
is a viscous fluid represented by water as a continuum having no intermediate
structure. On the other hand, there are a uniform viscoelastic fluid having a
time scale and a two-dimensional fluid having a screening length. Furthermore,
a meshed gel is an example of a continuum having both time and space scales.
The figure of membrane is taken from Ref. [1.1]. The figure of mesh gel is taken
from Ref. [1.6].

dependece [1.18]
1-— Z'L«JTM
1+ w?rg’

nw] = 1o (1.10)

where 7 is zero-frequency viscosity and 7y is the relaxation time of the Maxwell
model. The Maxwell model behaves as a viscous fluid at low frequencies wny <K

1, and an elastic body at high frequencies wmy > 1.

In a homogeneous viscoelastic fluids, switching between viscous and elastic
behaviors occurs by changing the frequency such as the Maxwell model. This
is because the viscoelastic body has a time scale called the relaxation time.
Not only homogeneous viscoelastic fluids, but also continuous materials show-
ing more complicated mechanical responses can be discussed. For example, a
gel-like continuum has a length scale, such as the mesh size, which switches
between elastic and viscous behaviors depending on the scale. Since the contin-
uous material has such a spatial and temporal structure, the mechanical response
becomes complicated. The behavior of these complex structured fluids, which

are summarized in Fig. 1.6, can also be analyzed by considering constitutive
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Figure 1.7: (a) Non-reciplocal motion in space of freedom degree of motions. (b)
Reciplocal motion.

equations.

1.2.4 Microrheology

Microrheology is one of the most useful techniques for measuring the rhe-
ological properties of soft matter and various biological materials including
cells [1.19, 1.20]. There are two different methods: passive microrheology and
active microrheology. In passive microrheology, both the local and bulk me-
chanical properties of a medium can be extracted from the Brownian motion of
a probe particle [1.21, 1.22]. In this method, the generalized Stokes—Einstein
relation (GSER) is used to analyze thermal diffusive motion. In active mi-
crorheology, on the other hand, the probe is actively pulled through the fluid
with the aims of driving the medium out of equilibrium and measuring mechan-
ical responses [1.23, 1.24]. Within linear response theory, the generalized Stokes
relation (GSR) is employed to obtain the frequency-dependent complex shear

modulus.
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1.3 Theory of microswimmers

1.3.1 Scallop theorem

Theoretical models for micromachines that swim in viscous fluids such as
microorganisms has been considered before. When we consider the motion of
microorganisms, it is important that one should consider the limit where the
Reynolds number vanishes. The Reynolds number is given by the ratio of inertial
force to viscous force, and it is about 10* for macroscopic swimmers like humans,
but it is about 10~* for microorganisms [1.25]. Since the Reynolds number is so
small that it can be regarded as zero, a constraint called the Scallop theorem

holds for the relation between the shape deformation and the swimming [1.25].

The Scallop theorem holds in a situation where the Reynolds number can be
regarded as zero in a viscous fluid, and indicates that an object cannot be pro-
pelled by a reciprocal deformation [1.25, 1.26]. Here, the reciprocal deformation
is a deformation that reciprocates on a curve in a shape space spanned by the
shape variable s as shown in the Fig. 1.7. On the other hand, the deformation
that circulates the closed curve of the shape space is a non-reciprocal deforma-
tion, and there is a possibility of swimming even though the Scallop theorem is

statisfied.

1.3.2 Gauge theory for a microswimmer

On the basis of the Scallop theorem, a relation using the gauge theory was
proposed for the purpose of constructing a general framework for swimming
theory [1.27]. The real space in which the swimming body is arranged and the
shape space that describes the deformation of the swimming body are defined.
Then, the dynamics in the real space is described by projecting the deformation
in the shape space onto the real space. Information relation to swimming is

included in the way of projection.

Under such situations, the average swimming speed V' can be expressed by
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Figure 1.8: (a) Flow field around pusher. A flow field is formed that pushes
the fluid in the direction of swimming. (b) Flow field around the puller. A
flow field is formed that draws in the fluid in the direction of swimming. (c)
Pusher-pusher fluid interaction which shows repulsive interactions. (d) Puller-
puller fluid interaction which shows attractive interactions. Figure is taken from
Ref. [1.28).

the line integral on the closed curve in the shape space:

Vo~ ]{ds A, (1.11)

Here A is called the vector potential. There is a degree of freedom in the defini-
tion of the shape space, but the swimming speed should be uniquely determined
regardless of the definition of the shape space. This is the expression derived
from the gauge universality. The vector potential A needs to be derived by solv-
ing the hydrodynamic equations. The swimming theory using the gauge theory
is limited as a formal theory, and it is necessary to analyze the surrounding

velocity field in order to investigate the specific swimming behavior.

1.3.3 Previous models for microswimmers

The squirmer model is well-known as a model for investigating the swim-
ming behavior of ciliates [1.16]. In this model, the swimming phenomenon is
reproduced by setting the flow field as the boundary condition on the surface of

the rigid sphere or the rigid ellipsoidal sphere. Classifications such as puller and
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Figure 1.9: A seat swimmer model that swims due to wavy deformation. It
is used as a model for microswimmers that swim with flagella such as E. coli.
Figure is taken from Ref. [1.30].

pusher are made according to the flow field, and the velocity field and interaction

induced by each swimmer have been investigated [see also Fig. 1.8] [1.28].

Microorganisms that swim with flagella, such as E. coli, are treated as push-
ers. A pusher creates a flow field that pushes the fluid in the direction of swim-
ming. As a result, pushers show a repulsive interaction with each other. On the
other hand, microorganisms such as Chlamydomonas form a flow field called
puller that draws in fluid in the direction of swimming. The pullers show an
attractive interaction with each other.

A sheet swimmer model, shown in Fig. 1.9, was proposed to represent mi-
croswimmers using flagella such as E. coli [1.29, 1.30]. This is a model that can
be propelled in a fluid by a wavy motion of a sheet-like object. It is necessary to
consider the deformation of the object in detail. Hence, one needs to consider
moving boundary conditions, and a non-linear analysis is required even for a

linear fluid.

1.3.4 Three-sphere microswimmer

Several studies have been reported aiming at extracting the essence of swim-
ming theory by constructing a minimum model of a microswimmer. As an

example, I will describe a three-spheres swimmer model which is originally pro-
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Figure 1.10: Najafi-Golestanian three-sphere swimmer model. Three identical
spheres of radius a are connected by arms of lengths L;(t) and Lo () and undergo
time-dependent cyclic motion. The swimmer is embedded in a viscous fluid
characterized by a shear viscosity 7.

posed by Najafi and Golestanian and analyzed in detail by Golestanian and
Ajdari [1.31, 1.32]. The three-spheres swimmer model is made up of three
spheres that are linearly connected by two rigid arms as shown in Fig. 1.10.
The rigid arms can deform mechanically, thereby swimming in the uniaxial di-
rection. Since the deformation of the swimmer is determined by the expansion
and contraction of the left and right arms, the deformation of the arms can
be identified as the two shape variables. This model is suitable for analytical
analysis because it is sufficient to consider only the translational motion, and
the tensorial structure of the fluid motion can be neglected.

Let the lengths of the left and right arms be Li(t) and Lo(t), respectively.
The equation of the model can be written by considering the hydrodynamic
friction acting on the spheres and the fluid interaction between the spheres.

The equation of motion of each sphere can be written as follows

Vi =pul' + G(L1) Iy + G(Ly + Ly) I, (1.12)

Here, V; represents the velocity of the i-th sphere, and F; represents the force
acting on the i-th sphere. The relation between the velocity and force is given

by the mobility that characterizes the properties of the surrounding fluid.

There are two types of mobility, u = (67na)™', G(z) = (4mnx)~', and they
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are called the self mobility and coupling mobility, respectively. Since no external
force is acting, the force free condition F; 4+ F, + F3 = 0 must be satisfied. In
addition, it is assumed that the expansion and contraction of the arm can be
described by the deviation from the natural length ¢, i.c., L;(t) = ¢+ w;(t) where
¢ > u;. The average swimming speed of the swimmer is calculated under these
conditions and the condition a < ¢. Then we obtain the original result shown

by Golestanian and Ajdari as [1.31, 1.32]

= Ta r
V=MW+V+V)/3~ 12£2T/0 dt Gy us. (1.15)

Here, T represents the period of deformation. By giving the time dependence
of arm expansion and contraction u;(t), us(t), integration can be performed to
obtain the swimming speed. For example, when wu; (t) = d; cos(2t) and us(t) =
dy cos(Qt — ¢), we have

7d1 dQCLQ

V= e

sin ¢. (1.16)

Since the swimming speed is proportional to sin ¢, the phase difference between
the left and right arm expansion and contraction determines the swimming
speed. The three-spheres swimmer model has been experimentally reproduced

by controlling the magnetic particles with an external magnetic field [1.33].

1.4 Purpose of the thesis

The purpose of miciromachine study is to extract universal properties of mi-
cromachines. In this thesis, I explore the universal properties of micromachines
by considering the propulsion mechanism in the structured fluid of the microma-
chine and the state transition of the micromachine. For this purpose, I consider
the minimum models of a micromachine such as three-sphere microswimmer and
force-dipole, etc. Results of the minimum models can be applied to the many
concrete objects. Hence, the understanding of the minimum model leads to the

universal properties of a micromachine.

In Chaps. 2, 3, and 4, I discuss a three-sphere microswimmer as a minimum
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Length scale

Time scale

Figure 1.11: Three-spheres swimmer in various structured fluids. (a) Swimmer is
in a viscous fluid as a continuum having no intermediate structure. (b) Swimmer
in a uniform viscoelastic fluid having a time scale and (c) a two-dimensional fluid
having a screening length. (d) Swimmer in mesh gel which is an example of a
continuum having both time and space scales.

model of microswimmer and its swimming behavior in a fluid which include
time and/or length scales. In Chap. 5, T develop the elastic three-sphere mi-
croswimmer as one of the minimum model of microswimmer and discuss its
viscoelastic behavior induced by the intrinsic spring relaxation dynamics of an
elastic swimmer. In Chap. 6, I suggest a minimum model that describes cyclic
state transitions of a micromachine driven by a chemical reaction. In Chap. 7,
I discuss anomalous diffusion induced by force-dipole which is the minimum

models of micromachine. Purpose of each chapter is described below.

In Chap. 2, I discuss the propulsion of a three-sphere microswimmer in a
viscoelastic fluid. I derive a relation that connects the average swimming velocity

and the frequency-dependent viscosity of the surrounding medium.

In Chap. 3, a model of three-disk micromachine swimming in a quasi two-
dimensional supported membrane is proposed. The hydrodynamic screening
length is presence in the quasi two-dimensional fluid as intermediate length
scale. 1 calculate the average swimming velocity as a function of the disk size

and the arm length.

In Chap. 4, T discuss the locomotion of a three-sphere microswimmer in a
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viscoelastic structured fluid characterized by typical length and time scales. 1
derive a general expression to link the average swimming velocity to the sphere
mobilities. As an example of a structured fluid, I consider a polymer gel, which
is described by a “two-fluid model”. Researches in Chaps. 2, 3, and 4 are

summarized in Fig. 1.11.

In Chap. 5, I discuss the dynamics of a generalized three-sphere microswim-
mer in which the spheres are connected by two elastic springs. The natural
length of each spring is assumed to undergo a prescribed cyclic change. I ana-
lytically obtain the average swimming velocity as a function of the frequency of

cyclic change in the natural length.

In Chap. 6, I propose a model that describes cyclic state transitions of a
micromachine driven by a chemical reaction. I consider the dynamics of variables
representing the degree of chemical reaction and the state of a micromachine.
The total free energy of the system is the sum of the tilted periodic potential and
the periodic coupling energy. To quantify the functionality of a micromachine,
I introduce a physical quantity called “state cyclone” and further discuss its

dependency on the properties of the chemical reaction.

In Chap. 7, with the use of the “two-fluid model”, I discuss anomalous diffu-
sion induced by active force dipoles in viscoelastic media. Active force dipoles,
such as proteins and bacteria, generate non-thermal fluctuating flows that lead
to a substantial increment of the diffusion. I calculate active (non-thermal) one-
point and two-point correlation functions due to active force dipoles. The time
correlation of a force dipole is assumed to decay exponentially with a character-

istic time scale.

Finally, in Chap. 8, I summarize this thesis and discuss the universal property

of micromachines from a physical and chemical point of view.
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Chapter 2

Three-Sphere Microswimmer in

a Homogeneous Viscoelastic

Fluid

I discuss the locomotion of a three-sphere microswimmer in a viscoelastic medium
and propose a new type of active microrheology. I derive a relation that con-
nects the average swimming velocity and the frequency-dependent viscosity of
the surrounding medium. In this relation, the viscous contribution can exist
only when the time-reversal symmetry is broken, whereas the elastic contribu-
tion is present only when the structural symmetry of the swimmer is broken.
Purcell’s scallop theorem should be generalized for a three-sphere swimmer in a

viscoelastic medium.

2.1 Introduction

In this chapter, I propose a new type of active microrheology using a mi-
croswimmer. Microswimmers are tiny machines that swim in a fluid such as
sperm cells or motile bacteria, and are expected to be applied to microfluidics
and microsystems [2.1]. As one of the simplest microswimmers, I consider the

Najafi-Golestanian three-sphere swimmer model [2.2; 2.3], where three in-line

25
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spheres are linked by two arms of varying length [see Fig. 2.1]. Recently, such
a swimmer has been experimentally realized [2.4]. T investigate its motion in
a general viscoelastic medium, and obtain a relation that connects the average
swimming velocity and the frequency-dependent complex shear viscosity of the
surrounding viscoelastic medium. I show explicitly that the absence of the time-
reversal symmetry of the swimmer motion leads to the real part of the viscosity,
whereas the absence of the structural symmetry of the swimmer is reflected in
the imaginary part of the viscosity. Hence, I shall call the proposed method the
“swimmer-microrheology”. My result also indicates that Purcell’s scallop the-
orem [2.5, 2.6], which states that time-reversible body motion cannot be used
for locomotion in a Newtonian fluid, should be generalized for a three-sphere

swimmer in viscoelastic media if the structural symmetry is violated.

2.2 Model

The general equation that describes the hydrodynamics of a low-Reynolds-
number flow in a viscoelastic medium is given by the following generalized Stokes
equation [2.7]:

0= /t dt' n(t — t')V*v(r,t') — Vp(r, ). (2.1)

Here 7(t) is the time-dependent shear viscosity, v is the velocity field, p is the
pressure field, and r stands for a three-dimensional positional vector. The above
equation is further subjected to the incompressibility condition, V-v = 0. From
these equations, one can obtain a linear relation between the time-dependent
force F(t) acting on a hard sphere of radius a and its time-dependent velocity

V(t). In the Fourier domain, this relation can be represented as

1

Viw) = 6mn[wla

F(w), (2.2)

where I use a bilateral Fourier transform for V(w) = [*° dt V(t)e ™" and F(w),
while I employ a unilateral one for njw] = [ d¢n(t)e=™". Equation (2.2) is the

GSR, which has been successfully used in active microrheology experiments [2.8],
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Figure 2.1: Najafi—-Golestanian three-sphere swimmer model. Three identical
spheres of radius a are connected by arms of lengths L(¢) and Ly(¢) and un-
dergo time-dependent cyclic motion. The swimmer is embedded in a viscoelastic
medium characterized by a frequency-dependent complex shear viscosity nfw].

and its mathematical validity has also been discussed [2.9].

Next, I briefly explain the three-sphere model for a minimum swimmer intro-
duced by Najafi and Golestanian (2.2, 2.3]. As schematically shown in Fig. 2.1,
this model consists of three spheres of the same radius a that are connected
by two arms of lengths L(t) and Lo(t), which undergo time-dependent motion.
Their explicit time dependences will be given later. If we define the velocity of

each sphere along the swimmer axis as V;(t) with ¢ = 1,2, 3, we have
Ly(t) = Va(t) = Va(1), (2.3)

Ly(t) = Va(t) = Va(t), (2.4)
where Ll and Lg indicate time derivatives.

Owing to the hydrodynamic effect, each sphere exerts a force F; on the
viscoelastic medium and experiences a force —F; from it. To relate the forces
and the velocities in the frequency domain, we use the GSR in Eq. (2.2) and the
Oseen tensor, in which the frequency-dependent viscosity n[w] is used instead of

a constant one [2.10, 2.11]. Assuming that a < Ly, L, we can write [2.2, 2.3]

_ Fi(w) 1 Fy(w)* L7 (w) 1 Fy(w)* (L + Ly) M (w)
Viw) = 6mnwla  4mnlw] 27 * 47 |w] 27 ’
(2.5)
Va(w) 1 F(w)* LiY(w) N Fy(w) 1 Fy(w)* Lyt (w) (2.6)

- 47n|w] 27 6mn[wla i 47n|w] 27 ’
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1 F(w)x (L1 + L) N (w) 1 Fy(w)* Ly (w) F3(w)
 4mnw] 27 N 47 |w] 27 - 6mnwla’

(2.7)

Va(w)

where we have used bilateral Fourier transforms such as

L7 (w) = /_ Z dt Z(U:) (2.8)

Furthermore, the convolution of two functions is generally defined by ¢;(w) *

g2(w) = [0 dw’ g1(w — w')g2(w’) in the above equations.

As in the original study, I am interested in the autonomous net locomotion
of the swimmer, and there are no external forces acting on the spheres. If the
inertia of the surrounding fluid can be neglected, we have the following force
balance condition:

Fi(t) + Fy(t) + Fy(t) = 0. (2.9)

Since Eqgs. (2.5)-(2.7) involve convolutions in the frequency domain, we can-
not solve these equations for arbitrary L;(¢) and Ly(t). Here I assume that the

two arms undergo the following periodic motion:

Ly(t) = €+ dy cos(§2t), (2.10)

Ly(t) = £+ dy cos(2t — ¢). (2.11)

In the above, ¢ is the constant length, d; and dy are the amplitudes of the
oscillatory motion, €2 is the common arm frequency, and ¢ is the mismatch
in the phases between the two arms. In the following analysis, we generally
assume that dy,dy < ¢. The time-reversal symmetry of the arm motion is
present when ¢ = 0 and 7. Furthermore, I characterize the structural symmetry
of the swimmer by d; and ds, i.e., the structure is symmetric when d; = d»,

while it is asymmetric when d; # d.
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2.3 Results

Since the arm frequency is {2, we assume that the velocities and the forces

of the three spheres can generally be written as

Vi(w) = Vipd(w) + f: [Vin 0(w+nQ) +V; _,, 6(w —nQ)], (2.12)
Fi(w) = F,pd(w) + i [Fin 0(w+nQ) + F; _p, 0(w — nf)], (2.13)

where i = 1,2,3 for the three spheres. Substituting Eqs. (2.12) and (2.13)
into the six coupled Eqs. (2.3)-(2.9), we obtain a matrix equation with infinite

dimensions.

Under the conditions di,dy < ¢ and a < ¢, we are allowed to consider
only n = —1,0,1 and we further use the approximation Fjis ~ 0. Then we
can solve for the six unknown functions V;(w) and Fj;(w), and also calculate the
total swimming velocity V' = (V; + V5 + V3)/3. Up to the lowest order terms
in a, the average swimming velocity over one cycle of motion becomes [see also
Appendix 2.A]

/ 2 _ g2 "
T~ 7d1dya2 [ ing— 5(df — d3)a2n"[]

2402 Mo > 4862 Mo ’

(2.14)

~

where 7/[Q] and 1”[Q2] are the real and imaginary parts of the complex shear vis-

cosity, respectively, and 1y = n[2 — 0] is the constant zero-frequency viscosity.

The first term in Eq. (2.14) can be regarded as the viscous contribution and
is present only if the time-reversal symmetry of the swimmer motion is broken,
ie., ¢ # 0,m. The second term, on the other hand, corresponds to the elastic
contribution, and exists only when the structural symmetry of the swimmer is
broken, i.e., dy # do. If we are able to control dy, do, and €2 of the swimmer,
we can first obtain 7/[Q2] by measuring V' as a function of 2 by setting d; = ds.
Then we make a difference between d; and ds to examine the change in V', which
then yields 1”[Q2]. The corresponding complex shear modulus is simply obtained
by G[§2] = i2n[Q?]. This is a new type of active microrheology that I propose in

this chapter.



30 Chapter 2. 3-Sphere Microswimmer in a Homogeneous Viscoelastic Fluid

Table 2.1: Locomotion of a three-sphere swimmer in a viscoelastic medium and
the relevant rheological information.

medium viscous viscoelastic
time-reversal symmetry Y N Y N
structural symmetry Y | N|Y | N|Y | N|Y | N
swimmer motion NINIYIYIN|IY|Y| Y
rheological information || — | — [N | N | —= |9 |7 | 7', 9"

For a purely Newtonian fluid, namely, for a medium characterized by a con-
stant viscosity, the second term in Eq. (2.14) vanishes, and the first term coin-
cides with the expression obtained by Golestanian and Ajdari [2.3]. It should
be noted here, however, that the velocity V in this case no longer depends on
the constant viscosity (because 17/[Q2] /1y = 1) and we cannot measure it from V.
Equation (2.14) also implies that the swimmer cannot move in a purely elastic
medium, for which we have ny — oo. Importantly, owing to the presence of the
second term, Purcell’s scallop theorem should be generalized for a swimmer in a
viscoelastic medium. Namely, even if the time-reversal symmetry of the swim-
mer motion is not broken, i.e., ¢ = 0,7, the present swimmer can still move in a
viscoelastic medium due to the second term as long as its structural symmetry is
broken, i.e., d; # dy. This behavior cannot be described by the original scallop
theorem. On the basis of Eq. (2.14), I have summarized in Table I the motion
of a three-sphere swimmer in a viscoelastic medium and the relevant rheological

information.

To further illustrate my result, I first assume that the surrounding viscoelas-
tic medium is described by a simple Maxwell model. In this case, the frequency-

dependent viscosity can be written as

1-— Z.LUTM

- T 2.15
1+ w2ty ( )

nlw] = no

where 7 is the characteristic time scale. Within this model, the medium behaves

as a viscous fluid for wrny < 1, while it becomes elastic for wrny > 1. Using
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Figure 2.2: Average swimming velocity V as a function of 7, where € is the
arm frequency and 7 represents either 7y for a Maxwell fluid (red lines) or 7,
for a power-law fluid (green lines). In the power-law model, we choose a@ =
1/2. (a) Viscous contribution by setting ¢ = 7/2 and d; = dy. Here V is
scaled by 7d?a/(24¢%7). The case for a viscous fluid is plotted by the black line.
(b) Elastic contribution by setting ¢ = 0 and d; # dy. Here V is scaled by
5(d? — d3)a/(48¢2T). The case for an elastic medium is plotted by the black line.

Eq. (2.15), we can easily obtain the average swimming velocity in Eq. (2.14) as

7dydyaf 1 5(d2 — d3)a  Qmny

V= ' .
e Ty 0T T e Tr e

(2.16)

The first viscous term increases as V ~ € for Qny < 1, while it decreases as
V ~ Q7' for Qny > 1. This is a unique feature of the viscoelasticity [2.1,
2.12, 2.13], but such a reduction occurs simply because the medium responds
elastically in the high-frequency regime. On the other hand, the second elastic
term increases as V ~ Q? for Qny < 1, and it approaches a constant for
Qry > 1. In Fig. 2.2(a), we plot the average swimming velocity V' as a function
of the dimensionless arm frequency Qny when ¢ = 7/2 and d; = do. This plot
corresponds to the first term in Eq. (2.16). As a reference, the behavior of V ~ Q
for a purely viscous fluid is also plotted. Figure 2.2(b) is a similar plot when

¢ =0 and d; # dy, and corresponds to the second term in Eq. (2.16).

As a different example, I next consider the case in which the viscoelastic
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medium is described by a power-law model such that [2.7, 2.14, 2.15]
nw] = Go(iw)* 1, (2.17)

where the exponent can take values of 0 < a < 1. With this expression, the
complex shear modulus also exhibits a power-law behavior, G|w] = Gy(iw)®. The
limits of @ = 0 and 1 correspond to the purely elastic and the purely viscous
cases, respectively. In the case of a power-law fluid, the average swimming
velocity can be obtained from Egs. (2.14) and (2.17) as

7d1d2a 5(d% — d%)a

V=
240%T, 480%T,

(Q1,)* sin(mrar/2) sin ¢ + (Qr,)* cos(mar/2),  (2.18)

where 7, = (19/Go)"*~%). Here we have assumed that the medium behaves as a
purely viscous fluid in the low-frequency limit characterized by a finite viscosity
no. According to the above expression, the swimming velocity scales as V' ~ Q¢
in both the first and second terms. For the purely viscous case of a = 1, the first
term reduces to the result by Golestanian and Ajdari [2.3], while the second term
vanishes. For the purely elastic case of & = 0, on the other hand, the first term
vanishes and the second term remains, although the latter no longer depends
on the arm frequency 2. In Figs. 2.2(a) and 2.2(b), we have also plotted the
average velocity V as a function of Q7, when a = 1/2. In both of these plots,

the scaling behavior V ~ Q2 is seen.

2.4 Summary and discussion

Lauga considered the axisymmetric squirming motion of a sphere (squirmer)
embedded in an Oldroyd-B fluid, which represents a typical polymeric fluid [2.16].
He reported that the scallop theorem in a viscoelastic fluid breaks down if the
squirmer has fore-aft asymmetry in its surface velocity distribution. For a time-
reversal deformation given by a simple sinusoidal gait, he showed that the av-
erage swimming velocity is given by V ~ QDe/(1 + De?), where the Deborah
number is given by De = Q7o with a characteristic relaxation time 7o in the

Oldroyd-B model. Such a frequency dependence of the swimming velocity is
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identical to the second term of Eq. (2.16) obtained for a Maxwell fluid, although
Eq. (2.14) is more general. On the other hand, my result is different from that
by Curtis and Gaffney [2.17], because they showed that the swimming velocity

in a viscoelastic medium is the same as that in a Newtonian fluid.

To summarize, I have proposed a new active microrheology using the Najafi—
Golestanian three-sphere swimmer. The frequency dependence of the average
swimming speed provides us with the complex shear viscosity of the surrounding
viscoelastic medium. Here the viscous contribution can exist only when the time-
reversal symmetry of the swimmer is broken, whereas the elastic contribution is

present only if its structural symmetry is broken.

Even though the argument in this chapter is restricted to the artificial three-
sphere swimmer, I expect that my basic concept can still be applied to more
complex biological processes such as the motion of bacteria, flagellated cellular
swimming, and the beating of cilia. Since most of these phenomena take place
in a viscoelastic environment, I hope that the concept of my new active mi-
crorheology will be used in the future to reveal their mechanical and dynamical

properties.

2.A Derivation of Eq. (2.14)

In this appendix, I show the detailed derivation of Eq. (2.14). Substituting
Egs. (2.10) and (2.12) into Eq. (2.3), we obtain

Voo —Vip =0, (2.19)
Vai — Via = —imdy €, (2.20)
Va1 — Vi1 = ind, , (2.21)
Vag —Vin =0 for |n] >2. (2.22)

Similarly, substituting Egs. (2.11) and (2.12) into Eq. (2.4), we obtain

Vao— Voo =0, (2.23)

‘/5,1 - V2,1 = WdQ‘I)QQ, (2-24)
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‘/37,1 — ‘/27,1 = deq)lﬂ, (225)

Vs — Vo, =0 for|n|>2, (2.26)
where we have used the following notations

®; =i cos ¢+ sin @, (2.27)

$y = —icos ¢ + sin ¢. (2.28)

Next we expand Egs. (2.5), (2.6) and (2.7) in terms of the small quantities
dy /¢ and dy /¢ while keeping only the lowest order terms. Substituting Eqs. (2.12)

and (2.13) into these three equations, we obtain

Fi, n 1  diFyng diFypn
6mn[—nQa | dan[—nQll \" " 20 20

Via =~

. 1 Fyp  diFsng diFsna
dmn[—nQ)l \ 2 8¢ 8¢
ido®1F3 1 1daPoFy 1
’ — : 2.2
M st ) (2.29)
1 d F n d F n— F n
Vy, & R, - 2 Ol 2,
Amn[—nS2)l 20 20 6mn[—nQa
1 W@ F3 1 1dePoly g
— (R, mtl nol) 2.30
+47r77[—nQ]€< Ty 20 (2:30)
v ~ 1 F1,7L o lel,n—l-l o lel,n—l
S dan[—nQ)e \ 2 8¢ 8¢
+id2(1>1F1,n+1 iy PoFy
8¢ 8¢
1 ido®1 Fy ), ido o Fy Fs,
I - Wp®1lypy1 W2%2 L9 n—1 3, . (231)
4n[—nQ)l ’ 20 20 6mn[—nQa

Note that the couplings between different n-modes are involved in these equa-

tions. Finally, substituting Eq. (2.13) into Eq. (2.9), we obtain

Fl,n + FQ,?L + FS,n = 0. (232)

The above set of equations constitute a matrix equation with infinite di-
mensions and cannot be solved in general. Under the assumption of a < ¢,
however, we are allowed to consider only n = —1,0,1 and further approximate

as F; 1o =~ 0. The justification of the latter approximation is also seen by solving
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Egs. (2.22), (2.26), (2.29), (2.30), (2.31) and (2.32) for n = £2 and taking the
limit of a < £. Hence the above set of equations can be solved for 18 unknowns,
ie, V;, and Fj, fori=1,2,3 and n = —1,0, 1.

The velocity of each sphere is simply obtained by the inverse Fourier trans-
form, Vi(t) = (2m)™' [7°_dw Vi(w)e™'. The average swimming velocity over one

cycle of motion is then calculated by

7o 2 G + v + s, (233

2 Jo
Up to the lowest order terms in a, we finally obtain Eq. (2.14). In order to

obtain more accurate higher order terms in a, one needs to take into account

the higher order n-modes (|n| > 2).
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Chapter 3

Three-Disk Microswimmer in a

Two-Dimensional Fluid

A model of three-disk micromachine swimming in a quasi two-dimensional sup-
ported membrane is proposed. I calculate the average swimming velocity as a
function of the disk size and the arm length. Due to the presence of the hydrody-
namic screening length in the quasi two-dimensional fluid, the geometric factor
appearing in the average velocity exhibits three different asymptotic behaviors
depending on the microswimmer size and the hydrodynamic screening length.
This is in sharp contrast with a microswimmer in a three-dimensional bulk fluid
that shows only a single scaling behavior. I also find that the maximum velocity
is obtained when the disks are equal-sized, whereas it is minimized when the av-
erage arm lengths are identical. The intrinsic drag of the disks on the substrate

does not alter the scaling behaviors of the geometric factor.

3.1 Introduction

Biological membranes are composed of lipid molecules and various types of
proteins which can move laterally due to the membrane fluidity [3.1]. Hence
biomembranes play important roles in various life processes, such as the trans-

portation of materials or the reaction between chemical species [3.2]. While some

37
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proteins are subjected to thermal agitations of lipid molecules and undergo pas-
sive Brownian motions [3.3, 3.4], there is also a large number of active proteins
which cyclically change their conformations [3.5]. For instance, with a supply
of adenosine triphosphate (ATP), some proteins act as ion pumps by changing
their structural conformations in order to allow materials to pass through the
membranes [3.6-3.8]. In general, such cyclic motions of proteins can lead to their

active locomotion under certain conditions rather than just a passive motion.

By converting chemical energy into mechanical work, microswimmers change
their shape and move in viscous environments [3.9]. Over the length scale of
microswimmers, the fluid forces acting on them are governed by the effect of
viscous dissipation. According to Purcell’s scallop theorem [3.10], time-reversal
body motion cannot be used for locomotion in a Newtonian fluid [3.11]. As
one of the simplest models exhibiting broken time-reversal symmetry in a three-
dimensional (3D) fluid, Najafi and Golestanian proposed a three-sphere swim-
mer [3.12, 3.13], in which three in-line spheres are linked by two arms of varying
length. This model is suitable for analytical treatment because it is sufficient to
consider only the translational motion, and the tensorial structure of the fluid
motion can be neglected. Recently, such a three-sphere swimmer has been exper-
imentally realized [3.14, 3.15]. Moreover, some authors proposed a generalized
three-sphere microswimmer in which the spheres are connected by two elastic

springs with varying natural lengths [3.16, 3.17].

Compared to microswimmers in 3D bulk fluids, those in two-dimensional
(2D) or quasi-2D fluids such as biomembranes have been less investigated in
spite of their importances. Huang et al. considered a model of an active inclu-
sion in a membrane with three particles (domains) connected by variable elastic
springs [3.18]. In their model, the natural lengths of the springs depend on the
discrete states that are cyclically switched. They also performed a microscopic
dynamical simulation, where the lipid bilayer structure of the membrane is re-

solved and the solvent effects are included by multiparticle collision dynamics.
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Figure 3.1: A 2D three-disk micromachine swimming in a fluid membrane sup-
ported by a solid substrate. The flat fluid membrane located at 2z = 0 is infinitely
large and its 2D viscosity is . The 2D momentum within the membrane can
leak away due to the friction between the membrane and the substrate [see
Eq. (3.1)], and hence the membrane corresponds to a quasi-2D fluid. The 2D
microswimmer consists of three rigid disks of radii a; (i = 1,2, 3) that are con-
nected by two arms of variable lengths L; (j = 1,2). Without loss of generality,
the microswimmer is assumed to move along the x-axis. In the present model,
the two arms can open and close in a prescribed form.

For quasi-2D fluids, there exists a hydrodynamic screening length which dis-
tinguishes 2D and 3D hydrodynamic interactions [3.19, 3.20]. In the model by
Huang et al., the longitudinal coupling mobility has a logarithmic dependence
on the distance between two particles, which is valid only when the distance is
much smaller than the hydrodynamic screening length. As for the mobility of a
particle, they employed the 3D Stokes law even in a 2D fluid membrane, which
is justified only when the particle size is much larger than the hydrodynamic

screening length.

In this chapter, I present a systematic and also analytical investigation on the
locomotion of a 2D microswimmer immersed in a supported fluid membrane, i.e.,
a lipid bilayer membrane located on a solid substrate [3.21, 3.22]. For supported
membranes, the membrane-substrate distance is usually not large, and such a
direct contact leads to a frictional coupling between the membrane and the solid

support. My swimmer consists of three thin rigid disks (rather than spheres)
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connected by two arms or springs which can undergo prescribed cyclic motions.
I employ the 2D mobility and the coupling mobility that take into account the
hydrodynamic interactions mediated by the quasi-2D fluid in the presence of the
substrate [3.19]. I analytically obtain the average velocity of such a three-disk
micromachine as a function of the disk and arm sizes. Due to the presence of
the hydrodynamic screening length associated with the quasi-2D fluid model,
the geometric factor in the average velocity exhibits various asymptotic size
dependencies, which is in sharp contrast to a microswimmer in a 3D bulk fluid

because they do not have any characteristic length scale.

In the next section, I briefly review the mobilities in a quasi-2D fluid describ-
ing a supported membrane. In Sec. 3.3, I discuss the motion of a 2D three-disk
microswimmer in a supported membrane. In Sec. 3.4, I argue various asymp-
totic behaviors of the geometric factor appearing in the average velocity. I also
examine the effects of structural asymmetry of 2D and 3D microswimmers in
Sec. 3.5. Finally, the summary of my work and some discussions are given in

Sec. 3.6.

3.2 Mobilities in a two-dimensional fluid

I first describe the quasi-2D hydrodynamic model for a supported fluid mem-
brane as shown in Fig. 3.1. Although a lipid bilayer membrane itself can be
treated as a 2D fluid, it is not an isolated system because the membrane is
supported by the outer solid substrate (hence a quasi-2D fluid). Due to the
friction between the 2D membrane and the substrate, the momentum within
the membrane can leak away from the membrane. Such an effect can be taken
into account through a momentum decay term in the hydrodynamic equation.
Within the Stokes approximation and by assuming the steady sate, I consider

the following 2D equation for a supported membrane [3.23-3.25]:

nV*v — Vp — Av = 0. (3.1)
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In the above, V = (0,,0,) is a 2D differential operator, v (m/s) and p (N/m)
are the 2D velocity and pressure, respectively, 7 (N-s/m) is the membrane 2D
viscosity, and A (N-s/m?) is the momentum decay parameter (or the friction co-

efficient). In addition, I employ the 2D incompressibility condition as expressed

by

V-v=0. (3.2)

It is worthwhile to briefly mention here the physical meaning of the friction
parameter \. For a supported membrane, a thin lubricating layer of bulk solvent
[thickness h and 3D viscosity 7 (N-s/m?)| exists between the membrane and the
substrate [3.23]. In such a situation, the friction parameter in Eq. (3.1) can be

identified as A\ = 75/h, provided that h is small enough [3.25].

Solving the above quasi-2D hydrodynamic equations, one can obtain the
translational mobility coefficient p of a rigid disk that is defined by V = uF,
where V is the disk velocity and F' is a driving force. By using the no-slip

boundary condition, the resulting expression becomes [3.23-3.25]

1 [(ka)*  rkaKi(ka) -
C4m | 4 Ky(ka)

where a is the disk radius, kK = y/A/n, and K, and K; are modified Bessel

p(a) (3-3)

functions of the second kind, order zero and one, respectively. Physically, !
represents the hydrodynamic screening length beyond which the 2D hydrody-
namic interaction becomes irrelevant. Notice that x~! diverges as A — 0, which
alludes the Stokes paradox in a pure 2D fluid [3.3, 3.4]. The effect of intrinsic

drag of the disk on the substrate will be discussed later in the final section.

For ra < 1, the above disk mobility asymptotically behaves as

) ~ o [ () =] (3.9

where v = 0.5772--- is Euler’s constant. Here the mobility is only weakly

(logarithmically) dependent on the disk size a, which is characteristic for 2D
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fluids. For ka > 1, on the other hand, we have

1

p(a) ~ Tn(ra)? (3.5)

which shows a stronger algebraic size dependence when compared with the
Stokes law for 3D fluids. Such a size dependence can be understood in terms of
mass conservation principle because 2D momentum is not conserved any more

in the quasi-2D hydrodynamics [3.26].

Next I explain the hydrodynamic interaction between the two disks immersed
in the membrane by using the velocity Green’s function G.g(r). This tensor
gives the flow velocity v(r) of the membrane at r due to a point force F exerted
on the membrane at the origin in the zy-plane, according to v,(r) = Gas(r)Fp
with o, 8 = x,y. The velocity Green’s function can generally be expressed as
Gap(r) = C1(1)00p+Ca(r)(rars/r?) where 6,4 is the Kronecker delta and r = |r|.
The longitudinal coupling mobility between the two disks in the membrane can
be obtained from M(r) = Ci(r) + Cq(r), where r here denotes the distance
between the two disks and should satisfy the condition r» > a. Hence M does

not depend on a up to the lowest order contribution.

Using the quasi-2D hydrodynamic equations, the longitudinal coupling mo-

bility M is given by [3.27-3.31]

M(r) = 271m { (Hi)Q - Kléfr)} . (3.6)

For kr < 1, the above coupling mobility asymptotically behaves as

M) ~ ﬁ {m <%) ot ﬂ | (3.7)

For kr > 1, on the other hand, we have

M) ~ m (3.8)

Equations (3.7) and (3.8) are analogous to Eqs. (3.4) and (3.5), respectively, and

the physical origins are exactly the same as those for the disk mobility .
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3.3 Three-disk microswimmer

Having explained the quasi-2D hydrodynamic model for a supported mem-
brane and the resulting mobilities for inclusions, I now investigate the locomotion
of a microswimmer in a membrane. To calculate the swimming velocity, I follow
the procedure in Ref. [3.13] for a three-sphere swimmer in a 3D bulk fluid. As
shown in Fig. 3.1, I consider a 2D micromachine consisting of three rigid disks
of radii a; (i = 1,2,3) that are connected by two arms of variable lengths L,
(7 = 1,2). Such a three-disk microswimmer is immersed in an infinitely large
and flat supported membrane having 2D viscosity 1 and the friction coefficient
A, as described before. Each disk exerts a force F; on the quasi-2D fluid that
we assume to be along the swimmer axis. Without loss of generality, the mi-
croswimmer is assumed to move along the z-axis. In the limit a;/L; < 1, we

can use Egs. (3.3) and (3.6) to relate the forces F; and the velocities V; as

‘/1 :,LL(CLl)Fl+M(L1)F2+JV[(L1+L2)F3, (39)
VQ = M(Ll)Fl + M(GQ)FQ -+ ]\4(L2)F3, (310)
‘/3 = M(Ll + LQ)Fl + M(LQ)FQ + ILl,(G,g)Fg. (311)

The swimming velocity of the whole object is obtained by averaging the
velocities of the three disks, i.e., V = (Vi + V5 4+ V3)/3. Since we are interested
in the autonomous net locomotion of the swimmer, there are no external forces

acting on the disks. This leads to the following force-free condition:

As assumed in Ref. [3.13], the motion of the arms connecting the three disks is
prescribed by the two given functions L;(¢). In this situation, the arm motions

are related to the velocities as
Li=Vo—Vi, Ly=V;—V, (3.13)

where the dot indicates the time derivative. The set of six equations in Egs. (3.9),

(3.10), (3.11), (3.12), and (3.13) is sufficient to solve for the six unknown quan-
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tities V; and F; (i = 1,2, 3).

We further assume that arm deformations are relatively small as given by
Lyi(t) =01 +ui(t), Lo(t) = lo + ua(t), (3.14)

where ¢; are constants and u;/¢; < 1. With these prescribed arm motions,
we perform an expansion of the swimming velocity to the leading order in both
a;/l; and u;/¢;. After some calculations, we finally obtain the average swimming

velocity as [3.13]

V = <’LL1’L'62 — 111U2>, (315)

54
2
where G is the geometric factor to be presented later in Eq. (3.18), and the
averaging (---) should be performed by time integration in a full cycle. In the
above calculation, the terms proportional to witq, usts, and wujts + tus are
omitted because they average out to zero in a cycle.

As studied for a three-sphere swimmer [3.13], one can assume, for example,

that the two arms undergo the following periodic motions:
uy(t) = dycos(Qt),  ua(t) = dgcos(Qt — ). (3.16)

Here, d; and dsy are the amplitudes of the oscillatory motions, €2 is a common
arm frequency, and ¢ is a mismatch in phases between the two arms. Then the

average swimming velocity in Eq. (3.15) further reads

V = gdldgg sin ¢, (317)

which is maximized when ¢ = 7/2. When the disks are connected by elastic
springs with time-dependent natural lengths, a more general expression for V

can be obtained [3.17].

3.4 Geometric factor

The geometric factor G (having the dimension of inverse length) in Eq. (3.15)

or Eq. (3.17) for a three-disk swimmer in a quasi-2D fluid turns out to be

G(GZ’, (5]>

K
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_r {2 (l L1 ;) _ <K2(51) L Ka(d)  K3(d+ 52)”
Z2 ["\6 05 (6 +6)° 5 5 5.+ ,

(3.18)

where
Y = ereae3Ko(e1) Ko(e2) Ko(es)[e1Ko(€1) + 4K (€1)]
x [e2Ko(€2) + 4K (€2)][e3 Ko(e3) + 4K (e3)],
Z = 4de1 Ky (e1)Ko(e2) Ko(e3) + 42 Ko (1) Ko (€2) Ko(es)
+deg Ko (e1) Ko(e2) Ki(e3) + (€ + € + €3) Ko(er) Ko(e2) Ko(e3)-
Here, ¢; = ka; and 0; = x¢;, and K, is modified Bessel function of the second

kind, order two. I note that Eq. (3.18) is invariant under the exchange of not

only the three disks a;, but also under the exchange of the two arms ¢;.

For the fully symmetric case with a; = as = a3 = a and ¢; = {5 = {, the

geometric factor in Eq. (3.18) reduces to

Gle,d) 1 [, 4deKi(e)] [15 8Ky (d) & 2K5(20)
{e Kole) } { + , (3.19)

k 36

93 J J
where € = ka and § = kl. Equations (3.18) and (3.19) are the main results of
this chapter. In Fig. 3.2, I plot G/k in Eq. (3.19) as a function of § while keeping

the ratio to a/¢ = 1072 In fact, Eq. (3.19) has three asymptotic expressions
G(e,0) 1

~~ -2
K 30[In(2/€) — ] (3:20)
fore < 1and § < 1,
G(e, ) 5
~ 21
K 303[In(2/€) — 7] (3:21)
for e < 1 and § > 1, and
G(e,0) _ 5€
Ty (3.22)

fore> 1 and § > 1.

I note here that Eq. (3.20) decays as 6!, whereas Eqgs. (3.21) and (3.22)
decay as § 2. The dependence on the disk size € is only logarithmic in Egs. (3.20)
and (3.21), while it is proportional to €? in Eq. (3.22). In Fig. 3.2, I also plot
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Figure 3.2: Plot of the scaled geometric factor G/k [see Eq. (3.19)] for a fully
symmetric 2D microswimmer as a function of the scaled arm length 6 = &/

when the disk-to-arm ratio is a/¢ = 1072, The three asymptotic expressions in
Egs. (3.20), (3.21), and (3.22) are plotted by the dashed lines.

the above three asymptotic expressions by the dashed lines when a/f = 1072
They are all in good agreement with the solid line that corresponds to the full
expression of Eq. (3.19). Notice that the apparent behavior of Eq. (3.22) is 6!
because I have fixed the ratio to a/¢ = 1072 in this plot.

It is important to mention the physical meaning of the geometric factor
G in the average velocity. Within the scaling argument, the geometric factor
is generally related to the mobility coefficient 1 and the longitudinal coupling
mobility M by

(3.23)

This relation holds irrespective of the dimensionality of the micromachine and
the surrounding fluid [3.32]. Due to the presence of the hydrodynamic screening
length x~! in a supported membrane, both i and M exhibit different asymptotic
behaviors as shown in Egs. (3.4), (3.5) and Egs. (3.7), (3.8), respectively. Various
limiting expressions of G in Egs. (3.20)-(3.22) can be understood as different
combinations of the asymptotic forms of p and M. For example, Eq. (3.22)

showing the scaling G ~ (a?/¢?)/( is a direct consequence of Eqs. (3.5) and
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Figure 3.3: Color plot of the scaled geometric factor log(G/r) [see Eq. (3.18)]
of a 2D microswimmer as a function of the asymmetry parameters I'y = a;/az
and I's = as/as [see Eq. (3.26)] when ka = 0.1 and ¢ = 10. Notice that
a = (a;+as+a3z)/3 and £ = {1 = 5. All the quantities including the color scale
are plotted in the logarithmic scale. The maximum of G occurs at I'y =1'3 = 1.

(3.8). I also note that, because of the explicit 1/¢-dependence in Eq. (3.23),
the logarithmic dependence of M () on ¢, as in Eq. (3.7), does not show up in
Eq. (3.20) within the lowest order expansion.

In order to compare my result with that of a three-sphere swimmer in a 3D

fluid, I show here its corresponding geometric factor as obtained in Ref. [3.13]:

3&1(12&3 1 n 1 . 1
(a1 + as + as3)? 5% é% (b1 + lo)? ’

Gsp = (3.24)

where a; here denote the radii of the three spheres (rather than disks). For the
symmetric case with a; = as = a3 = a and ¢, = {5 = {, the above expression

reduces to

B Ta
1202

First, I note that Eq. (3.24) or Eq. (3.25) does not depend on the 3D fluid

Gap (3.25)

viscosity, while Eq. (3.18) or Eq. (3.19) is dependent on the membrane viscosity
n through the inverse screening length . Second, the essential size dependence
in Eq. (3.25) is Gsp ~ (a/)/¢ which does not appear in the previous quasi-2D
case. On the other hand, such a dependence is in accordance with the scaling

relation Eq. (3.23) and the Stokes law in a 3D fluid without any characteristic
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Figure 3.4: Plot of the scaled geometric factor G/k (solid line) [see Eq. (3.18)]
and Gsp/k (dashed line) [see Eq. (3.24)] as a function of the asymmetry param-
eter ' =I'y = ['s when xa = 0.1 and ¢ = 10. Notice that a = (a1 + a2 + a3)/3
and ¢ = ¢, = {5. The maxima of G and G3p occur at I' = 1.

length scale. Hence the existence of the characteristic length scale, k=1, for
a quasi-2D fluid completely changes the asymptotic size dependencies of the
average velocity. This is an important finding of this chapter and highlights the

essential difference between 2D and 3D microswimmers.

3.5 Asymmetric microswimmers

Since I have obtained the general expression of the geometric factor G for
a three-disk microswimmer, as shown in Eq. (3.18), I discuss now the effects of
structural asymmetry of a microswimmer on its geometric factor. We first set

as {1 = 5 = £ and vary the two ratios between the disk sizes as defined by

=% =2 (3.26)
(05} a2

whereas we keep, for instance, the sum of the three radii being fixed to a; 4+ as +
az = 3a. In Fig. 3.3, I plot the scaled geometric factor G/k in Eq. (3.18) as a
function of the two ratios I'y and I's when xa = 0.1 and x¢ = 10. Notice that a/¢
should be small within our expansion scheme and the color scale indicates the

quantity log(G/k). From this plot, I find that the maximum of the geometric



3.5. Asymmetric microswimmers 49
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Figure 3.5: Plot of the scaled geometric factor G/k (solid line) [see Eq. (3.18)]
and Gsp/r (dashed line) [see Eq. (3.24)] as a function of the asymmetry pa-
rameter A = (1/{5 [see Eq. (3.27)] when ka = 0.1 and x¢ = 10. Notice that
a=a; =ay = az and £ = ({1 + ¢5)/2. The minima of G and Gsp occur at
A=1.

factor is realized when the disk size is identical, i.e., I'1 = I's = 1. In other words,
any asymmetry in the disk size leads to a reduction of the average swimming

velocity.

In Fig. 3.4, I further consider the case when I'y = '3 = T" (or, equivalently,
a; = a3), and plot G/k as a function of I". Such a plot corresponds to a cross-
section of Fig. 3.3 along the diagonal line. To compare the quasi-2D case with
the 3D case, I also plot Gsp/k [see Eq. (3.24)] as a function of I" under the
same condition. For GGap, the ratios I'1 and I's correspond to those between the
sphere radii. It should be also noted that Eq. (3.24) does not contain x and it
is used only to compare with the quasi-2D case. Although both G and Gjp are
maximized at I' = 1, the dependence on I' is much weaker for G. This weak
dependence originates from the logarithmic dependence of the disk mobility u

on the disk size a, as shown in Eq. (3.4).

Alternatively, one can set as a; = as = a3 = a and vary the ratio between
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the arm lengths defined by

(3.27)

whereas we keep the sum of the two arm lengths being fixed to ¢; + ¢y = 2/.
In Fig. 3.5, I plot the scaled geometric factors G/k and Gsp/k as a function of
A when ka = 0.1 and k¢ = 10 as before. Here it is remarkable that both G
and G3p are minimized when A = 1. On the other hand, the overall behaviors
of G and G3p are rather similar because the chosen parameter value satisfies
the condition x¢ > 1 for which the coupling mobility M exhibits an algebraic

dependence on the distance ¢, as shown in Eq. (3.8).

3.6 Summary and discussion

In summary, I have proposed a model of 2D three-disk micromachine swim-
ming in a quasi-2D supported membrane. In particular, I have obtained the
average swimming velocity as a function of the disk size and the arm length.
Due to the presence of the hydrodynamic screening length in the quasi-2D fluid,
k1, the geometric factor in the average velocity exhibits various asymptotic
behaviors depending on the microswimmer size and the screening length. My
result has been confirmed by the scaling argument for the geometric factor. I
have also looked at the effects of structural asymmetry of a microswimmer, and
found that the geometric factor is maximized when the disks are equal-sized,
whereas it is minimized when the average arm lengths are identical.

At this point, a rough estimate of the characteristic length scales would be
useful [3.25, 3.29, 3.31]. The membrane viscosity of lipid bilayers at physiological
temperatures is approximately 7 &~ 107 N-s/m and the viscosity of surrounding
water is 7y ~ 1073 N-:s/m?. For supported membranes, we can approximate
the height of the intervening solvent region as h ~ 107° m. Hence we obtain
k1= \/nh—/ns ~ 3 x 107® m. I note that this length scale is relatively small
and the large scale behavior is expected for micron-sized swimmers.

In my model of a three-disk microswimmer, I have assumed that the three
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disks are connected by two arms and their time-dependent motions are given
by Eq. (3.14) [3.12, 3.13|. Alternatively, one can also consider a three-disk mi-
croswimmer in which the disks are connected by two elastic springs, while the
natural length of each spring is assumed to undergo a prescribed cyclic change.
Using the results in Ref. [3.17], one can immediately estimate the average quan-
tity (uita—1us) in Eq. (3.15) and obtain the average velocity V of an elastic 2D
microswimmer. It can be generally shown that the swimming velocity increases
with frequency in the low-frequency region, whereas in the high-frequency re-
gion, the average velocity decreases when the frequency is increased [3.17]. Such
a behavior originates from the intrinsic spring relaxation dynamics of an elastic

swimmer.

Although I have taken into account the hydrodynamic friction between the
fluid membrane and the substrate through the friction coefficient A in Eq. (3.1),
the effect of intrinsic drag of the disks on the substrate was not considered in
Eq. (3.3). One can naturally assume that the drag coefficient of a disk on the
substrate is proportional to its area and is given by Aqwa?, where \q is the disk
friction coefficient. In this case, the translational mobility coefficient in Eq. (3.3)

will be modified [3.23]:

1(a) = ﬁ [@ (1 + %) 4 %] - (3.28)

Notice that the correction term due to Aq/A gives rise to a contribution that is
independent of A. Since only the coefficient of (ka)? is altered when compared
with Eq. (3.3), the drag acting on the disks modifies my result only up to
a numerical factor when xa > 1. This means that the asymptotic scaling
behaviors in Sec. 3.4 are not affected by the drag forces on the disks. In principle,
the disk friction coefficient can be different for different disks. Such an effect
can be effectively taken into account by considering different disk radii as long

as they are much larger than the screening length x~!.

In this chapter, I have discussed the behavior of a 2D microswimmer in a



52 Chapter 3. Three-Disk Microswimmer in a Two-Dimensional Fluid

quasi-2D fluid that is characterized by a hydrodynamic screening length, . It
should be noted, however, that we encounter a similar situation in which a 3D mi-
cromachine swims in a structured viscoelastic fluid having a characteristic length
scale. According to my preliminary result, I find that the frequency dependence
of the average velocity exhibits fairly complex behaviors depending on the ma-
chine size relative to the characteristic length scale of the surrounding structured
fluid. Details of such an investigation will be reported elsewhere [3.32].

In the future, we shall also investigate the case when the surrounding bulk
fluid is viscoelastic [3.30]. Such a study will enable us to obtain the frequency
dependent complex viscosity of the surrounding 3D fluid by measuring the ve-
locity of a 2D microswimmer in a membrane [3.33]. Such a method will provide

us with a new type of non-contact surface microrheology.
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Chapter 4

Three-Sphere Microswimmer in

a Structured Fluid

I discuss the locomotion of a three-sphere microswimmer in a viscoelastic struc-
tured fluid characterized by typical length and time scales. I derive a general
expression to link the average swimming velocity to the sphere mobilities. In
this relationship, a viscous contribution exists when the time-reversal symmetry
is broken, whereas an elastic contribution is present when the structural sym-
metry of the microswimmer is broken. As an example of a structured fluid, we
consider a polymer gel, which is described by a “two-fluid model”. I demonstrate
in detail that the competition between the swimmer size and the polymer mesh

size gives rise to the rich dynamics of a three-sphere microswimmer.

4.1 Introduction

Microswimmers are tiny machines, such as sperm cells or motile bacteria,
that swim in a fluid and are expected to be relevant to microfluidics and mi-
crosystems [4.1]. By transforming chemical energy into mechanical work, mi-
croswimmers can change their shapes and move in viscous environments. The
fluid forces acting on the length scale of microswimmers are governed by the

effect of viscous dissipation. According to Purcell’s scallop theorem [4.2]; time-

55
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reversal body motion cannot be used for locomotion in a Newtonian fluid. As
one of the simplest models exhibiting broken time-reversal symmetry, Najafi and
Golestanian proposed a three-sphere microswimmer [4.3, 4.4] in which three in-
line spheres are linked by two arms of varying lengths. This model is suitable
for analytical studies because the tensorial structure of the fluid motion can be
neglected in its translational motion. Recently, such a microswimmer has been

experimentally realized [4.5, 4.6].

For microswimmers in general situations, however, the surrounding fluid is
not necessarily purely viscous but viscoelastic. Several studies have discussed
the swimming behaviors of micromachines in different types of viscoelastic flu-
ids [4.7-4.11]. In particular, Lauga showed that the Scallop theorem in a vis-
coelastic fluid breaks down if the squirmer has a fore-aft asymmetry in its surface
velocity distribution [4.7]. In a previous chapter, I discussed the locomotion of a
three-sphere microswimmer in a viscoelastic medium and derived a relationship
linking the average swimming velocity to the frequency-dependent viscosity of
the surrounding medium [4.12]. T demonstrated that the absence of the time-
reversal symmetry of the swimmer motion is reflected in the real part of the
viscosity, whereas the absence of the structural symmetry of the swimmer is

reflected in its imaginary part.

So far, investigations into the swimming behaviors of micromachines have
been limited to homogeneous viscoelastic fluids without any internal structures.
However, one of the fundamental and characteristic features of viscoelastic soft
matter is that it contains various intermediate mesoscopic structures and behaves
as a structured fluid [4.13]. The existence of such internal length scales signifi-
cantly affects the rheological properties of soft matter [4.14]. In this chapter, I
address the effects of the intermediate structures of the surrounding viscoelastic
fluid on the locomotion of a three-sphere microswimmer. Because a three-sphere
microswimmer is also characterized by its own size, my main interest is to find

out how the average swimming velocity depends on the relative magnitudes of
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Figure 4.1: A three-sphere micromachine swimming in a structured fluid such as
a polymer gel. Three identical spheres of radius a are connected by arms with
lengths Ly (t) and Lo(t) and undergo time-dependent cyclic motions. According
to the two-fluid model, the polymer gel consists of an elastic network charac-
terized by a constant shear modulus G and a viscous fluid characterized by a
constant shear viscosity 7. The elastic and fluid components are coupled via
mutual friction. The length scale £ characterizes the typical internal structure
of the elastic network, e.g., its mesh size.

the swimmer’s size and the characteristic length of the surrounding fluid.

Generalizing my previous work [4.12], I first obtain the average velocity of a
three-sphere microswimmer moving in a structured fluid, which is characterized
by typical length and time scales. As an example of a structured fluid, we employ
a “two-fluid model” that has been broadly used to describe the dynamics of poly-
mer gels [4.15-4.17]. Recently, the response of a polymer network to the motion
of a rigid sphere has been investigated within this two-fluid model [4.18-4.20].
I calculate the frequency dependency of the average velocity of a three-sphere
microswimmer in a two-fluid gel and obtain its various asymptotic expressions
by changing the swimmer size. The competition between the swimmer size and
the polymer mesh size gives rise to the rich dynamics of microswimmers. Even
though I primarily discuss the two-fluid model here, my result can be applied to

various types of structured fluids.
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4.2 Microswimmer in a structured fluid

As shown in Fig. 4.1, I consider a microswimmer consisting of three rigid
spheres of the same radius a that are connected by two arms of variable lengths
Ly and Ly [4.3, 4.4]. T assume that the motion of the arms is prescribed by two
time-dependent functions L;(t), Lo(t) > a. Then the velocity of each sphere
Vi (i = 1,2,3) should satisfy the conditions Ly (t) = Va(t) — Vi(t) and Ly(t) =
V3(t) — Va(t), where the dot indicates the time derivative. The surrounding fluid
exerts a force F; (i = 1,2,3) on each sphere, which we assume to be along the
swimmer axis. Because we are interested in the autonomous net locomotion of
the swimmer, there are no external forces acting on the spheres. This leads to
the force-free condition: Fi(t) + Fa(t) + F3(t) = 0.

Within the linear response theory, the velocity and force acting on a sphere
of radius a are related in the Fourier domain by V;(w) = pla,w]F;(w), where
V(w) = [Z_dtV(t)e ™" (with the same form for F(w)) denotes the Fourier
transform and pla,w] = [°dt p(a, t)e™™" gives the frequency-dependent self-
mobility. Similarly, the force F}; acting on the j-th sphere at z; and the induced
velocity V; of the i-th sphere at x; are related by Vi(w) = M|[r,w|F;(w), where
r=x; —x; > a and M[r,w| is the frequency-dependent longitudinal coupling
mobility.

I further assume that the arm deformations are relatively small, and given by
Li(t) = 0+wuy(t) and Ly(t) = €+ uy(t), where £ is a constant length that satisfies
0> uy(t),us(t). I consider the case when the two arms undergo the simplest
periodic motions [4.3, 4.4]: uy(t) = dy cos(Qt) and us(t) = dg cos(Q2t — ¢), where
d; and ds are the amplitudes of the oscillatory motions, €2 is the common arm
frequency, and ¢ is the mismatch in the phases between the two arms. When
the arm motions are given, the above set of equations is sufficient to solve for
the six unknown quantities V; and F;. The swimming velocity is obtained by

averaging the velocities of the three spheres, i.e., V = (V] + V5 + V3)/3.

Consider a viscoelastic structured fluid that is characterized by a character-
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istic length scale £ and a characteristic time scale 7. I assume that the above

mentioned mobilities are expressed by the following scaling forms:

1 T M T
o] = BT gy - Ml (1.)

where [i and M are the dimensionless scaling functions and 7o is the zero-
frequency shear viscosity. Even if there are more than two length or time scales,
the above assumption is still valid because only the dimensionless ratios between
the different scales enter into the scaling functions. In other words, if there are
several length scales &1, &, &3,--- and several time scales 7y, 7, 73,---, the

dimensionless mobility can be expressed as

ﬂ[a/§170~’71;§2/51,§3/§17"' ;7'2/7177'3/717‘“]7 (4'2)

and similarly for M. Under this assumption, we perform an expansion of the
swimming velocity to the leading order in a/¢, dy /¢, and dy/¢. After performing

the time integration over a full cycle, we obtain the average swimming velocity:

dydsal
o (Ala/e 0717 + ila/g, 07

X (sme/g, 0] — NI[2¢/€,0] + 20(—4DNI[0/€,0] + ONI[2( /¢, O])) sin ¢
A (fase, ) — ila/e, —0r] )

x (4]\71[5/5, 0] + NI[2¢/¢, 0] — 20(20M[¢/€, 0] + ONI[20 /€, o])) . (4.3)

V=~

where

oL[e/e,0] = tim OMI/EwT]

wT—0 a’r

, (4.4)

r=¢{
[see the Appendix 4.A for the full derivation]. This is a generalization of my

previous result [4.12] and is the main result of this chapter.

The first term in Eq. (4.3) can be regarded as a viscous contribution, V,
and is present only if the time-reversal symmetry of the arm motion is broken,
ie., o # 0,7. The second term, conversely, corresponds to an elastic contri-
bution, V., and exists only when the structural symmetry of the swimmer is

broken, i.e., di # dy. In other words, even if the time-reversal symmetry of the
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swimmer motion is not broken, i.e., ¢ = 0,7, the swimmer can still move in a
viscoelastic medium because of the second elastic term as long as its structural
symmetry is broken, i.e., d; # dy. I used the condition ¢ < ¢ when deriving
Eq. (4.3), but nothing has been assumed concerning the relative magnitudes
between the swimmer size, a and ¢, and the characteristic length of the fluid, &.
Therefore, Eq. (4.3) offers a very general velocity expression for a three-sphere

microswimmer moving in a structured fluid.

Although Eq. (4.3) is applicable to any structured fluid, some special cases
are worth discussing. For a purely viscous fluid, the scaling functions in Eq. (4.1)
are given by i = 1 and M = 1; therefore, Eq. (4.3) reduces to the average
velocity obtained by Golestanian and Ajdari [4.4]. Further, for a viscoelastic
fluid without any internal structure, the scaling functions are simply given by
fi = no/nlw] and M = ng/nlw], where nlw] is the frequency-dependent complex
viscosity. In such a homogeneous but viscoelastic fluid, Eq. (4.3) reduces to

Eq. (13) in Ref. [4.12].

I note that the above derivation has been limited within the linear response
theory because linear relationships between forces and velocities have been as-
sumed. Such an assumption of the linear viscoelasticity is generally justified
when the strain amplitude is small enough [4.21]. For a three-sphere microswim-
mer, this condition is given by d;/¢ < 1 and dy/¢ < 1 which have been indeed
used in the derivation of Eq. (4.3). Otherwise, one needs to take into account

nonlinear viscoelastic effects such as a shear thinning behavior [4.14].

4.3 Two-fluid model for a gel

As a simple example of various structured fluids, I consider here a polymer
gel described by the two-fluid model. As schematically described in Fig. 4.1,
there are two dynamical fields in this model: the displacement field u(r,t) of
the elastic network and the velocity field v(r,t) of the permeating fluid. When

inertial effects are neglected, the linearized coupled equations for these two field
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variables are given by

0=GV*u+ (K+G/3)V(V-u)-T (86_1; —v) ) (4.5)
9 ou
0=nVv—-Vp-T M- +f. (4.6)

Here, G and K are the shear and compression moduli of the elastic network,
respectively, 7 is the shear viscosity of the fluid, p(r,t) is the pressure field, and
f(r,t) is the external force density acting on the fluid component. The elastic
and fluid components are coupled via the mutual friction, which is characterized
by the friction coefficient I'.. When the volume fraction of the elastic component
is small, we further require the incompressibility condition: V-v = 0. The above
two-fluid model contains the characteristic length ¢ = (1/I')'/2 and the charac-
teristic time 7 = n/G. The former length scale roughly corresponds to the mesh
size of a polymer network, and the latter time scale sets the viscoelastic time.

Hereafter, I introduce a dimensionless ratio defined as ¢ = [(K + 4G/3)/G]'/2.

Diamant calculated the self-mobility of a sphere in a two-fluid gel, which de-
pends on the choice of the boundary condition at the surface of the sphere [4.18].
Here I consider the case of “a sticking fluid and a free network”, i.e., a stick
boundary condition is used for the fluid while the network does not exchange
stress with the sphere. In other words, the network moves only because of its
coupling to the fluid. The full expression of the self-mobility p is given in the
Appendix 4.B [4.18], and here, I show only its limiting behaviors. In the low-

frequency limit, wr — 0, u becomes

N 9 N iwt (44 3€%)a® + 36e%a* + 162¢%a + 81¢>

T 6mna(9 + 94+ a2)  6mnE 2(9 + 9a + a2)2¢2 ’
(4.7)

pla, wl

where a = a/§ and one can take further limits depending on the magnitude of

a. In the high-frequency limit, wr — oo, p becomes

1 1

T 6mna 6mnalivr)

pla, wl (4.8)
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This expression is equivalent to writing the mobility as ula,w] ~ 1/(6mnya),
with an effective viscosity of m, = n[1 + 1/(iwT)]. Therefore, the above two-fluid

model reduces to the Kelvin-Voigt model at high-frequencies [4.14].

I previously obtained a general expression for the coupling mobility M con-
necting the velocity v and the force f in the two-fluid model [4.22, 4.23], which
is also given in the Appendix 4.B. For small distances, r/§ — 0, the coupling
mobility is

1 1
Arnr 6mnE(1 + iwT) /2

Mir,w] ~ (4.9)

and consequently, the gel is nearly purely viscous. Conversely, for sufficiently
large distances, /¢ — 0o, the coupling mobility is

S |
drnpr 2mnrd (1 + iwT)?’

Mir,w] ~ (4.10)

4.4 Average velocities in a two-fluid gel

Next I discuss the average velocity of a three-sphere microswimmer in a two-
fluid gel and investigate its frequency as well as size dependencies. Recall that
there are two lengths that measure the size of a three-sphere microswimmer: the
sphere radius a and the average arm length ¢, with the condition @ < ¢. Because
the surrounding gel is characterized by the network mesh size, &, the following
three different situations can be distinguished: (i) a large swimmer when a > ¢
and ¢ > ¢, (ii) a medium swimmer when a < £ and ¢ > £, and (iii) a small
swimmer when ¢ < £ and £ < £. In each case, following the procedure in the
Appendix 4.A, I numerically solve for V; and F; to calculate the average velocity
V without making an expansion in terms of a/f. These numerical results are
plotted by the solid lines in Fig. 4.2, whereas the analytical results obtained
from Eq. (4.3) are plotted by the dotted lines with the same colors. In Fig. 4.2,
the parameters a/¢ and ¢/¢ are chosen in such a way that the condition a/¢ < 1
is always satisfied for a three-sphere microswimmer. Moreover, d; /¢ and dy/l

are also small enough to ensure that the assumption of linear viscoelasticity is
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appropriate.

In Figs. 4.2(a) and (b), I separately plot the viscous V', and elastic V, con-
tributions, respectively, for a large swimmer as a function of the scaled fre-
quency Q7. The behavior of V, in Fig. 4.2(a) is remarkable because it exhibits
a non-monotonic dependence on (). A careful analysis reveals that it behaves
asV, ~ 0 = Q12 505 Q! = Qas Q increases. This non-monotonic
behavior is more pronounced for larger sphere sizes such as a/§ = 100 (green).
On the other hand, the frequency dependence of the elastic contribution, V.,

crosses over as V, ~ Q% — Q°.

The above results can be reproduced by Eq. (4.3) when we use the full
expressions of the two-fluid mobilities © and M (most of the dotted lines in
Fig. 4.2 are invisible because they almost coincide with the solid lines). Further,
Eq. (4.3) provides us with various asymptotic expressions. For example, I first
discuss the limit of Q7 — 0 in V. Using the first term of Eq. (4.7) and the

second term of Eq. (4.10), we obtain

Vo B e, (111
which is proportional to 2. The complex non-monotonic behaviors in the inter-
mediate frequencies are separately discussed in the Appendix 4.C. In the limit
of Q1 — oo, we use the first term of Eq. (4.8) and the second term of Eq. (4.10)

to obtain

7 31d1d2§2aﬂ

v~ 674 sin ¢. (4.12)

By evaluating the elastic term in Eq. (4.3), one can also obtain the asymptotic
expressions for V. In the limit of Q7 — 0, we use the second terms of Egs. (4.7)
and (4.10) to obtain

o 1@ — d3)a> 4 43¢
¢ 518404&2T €2

(Qr)?, (4.13)

which is proportional to Q2. In the limit of Q7 — oo, the second terms of
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Egs. (4.8) and (4.10) yield

—  17(d? - d})€%a
Ve a 5%47_2 : (4.14)

which is independent of €. Notice that the crossover frequency separating
the different scaling regimes is strongly dependent on a/¢. For example, the
crossover frequency between Egs. (4.13) and (4.14) roughly scales as (Q27)* ~
(a/€)72. This means that one can extract information concerning the internal
structure of the surrounding medium by observing the average swimming veloc-
ity. Moreover, the non-linear dependence on the sphere size, such as V, ~ a® in
Eq. (4.11) or V, ~ @® in Eq. (4.13), is also a unique feature of a two-fluid gel.

For a medium swimmer (¢ < £ and ¢ > &), I plot the numerical results
of V, and V, in Figs. 4.2(c) and (d), respectively. In Fig. 4.2(c), we find
V. ~ € over the entire frequency range. This behavior is essentially explained
by Eq. (4.12), which was obtained for the large swimmer case. The elastic con-
tribution in Fig. 4.2(d), conversely, crosses over as V. ~ Q> — QY2 — QO
where the Q-independent behavior can be explained by Eq. (4.14) as before. In
the Appendix 4.C, I show the asymptotic expressions for smaller frequencies [see
Egs. (4.54) and (4.55)].

Finally, I numerically plot V', and V, for a small swimmer (¢ < & and £ < €)
in Figs. 4.2(e) and (f), respectively. The viscous contribution shows a linear
dependence, V, ~ €. This is reasonable because the combination of the first
terms in Eqs. (4.8) and (4.9) simply represents a purely viscous fluid. The elastic
contribution plotted in Fig. 4.2(f) crosses over as V, ~ Q% — Q%2 — Q1/2 — Q0.
Even though the first two scaling behaviors cannot be obtained analytically, the
last two behaviors are given in the Appendix 4.C [see Eqs. (4.56) and (4.57)].
It should be mentioned here that Eq. (4.3) does not reproduce the numerical
result in Fig. 4.2(f) because the lowest expansion in terms of a/¢ is inappropriate

for this limit. Hence the dotted lines deviate from the solid lines Fig. 4.2(f)

especially for relatively smaller Q7 values.
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Figure 4.2: Plots of the average swimming velocity V as a function of the scaled
frequency €27 for a three-sphere micromachine swimming in a polymer gel with
e = [(K +4G/3)/G)"/? = \/14/3 ~ 2.16. The solid lines are the numerical
results explained in the text, whereas the dotted lines (with the same colors)
are the analytical results obtained from Eq. (4.3). The analytical dotted curves
are invisible when they coincide with the numerical solid curves. The numbers
indicate the slopes representing the exponents of the power-law behaviors. (a)
The scaled viscous contribution V, and (b) the scaled elastic contribution V,
for a large swimmer (a > &, ¢ > &). The different colors correspond to the
different a/¢ values shown in the graphs; here, we have chosen ¢/¢ = 10*. The
other parameters are ¢ = m/2 and d; /¢ = dy/¢ = 1072 in (a) and d; = 2d, and
dy/¢ = 1072 in (b). (c) The scaled V, and (d) scaled V, for a medium swimmer
(a < & € > &). The different colors correspond to the different a/¢ values
shown in the graphs; here, we have chosen ¢/¢ = 10*. The other parameters
are the same as those in (a) and (b). (e) The scaled V, and (d) scaled V, for a
small swimmer (o < £, ¢ < &). The different colors correspond to the different
a/& values shown in the graphs; here, we have chosen ¢/¢ = 1072. The other
parameters are the same as those in (a) and (b). Notice that in all these plots,
a/¢ and ¢/ are chosen in such a way that a/f¢ < 1 is always satisfied.
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4.5 Summary and discussion

So far, I have primarily discussed the motion of a three-sphere microswimmer
in a polymer gel described by the two-fluid model. However, the importance of
my work is not restricted to these specific models. The prediction of the average
velocity in Eq. (4.3) is applicable to any structured viscoelastic fluid that has an
intermediate length scale and a characteristic time scale. For example, one can
also discuss the motion of a microswimmer in a polymer solution that is described
by a different “two-fluid model” [4.24, 4.25]. In addition, it is interesting to
discuss the dynamics of three-sphere microswimmers in liquid crystals [4.26],
which typically exhibit complex rheological behavior depending on their different
phases [4.27].

Furthermore, we encounter a similar situation when we consider the motion
of a three-disk microswimmer immersed in a quasi-2D fluid membrane [4.28].
Owing to the presence of the hydrodynamic screening length in the quasi-2D
fluid, the geometric factor appearing in the average velocity exhibits various
asymptotic behaviors when changing the ratio between the swimmer size and
the screening length. The result in Ref. [4.28] can be obtained from Eq. (4.3)

using the mobility of the disk and the coupling mobility in a quasi-2D fluid.

At this point, it is useful to give some numbers related to realistic microswim-
mers and systems described by a two-fluid model. Let us first consider a ho-
mogeneous sample of entangled F-actin network whose mesh size £ can be con-
trolled by the actin monomer concentration ¢ as & = 0.3/y/c (£ in pm and ¢
in mg/ml) [4.19, 4.20]. Hence £ ~ 1 um for ¢ =~ 0.1 mg/ml. On the other
hand, a typical size of colloidal particles used in microrheology experiments
is a =~ 0.5 um [4.29]. If we assume that one can construct a three-sphere mi-
croswimmer by connecting these colloidal particles, its whole size (corresponding
to ¢) would amount to several microns, which is comparable to a typical size of
living microorganisms such as bacteria. Since a magnitude relation a < £ < ¢

holds in this case, a living microorganism swimming in an actin network may
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correspond to a medium swimmer [see Fig. 4.3(c) and (d)].

On the other hand, a three-sphere swimmer has been experimentally realized
by using ferromagnetic particles at an air-water interface and by applying an
oscillating magnetic field [4.5, 4.6]. In this experiment, the size of spheres is
about a ~ 200 pm and the rest length of the bonds is roughly ¢ ~ 1 mm.
Hence such a model swimmer behaves as a large swimmer in an actin network
[see Fig. 4.3(a) and (b)], since the mesh size is much smaller, i.e., { < a < £.
Such a comparison shows that the swimming behaviors of a microorganism and
a ferromagnetic swimmer are essentially different in a structured fluid such as
F-actin networks due to the presence of the characteristic length scale £. This

is the main message of the present work.

Concerning the characteristic time scale 7 of a two-fluid model, we shall
refer to a number that was measured for F-actin networks [4.19, 4.20] by using
microrheology techniques [4.29]. With the water viscosity n ~ 1073 Pa-s and
the measured shear modulus G ~ 10~! Pa for a F-actin network, we obtain
the viscoelastic time scale as 7 = /G ~ 1072 s. For a typical microorganism
and a model swimmer mentioned above, characteristic frequencies are about
Q ~ 10 Hz [4.1] and 1 Hz [4.5, 4.6], respectively. Hence the corresponding
Deborah numbers for these two cases are De ~ 1 (microorganism) and 1072

(model swimmer) which are both considered in Fig. 4.3.

Finally, I note that Fu et al. analyzed the swimming behavior of an infinite
sheet undergoing transverse traveling-wave deformations in a two-fluid gel [4.30].
They demonstrated that the boundary conditions between the sheet and the
network significantly affect the swimming speed. In my study, I considered only
the case of “a sticking fluid and a free network” for the boundary condition
between the sphere and the gel. Different situations such as “a sticking fluid
and a sticking network” case or “a sticking fluid and a slipping network” case,
as discussed in detail in Ref. [4.18], will lead to different swimming behaviors

because the self-mobility of the spheres is modified. Although several deficiencies
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of the two-fluid model have been explicitly pointed out [4.18], such investigations

are left to future studies.

To summarize, I discussed the locomotion of a three-sphere microswimmer
in a viscoelastic structured fluid with typical length and time scales. I derived a
general expression for the average swimming velocity, Eq. (4.3), which includes
both viscous and elastic contributions. To illustrate my result, I used the two-
fluid model for a polymer gel and demonstrated that the average velocity exhibits
various asymptotic behaviors depending on the swimmer size. Because one can
extract information concerning the internal structure of the surrounding fluid
from observations of the motion of a microswimmer, the present theory offers a

new approach to active microrheology [4.29].

4.A Derivation of Eq. (4.3)

When the conditions us(t), us(t) < ¢ are satisfied, the equations of motion

of the three spheres are given by [4.12]

Vi) = pla. IR (w) + Ml Ffe) + 00 [r,0) 1 )

- M[20, 0] Fy(w) + OM 26, 0) ) F “;g:"” * Fylw) (4.15)
V) ~ MR () + oMl W) g )

+ M6, W] Fy(w) + OMIL, w}%f@, (4.16)
Va(w) ~ MRLwlR () + o[t ) 1) T )

+ M, w]Fy(w) + OM]L, w}M + pla, w] F3(w), (4.17)

where OM|(,w] = (OM[r,w]/0r),—; and we have used the convolution defined
by f(w) * g(w) = [ dw’ f(w — w)g(w).
Since the arm frequency is €2, we assume that the velocities and the forces

of the three spheres can generally be written as [4.12]

Vi(w) = Vipo(w) + i Vin0(w+nQ) +V; _, 0(w—nQ)], (4.18)

n=1
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Fi(w)=Fipd(w —l—i [Fin6(w+nQ) + F; _, 0(w —n2)]. (4.19)

n=1

Substituting the assumed arm motions uy (¢) = dy cos(§t), ug(t) = dg cos(Qt—
¢) and (4.18) into Ly (t) = Va(t) — Vi(t), we obtain

Voo —Vip =0, (4.20)
Voq —Vig = —imdiQ, (4.21)
Vo1 — Vi = imdiQ, (4.22)
Vo —Vin =0 for |n] > 2. (4.23)

Similarly, we obtain from Ly (t) = Vi(t) — Va(t)

Vao— Va0 =0, (4.24)
Viq — Vo1 = mdy®,92, (4.25)
Va1 — Va1 = mdy®,Q, (4.26)
Van —Von =0 for|n| > 2, (4.27)

where we have introduced the following notations:
®; =icos¢+sing, (4.28)

®y = —icos ¢+ sin ¢. (4.29)

Substituting Eqs. (4.18) and (4.19) into Egs. (4.15), (4.16) and (4.17), we

obtain

d,
Vi = pla, —nQ) Fy,, + M[l, —nQ) Fy,, + OM[l, =] — (F2 1+ Fopi)

d
+ M[2€ —nQ]F5 n+ 6M[2£ —’I’LQ] ! (F3,n+l + F37n,1)
idy
+ 8]\1[2@, _nQ]T(_q)lF&'nJrl —|— q)gFgmfl), (430)
d
Vo & M[l, —nQ|Fy,, + OM][(, —nQ)] 21 (Fypi1 + Fip-1) + pla, —nQ]Fy,
d
+ M[l, —nQFs,, + OMIL, —nfz]%?(—q)lzr&nﬂ + By Fy 1), (4.31)
dy

Vs n ~ M[2€ —TLQ]Fl n + 6M[2€ —TLQ] (FL,,LJrl + Fl,nfl)
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id
2 (= @1 Fy g1 + PoFi 1)

2
i
+ M[ea _nQ]FQ,n + ava _ng]%(_q)lFZ,n+l + q)2F2,n71) + ,UJ[G, _nQ}FS,n-

+ OM[20, —nQ)]

(4.32)
Note that the couplings between different n-modes are involved in these equa-

tions. Finally, substituting Eq. (4.19) into Fi(t) + Fyx(t) + F5(t) = 0, we obtain

Fi,+F,+F,=0. (4.33)

The above set of equations constitute a matrix equation with infinite di-
mensions and cannot be solved in general. Under the assumption of a < /£,
however, we are allowed to consider only n = —1,0,1 and further approximate
as F; 1o =~ 0. The justification of the latter approximation is also seen by solving
Eqgs. (4.23), (4.27), (4.30), (4.31), (4.32) and (4.33) for n = £2 and taking the
limit of a < £. Hence the above set of equations can be solved for 18 unknowns,

ie., V,, and I}, fori=1,2,3 and n = —1,0, 1.

The velocity of each sphere is simply obtained by the inverse Fourier trans-
form, Vi(t) = (2m)~! [7°_dw Vi(w)e™'. The average swimming velocity over one

cycle of motion is then calculated by

o 0 27 /Q
V=

o dt [Vi(t) + Va(t) + Va(t)] /3. (4.34)

Within the lowest order expansion in a, we finally obtain Eq. (4.3) by using
Eq. (4.1). In order to obtain more accurate higher order terms in a, one needs

to take into account the higher order n-modes (|n| > 2).

4.B Mobilities in a two-fluid polymer gel

Self mobility

The self-mobility p for a sphere in a two-fluid gel was calculated by Dia-
mant [4.18]. Among various boundary conditions, we consider here “a sticking

fluid and a free network” case. In this situation, the full expression of the self-
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mobility p is given by [4.18]
1 N+ Ny

pla, w] = 6mma Dy + Dy’ (4.35)
with
Ny = a2e57 V2 (a+ es7 V) a(1 4+ 8) Y2 + 3571, (4.36)
Ny =257 (a4 3e5712) (20 + 3e5~ VD) [a(1 + 8) Y2 + 571, (4.37)
Dy = d*es Va4 es V) a(l +8) VP (14+8) 742571, (4.38)

Dy =251+ 8)7Y2(a+3e57 V) (2a + 35 ) a+ (1 +8) 72, (4.39)

where we have used the dimensionless notations @ = a/§, § = iwr and € =

[(K +4G/3)/G]/2.

In addition to Eqs. (4.7) and (4.8), the above self-mobility has other limiting

expressions. In the limit of a/{ — 0, the self-mobility becomes

1 1 1
6mna  6mng (1 + iwT)1/?’

pla, w] ~ (4.40)

which corrects the Stokes mobility. In the limit of a/¢ — oo, on the other hand,

we have

1 ¢ 1
6mnLa * 6mna? (1 + iwt)/2(1 + iwt)’

pla,w] ~ (4.41)

In this regime, the response of a sphere is governed by 7.

Approximate expressions of the self-mobility

When a > ¢ and wr < 1, Eq. (4.35) can be approximated as

1 18€% + 18aes? + a%(3¢® + 4)5 + 3a%es%/? + a'es®/?
67rna 2a2€2 + 2a3e8Y/2 + ates3/? '

wla, s| ~ (4.42)

Using the notations X = a5'/? and Y = a3, the above expression can be rewrit-

ten as

1 186% + 18eX + (3¢ + 4) X2 + 3eX® + e X3Y
6mna 2a2%€? + 2ea’ X + ea’ XY

, (4.43)

pila, s] ~

where X > Y holds because § < 1.
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For X < 1and Y <« 1, we have

pla, s] ~ L9 (4.44)

6mna a2’

For X > 1 and Y < 1, we have
1 (2@2 @’y 84 >1

pla, s ~ (4.45)

6mna \ 3X? + 9X2  09eX?3

For Y > 1 and X > 1, we have

1 (& a \!
~ — . 4.46
ulass] 6mna <X2 X2Y> (4.46)

Coupling mobility

The full expression of the longitudinal coupling mobility is given by [4.22,

4.23]
1 L—m/n ., }

Mr,w| = 1+ —7F]7—G(")], 4.47
el dmnr [ /N ") ( )

where # = 7(1 4 iwr)Y?/¢ and the scaling function G(2) is given by

2 277 1

=1—-— 1+-). 4.48
6 =1- 5+ 2 (14 1) (1.48)

4.C Asymptotic expressions of the average ve-
locity

Large swimmer

For Q1 < (a/€)72, we use the first term of Eq. (4.7) and the second term of

Eq. (4.10) to obtain

V, ~ % sin ¢, (4.49)
as in Eq. (4.11).

For (a/€)™2 < Qr < (a/€)~/3, we use the third term of Eq. (4.45) and the
second term of Eq. (4.10) to obtain

— 31d,d>&3
V, =~
18v/2e0401/273/2

For (a/€)™? < Qr < (a/€)7!, we use the second term of Eq. (4.45) and

sin ¢. (4.50)
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the second term of Eq. (4.10) to obtain

7o 31d1d2£a29

v sin g, (4.51)

For (/&)™ < Q7 < (a/€)71/2, we use Eq. (4.46) and the second term of

Eq. (4.10) to obtain
—  3ldydo&® . ,
Vv ~ W S ¢ (452)

For Q7 > (a/€)™"/2, we use the first term of Eq. (4.8) and the second term

of Eq. (4.10) to obtain

v 31d1d2€2CLQ

VR e sing, (4.53)

as in Eq. (4.12).

Medium swimmer

For Q1 < 1, we use the second term of Eq. (4.7) and the second term of

Eq. (4.10) to obtain
V.~ 17(d3 — d3)&a?
¢ 64041

(Q7)2. (4.54)

For 1 < Q1 < (a/¢)™2, we use the second term of Eq. (4.40) and the second
term of Eq. (4.10) to obtain

V.~ 17V2(d? — d3)a’

. e (Qr)1/2. (4.55)

Small swimmer

For (£/£)™? < Q1 < (a/€)™%, we use the second term of Eq. (4.40) and the

first term of Eq. (4.9) to obtain

V ~ 5\/§(d% — d%)a’z

1/2
o A 960%Er (Qr)Y/2. (4.56)

For Q7 > (a/€)72, we use the second term of Eq. (4.8) and the first term of
Eq. (4.9) to obtain

— 5~ d3a

°T a8t (4:57)
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Chapter 5

Elastic Three-Sphere
Microswimmer 1n a Viscous

Fluid

We discuss the dynamics of a generalized three-sphere microswimmer in which
the spheres are connected by two elastic springs. The natural length of each
spring is assumed to undergo a prescribed cyclic change. We analytically obtain
the average swimming velocity as a function of the frequency of cyclic change in
the natural length. In the low-frequency region, the swimming velocity increases
with frequency, and its expression reduces to that of the original three-sphere
model by Najafi and Golestanian. Conversely, in the high-frequency region, the
average velocity decreases with increasing frequency. Such behavior originates
from the intrinsic spring relaxation dynamics of an elastic swimmer moving in

a viscous fluid.

5.1 Introduction

Microswimmers are tiny machines that swim in a fluid, such as sperm cells
or motile bacteria, and they are expected to be applied to microfluidics and

microsystems [5.1]. By transforming chemical energy into mechanical work,

7
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microswimmers change their shape and move in viscous environments. Over
the length scale of microswimmers, the fluid forces acting on them are gov-
erned by the effect of viscous dissipation. According to Purcell’s scallop theo-
rem [5.2], time-reversal body motion cannot be used for locomotion in a New-
tonian fluid [5.3]. As one of the simplest models exhibiting broken time-reversal
symmetry, Najafi and Golestanian proposed a three-sphere swimmer [5.4, 5.5],
in which three in-line spheres are linked by two arms of varying length. Recently,
such a swimmer has been experimentally realized by using ferromagnetic parti-

cles at an air-water interface and by applying an oscillating magnetic field [5.6].

The original Najafi-Golestanian model has been further extended to various
situations, such as the case when one of the spheres has a larger radius [5.7]
or when three spheres are arranged in a triangular configuration [5.8]. Montino
and DeSimone considered the case in which one arm is periodically actuated
while the other is replaced by a passive elastic spring [5.9]. It was shown that
such a swimmer exhibits a delayed mechanical response of the passive spring
with respect to the active arm. More recently, they analyzed the motion of a
three-sphere swimmer with arms having active viscoelastic properties mimicking
muscular contraction [5.10]. Recently, Nasouri et al. discussed the motion of
an elastic two-sphere swimmer, in which one of the sphere is a neo-Hookean

solid [5.11].

Another approach for extending the Najafi-Golestanian model is to consider
the arm motions as occurring stochastically [5.12, 5.13], rather than assuming a
prescribed sequence of deformations [5.4, 5.5]. In these models, the configura-
tion space of a swimmer generally consists of a finite number of distinct states.
A similar idea was employed by Sakaue et al., who discussed the propulsion of
molecular machines or active proteins in the presence of hydrodynamic interac-
tions [5.14]. Later, Huang et al. considered a modified three-sphere swimmer in
a two-dimensional viscous fluid [5.15]. In their model, the spheres are connected

by two springs, the lengths of which are assumed to depend on the discrete states
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Figure 5.1: Elastic three-sphere microswimmer in a viscous fluid characterized
by the shear viscosity 1. Three identical spheres of radius a are connected by
two harmonic springs with elastic constants K5 and Kg. The natural lengths of
the springs, €A (t) and ¢g(t), depend on time and are assumed to undergo cyclic
change [see Egs. (5.6) and (5.7)]. The time-dependent positions of the spheres
are denoted by x1(t), x2(t), and z3(t) in a one-dimensional coordinate system.

that are cyclically switched. As a result, the dynamics of a swimmer consists of

the spring relaxation processes, which follow after each switching event.

In this chapter, we discuss a generalized three-sphere swimmer in which the
spheres are simply connected by two harmonic springs. The main difference
between this model and the previous models is that the natural length of each
spring depends on time and is assumed to undergo a prescribed cyclic change.
Whereas the arms in the Najafi—-Golestanian model undergo a prescribed motion
regardless of the force exerted by the fluid, the sphere motion in our model
is determined by the natural spring lengths representing internal states of a
swimmer and also by the force exerted by the fluid. In this sense, our model is
more realistic to study the locomotion of active microswimmers. We analytically
obtain the average swimming velocity as a function of the frequency of cyclic
change in the natural length. In order to better illustrate our result, we first
explain the case in which the two spring constants are identical and the two
oscillation amplitudes of the natural lengths are the same. Then, we shall discuss
a general case in which these quantities are different and the phase mismatch

between the natural lengths is arbitrary.

The introduction of harmonic springs between the spheres leads to an in-

trinsic time scale of an elastic swimmer that characterizes its internal relaxation
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dynamics. When the frequency of cyclic change in the natural lengths is smaller
than this characteristic time, the swimming velocity increases with frequency,
as in the previous works [5.5]. In the high-frequency region, on the other hand,
the motion of spheres cannot follow the change in the natural length, and the
average swimming velocity decreases with increasing frequency. Such a situa-
tion resembles the dynamics of the Najafi-Golestanian three-sphere swimmer in
a viscoelastic medium [5.16]. We also show that, owing to the elasticity that
has been introduced, the proposed micromachine can swim even if the change
in the natural lengths is reciprocal as long as its structural symmetry is vio-
lated. Although the considered swimmer appears to be somewhat trivial, it can
be regarded as a generic model for microswimmers or protein machines since
the behaviors of the previous models can be deduced from our model by taking

different limits.

5.2 Model

We generalize the Najafi-Golestanian three-sphere swimmer model to take
into account the elasticity in the sphere motion. As schematically shown in
Fig. 5.1, the present model consists of three hard spheres of the same radius
a connected by two harmonic springs A and B with spring constants K, and
Kg, respectively. We assume that the natural lengths of these springs, denoted
by £a(t) and ¢g(t), undergo cyclic time-dependent change. Their explicit time
dependences will be specified later. The total energy of an elastic swimmer is

then given by

K K
E = 7A($2—I‘1 —éA)QJFTB(.T?,_fEQ_EB)Qa (51)

where z;(t) (i = 1,2, 3) are the positions of the three spheres in a one-dimensional
coordinate system. We also assume x; < x9 < x3 without loss of generality.
Owing to the hydrodynamic interaction, each sphere exerts a force on the viscous
fluid of shear viscosity 1 and experiences an opposite force from it. In general,

the surrounding medium can be viscoelastic [5.16], but such an effect is not
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considered in this chapter.

Denoting the velocity of each sphere by ;, we can write the equations of

motion of the three spheres as

. Ky Ky (x9 — 21 — {y)
Ty = ($2—$1—€A)—
6mna Ay x9 — 14
K — a9 —/ K — X9 — 1
4 B (I3 L2 B) BB (1’3 T2 B), (5.2)
4 To — T1 41n T3 — T
K —x1—/ K
Ty = A (x2 o A) - A (552 — X1 — EA)
Aty x9 — 11 6mna
Ky Ky (-T?, — T2 — EB)
— Xy — ) — 5.3
67'('7’]& (IS X3 B) 47”7 T3 — To ) ( )
g — K ($2—$1—€A) _ K ($2—!E1—5A)
s dtn  x3— 1 dtn  x3— X9
Ky (5133 — L2 — fB) Kp
— —x9— 4 5.4
4ty T3 — X9 6mna (w5 = w2 = (), (54)

where we have used the Stokes’ law for a sphere and the Oseen tensor in a three-
dimensional viscous fluid. The swimming velocity of the whole object can be

obtained by averaging the velocities of the three spheres:

1
V= (@ o+ da ot ). (5.5)

One of the advantages of the present formulation is that the motion of the spheres
is simply described by coupled ordinary differential equations. Moreover, the
force-free condition for the whole system [5.4, 5.5] is automatically satisfied in

the above equations.

Next, we assume that the two natural lengths of the springs undergo the

following periodic changes:

Ua(t) = £+ da cos(t), (5.6)
lg(t) = { + dp cos(Q2t — ¢). (5.7)
In the above, £ is the common constant length, ds and dg are the amplitudes
of the oscillatory change, € is the common frequency, and ¢ is the mismatch in

phase between the two cyclic changes. The time-reversal symmetry of the spring

dynamics exists only when ¢ = 0 or m; otherwise, the time-reversal symmetry
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is broken. In the following analysis, we generally assume that da,dg,a < ¢
and focus on the leading-order contribution. It is convenient to introduce a
characteristic time scale 7 = 6mna/K,. Then we use ¢ to scale all the relevant
lengths (x;, a, da, and dg) and employ 7 to scale the frequency, i.c., Q= Qr.
By further defining the ratio between the two spring constants as A = Kp/Kj,

the coupled Egs. (5.2)—(5.4) can be made dimensionless.

5.3 Results

In order to discuss the essential outcome of the present model, we shall first
consider the simplest symmetric case, i.e., A = 1, dy = dg = d, and ¢ = 7/2.
Hence, Eq. (5.7) now reads ¢g(t) = £ + dsin(€2t). For our later calculation, it is

useful to introduce the following spring lengths with respect to ¢:
Uy = Tg — 11 — 4, ug = T3 — Ty — L. (5.8)

Notice that these quantities are related to the sphere velocities in Egs. (5.2)—(5.4)

as
'L‘LA == .C‘CQ - i’l, ’llB = 1.'3 - .I"Q. (59)

Using Eqgs. (5.2)-(5.4) and solving Eq. (5.9) in the frequency domain, we obtain
the following expressions after inverse Fourier transform
_9—30 4502+ 03 602 — 402 + 203

- ——d cos(2t) + - —dsin(Q2t),  (5.10)
9+ 10§22 4 Q4 9+ 10§22 4 Q4

uA(t)

6 + 402 + 203 9+ 30 +502 — O3
- - —d cos(Qt) + - R
941002 + 4 9+ 1092 + 4

where we have used a/¢ < 1.

up(t) ~ dsin(2t),  (5.11)

According to the calculation by Golestanian and Ajdari [5.5], the average
swimming velocity of a three-sphere swimmer can generally be expressed up to

the leading order in uy /¢ and ug /¢ as

— Ta . .
V = m(uAuB — Uaug), (5.12)

where the averaging (- --) is performed by time integration in a full cycle. The
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Figure 5.2: Plots of the scaling functions (a) Fy(€;A) and (b) Fy(; \) defined

~

in Egs. (5.22) and (5.23), respectively, as functions of 2 = Q7 for A = Kg/Ka =
0.1,1, and 10. The numbers indicate the slope representing the exponent of the
power-law behaviors.

above expression indicates that the average velocity is determined by the area
enclosed by the orbit of periodic motion in the configuration space [5.5]. Using
Egs. (5.10) and (5.11) for an elastic microswimmer with d/¢, a/¢ < 1, we obtain
the lowest-order contribution as

Tda  3Q(3+ 0?)

V= —
240219 + 1002 + QA

(5.13)
which is an important result of this chapter.

We first consider the small-frequency limit of O < 1. Physically, this limit

corresponds to the case when the spring constant K, is very large. We easily

obtain
ua(t) = dcos(Qt),  up(t) = dsin(§2), (5.14)
and
—  Td%aQ
~ 1
V YR (5.15)

which exactly coincides with the average velocity of the Najafi-Golestanian
swimmer with identical spheres [5.4, 5.5]. This is reasonable because the two

spring lengths ua and up are in phase with their respective natural lengths £
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and /g, as we can see from Egs. (5.6), (5.7), and (5.14). Notice that the average
velocity increases as V ~ € in this limit, while it does not depend on the fluid

viscosity n [5.4, 5.5].

In the opposite large-frequency limit of Q > 1, on the other hand, we have

V5d

ua(t) &~ cos[Qt — arctan 2], (5.16)
T
5d
up(t) ~ \(/2_7_ sin[Q2t — (7 — arctan 2)], (5.17)
where arctan 2 ~ 1.107 and
—  21d%

We see here that uy and up are out of phase with respect to the natural lengths
(5 and /g, while the average velocity decreases as V ~ Q7! when € is increased.
When the spring constant K, is small, it takes time for a spring to relax to its
natural length, which leads to a delay in the mechanical response. The crossover
frequency between the above two regimes is determined by Q* ~ 1. The general
frequency dependence of Eq. (5.13) is shown in Fig. 5.2(a) for A = 1 (black line).

It shows a maximum around 2 ~ 1, as expected.

Recently, we investigated the motion of the Najafi-Golestanian three-sphere
swimmer in a viscoelastic medium [5.16]. We derived a relation that connects
the average swimming velocity and the frequency-dependent viscosity of the sur-
rounding medium. In this relation, the viscous contribution can exist only when
the time-reversal symmetry is broken, whereas the elastic contribution is present
only when the structural symmetry of the swimmer is broken. In particular,
we calculated the average swimming velocity when the surrounding viscoelastic
medium is described by a simple Maxwell fluid with a characteristic time scale
7v. It was shown that the viscous term increases as V ~ Q for Qny < 1, while
it decreases as V ~ Q7! for Qry > 1. This is a unique feature of a swimmer in
a viscoelastic medium [5.16-5.18], and such a reduction occurs simply because

the medium responds elastically in the high-frequency regime. We note that the
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frequency dependence of V for an elastic three-sphere swimmer, as obtained in
Egs. (5.13), is analogous to that for the Najafi-Golestanian swimmer in a vis-
coelastic Maxwell fluid. In other words, an elastic microswimmer in a viscous

fluid exhibits “viscoelastic” effects as a whole.

Having discussed the simplest situation of the proposed elastic swimmer, we
now show the result for a general case when K # Kp (or A # 1), dy # dg,
and the phase mismatch ¢ in Eq. (5.7) is arbitrary. By repeating the same

calculation as before, the spring lengths in Eq. (5.8) now become

1
TOAZ +2(24 A+ 202)Q2 4 O

ua(t)
X {[w + (4 + N)Q%da cos(Qt) + 2(3)% + Q)Qd s sin(Q)
— 2A(1 + N)Q2dg cos(Q — ¢) — M(—=3X\ + Q) Qdp sin(Qt — ¢)}, (5.19)

1
TN 422+ A+ 202)02 + O

UB(t)
X {—2(1 + N)Q%da cos(t) + (3X — Q)Qdp sin(Qt)
+ A9X + (1 + 4N dg cos(Qt — ¢) + 2A(3 + Q) Qg sin(Qt — ¢)},

(5.20)
respectively, where we have used a/f < 1. Using Eq. (5.12) again, we finally

obtain the lowest-order general expression of the average velocity as

—  Tdadga , .~ .\ . T(A=1)dadga
V = e Fi(€; M) sin ¢ 0% F5(; M) cos ¢
2 2 R
MFQ(Q; A), (5.21)

24027

where the two scaling functions are defined by

. 3AQ3A + 2
Q) = BA+Y) (5.22)
N2 +2(2 + A+ 222)02 + (o
. 3002
By (6 \) (5.23)

COAZ 4 2(24 A+ 2X2)02 + O
In Fig. 5.2, we plot the above scaling functions as functions of {2 for A = 0.1 and

10. Notice, however, that these two cases are essentially equivalent because we
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can always exchange the springs A and B, whereas we have defined the relaxation
time 7 by using Kj.

When A = 1, da = dg, and ¢ = 7/2, only the first term remains, and
Eq. (5.21) reduces to Eq. (5.13), as expected. When A\ # 1, on the other hand,
the second term is present even if ¢ = 0. The third term is also present when
d% # di)\, regardless of the phase mismatch ¢. Notice that the first term
represents the broken time-reversal symmetry for ¢ # 0, whereas both the sec-
ond and third terms reflect the structural asymmetry of an elastic three-sphere
swimmer [5.16]. To be more precise, the second term is due to the difference
between the relaxation times of the two springs, and the third term reflects the

asymmetric changes of their natural lengths.

It is interesting to note that the frequency dependence of the second and
third terms in Eq. (5.21), represented by Fy(€2, ), is different from that of the
first term, represented by Fi(€,A). According to Eq. (5.23), V due to the
second and third terms increases as V ~ Q2 for ) < 1, whereas it decreases
as V ~ Q2 for Q> 1. In general, the overall swimming velocity depends on
various structural parameters and exhibits a complex frequency dependence. For
example, F; (€, \) in Fig. 5.2(a) exhibits a non-monotonic frequency dependence
(two maxima) for A = 0.1 or 10 (namely, when A # 1). On the other hand, an
important common feature in all the terms in Eq. (5.21) is that V decreases for

Q) > 1, which is characteristic of elastic swimmers.

We confirm again that Eq. (5.21) reduces to the result by Golestanian and
Ajdari [5.5], i.e., V = TdadgaSsin ¢/(24¢%), when the two spring constants are
infinitely large, i.e., Kx, Kg — 0o and A = 1. The third term in Eq. (5.21)
vanishes even if dy # dg because () — 0 holds in this limit. In the modified
three-sphere swimmer model considered by Montino and DeSimone, one of the
two arms was replaced by a passive elastic spring [5.9]. Their model can be
obtained from the present model simply by setting one of the spring constants

to be infinitely large, say Ka — oo, and by regarding the natural length of the
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other spring as a constant, say g = ¢ (or dg = 0). The continuous changes
of the natural lengths introduced in Egs. (5.6) and (5.7) are a straightforward
generalization of cyclically switched discrete states considered in the previous
studies [5.12-5.15]. We finally note that a model similar to the present one
was considered in Ref. [5.19], although that study focused only on the low-
frequency region and did not discuss the entire frequency dependence. Using
coupled Langevin equations, the authors of Ref. [5.19] mainly investigated the
interplay between self-driven motion and diffusive behavior [5.19], which is also

an important aspect of microswimmers.

5.4 Summary and discussion

To summarize, we have discussed the locomotion of a generalized three-
sphere microswimmer in which the spheres are connected by two elastic springs
and the natural length of each spring is assumed to undergo a prescribed cyclic
change. As shown in Egs. (5.13) and (5.21), we have analytically obtained the
average swimming velocity V as a function of the frequency 2 of cyclic change in
the natural length. In the low-frequency region, the swimming velocity increases
with frequency and reduces to the original three-sphere model by Najafi and
Golestanian [5.4, 5.5]. Conversely, in the high-frequency region, the velocity
decreases with increasing frequency. This property reflects the intrinsic spring

relaxation dynamics of an elastic swimmer in a viscous fluid.
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Chapter 6

State Transition of a
Micromachine Driven by

Catalytic Reaction

I propose a model that describes cyclic state transitions of a micromachine driven
by catalytic chemical reaction. This model is introduced to understand the
universal principle of nonequilibrium micromachines. I consider the coupled
dynamics of variables representing the degree of chemical reaction and the state
of a micromachine. The total free energy of the system consists of the tilted
periodic potential and the periodic coupling energy. I assume that the reaction
variable obeys a deterministic stepwise dynamics characterized by two typical
time scales: the mean first passage time and the mean first transition path time.
To estimate the functionality of a micromachine, I introduce a physical quantity
called “state cyclone” and further discuss its dependency on the properties of
the chemical reaction. For example, I show that the state cyclone is proportional
to the square of the mean first transition path time. The explicit calculation
of these time scales within the proposed model reveals that the state cyclone
is inversely proportional to the square of the activation energy of the chemical

reaction.

89
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6.1 Introduction

In recent years, physics of micromachines such as bacteria, motor proteins,
artificial molecular machines has been intensively studied [6.1, 6.2]. Generally,
a micromachine can be defined as a small object that extracts energy from
chemical substances in the system and further exhibits mechanical function by
using them. The interplay between the structural dynamics of such a small

object and the associated chemical reaction is crucial for a micromachine.

Owing to the development of nonequilibrium statistical mechanics and the
improvement of experimental techniques, many researches have been conducted
to reveal the energetics of micromachines. For example, the energy efficiency
of F1-ATPase motor and Kinesin has been experimentally obtained by using
the Harada-Sasa relation [6.3-6.5]. On the other hand, attention has been also
paid to the dynamics of micromachines. For instance, several works reported
that the diffusion coefficients of metabolic enzymes increase due to enzymatic
reactions [6.6-6.8]. Although several possible scenarios have been proposed such
as self-heat diffusion, swimming, and macroscopic heating, the main physical
mechanism for the enhanced diffusion is not yet specified [6.7].

Biological functions of a micromachine is intimately related to the transi-
tion between its different internal states. As depicted in Fig. 6.1(a), we can
use time-dependent state variables s;(¢) to characterize such as the conforma-
tional structure or the adhesion state when a micromachine is interacting with
a substrate. The state variables s;(¢) change dynamically when a micromachine
catalyzes a chemical reaction of substrate molecules. As long as a microma-
chine acts as a catalyst, however, the internal state should return to the initial
state after one cycle of reaction. Hence, the state variables s;(t) should change
periodically in time as the chemical reaction occurs repeatedly.

In overdamped systems, such a state cycle is intimately related to biological
functions of a micromachine. For example, microswimmers in a viscous fluid

have been investigated by using a three-sphere model [6.9] or within the frame-
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work of a gauge theory [6.10]. It is known that the average swimming velocity
is proportional to the closed loop area in the deformation space, as shown in
Fig. 6.1(b). In order to extend this concept and to generally characterize the

functionality of a micromachine, I introduce the following quantity

0
where $; = ds;/dt and 7. is the period of a state cycle. In this chapter, I shall

call the quantity Cj; as the “state cyclone”.

For a three-sphere microswimmer, s; and s, correspond to the lengths of
the two arms, and the average swimming velocity V' over one cycle is directly
proportional to the state cyclone, i.e., V ~ Cjy [6.9]. Such a relation holds
not only for a deterministic microswimmer, but also for a stochastic microswim-
mer [6.11, 6.12]. Within a gauge theory, shape deformation of an object can
be expanded in terms of the proper eigenfunctions. Then, the average velocity
is generally given by V =}, - W;;C;;, where W; is a tensor that connects the
velocity and the state cyclone [6.10]. The state cyclone is also relevant to a

crawling motion of a cell on a substrate [6.13, 6.14].

Although the functionality of a micromachine is characterized by C;j, it is not
known how the state cyclone is regulated within a micromachine. In this chapter,
I consider an active micromachine that utilizes a catalytic chemical reaction, and
investigate the relationship between the properties of the chemical reaction and
the state cyclone. For this purpose, I consider an additional variable 6(t) that
represents the degree of the chemical reaction. My purpose is to propose a
minimum model of a micromachine undergoing a state transition that is driven

by a catalytic chemical reaction.

I consider a tilted periodic potential to describe the catalytic reaction and
a periodic coupling free energy between s; and #. Onsager’s phenomenological
equations are employed for the time evolution of these variables. I assume that

the dynamics of 6 is described by a step function characterized by two typical
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time scales, i.e., the mean first passage time 7, and the mean first transition path
time 7. Solving the equations for the state variables s;, [ analytically obtain the
state cyclone C'5 as a function of these time scales. Moreover, I give analytical
expressions for 7, and 7y in the weak coupling limit. I shall discuss in detail how
these quantities are related to the properties of the chemical reaction.

In Sec. 6.2, I introduce my minimum model. Then I discuss the dynamics
of the state variables in Sec. 6.3. In Sec. 6.4, I calculate the state cyclone
analytically. In Sec. 6.5, I obtain the mean first passage time and the mean
first transition path time. Finally, a summary of my work and a discussion is

provided in Sec. 6.6.

6.2 Model

In this section, I describe my model of a micromachine driven by a catalytic
chemical reaction. Consider a system which contains one enzyme molecule (E)
that plays a role of a micromachine, ng substrate molecules (S), and np product
molecules (P). The enzyme molecule acts as a catalyst and the corresponding

chemical reaction is written as
S+EZ2ES—P+E, (6.2)

where ES indicates a complex molecule. The reaction rate np is often analyzed
by the Michaelis-Menten equation [6.15]. Although the above chemical reaction
is relevant to the present study, my purpose is to adopt the simplest model for
such a chemical reaction and not to reproduce it.

The extent of a catalytic reaction is commonly described by the number
of product molecules np. However, since my purpose is to investigate a single
molecular reaction process, I introduce a reaction variable 6(t) to quantify the
extent of the catalytic reaction. Unlike np, the reaction variable 6 is continuous
and increases 27 for each reaction. By using 6, the catalytic reaction can be

described by the Kramers theory [6.16].

According to the Kramers theory, the free energy G, describing the chemical



6.2. Model 93
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Figure 6.1: (a) Schematic picture of a micromachine characterized by the con-
formational state variables si, so, and s3. Moreover, the adhesion between the
domains and the substrate is described by the variables s; and s5. (b) The
state transition of a micromachine is represented by a trajectory in the state
space spanned by the variables s; and so. The state cyclone Cjy [see Eq. (6.1)]
corresponds to the area enclosed by the trajectory.

reaction is given by
G,(0) = G,(0) — F0, (6.3)

where G, is a periodic free energy with the period of 27, i.e., G, (0+27) = G,(6).
As shown in Fig. 6.2(a), the amplitude of G}, denoted by A, represents the
energy barrier in the chemical reaction and is regarded as the activation energy.
The explicit form of G}, will be presented later. On the other hand, F' in Eq. (6.3)
represents the chemical potential difference that drives the chemical reaction.
The system is in chemical equilibrium when F' = 0, whereas it is in out-of-
equilibrium situation when F' # 0. In this chapter, we shall consider the case of
F > 0 and call F' as the nonequilibrium force (even though it has the dimension

of energy).

Next, I introduce the state variables s; with ¢ = 1,2, 3,--- characterizing
the conformation of a micromachine. As shown in Fig. 6.1(a), the examples of
the state variable are the distances between the domains in a micromachine or
the distances between the domains and the substrate (if it exists). In principle,
there is a large number of degrees of freedom of a micromachine, and the number

of the state variable can be also large.
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Figure 6.2: (a) The tilted periodic free energy G, as a function of the reaction
variable 6. As shown in Eqs. (6.3) and (6.23), G, is characterized by the hight of
the energy barrier A and the nonequilibrium force F', whereas the periodic part
G, has the periodicity of 27, (b) An example of stochastic time evolution of
the reaction variable 6 (left). Such a time evolution is characterized by the first
transition path time ¢; and the first passage time ¢, which are both stochastic.
After averaging over these quantities, we obtain the average time evolution of 6
(right) as assumed in Eq. (6.15). Here 7, and 7, are the mean first transition path
time the mean first passage time, respectively. The reaction variable increases
linearly for 0 < ¢ < 7, and stays constant for 7 < ¢ < 7,. The function 6 satisfies
O(t+ 1) = 0(t) + 2.

Because we are considering a catalytic reaction, the internal state of a micro-
machine should return to the initial state after one cycle of reaction. Hence the
state variable s; is expected to change also periodically as the reaction variable
0 evolves in time. With these requirements, I consider the following coupling

energy between 6 and s;:

G0, {sh) = 3 % ls: — di sin(0 + 60)]% (6.4)

Here K, is the coupling parameter, d; is the amplitude, and ¢; is the phase

difference. The total free energy Gy in my model is simply given by
Gi(0,{s;}) = G.(0) + G.(0, {s:}). (6.5)

For the time evolutions of 8 and s;, I employ the Onsager’s phenomenological

equations [6.17]

: oG,
oG,
5,’ = — E Mijg —|—fi(t). (67)

Here, M and p;; are the dynamical coefficients for 6 and s;, respectively, while
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¢ and &; represent thermal fluctuations which satisfy the fluctuation-dissipation

theorem
(€(@) =0, (6.8)
(E)EM)) = 2MEgTo(t —t'), (6.9)
(&(t) =0, (6.10)
(&i(1)&; (1) = 2uiksTo(t — 1), (6.11)

where kg is the Boltzmann constant and 7T is the temperature.

Although the above model is general, I make several simplifying assumptions
in order to solve the coupled equations analytically. First, we only take into
account two degrees of freedom, i.e., s; and s5. Second, the mobility coefficients
i is assumed to have the form gy = pge = p and pr12 = po; = 0. Third,
the coupling free energy is symmetric between the two degrees of freedom, i.e.,

Ky = Ky = K and d; = dy = d. Then Egs. (6.6) and (6.7) reduce to

0 = —M[9yG,(0) — Kdcos(0 + ¢1)0; — Kdcos(6 + ¢2)da) + &, (6.12)
6y = —y0y — dcos(f + ¢1)0 + &, (6.13)
52 = —’)/62 — dCOS((g + ¢2)0 -+ 62, (614)

where we have introduced the notations v = K and §; = s; — dsin(0 + ¢;).

In the following sections, I analyze the above coupled equations to estimate
the state cyclone Cjy given in Eq. (6.1). To do so, we first solve Egs. (6.13)
and (6.14) for §; (s;) by assuming a simple functional form of 6. After that,

Eq. (6.12) will be used to determine the two characteristic time scales of 6.

6.3 Dynamics of the state variable

In this section, I discuss the dynamics of the state variables d; (s1) and ds (s2)
obeying Egs. (6.13) and (6.14), respectively. To solve these equations, we make
an assumption for the time dependence of #. With the tilted periodic potential
given by Eq. (6.3) and shown in Fig. 6.2(a), the reaction variable 6 changes

stochastically across the energy barriers and the value of 6 increases over a long
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Figure 6.3: Time evolutions of (a) s; and (b) sy when ¢; = 0 and ¢o = 7/2.
I set 7/7, = 0.5 (shown by the dashed line) and change 7, = 1 (black), 10
(red), and 102 (green). (c) The trajectory of the state variables s; and s, shown
in (a) and (b), respectively, over one period of cycle. For each cycle, 20 equal
time intervals are marked by the filled circles. The black arrow indicates the
direction of the state transition. The enclosed area of the trajectory corresponds
to the state cyclone Cha. (d), (e), and (f) are the similar plots to (a), (b), and
(c), respectively, when 7 /7, = 0.1 (shown by the dashed line).

time. Such a time evolution can be characterized by two characteristic time
scales. The first one is the “first passage time” ¢, which is the time required to
change from one local minimum to the neighboring lower local minimum [6.16].
The second one is the “first transition path time” ¢; which is the time needed
for the actual transition [6.18-6.20]. It should be noticed that both ¢, and ¢, are

stochastic quantities.

In order to discuss the dynamics of s; and sg, let us assume that 6 follows a
deterministic stepwise function characterized by the “mean first passage time”

T, and the “mean first transition path time” 7, which are the averages of ¢, and
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ty, respectively. As presented in Fig. 6.2(b), the assumed functional form of 6 is

2rt/y for 0<t<m
o(t) = . (6.15)

2 for n<t<m
Furthermore, we require that 6 increases by 27 after one cycle of reaction 7,
ie., 6(t+ 1) = 0(t) + 2m. The explicit expressions of 7, and 7 will be given in
Sec. 6.5 where we focus on their dependencies on A and F'.
Substituting Eq. (6.15) into Egs. (6.13) and (6.14), we solve them in the
absence of thermal noise, i.e., & = & = 0 [see Appendix 6.A for the details].

Then the stationary solution for §; (i = 1,2) can be obtained as

B d YTy 27t . [ 2mt
0;(t) = Y Es { o cos ( - + gzﬁz) sin ( - + qﬁl)

677—p — 6771 77—13 ‘ . i
for 0 <t < 7 and
d G'VTP (e’YTt _ 1) T . )
Mo &_ i J i 6.17
( ) (")/Tt/Q’]T)Q +1 e’ — 1 o COS¢ + Slngb e ( )

for i, <t <.

In Figs. 6.3(a) and (b), I plot the time evolutions of s; and ss, respectively,
when ¢; = 0 and ¢y = 7/2. T set 7/, = 0.5 and change 7, = 1, 10, and 10
When ~7, = 10? (green), the behaviors for 0 < ¢t < 7, are well described by
sinusoidal functions s;/d = sin(27t/7) and sy/d = cos(2nt/7). In this strong
coupling case (notice that v = pK), we see a sufficiently large state change
within a micromachine. In the weaker coupling case, such as when 7, = 1 or
10 (black or red), s; cannot follow the change in 6 and the functionality of a
micromachine is suppressed. In Fig. 6.3(c), I plot the trajectories of s; and s9
over one period of cycle for different values of y7,,. For each cycle, 20 equal time
intervals are marked by the filled circles. As mentioned before, the enclosed area

of each trajectory gives the state cyclone C,.

In Figs. 6.3(d), (e), and (f), I show the corresponding plots when 7, /7, = 0.1.

When 7, = 10? (green) and 0 < t < 7, both s; and sy are well described
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Figure 6.4: The dimensionless state cyclone c;p = 4nCio[(y7,/27)% +
1]/[d*y*77 sin(¢2 — ¢1)] as a function of 7 /7, for 47, = 1 (black), 10 (red),
and 10? (green). The dotted lines are the asymptotic expression in Eq. (6.20)
for /7, < 1.

by the same sinusoidal functions as in Figs. 6.3(a) and (b), respectively. On
the other hand, the black and red curves for y7, = 1 and 10, respectively,
deviate significantly from the green curve for y7, = 10%, and their amplitudes are
significantly diminished. These reduced amplitudes can also be seen in Fig. 6.3(f)
where the areas enclosed by the black and red lines are much smaller than the
area enclosed by the green line. This means that, in the weaker coupling case,

the state cyclone is further decreased as 7,/7, is made smaller.

6.4 State cyclone of a micromachine

I have mentioned before that the state cyclone defined in Eq. (6.1) provides us
with a quantity to evaluate the functionality of a micromachine [6.9-6.11, 6.13,
6.14]. In the previous works, the state cyclone was obtained along a deterministic
state change when the period of deformation is constant. On the other hand,
this is not always possible when fluctuations are present [6.21]. For a stochastic
micromachine, it is necessary either to take a long time limit or to estimate the

statistical average to obtain the state cyclone. In the present analysis, however,
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one can calculate the state cyclone directly from Eq. (6.1) because we have

assumed a deterministic dynamics for 6.

By using the results in Eqs. (6.16) and (6.17), the state cyclone Ci2 is ob-

tained in terms of 7, and 7 as

T
Clg = / dt 3152
0

B d2’727't2

Ar[(ym/2m)% + 1]

2 [1 L eV — eI — Y(TT)

+ v [(ym/27)% + 1) (e — 1)

sin(pg — ¢1).

(6.18)
This is the main result of this work. Since Cy is proportional to sin(¢y — ¢1),
it vanishes when ¢; = ¢5. In other words, the state variables s; and sy should
be out-of-phase (¢ # ¢2) in order to exhibit its functionality. This result is
related to the scallop theorem for a microswimmer [6.9, 6.10]. Moreover, the

state cyclone satisfies the symmetry property such that Cs = —Cy;.

From Eq. (6.18), the asymptotic expressions of C}5 can be obtained as

dP272

~ p ] ~

Cha = Tl 2e e + 1] sin(gpg — ¢1) for =/m =1, (6.19)
32~ 272

Ciy ~ VT sin(gg — ¢1) for =/ < 1. (6.20)

In Fig. 6.4, I plot the dimensionless state cyclone ¢ as a function of the ratio
7,/ for different values of y7,. The dotted lines represent the asymptotic
expression in Eq. (6.20). From this plot, one can confirm the scaling behavior
Cia ~ (y7)? when 7, /7, < 1. When 7,/7, = 1, on the other hand, ¢;2 approaches

unity as can be confirmed by Eq. (6.19).

6.5 Two characteristic time scales

The dynamics of a chemical reaction is generally characterized by the mean
first passage time 7, and the mean first transition path time 7,. According
to the Kramers theory, 7, gives the time to overcome an energy barrier, and
the inverse of it is a chemical reaction rate [6.16]. While most of the first

passage time is spent by the waiting time, the actual time required for a state
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Figure 6.5: (a) Schematic description of the first passage time ¢,. We consider
a semi-infinite system with an absorbing boundary condition at § = 27, and
measure the time until the Brownian particle is absorbed at # = 27. Here the
state # = 0 can be visited multiple times, which gives rise to a long waiting time.
(b) Schematic description of the first transition path time ¢;. We consider a finite
system with absorbing boundary conditions at § = 0 and 27, and measure the
time until the Brownian particle is absorbed at # = 27. When the particle is
absorbed at 6 = 0, such an event is not counted.

transition can be much smaller. Such a short time scale is characterized by
7, [6.18-6.20, 6.22, 6.23], whose typical value was measured to be 7, < 107° s
for a nucleic acid folding [6.24-6.26].

In this section, we obtain the analytical expressions of 7, and 7 in terms
of the potential parameters by considering only the dynamics of 6 given by
Eq. (6.12). Here we focus on the weak coupling limit, Kd?> < A, and analyze

the following simplified equation

6 = —M0OyGy(0) + €. (6.21)

With this dynamical equation for 6, one can obtain both 7, and 7, for a general

potential [6.20].

6.5.1 Mean first passage time 7,

The first passage time ¢, is the time for a reaction that started from the
initial value 8y reaches the final value 6; for the first time. Notice that 6y, =
0 and 6; = 27 in my model. Mathematically, this is equivalent to consider

a Brownian motion of a particle in a semi-infinite system with an absorbing
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boundary condition at § = 6¢, and to measure the time until the particle is
absorbed at 6 = 60; [see Fig. 6.5 (a)]. However, because the state 8 = 6, can be
visited multiple times, most of the first passage time is spent by a long waiting
time. Since t,, is a stochastic quantity and has a broad distribution, it is useful

to consider its average 7.

A formal derivation of 7, is explained in Appendix 6.B. For an arbitrary

periodic function G, 7, can be obtained as

1 27T 27
Tp = m/o dz /O dy explgp(x) — gp(r —y) — fyl, (6.22)

where ¢, = G,/(kgT) and f = F/(kgT') are the dimensionless potential and
nonequilibrium force, respectively, and D = MkgT is the diffusion constant.

Note that D has the dimension of inverse time in the present model.

For the sake of simplicity, we assume that G|, is given by the combination of

the following linear functions:

A z9—1) for 0<O0<nm
T

Gp(0) = 9 . (6.23)
A ——0+3) for 7<0 <2
T
With this periodic potential, one can analytically obtain 7, as
272 nf 8a? 1+e 2 16a%cosh(2a) e ™/
Tp = —
PTD | 72f2—4a?  (m2f?—4a?)21—e 2 | (n2f2 —4a?)21— e 2 |
(6.24)

where a = A/(kgT) is the dimensionless energy barrier. Then the asymptotic

expressions of 7, are given as follows:

2 2
T R D_7;” — M_7;" when a < 1 or a < f, (6.25)
re2a 7 (kpT)2e2A kBT
Ty A 2Da] = SV AZF when a > 1 and f < 1, (6.26)
7T262a677rf ﬂ.Zk,BT62A/k:BT677TF/kBT
TN = Az when a > [ > 1. (6.27)

Here we have recovered the dimension in the last expressions. Since Eq. (6.25)
does not depend on the temperature, thermal fluctuations are irrelevant in this

limit. This is not the case for Eqgs. (6.26) and (6.27) which diverge due to the
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Figure 6.6: (a) The dimensionless mean first passage time 7, as a function
of the dimensionless nonequilibrium force f for a = 0.1 (black) and 10 (red).
The plot for a = 0.1 almost coincides with the asymptotic form in Eq. (6.25).
The dotted and dashed lines are the asymptotic expressions in Eqgs. (6.26) and
(6.27), respectively. (b) The dimensionless mean first transition path time 7 as
a function of the dimensionless nonequilibrium force f for a = 0.1 (black) and 10
(red). The dotted and dashed lines are the asymptotic expressions in Eqgs. (6.35)
and (6.36), respectively. The dashed-dotted line is the asymptotic expression in
Eq. (6.37). (c) The ratio 7 /7, as a function of the dimensionless nonequilibrium
force f for a = 0.1 and 10. The asymptotic value of 7,/7, approaches unity for
large f, while it strongly depends on a for small f.

exponential factor when the temperature vanishes.

In Fig. 6.6(a), I plot the scaled 7, in Eq. (6.24) as a function of f for a = 0.1
and 10. For a = 0.1 (black), the entire behavior is simply approximated by
Eq. (6.25). For a = 10 (red), on the other hand, I have plotted Eqs. (6.26)
(dotted line) and (6.27) (dashed line) which are in good agreement with the full

expression of 7;,.

6.5.2 Mean first transition path time 7

The first transition path time ¢; is the time for a reaction that started from
the initial value 0, reaches the final value #; without returning to 6,. Mathe-
matically, this is equivalent to consider a Brownian motion of a particle in a
finite system with absorbing boundary conditions both at § = 6, and 6 = 6,
and to measure the time until the particle is absorbed at 6 = 6; [see the black
trajectory in Fig. 6.5 (b)]. When the particle is absorbed at 6 = 6, such an
event is not counted [see the red trajectory in Fig. 6.5 (b)]. Since ¢ is also a

random quantity, we consider its average .
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A formal derivation of 7 is explained in Appendix 6.C, and the result is

given by

T = % [ /0 " dw exp[gr(w)]}
x /0 e exp|[—g: ()] / Ty explg: ()] /0 "z expla(2), (6.28)

where g, = G,/(kgT). Using Egs. (6.3) and (6.23), we can analytically obtain

-1

7, as
= 2 Bt B +EE) A B A B o)
D [2a(1 — 2e2eemf + e27f) + 7 f(e2™ — 1)](72f? — 4a?)?
where
Zo = —2(2a)*e*e™ + (2a)* (e 2™ + 3e*e™ — 2 — 2¢7™), (6.30)
21 =(20)*(1 = ¢*™) + 3(2a)*(1 — €77, (6.31)

Sy =(2a)*(—1+ 2™ — 3e*™) + (2a)(—e %™ + 5e*e™ — 2e*™ — 2),

(6.32)
2y =2a(e*™ — 1) — (7™ — 1), (6.33)
= 4 1. (6.34)
Then the asymptotic expressions of 7y are given as follows:
272 272
ey ST when a < 1 and f <« 1, (6.35)
2 2
Tt%D_j“:M_Z? when f > 1 and a < f, (6.36)
2 72
TN 5= 1A when a > 1 and a > f. (6.37)

In the limit of Eq. (6.35), the transition process is dominated by thermal fluc-
tuations. On the other hand, Eqs. (6.36) and (6.37) are independent of the
temperature, and the transitions occur deterministically. The scaling relation

7. ~ 1/a in Eq. (6.37) was also obtained before for a quadratic potential [6.27].

In Fig. 6.6(b), I plot the scaled 7, as a function of f for a = 0.1 and 10. For
a = 0.1 (black), 7 is constant for f < 1 and it decreases for f > 1. This behavior

is in accordance with the asymptotic expressions in Egs. (6.35) (dotted line) and
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(6.36) (dashed line). For a = 10 (red), on the other hand, 7 takes a maximum
value around f = a. The dashed-dotted line is the asymptotic expression in
Eq. (6.37).

In Fig. 6.6(c), I plot the ratio 7/7, as a function of f for a = 0.1 and 10. For
a = 0.1 (black), a power law dependence is seen for f < 1, and 7 /7, approaches
unity for f > 1. For a = 10 (red), on the other hand, 7 /7, is vanishingly small

for f < 1, and it grows exponentially for 1 < f < a.

It is worth mentioning the characteristic difference between 7, and 7;. In the
limit of f — 0, 7,, diverges while 7¢ remains finite. This is because a nonequi-
librium force is required for the net chemical reaction with a finite 7,. On the

other hand, 7y can be evaluated even in the equilibrium case.

6.6 Summary and discussion

In this chapter, I have discussed cyclic state transitions of a micromachine
driven by a catalytic chemical reaction. I have proposed a minimum model of a
generic micromachine and calculated the state cyclone in Eq. (6.1) to quantify
its functionality. My model uses the reaction variable 6 and the state variables
s; which are coupled to each other through the free energy. The tilted periodic
potential for @ is characterized by the energy barrier A and the nonequilibrium
chemical force F'. Importantly, the state variable s; is required to change peri-

odically in time for a catalytic reaction.

In the analysis, I have assumed that 6 obeys a deterministic stepwise dynam-
ics characterized by the mean first passage time 7, and the mean first transition
path time 7. Under this assumption, I have first obtained the time dependen-
cies of the state variables s; and s,. I find that their amplitudes become smaller
when either 7, /7, or y7, is decreased. Then I have calculated the state cyclone
(19 analytically [see Eq. (6.18)]. One of the important results is the scaling
relation Cjy ~ (y71)? for 7,/7, < 1. In the small coupling limit, we have fur-

ther obtained 7, [see Eq. (6.24)] and 7, [see Eq. (6.29)] in terms of the potential
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parameters A and F'.

In my result, the state cyclone has been obtained in terms of 7, and 7,
whereas they can further be expressed by A and F. For a realistic chemical
reaction such as ATP hydrolysis, 7i/7, is typically small, and I expect that
the limit in Eq. (6.20) is appropriate for Ci2. As for the estimate of 7, we
use Eq. (6.37) by assuming a is large. Using the corresponding asymptotic

expressions, we obtain approximately
2,2 P2 K2

Ciz~ 1555 sin(ga — ¢1) ~ A

sin(¢e — ¢1). (6.38)

The scaling relation Ci5 ~ 1/A% implies that the higher the energy barrier is,
the smaller the state cyclone becomes. This scaling relation is also an important

outcome of the present model.

Here I give some typical values of the model parameters. From the experi-
ment measuring the enhanced diffusion, the activation energy of ATP was esti-
mated to be A ~ 10kgT [6.28]. When a single ATP molecule is converted into
ADP, the produced energy is roughly 20 kg7 [6.4]. Hence I estimate the nonequi-
librium chemical force as F' ~ 20/(27) kgT ~ 3 kT so that both A/kgT > 1
(@ > 1) and A > F (a > f) are satisfied. Moreover, one can estimate from
Egs. (6.26) and (6.37) that 7/7, ~ 107% < 1, which justifies the assumption
used in Eq. (6.38).

Recent experiments reported the diffusion enhancement of enzymes due to
chemical reactions [6.6, 6.8]. When a self-propelled particle undergoes a rota-
tional diffusion, its translational diffusion coefficient increases by AD = V27,
where V' is the propulsion velocity and 7,0 is the rotational diffusion time [6.29].
Since the propulsion velocity is proportional to the state cyclone, ie., V ~ C|
the diffusion enhancement can be written as AD ~ C?7y; ~ Tyo/A*. So far, the
relation between the activation energy and the functionality of a micromachine
has not yet been investigated. We predict that the change in the activation

energy can be reflected in the diffusion enhancement of enzymes.
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In this study, I have mainly discussed the case when there are only two
degrees of freedom of a micromachine. Although this is a minimum but suffi-
cient number, one needs to take into account many state variables to describe the
dynamics of realistic enzymes. As mentioned in Introduction, the total function-
ality of a micromachine can be generally expressed by the quantity ZZ i Wi Cij,
where W;; is the weight tensor that depends on the type of the micromachine
and its environment. Hence it is necessary to evaluate the state cyclones for all
the combinations of the state variables. Although the estimation of the weight

tensor W;; is beyond the scope of this work, such a study will be important in

the future.

In the present work, the time scales 7, and 7y have been obtained only in
the weak coupling limit, Kd? < A. The study of the opposite strong coupling
limit is left as a future work. In this limit, both 6 and s; need to be solved

simultaneously because they are strongly coupled to each other.

6.A Derivation of Egs. (6.16) and (6.17)

In this Appendix, I show the derivation of Egs. (6.16) and (6.17). In the

absence of the noise terms, Eqgs. (6.13) and (6.14) can be formally solved as

5i(t) = —e! / t dt' e dcos[0(t') + ¢;]0(t)), (6.39)

—00

where we have assumed 0 < ¢ < 7, and ignored a term that depends on the
initial condition. Using Eq. (6.15) for 6 and the condition 0(t 4+ 7,) = 0(t) + 2,

we obtain

t /
0;(t) = — 2—7Td6_”t [/ dt' " cos (27Tt + ¢i> O(r, — t)
0

Tt T

N I
— Z/ dt' " cos {—(t' +n7,) + (bz}
—nT, Tt
n=1 p

where O(t) is the Heaviside step function. Changing the variable to ¢ = t'+nm,

, (6.40)

in the second integral, we obtain

2 t / 27t
0;(t) = — e [/ dt' " cos ( mt + qb,-) O(r, — t')
0

Tt Tt




6.B. Derivation of Eq. (6.22) 107

: (6.41)

> Tt " 2rt”
o Z e 1" / dt" e cos ( + ¢i>
n=1 0 Tt

which results in Egs. (6.16) and (6.17) after the integration.

6.B Derivation of Eq. (6.22)

In this Appendix, I show the derivation of the mean first passage time 7,
in Eq. (6.22) [6.16, 6.30, 6.31]. For this purpose, we consider a conditional
probability distribution P(6,t|6y) for which 6(t = 0) = 6, is imposed as the
initial condition. Then P(0,t|0y) satisfies the following Fokker-Planck equation:

0,P(0,t|6y) = L(O)P(0,t]6y), (6.42)

L(0) = D0y exp|[—g:(6)]0p exp[g.(0)]. (6.43)

Similarly, P(6,t|6y) also satisfies the following backward Fokker-Planck equation:
0, P(0,t|00) = LT (60) P(0,t]60), (6.44)

ﬁT(QO) = Dexp[gr<00)}800 eXP[_gr(eo)]aeo- (645)

We employ the reflective boundary condition at § — —oo and the absorbing
boundary condition at § = 27. Then the total probability distribution decays

due to the latter boundary condition. Here we introduce the survival probability

defined as
2
S(t, 6o) :/ df P(6,t]6,). (6.46)
Then the distribution function of the first passage time is given by
ds
K,(t,0)) = ———. 4
p( ) 0) dt (6 7)

From the condition S(t = 0) = 1, the following normalization condition holds

/ dt K,(t,6p) = 1. (6.48)
0
The mean first passage time 7, is defined as the first moment of the distribution

function

= (0) = /0 T K (L, 6o). (6.49)
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Next, one can show from Eqs. (6.44), (6.46), (6.47), and (6.49) that
—1= ﬁT(eo)Tp(Qo), (650)

where we have used the conditions lim, ,otK,(t) = 0 and lim; , tK,(t) =
0. Using the reflective boundary condition (9p,7, = 0 at 8 — —oo) and the
absorbing boundary conditions (7, = 0 at 6, = 27), one can solve the above

equation to obtain [6.32],

27

7 (00) = —= ) dx explg ()] /_m dY exp[—g.(Y)]. (6.51)

D
Setting #y = 0 and using Eq. (6.3), we get

=g [ [ el gl ) -l 652

where ¢y’ = z — Y. Because G, has the periodicity of 27, we obtain

1 00 2 2
T = D Z 6_2mF/O d$/0 dy explgp(z) — gp(z —y) — fyl, (6.53)
n=0

where y = ¢ — 2n7. Since F' > 0, one can easily evaluate the infinite series and

obtain Eq. (6.22).

6.C Derivation of Eq. (6.28)

In this Appendix, I show the derivation of the mean first transition path
time 7 in Eq. (6.28) [6.18-6.20]. For this situation, the absorbing boundary
condition is imposed both at ¢ = 0 and ¢ = 27. Hence, unlike 7,, the probabil-
ity is absorbed from both of the boundaries, although the probability of being

absorbed at 0 = 27 determines 7.

The distribution function of the first transition path time is given by
1
Ki(t,0p) = NJ(G = 2m,t]6p), (6.54)

where J(6,t6p) is a probability flux
0

(8, 1100) = =D expl=6:(9)] 5

lexplg: (0)]P (6, ]60)] - (6.55)
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In Eq. (6.54), N is the normalization constant that is fixed by the condition

/ K 0) = 1. (6.56)

The mean first transition path time 7 is defined as the first moment of the

distribution function

Tt(e[)) = /Ooo dt th(t, 90) (657)

The backward Fokker-Planck equation for the probability flux J is given by
O, J(0,t]00) = LT(60).J(6,t]6;). (6.58)

From Egs. (6.54), (6.56), and (6.58), one can show that
0= L"0)N(6y), (6.59)

where we have used the conditions J(2m,0[6y) = 0 and J(27, oo|fy) = 0. Solving

this equation with the boundary conditions N(0) = 0 and N(27) = 1, we obtain
-1

6o 2
N(6y) = /0 dyo eXP[Qr(yo)] [/0 dyo eXp[gr(yo)] . (6.60)

From Eqs. (6.54), (6.57), and (6.58), we obtain
—N(6) = L (60)v (o), (6.61)

where ¢(6y) = 7t(0p) N (0y) and we have used the conditions lim; o t K¢ (¢, 6y) = 0
and limy_,, tK(t,0y) = 0. With the use of the absorbing boundary conditions

¥(0) = 0 and ¢(27) = 0, one can solve the above equation to obtain

1 -1

¥(b) = 5 { /O K dw eXp[gr(w)]}
0o
X [(1 - N(GO))/O dz exp[—g.(z)]N?(z)

+N(90)/0 ’ dx exp[—g.(z)](1 — N(x))N(z)| . (6.62)

Since 7, = limg,—0[¢)(6o)/N(6)], only the second term remains and we obtain

Eq. (6.28).
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Chapter 7

Anomalous Diffusion Induced by

Micromachines in a Structured

Fluid

With the use of the “two-fluid model”, I discuss anomalous diffusion induced by
active force dipoles in viscoelastic media. Active force dipoles, such as proteins
and bacteria, generate non-thermal fluctuating flows that lead to a substantial
increment of the diffusion. Using the partial Green’s function of the two-fluid
model, T first obtain passive (thermal) two-point correlation functions such as
the displacement cross-correlation function between the two point particles sep-
arated by a finite distance. I then calculate active (non-thermal) one-point and
two-point correlation functions due to active force dipoles. The time correlation
of a force dipole is assumed to decay exponentially with a characteristic time
scale. I show that the active component of the displacement cross-correlation
function exhibits various crossovers from super-diffusive to sub-diffusive behav-
iors depending on the characteristic time scales and the particle separation. My
theoretical results are intimately related to the microrheology technique to de-

tect fluctuations in non-equilibrium environment.

113
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7.1 Introduction

The cytoplasm of living cells is full of proteins and organelles that play im-
portant active roles with the aid of chemical fuels such as adenosine triphosphate
(ATP) [7.1]. In such a non-equilibrium environment, the transport properties of
chemical species drastically deviate from those in static equilibrium conditions.
For example, there are several experimental works reporting the anomalous dif-
fusion of a tagged particle in biological cells due to protein activities [7.2-7.6].
In other systems, a large enhancement of diffusion was also observed for a pas-
sive particle immersed in a bacterial bath [7.7, 7.8] or in a suspension of algae
Chlamydomonas [7.9], and such a phenomenon has been also studied theoreti-

cally [7.10, 7.11].

The modified diffusion in cells was attributed to non-equilibrium forces gen-
erated by molecular motors walking on cytoskeletal networks [7.12, 7.13]. Re-
cently, Mikhailov and Kapral proposed a different mechanism caused by non-
equilibrium conformational changes of proteins or enzymes [7.14, 7.15]. They
showed that, in addition to thermal fluctuations, active proteins in living cells
generate non-thermal fluctuating flows that lead to a substantial increment of
the diffusion constant. A chemotaxis-like drift of a passive particle was also
predicted when a spatial gradient of active proteins is present [7.14, 7.15]. In
these previous works, however, the three-dimensional (3D) cytoplasm and two-
dimensional (2D) biomembrane were treated as purely viscous fluids character-

ized by constant shear viscosities [7.16].

In general, biological cells behave as viscoelastic materials [7.17, 7.18]. Hoff-
man et al. experimentally determined the frequency-dependent shear modulus of
cultured mammalian cells by using various methods to measure their viscoelastic
properties [7.19, 7.20]. Interestingly, they found two universal (weak) power-law
dependencies of the shear modulus at low frequencies corresponding to the cor-
tical and intracellular networks. At high frequencies, on the other hand, they

observed an exponent of 3/4 which was attributed to the mechanical response of
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actin fibers. Such an universal behavior of mechanical responses in living cells

was also reported in other work [7.21].

Among various methods, microrheology is one of the most useful techniques
to measure the rheological properties of living cells [7.22-7.26]. In this method,
the local and bulk mechanical properties of a single cell can be extracted from a
Brownian motion of probe particles, including both thermal and non-thermal
contributions [7.27]. Concerning its theoretical background, the generalized
Stokes-Einstein relation (GSER), equivalent to the fluctuation dissipation theo-
rem (FDT), has been used to analyze thermal diffusive motions. In non-thermal
situations, the GSER has been further extended to relate particle mean squared
displacement (MSD) and non-thermal force fluctuations [7.28, 7.29]. It should
be noted, however, that the GSER contains various assumptions which can be
violated in several situations [7.27]. Therefore it is necessary to discuss both
thermal and non-thermal Brownian motions in a viscoelastic medium which is

described by a well-founded theoretical model.

In this chapter, I discuss diffusive motion of passive particles embedded in vis-
coelastic media that is described by the “two-fluid model” for gels [7.30-7.32]. I
especially focus on the effects of non-thermal fluctuations induced by active force
dipoles which undergo cyclic motions. I calculate displacement cross-correlation
functions (CCF) of two point particles for the passive situation induced by ther-
mal fluctuations and the active situation driven by force dipole fluctuations. My
calculation is closely related to the “two-point microrheology” method which has
several technical advantages compared to the “one-point microrheology” [7.33].
As for the stochastic property of a force dipole, I consider the case when there
is no correlation between different times, and also the case when it decays ex-
ponentially with a characteristic time scale. If the dipole time scale is much
larger than the viscoelastic time scale, I show that the active contribution of the
displacement CCF exhibits all the possible crossover behaviors between super-

diffusive and sub-diffusive motions. My predictions can be applied not only for
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cells but also for bacterial suspensions and systems containing active colloids.

Since my theory is based on the standard two-fluid model, it has some sim-
ilarities to the works by Levine and Lubensky [7.34, 7.35] or MacKintosh and
Levine [7.12, 7.13]. In the former studies [7.34, 7.35], they investigated the dy-
namics of rigid spheres embedded in viscoelastic media by using the two-fluid
model, but did not consider the effects of non-thermal fluctuations. In the latter
studies [7.12, 7.13], on the other hand, they developed a model for F-actin net-
works driven out of equilibrium by molecular motors. The main difference in my
work is that active force dipoles are embedded in the fluid and exert forces on the
fluid itself. In this regard, I use the partial Green’s function that connects the
force acting on the fluid and the fluid velocity as discussed in Refs. [7.36, 7.37].
In these works, they emphasized the role of the intermediate length scale in the
analysis of microrheology data. In my separate work, starting from the two-
fluid model, we have derived effective equations of motions for tracer particles

displaying local deformations and local fluid flows [7.38].

In the next section, I describe the two-fluid model and show its partial
Green’s function both in the Fourier space and the real space. In Sec. 7.3, 1
discuss the passive two-point correlation functions. Using the coupling mobili-
ties and the FDT in thermal equilibrium, I calculate the power spectral density
of the velocity CCFs and the displacement CCFs. In Sec. 7.4, I shall investigate
active one-point correlation functions due to active force dipoles. I calculate the
active velocity auto-correlation function of a passive point particle by assum-
ing different time correlations of force dipoles. I then discuss in Sec. 7.5 the
active two-point correlation functions which are useful for two-point microrhe-
ology. The summary of my work and some discussions related to the recent

experiments are given in Sec. 7.6.
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Figure 7.1: Schematic representation of the two-fluid model. The system consists
of an elastic network characterized by the Lamé coefficient i, and a viscous fluid
characterized by the shear viscosity n. The elastic and fluid components are
coupled through the mutual friction. The length scale ¢ characterizes the typical
internal structure of the elastic network. Orange objects represent stochastic
force dipoles which are immersed in the fluid component. Two passive point
particles separated by a distance d are embedded in the fluid component. These
passive particles undergo correlated random Brownian motion due to thermal
fluctuations and active stochastic fluctuations induced by active force dipoles.

7.2 Two-fluid model

7.2.1 Model description

To describe viscoelastic media from a general point of view, I employ the
two-fluid model that has been broadly used to describe the dynamics of poly-
mer gels [7.30-7.32, 7.39]. As schematically shown in Fig. 7.1, there are two
dynamical fields in this model; the displacement field u(r,¢) of the elastic net-
work and the velocity field v(r,t) of the permeating fluid. Here r is the 3D
position vector and t is the time. The coupled dynamical equations for these

two field variables are given by

0’u

Pugz = pV*u+ (p+NV(V-u)—T (8_u - v) + £, (7.1)

ot

v
P oy

— Vv —Vp—T (v - %—‘;) +f,. (7.2)
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Figure 7.2: Scaling functions (a) G; and (b) G [see Eq. (7.10) and (7.11), re-
spectively| appearing in the partial Green’s function of the two-fluid model.
The scaling variable is z = /¢, where r is the distance and ¢ is the frequency-
dependent characteristic length scale [see Eq. (7.8)]. The asymptotic behaviors
of these scaling functions, as analytically given by Eqs. (7.12) and (7.13), re-
spectively, are plotted with dotted lines.

In the above, p, and p, are the mass densities of the two components, u and
A are the Lamé coefficients of the elastic network, respectively, n is the shear
viscosity of the fluid, p(r,t) is the pressure field, while f, and f, are external
force densities. The elastic and the fluid components are coupled through the
mutual friction characterized by the friction coefficient I'. We note that u, A, n
and I" are constants and do not depend on frequency. When the volume fraction
of the network is denoted by ¢, the above equations are further supplemented

by the condition of the total volume conservation
0
\E [(ba—l: +(1— (b)v] =0. (7.3)

In the following, I employ several simplifications of the model. (i) I neglect
inertial effects, which is justified at sufficiently low frequencies. Hence the 1.h.s.
of Egs. (7.1) and (7.2) are both neglected. (ii) I assume that the volume fraction
of the network is vanishingly small, i.e., ¢ < 1. In this limit, Eq. (7.3) can be

approximated as

V-v a0 (7.4)
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This equation can be regarded as the incompressibility condition of the fluid

component.

7.2.2 Partial Green’s function

The above linearized equations can be solved by performing the Fourier trans-
form in space and the Laplace transform in time for any function f(r,t) as

defined by

fla, s :/ d3r/ dt f(r,t)e"ar—st, (7.5)
—00 0
Here q is the 3D wavevector and s the frequency in the Laplace domain. The

general Green’s function (represented by a 6 x 6 matrix) connecting u and v to

f, and f, was calculated by Levine and Lubensky [7.34, 7.35].

In this chapter, I particularly focus on the response of the fluid velocity v

due to the point force f,, and use the partial Green’s function defined by

va|a, 8] = Gagla, 8] fo5(q, 5] (7.6)

Hereafter, the Einstein summation convention over repeated indices is employed.

According to Refs. [7.34-7.37], the Green’s function is given by

1 2.2
Guslat, o] = P (s~ ). 77)

with ¢ = |q| and q = q/q [see Appendix 7.A for a detailed derivation]. In the

above, the frequency-dependent bulk viscosity and characteristic length scale

are defined by

1/2
7 1
= = = 7.

respectively. Notice that the above 3 x 3 matrix is nothing but the part of the
general 6 x 6 matrix [7.35]. In order to study the effects of molecular motors that
generate forces in the cytoskeleton, one needs to take into account f, as discussed
in Refs. [7.12, 7.13] and recently by us [7.38]. I note here that the partial Green’s
function in Eq. (7.7) does not depend on the compressional Lamé coefficient A,

while it appears in the general 6 x 6 matrix.
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The Green’s function in Eq. (7.7) can be inverted back from the Fourier
space to the real space (but remaining in the Laplace domain). Following the

calculation in the Appendix 7.A, we obtain

Goslr, 5] = — [(1 41 ”b/"gl(r/@) S + <1 + w92<r/§)> mﬁ].

Smir /1 /1
(7.9)
where r = |r| and t = r/r. Here we have defined the two scaling functions by
2 11
6 . 33

In Fig. 7.2, T plot both G;(2) and Gy(2) as a function of z = r/{. When G(z) =
Ga(z) = 0, the Green’s function G,g is purely determined by 7, whereas it is
fully described by ny, when Gi(z) = Ga(2) = 1.

7.2.3 Asymptotic expressions

Next I discuss the asymptotic behaviors of the partial Green’s function and
the scaling functions. I first note that the asymptotic expressions of the scaling

functions are given by

4z/3 —32%/4, z <1,
Gi(z) = (7.12)
1+ 2/2% z> 1,

2% /4, 21,
1—-6/22, 2> 1.

These asymptotic behaviors are also plotted in Fig. 7.2 by the dotted lines which

provide a good approximation especially for z > 1.

For my later purpose, I focus here on the large scale behavior of the Green’s

function. For r > £, we obtain

1 ST 2 1

Gaglr, s] = Oap + Tal'g) — ‘
slr. 3] 87r77r1+37( 5+ Tafs) drnr3 (1 + sT

2 (0ap — 3raTpg), (7.14)
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where we have introduced the characteristic length and time scales as

L= /)2 T=n/p (7.15)

As argued in Ref. [7.36], the first and the second terms of Eq. (7.14) are propor-
tional to 1/r and ¢?/r3, respectively. The competition between these two terms

is characterized by the crossover length /.

7.2.4 Coupling mobilities

In the following sections, I shall consider correlated motions of two point
particles embedded in the fluid component. For this purpose, I shall introduce
the coupling mobility between the two points M,gr, s] that is directly related
to the partial Green’s function in Eq. (7.9). Since G,s is generally expressed
as Gapg = C10ap + CofoTp, the “longitudinal” and the “transverse” coupling

mobilities are given by M,, = C; + Cy and M,,, = C, respectively. Hence they

= [ BEBO) g
M,,[r,s] = 87rlm {1 — fjr(z)T] : (7.17)

where z = r/§ = (r/f)v/1+ s7. 1 shall use these coupling mobilities in order
to calculate various correlation functions in the next sections. Since M,, = 0
by symmetry, it is sufficient to consider only the above two coupling mobili-

ties [7.36].

7.3 Passive two-point correlation functions

Here T discuss the correlated dynamics of two distinctive passive particles
immersed in a viscoelastic gel that is in thermal equilibrium. This situation is
relevant to the “two-point microrheology” experiments as discussed before [7.33].
Compared to the “single-particle microrheology” (with the use of a finite size
particle), there are several advantages to perform multi-particle microrheol-

ogy [7.27].
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7.3.1 Fluctuation dissipation theorem

Consider a pair of point particles undergoing Brownian motion separated by
a distance d as shown in Fig. 7.1 (but without force dipoles). We denote the
positions of these two point particles by Ri(t) = Ry + ARy () and Ry(t) =
R, + AR»(t), where d = |[Ry — Ry|. Then the velocities of these point particles
are given by V;(Ry,t) = AR;(t) and V,(Rs,t) = ARy(t). The quantities of
interest are the velocity cross-correlation function (CCF) (V4 Vo (t))4, and the
displacement CCF (AR;,ARy. (t))q. Without loss of generality, we define the
x-axis to be along the line connecting the two particles, i.e., Ry, — Ry = de,.
According to the fluctuation dissipation theorem (FDT), the velocity CCFs
in thermal equilibrium are related to the coupling mobility in the Laplace domain
by [7.27, 7.36]
(ViaVaor[8])a = kT Mao[r = d, s], (7.18)

where kg is the Boltzmann constant, 1" the temperature. The power spectral

density (PSD) of the passive velocity CCF can be obtained by using the relation
<‘/10¢V'204’ (W)>d = 2§R<%a‘60/ [S - iW])d, (719)

where w is the frequency in the Fourier domain, and  indicates the real part.

In Fig. 7.3, I plot the scaled PSDs (Vi,Va,(w))q and (Vi,Vay(w))q as a function
of wr using the longitudinal and the transverse coupling mobilities obtained in
Egs. (7.16) and (7.17), respectively. Different colors represent different distances,
d, between the two points. In Fig. 7.3(a), (Vi,Vaz(w))a increases for wr >
V2(L/d) as ~ w? [see later Eqgs. (7.21) and (7.22)], while it saturates for wr > 1.
Since (Vi Vay(w))q takes negative values for smaller wr when d/¢ = 10 and 100,
[ have plotted its absolute value in Fig. 7.3(b). Notice that in both (a) and (b),
the PSDs are scaled by kgT'/(27nd), and take the same asymptotic value in the

large wr limit.

The passive displacement CCF in thermal equilibrium as a function of time

can be directly obtained by the following inverse Laplace transform of the ve-
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Figure 7.3: The passive component of the power spectral density (PSD) of the
two-point velocity cross-correlation functions (CCFs) (a) (Vi,Vaz(w))g and (b)
|(ViyVay(w))al [see Eq. (7.19)] as a function of wr for d/¢ = 1, 10, 100. Here
7 = n/u is the viscoelastic time scale, and d is the distance between the two
point particles immersed in viscoelastic media described by the two-fluid model.
Both CCFs are scaled by kgT'/(27nd) in order to make them dimensionless.
Since (Vi,Vay(w))q takes negative values for smaller w7 (shown by the dashed
lines), I have plotted in (b) its absolute value. The number “2” in (a) indicates
the slope representing the exponent of the power-law behaviors.

locity CCF [7.26, 7.27]:
1 c+ioc0

2
(AR1,ARoy (t))g = — ds ¥<VMVQO/ [s])qe, (7.20)

" 2 c—ico
where ¢ is a real number. Performing the numerical inverse Laplace trans-
form of Eq. (7.20), I plot in Fig. 7.4 the longitudinal and the transverse CCF's
(AR1; ARy, (t))q and (AR1,ARy,(t))q as a function of ¢/7 for different distances

d between the two points.

In Fig. 7.4(a), the longitudinal CCF is proportional to ¢ for t/7 < 1 and
t/T > (d/0)?/2 [see later Eq. (7.23)]. In the former time region which is smaller
than the viscoelastic time scale 7 = n/u, the two point particles interact through
the fluid component of the two-fluid model. In the latter long time region, on the
other hand, the CCF obeys the normal diffusive behavior as expected for any vis-
coelastic material with a characteristic relaxation time. Between these crossover

time scales, the CCF remains almost constant due to the elastic component that
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Figure 7.4: The passive component of the two-point displacement cross-
correlation functions (CCFs) (a) (AR1;ARy,(t))qs and (b) [(AR1,ARsy(t))4l
[see Eq. (7.20)] as a function of ¢/7 for d/¢ = 1, 10, 100. Here d is the dis-
tance between the two point particles immersed in viscoelastic media. Both
CCFs are scaled by kgT'7/(2mnd) in order to make them dimensionless. Since
(AR1,A Ry, (t))q takes negative values for larger t/7 (shown by the dashed lines),
I have plotted in (b) its absolute value. The numbers indicate the slope repre-
senting the exponent of the power-law behaviors.

suppresses the motion of the point particles. This is because the elastic property
of the medium, representing the polymer network, is pronounced in these time
scales. For d/¢ = 1, on the other hand, the CCF is almost proportional to ¢

during the entire time region.

In Fig. 7.4(b), the absolute value of (AR;,AR,,(t))s is plotted because it
takes negative values for larger ¢. This means that the relative transverse motion
of the two point particles is anti-correlated when their separation d/¢ is large
enough. Nevertheless, the general time-dependent behavior of the transverse

CCF is almost the same as that of the longitudinal one in (a).

The crossover behaviors of the passive displacement CCF for large d/¢ show-
ing the successive scaling as t — t — ¢ can explain some of the apparent
power-law behaviors of soft matter [7.40] or biological cells [7.20]. It should
be noted, however, that the passive displacement CCF in thermal equilibrium

exhibits only a sub-diffusive behavior.
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7.3.2 Large distance behaviors

In the limit of large distances d > ¢ between the two points, we can use

Eq. (7.14) for the partial Green’s function to obtain the PSDs in the Fourier

domain as
-~ kJBT (CUT)Q kBng 1 _ (w7’)2
<‘/1x‘/2m(w)>d ~ 27T7]d1 + (w7)2 7T7’]d3 |:[1 + (w7_>2}2 [1 4+ (WT)2]2:| )
(7.21)
~ k’BT (w7’)2 _ k‘BT€2 1 _ ((,u7’)2
VuVayw))a ™ G T or P~ 2 {[1+(wr)2]2 [1+(w7)2}2]' (722)

For the large distance behavior of the displacement CCF's, we obtain

- kBTT —t)7 k'BTTEz t —t/7 —t/7
(AR, AR,(1))a = dmnd (1—e")+ p—g 7_(1 +e M) =2(1—e"T)],
(7.23)
—~ kBTT —t/T kBT'TgQ t —t/T —t/T
(AR1y ARy (1))a ~ 4rnd (L—e"7) 2 d? 7_(1 Fe M) =21 —e"T)| .

(7.24)
In the above expressions, the first term is proportional to t in the short time
regime, whereas it saturates in the long time limit. Whereas the second term in
each expression is proportional to ¢ in the long time limit, which dominates the
large scale behavior. These properties of the displacement CCF can be clearly
observed in Fig. 7.4 especially for larger d/¢. Although not plotted, Eqgs. (7.23)

and (7.24) almost completely recover the numerical plots in Fig. 7.4.

7.4 Active one-point correlation functions

In this section, I shall consider the collective advection effects due to ac-
tive force dipoles on passive particles immersed in viscoelastic media. A simple
“dimer model” for a stochastic hydrodynamic force dipole was previously dis-
cussed in Refs. [7.14, 7.15]. To investigate the hydrodynamic effects of the force
dipoles, I employ the partial Green’s function representing the response of the

fluid velocity v due to the force f, acting on the fluid component [see Eq. (7.6)].
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This is different from Refs. [7.12, 7.13] where they discussed the effects of molecu-
lar motors generating forces in the cytoskeleton which corresponds to the elastic
component of the two-fluid model. My aim is to focus on the role of active
force dipoles that exist in the fluid component. A more unified treatment of
these two different sources of active forces has been investigated in my separate

publication [7.38].

7.4.1 Velocity induced by active force dipoles

When a point force £, is applied to the fluid at a point r, it induces a fluid
velocity at another position R that advects a point particle located there. As
in the previous section, we denote the position of this passive point particle by
R(t) = Ry 4+ AR(t), and its velocity by V(R,t) = AR(t). Using the Green’s

function calculated in Sec. 7.2, we obtain the relation between V and f, as
t
»qRo_/ At Gos(R — 1.t — ) fy 5(x, 1. (7.25)

Consider an oscillating dimer of length a(t) and the force magnitude fq(t)
with its orientation given by the unit vector e. In this case, the induced velocity

of a passive particle at R due to the oscillating dimer is given by [7.14]

t - oy
%mﬁz/ M&Wm&“t”%wwm (7.26)
. .

where we have used the approximation a < |[R—r|, and m(t) = a(t) fa(t) denotes
the magnitude of the force dipole.

I further consider a collection of such active force dipoles, located at positions
{R;} with orientations {€&;}. By summing up for all the dipoles, the velocity of

the passive particle is then given by [7.14]

¢ OGas(r,t =t
Va(Ro, t) ~ / dt/ /d3T B(ar?: ) E émézgmz(t')(S(Rz — RO — I'),
—00 Y i

(7.27)
where we have assumed that the displacement of the passive particle is small,
and kept only the lowest order term. This equation describes the motion of a

passive point particle due to non-thermal active noise arising from the collective
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operation of active force dipoles.
Hereafter we introduce the bilateral Fourier transform in time for any func-

tion f(t) as

fw) = [ deswe, (7.29)
[cf. Eq. (7.5)]. Performing the bilateral Fourier transform of Eq. (7.27), we
obtain
0G o5lr,w o
Va(Ro,w) ~ /dsT % Z 61',761"57712‘((,0)5(}{@‘ — R() — I‘), (729)

i

where Gugr,w] = Gup[r, s = iw]. We shall use this expression to calculate the
velocity correlation functions and the mean squared displacement (MSD) of the

passive particle.

7.4.2 Active auto-correlation functions
I now calculate the velocity auto-correlation function (ACF) of a passive
particle located on average at Rgy. If the correlation between different force

dipoles vanishes, i.e., (m;m;(w)) = (m?(w))d;;, we get from Eq. (7.29)

(VaVar (Ro,w))

_ /dST 6Gaﬁ [I‘, w] 8Ga/5/ [I‘, —w}
or, Or-y

D (einipbinrip) (mA(w)) (0(R; — Ry — 1))
= Qg (M (w)) /d3T 0Caslr, ] 9Guslr, ] c(Ro +r), (7.30)
87&, (9T’,Y/

where ¢(r) = ). (6(R; —r)) is the local concentration of force dipoles at a point

r in the fluid component. In the above, a symbol

Qﬂﬁ’w’ = <éﬁéﬁ’évév’> = 1_15(55/5’577’ + 55’7%”7’ + 557’5/5/7)’ (7-31)
has been defined, and we have assumed that the orientations of active force
dipoles are not correlated with their positions. In other words, we do not consider
any nematic ordering of force dipoles [7.14].

When active force dipoles are uniformly distributed in space with a con-
stant concentration, ¢(r) = ¢y, the velocity ACF (V, V. (w)) is isotropic, i.e.,

(V2(w)) = (V7 (w)) = (VZ(w)) and vanishes otherwise. Hence it is enough to
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Figure 7.5: The active component of the power spectral density (PSD) (V2(w))
[see Eq. (7.32)] as a function of wr for §/¢ = 1, 10, 100. Here a single point
particle is immersed in viscoelastic media described by the two-fluid model, and
0 is the cutoff length corresponding to the particle size. In the plot, the PSD is
scaled by cq(m?(w))/(288072?n?4) in order to make it dimensionless. The number
indicates the slope representing the exponent of the power-law behavior.

consider only the z-direction, and we obtain the active PSD as

(V2) = GOy () [ o STl b
L9 ) Tw). (732

T 382 1522l
Here we have introduced the scaled PSD defined by

09aslr, w] 0gas|r, —w]

I(w) = 15Qpg,y | d°F :
(w) d /3677/ r or, or., ; (7.33)

together with gag[r,w] = 8mlG.g[r,s = iw] and 7 = r/¢. Since the above
integral diverges for short length scales, we need to introduce a small cutoff
length 0. Physically, 6 can be regarded as the size of the passive particle. In
Fig. 7.5, I numerically plot the scaled PSD, Z(w), as a function of wr for different
cutoff lengths §/¢ = 1, 10 and 100. These values correspond to the situation
when the passive particle is larger than the mesh size. For wr > 2v/3(¢/6)?, the
PSD increases as ~ w? and saturates for wr > 1 [see later Eq. (7.34)]. Note that

the asymptotic value of the scaled PSD for large wt is independent of 4.

If we use Eq. (7.14) for the partial Green’s function G, in the large distance
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limit » > ¢, the scaled PSD can be approximately calculated as

e () () st (8]

(7.34)

I(w) ~ 487

The detailed derivation of this expression is given in the Appendix 7.B. Although
not plotted, we have confirmed that Eq. (7.34) perfectly reproduces the curve of
d/¢ =100 in Fig. 7.5. We should keep in mind, however, that to regard the cutoff
length 0 as the particle size is only an approximation, and hence the numerical

prefactor should not be taken as accurate when we compare with experiments.

7.4.3 Uncorrelated force dipoles

In order to further calculate the active PSD, the statistical property for the
time correlation of a force dipole needs to be specified. First I assume that it is

only d-correlated in time and is given by
(m(t)ym(t")) = So(t —t'), (7.35)

where S fixes the fluctuation amplitude. In the Fourier representation, this
simply means that (m?(w)) = S. Once we know the active PSD of the velocity
ACF, the corresponding MSD of a passive particle in the z-direction can be

obtained by the inverse Fourier transform:

(AR = [ GE Vi) (7.36)

In contrast to the inverse Laplace transform in Eq. (7.20), we also take into
account the initial condition by including a constant term in the above transfor-
mation. In Fig. 7.6(a), I numerically plot the scaled ((AR,)*(t)) as a function
of t/7 for §/¢ =1, 10 and 100. Here the MSD is proportional to ¢ both for short
time scales t/7 < 1 and for long time scales t /7 > (§/£)*/12 [see later Eq. (7.38)].
For the intermediate time range 1 < t/7 < (§/¢)4/12, on the other hand, the
MSD is strongly suppressed due to the elastic component of the two-fluid model,

and it remains almost constant.

If we use the asymptotic expression Eq. (7.14) for the partial Green’s function
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Figure 7.6: The active component of the mean squared displacement (MSD)
((AR,)*(t)) [see Eq. (7.36)] as a function of ¢/ for 6/¢ = 1, 10, 100. Here a
single point particle is immersed in viscoelastic media, and ¢ is the cutoff length.
(a) The case when the time correlation of the force dipole is d-correlated [see
Eq. (7.35)]. (b) The case when the time correlation of the force dipole decays
exponentially with a characteristic relaxation time 74 [see Eq. (7.39)], and I set
here 74/7 = 100. In these plots, ((AR,)?(t)) is scaled by c¢pS7/(28807%1n%5) in
order to make it dimensionless. The numbers indicate the slope representing the
exponent of the power-law behavior.

as before, the PSD can be obtained from Eqgs. (7.32) and (7.34) as

() () s ()]

(7.37)

1 ¢S
2 ~ 0
(V) = o

Then, with the use of Eq. (7.36), the asymptotic MSD can be analytically ob-

tained as

= g [0 - (5) e en - ()

+6[e™7(t/T +3) + 2t /7 — 3] (2)5] : (7.38)

The first term in the r.h.s. of the above equation indicates that the normal
diffusion occurs for the short time scale ¢ < 7, while it saturates in the longer
times. In the long time limit, on the other hand, we can set e */7 ~ 0, and
one finds that MSD is proportional to ¢ for ¢ > (§/¢)*/12 [see the third line of

Eq. (7.38)], as mentioned above.
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7.4.4 Exponentially correlated force dipoles

Next I calculate the PSD and the MSD when the time correlation of a force

dipole decays exponentially with a characteristic relaxation time 74, i.e.,

e It=tl/m, 7.39
27—d€ ( )

(m(t)m(t)) =
In this case, we have (m?(w)) = S/[1 + (w7q)?] in the Fourier representation.
Some justification of the above simple expression will be separately discussed in
Sec. 7.6. Mathematically, Eq. (7.39) reduces to Eq. (7.35) in the limit of 74 — 0.
Then the active PSD is given by

1 ¢S 1

2 0

1% — 7
(Ve (W) 288072 %l 1 + (w7q)? (@),

where Z(w) was defined before in Eq. (7.33).

(7.40)

In Fig. 7.6(b), I numerically plot the scaled ((AR,)?(t)) as a function of ¢/7
when 74/7 = 100 for 6/¢ = 1, 10 and 100, i.e., the distance between the two
points is larger than the mesh size. For 6/¢ = 1, we find that the active MSD is
proportional to #? and exhibits a super-diffusive behavior within the time region
t < 7q. For 6/¢ = 100, such a super-diffusive behavior is observed only up to
the viscoelastic time scale t/7 < 1, and the MSD exhibits a normal diffusive
behavior for ¢t/7 > 1. The active MSD for 6/¢ = 100 is further suppressed for
larger time scales. In the very long time limit, the active MSD will be again

proportional to ¢ [7.38].

Using the asymptotic expression Eq. (7.14), the active PSD is now given by

() ~ - [ (4

T 60m 20 1+ (wra)? |1+ (wr)?

_% (§>3 * ﬁ (éﬂ - (7.41)

Then the corresponding active one-point MSD can be obtained up to the lowest

order in £/¢ as

(AR.) () = 60m 120 1+ 79/T

1 ¢St 1 (1a/7)e /™ et/ 4
[1 1—7q/7 1—7q/7 5] (7.42)

This equation reduces to the first line of Eq. (7.38) in the limit of 7y — 0. By
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Taylor expanding the above expression for small ¢, one can indeed show that
the linear term in ¢ vanishes, and the active MSD increases as ~ t2. The full
expression of the active one-point MSD including higher order terms is provided
in the Appendix 7.C. The analytic expressions in Egs. (7.41) and (7.42) are the

general and important results of this chapter.

7.5 Active two-point correlation functions

7.5.1 Velocity cross-correlation functions

In this section, I consider the active velocity CCF between the two points
at Ry and R, that are separated by a distance d, as shown in Fig. 7.1 and also
discussed in Sec. 7.3. With the use of Eq. (7.27), the active two-point velocity

CCF can be evaluated by

<‘/10c‘/204’ (Rla R27 <"))>d

_ / g2y OGuslr, o) (aea/ﬁ/ . —w])
/
ory 67“7, e (Ra_R)

X D {einusbioéss) (mi()) (5(R; — Ry —r))

7

= Qﬁﬂ"y'y’ <m2(UJ)> /dg’l" aG(x/B {ra w] (8Ga/ﬁ/ [t‘ ) _(.U]) C(R]_ + r)'
or, orl,
r'=r—(R2—R1)

(7.43)

As before, we can generally set Ry — Ry = de, without loss of generality.
We also assume that the active force dipoles are uniformly distributed in space

with a constant concentration, ¢y. Then one can further rewrite as

1 Co 2
<‘/lo¢‘/2a’(w)>d = mw<m (w))Iaa/(d,w), (744)
where
_0gaplr,w] (Oguwp|r’, —w]
oo (d,w) = 15Q34 [ d3 ’ ’ , 7.45
(0.6) = 150, [ e eaE )

with gop = 8mnlG s as defined before.

In Fig. 7.7, 1 numerically plot the scaled active PSDs (V1,V5,(w))s and
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Figure 7.7: The active component of the scaled power spectral density (PSD)
(a) (VizVaz(w))q and (b) [(Vi,Vay(w))a| [sce Eq. (7.44)] as a function of wr for
d/¢ = 1.1, 10, 100. Here d is the distance between the two point particles
immersed in viscoelastic media. Both PSDs are scaled by co(m?(w))/(96072n?d)
in order to make them dimensionless. Since (V},Va,(w))q takes negative values
for smaller wr (shown by the dashed lines), I have plotted in (b) its absolute
value. The numbers indicate the slope representing the exponent of the power-
law behaviors.

(ViyVay(w))q as a function of wr for different distances d/¢ = 1.1, 10 and 100,
as before. (The reason that we chose here d/¢ = 1.1 is that there was a nu-
merical stability issue exactly at d/¢ = 1.) The PSD increases as ~ w? for the
intermediate frequency range. Within the lowest order term in Eq. (7.14), the

asymptotic expressions of the active PSDs can be obtained as

1670 (wr)?
Tow(d,w) =
el ) d 1+ (wr)?’

(7.46)

_8ml (wr)?

Tyy(d,w)=71..(dw)=~ PR (7.47)

7.5.2 Displacement cross-correlation functions

Performing the inverse Fourier transform of the active two-point PSDs as
before [see Eq. (7.36)], we obtain the corresponding longitudinal and trans-
verse displacement CCFs (AR, ARy, (t))q and (AR, ARy, (t))q for the distances
d/¢ = 1.1, 10 and 100. In Fig. 7.8(a) and (b), I plot these quantities when the

time correlation of a force dipole is d-correlated as assumed in Eq. (7.35). Fig. 7.8
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[(AR1yARoy(1))dl

Figure 7.8: The active component of the two-point displacement cross-
correlation functions (CCFs) (a) (AR1;ARy,(t))q and (b) [(AR1,ARy,(t))4| as
a function of ¢/7 for d/¢ = 1.1, 10, 100. Here d is the distance between the
two point particles immersed in viscoelastic media, and the time correlation
of the force dipole is d-correlated [see Eq. (7.35)]. Both CCFs are scaled by
coST/(9607?n*d) in order to make them dimensionless. Since (AR;, ARy, (t))4
takes negative values for larger t/7 (shown by the dashed lines), I have plot-
ted in (b) its absolute value. The numbers indicate the slope representing the
exponent of the power-law behaviors.

should be compared with Fig. 7.6(a) where I have shown the MSD for the active
one-point case. Both longitudinal and transverse displacement CCF's are pro-
portional to ¢ for short time scales /7 < 1 and also for longer time scales. For
the intermediate time range, however, these CCFs are strongly suppressed and
become constant due to the elastic component of the two-fluid model.

In Fig. 7.9(a) and (b), on the other hand, I consider the case when the time
correlation of a force dipole is characterized by a relaxation time 74/7 = 100
[see Eq. (7.39)]. These figures should be compared with Fig. 7.6(b) because the
overall behavior is similar. For §/¢ = 1.1, the active displacement CCF's are
proportional to #* when t < 74, showing a strong super-diffusive behavior. For
d/¢ = 100, however, this super-diffusive behavior is observed only within the
time region smaller than the viscoelastic time scale, t/7 < 1, and the CCFs
increase as ~ t for t/7 > 1. For much longer time scales, the active CCFs are

further suppressed because of the elasticity. In the long time limit, the active
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[(AR1yARgy (1))l

Figure 7.9: The active component of the two-point displacement cross-
correlation functions (CCFs) (a) (AR, ARy, (t))q and (b) [(AR1, AR,y (t))a| as
a function of t/7 for d/¢ = 1.1, 10, 100. Here d is the distance between the
two point particles immersed in viscoelastic media. The time correlation of the
force dipole decays exponentially with a characteristic relaxation time 74 [see
Eq. (7.39)], and I set here 74/7 = 100. Both CCFs are scaled by ¢y S7/(9607%n%d)
in order to make them dimensionless. Since (AR;,ARy,(t))q takes negative val-
ues for larger ¢/7 (shown by the dashed lines), I have plotted in (b) its absolute
value. The numbers indicate the slope representing the exponent of the power-
law behaviors.

CCFs are both proportional to ¢.

7.6 Summary and discussion

In this chapter, I have discussed anomalous diffusion induced by active force
dipoles in viscoelastic media that is described by the standard two-fluid model
for gels. 1 first reviewed the two-fluid model and showed its partial Green’s
function both in the Fourier and the real spaces. With the use of the coupling
mobilities and the FDT in thermal equilibrium, I have calculated the PSD of
the velocity CCFs and the displacement CCF's between the two point particles
both for the longitudinal and the transverse directions. The obtained results are
useful to interpret the data obtained by two-point microrheology experiments.
The passive (thermal) two-point CCF increases linearly with time at shorter
and longer time scales, while it is suppressed and remains almost constant at

intermediate time scales [see Fig. 7.4].
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Moreover, I have calculated active (non-thermal) one-point and two-point
correlation functions due to active force dipoles. I have used the relation be-
tween the velocity and the dipole strength, as given by Eq. (7.26), and the
formulation in Ref. [7.14] in order to further calculate the active PSD of the
velocity CCFs. For the one-point case, one needs to introduce a cutoff length
scale, 0, in evaluating the integrals, whereas a finite distance, d, between the
two point particles plays the role of the cutoff length in the two-point case. As
for the statistical property of force dipoles, I considered the case when their
magnitude is uncorrelated in time [seec Eq. (7.35)] and the case when it decays

exponentially with a characteristic time 74 [see Eq. (7.39)].

For the active case, the important results can be summarized as follows. As
shown in Fig. 7.6(b) (one-point case) or Fig. 7.9 (two-point case), I have found
that the active MSD or the displacement CCF's exhibits various crossovers from
super-diffusive to sub-diffusive behaviors depending on the characteristic time
scales (1 = n/p and 74) and the particle separation d (or the cutoff length
d for the one-point case). I emphasize that the active displacement CCF is
proportional to ¢ for time scales shorter than the viscoelastic time scale, t < 7,
and it is proportional to ¢ for the intermediate time scales, 7 < t < 74. Within
the present model, the passive contribution only describes sub-diffusion, whereas
the active contribution is responsible for both sub-diffusion and super-diffusion.
My results are useful in understanding active properties of the cytoplasm using
force spectrum microscopy combined with the microrheology experiment [7.6],

as further discussed below.

In Ref. [7.6], Guo et al. measured the MSD of microinjected tracer particles
in mellanoma cells. They showed that the MSD was nearly constant at shorter
time scales (¢ < 0.1 s), while it exhibited a slightly super-diffusive behavior at
longer time scales (¢ > 0.1 s), i.e., ((AR)?) ~ t# with 8 ~ 1.2. However, when
they inhibited motor and polymerization activity by depleting cells of ATP,

the MSD was almost constant in time, i.e., § =~ 0. Such an ATP-dependent
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Brownian motion was also observed in prokaryotic cells and yeast [7.4, 7.5]. In
addition to the MSD measurement, Guo et al. performed active microrheology
experiment [7.24, 7.25], and found that the frequency-dependent elastic modulus

follows a power-law form, i.e., |G(w)| ~ w® with a ~ 0.15 [7.6].

For simplicity, one may assume that PSD of the active force also obeys a
power-law behavior, i.e., (m?(w)) ~ w™7 with a different exponent . Among

these three exponents, the following scaling relation should hold [7.6, 7.28]:
B=2a+7y—1. (7.48)

In thermal equilibrium, v = —a+1 holds according to the FDT and hence g = a.
In this case, the anomalous diffusion purely reflects the viscoelasticity of the
surrounding media. The exponentially correlated force dipoles in Eq. (7.39) leads
to the active PSD in Eq. (7.40), and hence v = 2 for wry > 1. Experimentally,
the value v ~ 2 was observed by Lau et al. [7.28] and later reconfirmed by Guo
et al. [7.6]. When a =~ 0.15 and v = 2, Eq. (7.48) gives 5 ~ 1.3 which is almost
consistent with the MSD measurement mentioned above (5 =~ 1.2). In the older
experiment [7.28], on the other hand, the measured exponents were a ~ 0.25,
v &~ 2 and hence [ ~ 1.5. In both of these experiments, they claimed that active
forces dominate the low-frequency regime, whereas thermal forces dominate the

high-frequency regime [7.6, 7.28].

It should be reminded, however, that different values of v were reported by
different groups [7.42-7.44]. For example, a combination of active and passive
microrheology measurements using PC3 tumor cells resulted in o = 0.4, 3 ~ 1.3
and v & 1.5, satisfying also the scaling relation Eq. (7.48). They argued that
such a difference can arise because active and passive measurements were done
in Ref. [7.28] with different probes and at very different locations in the cell.
In Refs. [7.42-7.44], they performed dual passive-active measurements with a
unique probe. Given these situations, we consider that the power-law behav-

ior of the force fluctuations and its exponent require further experimental and
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theoretical investigations.

I also point out that Eq. (7.48) cannot be always true because the exponents
can take values only 0 < 8 < 2 and 0 < o < 1. Hence, if v = 2 holds,
one should always observe a super-diffusive behavior because = 2a +1 > 1.
However, sub-diffusive behaviors (S < 1) in cells have been observed in many
cases [7.45-7.47]. Moreover, the above relation also restricts the value of « to

0 < a < 0.5 because § < 2, which is not always the case [7.19, 7.20].

In my work, I have assumed that the time correlation of a force dipole is
an exponentially decaying function with a characteristic time 74, as given in
Eq. (7.39). Hence its Fourier transform has a Lorentzian form, and decays as
w2 for wry > 1. A similar Lorentzian form of force fluctuations was discussed
by Levine and MacKintosh [7.12; 7.13]. While some of the experiments which
reported the exponent v = 2 [7.6, 7.28] justify my assumption, different values
of 7 found in the other experiments [7.42-7.44] indicate that the dipole correla-
tion cannot be a simple exponentially decaying function. Hence a more detailed
investigation for the statistical property of a fluctuating force dipole is required.
Currently, I are analyzing the stochastic properties of a simple model of a cat-
alytically active bidomain protein [7.14]. In this model, the two protein domains
are represented by beads connected by an elastic spring, and the two internal

states, namely, free protein and ligand-protein complex, are assumed.

Although my theory is general and can be applied not only for cells but
also for other macroscopic systems, it is useful to give some typical parameter
values corresponding to a cell. Since the characteristic length scale ¢ = (n/I")!/2
roughly corresponds to the mesh size of a polymer gel, it is roughly given by
¢ ~ 1077 m for a typical cell. Hence the distance between the two point particles
such as d/¢ = 100 means d ~ 107 m. According to Ref. [7.6], I also have
n ~ 1072 Pa-s and p ~ 1 Pa so that the viscoelastic time scale can be estimated
as T = n/pu ~ 1073 s. This means that the dipole time scale 74/7 = 100 used

in Figs. 7.6(b) and 7.9 corresponds to 74 ~ 107! s. Although this time scale
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is somewhat larger than the cycle time of a single protein machine [7.14], it
still gives a good estimate to characterize the collective dynamics of a protein

complex.

Recently, Fodor et al. [7.48] have made an attempt to theoretically repro-
duce the MSD data measured in the cytoplasm of living A7 [7.6]. They used
one-dimensional Langevin equation in the presence of a random active force to
calculate both the thermal and non-thermal MSD. Their theory has a similarity
to the present work because they also introduce two time scales which are anal-
ogous to 7 = n/p and 74 in my theory. An important new aspect in the present
chapter is that the internal structure of the viscoelastic medium is properly
taken into account. Both thermal and non-thermal MSDs exhibit complicated
time sequences depending on the length-scale of the observation relative to the
mesh size (. In Ref. [7.48], the size of tracer particles was assumed to be always

larger than the mesh size of the cytoskeletal network.

In my separate work, I have considered the two-fluid model where active
macromolecules, described as force dipoles, cyclically operate both in the elas-
tic and the fluid components [7.38]. Through coarse-graining, we have derived
effective equations of motions for tracer particles displaying local deformations
and local fluid flows. The equation for deformation tracers coincides with the
phenomenological model by Fodor et al. [7.48] (see also the related publica-
tion [7.49]). My analysis reveals that localization and diffusion phenomena are
generally involved. The motion of tracers immobilized within the elastic subsys-
tem is localized in the long-time limit, but it can show a diffusion-like behavior
at the intermediate time scales shorter than the cooperative correlation times of

molecular motor aggregates operating in the active gels [7.38].

Recently, Bruinsma et al. [7.50] investigated a large scale correlated motion
of chromatin inside the nuclei of living cells by using another “two-fluid model”
for polymer solutions [7.51] (but not for gels). They derived the response func-

tions that connect the chromatin density and velocity correlation function to
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the correlation functions of the active sources that are either scalar or vector
quantities. One of the differences in their theory is that the form of the complex
viscoelastic moduli needs to be specified in order to compare with experiments,
whereas the viscoelasticity naturally arises from the present two-fluid model.
It is interesting to note that their active PSD also contains Lorentzian type
frequency dependence as I have obtained such as in Eq. (7.40). It would be
interesting to calculate the active MSD based on this different two-fluid model.

Finally, I mention that anomalous diffusion observed in colloidal gels has been
also explained in terms of force dipoles due to structural inhomogeneities [7.52,
7.53]. Assuming that such inhomogeneities are randomly distributed, it was
shown that the relaxation time of the dynamic structure factor is inversely pro-
portional to the wavenumber. In Ref. [7.54], the MSD exhibits diffusive motion

at short times and super-diffusive motion at long times.

7.A Partial Green’s function

In this appendix, I show the derivation of Eqgs. (7.7) and (7.9) [7.34-7.37].
By using the Fourier transform in space and the Laplace transform in time,

Egs. (7.1), (7.2) and (7.4) can be represented in the steady state as

0= — pug*ulg, s] — (u+ N)a(q - ulq,s]) — I' (sulq, s] — v|[q, s]), (7.49)
0=—ng¢’*vlq,s] —igplq, s] — I' (v]q, s] — sulq, s]) + £,[q, 5], (7.50)
q-vlq,s] =0. (7.51)

Taking the inner products of both Egs. (7.49) and (7.50) with q, and using
Eq. (7.51), we obtain

_iq-f,[q, 5]

o (7.52)

pla,s| =

From Eq. (7.49), we can solve for u as

r C(p+ N)g? .
o s = —604 - (0% ) * N

Substituting Eqgs. (7.52) and (7.53) into Eq. (7.50), we obtain the following
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equation
2 2 2 2
nug® + (sn+ )T sD2(p+ N)g .
( [np 2(77 1) ]5aﬂ_ : (u : ) : dads ) vsla 5]
pig® + sT (1g? + sD')(2uq* + Ag? + sT)
=(0as = dads) fo,5ld. s]- (7.54)
Then we can solve for v as
2
pq” + s’ R
vala, 8| = — (0ap — Gads) fo.sld, 8- (7.55)

¢lnpug? + (sn + p)l]
In terms of n, and ¢ defined in Eq. (7.8), we finally obtain Eq. (7.7).

Next, I derive the real space representation of the partial Green’s func-

tion [7.41]. I first assume that it has the form of

Gaglr, s] = C1dap + Coruis, (7.56)
so that
Gaalq, s] = 3C) + Cy, (7.57)
Gopld, s]Fars = C1 + Ca. (7.58)
Hence we have
st =2 [
_ 27T1nr {1 + %(1 - e—f/ﬁ)} , (7.59)

dsq 1+ (Ub/n)52q2 ~ ~N\2] iqr
Cl + 02 - / (27T)3 an2(1 + 52(]2) |:1 - (q . I') :| e
1 1—m/n
— 1+
Amnr { o/

(1= 2/ + 25 + €r11)]
(7.60)
Solving for C and Cs, we finally arrive at Eq. (7.9) with Egs. (7.10) and (7.11).

7.B Derivation of Eq. (7.34)

In this appendix, I show the derivation of Eq. (7.34). Here I use the dimen-

sionless form of the Green’s function g,3 = 8mfG 3, and consider its asymptotic
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expression [see Eq. (7.14)]

1Tl (Oup + Fui's) 203
r(1+ iwr) " 7 YT B + iwr)?

Aa,g(r,w) - Baﬂ(raw)v (761)

Japlr,w] = (6ap — 37aTp)

where we have defined the functions A,z and B,g in the last equation. The

spatial derivatives of these functions with respect to 7 = r/¢ are

9 iWT  (Talpy + T0ay — Ty0ap  , TalsT
4, - aChy oy el gle B0 ) 7.62
o, (r,w) 1+ iwr < 73 7 (7.62)
0 2 Talgy + T30ay + T00s Tl s
—B, = -3 il T 15=22) . (7.63

Using these results, we can further calculate the following quantities

2
0 0 (wT) -

15955/77,8—177;1%@,w)aTMAaﬁ,@, —w) =129 o (7.64)
1595[3,77,8%_714&5(1«7 w)%Baﬂl(r, —w) = —72%776 (7.65)
15Qﬂ5,w,%3a5(r,w)é%Aaﬁ,(r, —w) = —72%%6, (7.66)

15955/77/%3045(1‘,w)%BQB/(r, —w) = %7’_8 (7.67)

Hence the dimensionless PSD in Eq. (7.33) can be obtained as

3. 09ag[r, W] Ogap[r, —w]
Z(w) = 15Q45, [ d° ’ ’

=47 h 7 G = I C 76 0 78
=4 /Wd (121+<m>2 Mo T )

o ()i () et ()]

Hence we finally obtain Eq. (7.34).

= 487
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7.C Full expression of Eq. (7.42)

The full expression of Eq. (7.42) including higher order terms in ¢/0 is given

as follows

((AR.)*(1))

1 ¢St 1 (1a/7)e /™ B et/ !

60 2 (1—1-7}1/7'Jr L — (7a/7)? 1—(Td/7')2) (5)

. ([—2(1&/7) (raf ) + 24/ = B{raf ) + T A/t
1~ (ra/7)?)" (1~ (ra/7)7°

mired) (1)

. (6 [—(t/7)(ra/T)? +t/7 — B(14/7)? + 3] e /7 N 12(rq /)5t

[1— (7a/7)%)" [1— (7a/7)?)
6[2(7a/7)? + 4(1a/7)? + 67a/7 + 3] 12t [ L\°
s sres o)
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Chapter 8

Concluding Remarks

In Chap. 1, T explained the general background of micromachines. Microma-
chines mean small machines such as motor proteins, metabolic enzymes, and
bacteria. In the concept of Micromachine, their universal physicochemical prop-
erties are attracting attention. In discussing micromachines, non-equilibrium
statistical mechanics plays an important role in dealing with non-equilibrium
fluctuations. In addition, micromachines often function in fluids, and the effects
of fluids need to be examined in detail. Among micromachines, the concept of

microswimmers that swim in fluid has also been actively studied in recent years.

To summarize Chap. 2, I have discussed the Najafi-Golestanian three-sphere
swimmer in the homogeneous viscoelastic fluids. I calculated the frequency de-
pendence of the average swimming speed with the complex shear viscosity of the
surrounding viscoelastic medium. Here the viscous contribution can exist only
when the time-reversal symmetry of the swimmer is broken, whereas the elastic
contribution is present only if its structural symmetry is broken. Even though
the argument in Chap. 2 is restricted to the artificial three-sphere swimmer, I
expect that my basic concept can still be applied to more complex biological
processes such as the motion of bacteria, flagellated cellular swimming, and the
beating of cilia. Since most of these phenomena take place in a viscoelastic en-

vironment, I hope that the concept of my new active microrheology will be used

149
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in the future to reveal their mechanical and dynamical properties.

In summary of Chap. 3, I have proposed a model of 2D three-disk micro-
machine swimming in a quasi-2D supported membrane. In particular, I have
obtained the average swimming velocity as a function of the disk size and the
arm length. Due to the presence of the hydrodynamic screening length in the
quasi-2D fluid, !, the geometric factor in the average velocity exhibits various
asymptotic behaviors depending on the microswimmer size and the screening
length. My result has been confirmed by the scaling argument for the geometric

factor.

In Chap. 4, I discussed the locomotion of a three-sphere microswimmer in
a viscoelastic structured fluid with typical length and time scales. We derived
a general expression for the average swimming velocity, which includes both
viscous and elastic contributions. To illustrate our result, we used the two-fluid
model for a polymer gel and demonstrated that the average velocity exhibits
various asymptotic behaviors depending on the swimmer size. The importance
of our work is not restricted to these specific models. The prediction of the
average velocity is applicable to any structured viscoelastic fluid that has an

intermediate length scale and a characteristic time scale.

To summarize Chap. 5, I have discussed the locomotion of a generalized
three-sphere microswimmer in which the spheres are connected by two clastic
springs and the natural length of each spring is assumed to undergo a prescribed
cyclic change. I have analytically obtained the average swimming velocity V as
a function of the frequency €2 of cyclic change in the natural length. In the low-
frequency region, the swimming velocity increases with frequency and reduces
to the original three-sphere model by Najafi and Golestanian. Conversely, in the
high-frequency region, the velocity decreases with increasing frequency.

In Chap. 6, I have discussed a cyclic state transition of a micromachine driven
by a chemical reaction. I have proposed a minimum model to evaluate the state

cyclone to quantify the functionality of a general micromachine. My model in-
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cludes the reaction variable 6 and the state variable s; which are coupled to each
other through the free energy. The tilted periodic potential for 8 is characterized
by the nonequilibrium force F' and the energy barrier A. In the analysis, I have
assumed that 6 obeys a deterministic stepwise dynamics characterized by the
mean first passage time 7, and the mean first transition path time 7;. Calcu-
lating the state cyclone analytically, we obtain the scaling relation Ciy ~ (y7;)?
for 7,/7, < 1. In the small coupling limit, I have further obtained 7, and 7 in
terms of the potential parameters.

In Chap. 7, I have discussed anomalous diffusion induced by active force
dipoles in viscoelastic media that is described by the standard two-fluid model
for gels. The passive (thermal) two-point CCF increases linearly with time at
shorter and longer time scales, while it is suppressed and remains almost constant
at intermediate time scales. For the active case, I have found that the active
MSD or the displacement CCFs exhibits various crossovers from super-diffusive
to sub-diffusive behaviors depending on the characteristic time scales and the
particle separation d.

The research in this thesis has been consistently conducted using minimum
model of a micromachine. By considering the minimum structure of a micro-
machine, the structure that exists universally in the micromachine is extracted.
Specifically, in Chaps. 2-5, the universal properties are extracted by using a
three-sphere swimmer model, which is one of the minimum models of microswim-
mers. In Chap. 6, I examined a minimum model constructed with the minimum
variables to represent the state cycle. In Chap. 7, I adopted a minimum model
called force-dipole as a model of a micromachine that causes non-equilibrium
fluctuations. Through research using the minimum model as described above, I

aimed to clarify the universal properties of micromachines.





