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Micromachines swimming in viscoelastic fluids

(FBRE) : LM FREREXTZIVII7OVY Y (EX)

Microswimmers are tiny machines that swim in a fluid, such as sperm cells
or motile bacteria, and they are expected to be applied to microfluidics and mi-
crosystems. By transforming chemical energy into mechanical work, microswim-
mers change their shape and move in viscous environments. Over the length scale
of microswimmers, the fluid forces acting on them are governed by the effect of
viscous dissipation. According to Purcell’s scallop theorem, time-reversal body
motion cannot be used for locomotion in a Newtonian fluid. As one of the sim-
plest models exhibiting broken time-reversal symmetry, Najafi and Golestanian
proposed a three-sphere swimmer, in which three in-line spheres are linked by two
arms of varying length.

First, we discuss the locomotion of a three-sphere microswimmer in a viscoelas-
tic medium and propose a new type of active microrheology. We derive a relation
that connects the average swimming velocity and the frequency-dependent viscos-
ity of the surrounding medium. In this relation, the viscous contribution can exist

only when the time-reversal symmetry is broken, whereas the elastic contribution



is present only when the structural symmetry of the swimmer is broken. Purcell’s
scallop theorem breaks down for a three-sphere swimmer in a viscoelastic medium.

Next, we discuss the dynamics of a generalized three-sphere microswimmer in
which the spheres are connected by two elastic springs. The natural length of each
spring is assumed to undergo a prescribed cyclic change. We analytically obtain
the average swimming velocity as a function of the frequency of cyclic change in the
natural length. In the low-frequency region, the swimming velocity increases with
frequency, and its expression reduces to that of the original three-sphere model
by Najafi and Golestanian. Conversely, in the high-frequency region, the average
velocity decreases with increasing frequency. Such behavior originates from the
intrinsic spring relaxation dynamics of an elastic swimmer moving in a viscous
fluid.

Finally, we discuss the directional motion of an elastic three-sphere microma-
chine in which the spheres are in equilibrium with independent heat baths having
different temperatures. Even in the absence of prescribed motion of the springs,
such a micromachine can gain a net motion due purely to thermal fluctuations.
A relation connecting the average velocity and the temperatures of the spheres is
analytically obtained. This velocity can also be expressed in terms of average heat
flows in the steady state. Our model suggests a new mechanism for locomotion of

micromachines in nonequilibrium biological systems.
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Chapter 1

Introduction

1.1 Quantitative understanding of non-equilibrium

phenomena

Many physical phenomena are investigated by using methods of equilibrium statis-
tical physics. Equilibrium statistical physics, however, cannot deal with biological
phenomena which are governed by non-equilibrium processes. Therefore, the es-
tablishment of non-equilibrium statistical physics is an important issue.

Recently, violation of the fluctuation dissipation theorem (FDT) has been used
to quantitatively characterize non-equilibrium phenomena. FDT is the relation
which connects fluctuations and dissipations in equilibrium systems. It is consid-
ered that the violation of FDT can be quantitatively measured in order to char-
acterize non-equilibrium properties. Microrheology (MR) [1.1, 1.2] can be used
to observe the FDT violation. MR is one of the most useful techniques for mea-
suring the rheological properties of soft matter. There are two different methods;
passive microrheology and active microrheology. In active microrheology, a probe
particle in the sample medium is actively pulled in order to measure mechanical
responses. In passive microrheology, the mechanical properties of a medium can
be extracted from the Brownian motion of probe particle. Because active MR

and passive MR are related to dissipation and fluctuation, respectively, we can



estimate the violation of FDT by compering these two quantities.

Living cells have been attracting much interests as typical non-equilibrium sys-
tems. In living cells, active proteins generate mechanical energy from chemical en-
ergy due to ATP, and biopolymers such as cytoskeletons show complex mechanical
responses. Since both aspects of non-equilibrium phenomena and rheology coexist
in living cells, they are ideal systems to analyze out-of-equilibrium properties with
the use of MR. An experiment using MR in living cells or membranes of red blood
cells show the breakdown of FDT. Guo et al. introduced small particles into cancer
cells, and measured mechanical response and self-diffusion [1.3]. As a result, the
mean squared displacement (MSD) shows a dependence on ATP concentration.
Furthermore, MSD shows anomalous diffusion, which indicates that MSD is not
proportional to time. As a result of response and MSD, the breakdown of FDT
in living cells has been confirmed and they further estimated the degree of FDT
violation. On the other hand, Turlier et al. measured response and fluctuations of
RBCs [1.4]. As a result, the violation of FDT has been found in the low-frequency
regime for RBCs in the presence of ATP.

On the other hand, how to consider non-equilibrium and viscoelastic effects in
the theoretical framework of MR remains to be investigated. My research aim is to
quantitively understand non-equilibrium systems such as living cells. In this thesis,
I have investigated self-diffusion and membrane fluctuations in non-equilibrium

systems [1.5-1.9].

1.2 Non equilibrium behaviors of micromachines

The challenge to estimate non-equilibrium properties of external environment
from self-diffusion and membrane fluctuations in living cells has started only re-
cently. Non-equilibrium behaviors of micromachines, which exhibit internal non-
equilibrium processes, have attracted much interests. Micromachines correspond
to tiny objects which can extract energy from ATP through chemical reactions

and make functions by varying their conformations. Examples are enzymes and



motor proteins in living cells or microorganism such as bacteria or sperm.

Recently, it was reported that self diffusion of single molecule enzymes is
enhanced by the addition of substrate [1.10-1.12], and this problem has been
discussed actively in the community. Several possibilities to explain the diffu-
sion enhancement have been proposed such as thermophoresis, collective heating,
stochastic swimming [1.13-1.15]. However this problem has not yet been resolved.
Theoretical work to explain the diffusion enhancement is now being intensively
discussed, and how to relate non-equilibrium phenomena and self-diffusion of mi-
cromachines needs to be investigated in detail. If this relations is established,
we can estimate internal non-equilibrium properties from the measurement of the
dynamics of micromachines.

Swimming motion is an essential function for micromachines. Swimming is the
result of the net displacement by performing a body deformation. For example,
microorganisms such as bacteria are active enough to migrate in the fluid and there
is a mechanism to gain net displacements. Motor proteins in cells exhibit mate-
rial transport, and it is necessary to gain net displacements. Swimming motions
are studied both experimentally and theoretically as an essential problem of non-
equilibrium systems [1.16, 1.17]. Scallop theorem is a theorem that describes the
basic mechanism of swimming micromachines [1.18]. This theorem was proposed

in 1977 by Purcell, but has been proven only recently [1.19].

1.3 Scallop theorems

Scallop theorem states the essential mechanism for swimming by using body de-
formation of a micromachine. According to this theorem, swimmers in Newtonian
fluids can not attain any directed motion with a reciprocal motion, i.e., a time-
reversal motion. This means that a tiny scallop cannot swim by performing simple
open and close motions. We note that a time reversal motion cannot make a closed
area in the phase space of deformations (see the right figure in Fig.1.1), while a

non-reciprocal motion can make a closed area (see the left figure in Fig.1.1).
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Figure 1.1: Left: non-reciplocal motion in space of freedom degree of motions.
Right: reciplocal motion.

1.4 Three sphere swimmer

As one of the simplest models exhibiting broken time-reversal symmetry in a vis-
cous fluid, Najafi and Golestanian proposed a three-sphere swimmer [1.20, 1.21], in
which three in-line spheres are linked by two arms of varying length (see Fig.1.2).
This model is suitable for analytical analysis because it is sufficient to consider
only the translational motion, and the tensorial structure of the fluid motion can
be neglected. Such a three-sphere swimmer has been experimentally realized by
using ferromagnetic particles and by applying an oscillating magnetic field [1.22].
This model have attracted many interests, and many similar models have been

proposed.

1.5 Aim of this thesis

In this thesis, I shall discuss various situations of three-sphere swimmers [1.23—
1.25]. In the Sec. 2, we show three-sphere swimmers in viscoelastic medium. We

discuss elastic swimmers in viscous fluid in Sec. 3. We also argue thermally-driven
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Figure 1.2: Najafi-Golestanian three-sphere swimmer model. Three identical
spheres of radius a are connected by arms of lengths L;(t) and Lo(t) and un-
dergo time-dependent cyclic motion. The swimmer is embedded in a viscous fluid
characterized by a shear viscosity 7.

elastic swimmers in Sec. 4.
On the other hand, we investigate anomalous diffusion in living cell in Sec. 5.

Finally, we will discuss membrane fluctuations in non-equilibrium system in Secs. 6
and 7.
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Chapter 2
Swimmer-microrheology

We discuss the locomotion of a three-sphere microswimmer in a viscoelastic medium
and propose a new type of active microrheology. We derive a relation that con-
nects the average swimming velocity and the frequency-dependent viscosity of the
surrounding medium. In this relation, the viscous contribution can exist only when
the time-reversal symmetry is broken, whereas the elastic contribution is present
only when the structural symmetry of the swimmer is broken. Purcell’s scallop

theorem breaks down for a three-sphere swimmer in a viscoelastic medium.

2.1 Introduction

Microrheology is one of the most useful techniques for measuring the rheological
properties of soft matter and various biological materials including cells [2.1, 2.2].
There are two different methods: passive microrheology and active microrheol-
ogy. In passive microrheology, both the local and bulk mechanical properties of a
medium can be extracted from the Brownian motion of a probe particle [2.3, 2.4].
In this method, the generalized Stokes—Einstein relation (GSER) is used to an-
alyze thermal diffusive motion. In active microrheology, on the other hand, the
probe is actively pulled through the fluid with the aims of driving the medium

out of equilibrium and measuring mechanical responses [2.5, 2.6]. Within linear



response theory, the generalized Stokes relation (GSR) is employed to obtain the
frequency-dependent complex shear modulus.

In this Letter, we propose a new type of active microrheology using a mi-
croswimmer. Microswimmers are tiny machines that swim in a fluid such as
sperm cells or motile bacteria, and are expected to be applied to microfluidics
and microsystems [2.7]. As one of the simplest microswimmers, we consider the
Najafi-Golestanian three-sphere swimmer model [2.8, 2.9], where three in-line
spheres are linked by two arms of varying length (see Fig. 2.1). Recently, such
a swimmer has been experimentally realized [2.10]. We investigate its motion
in a general viscoelastic medium, and obtain a relation that connects the aver-
age swimming velocity and the frequency-dependent complex shear viscosity of
the surrounding viscoelastic medium. We show explicitly that the absence of the
time-reversal symmetry of the swimmer motion leads to the real part of the vis-
cosity, whereas the absence of the structural symmetry of the swimmer is reflected
in the imaginary part of the viscosity. Hence, we shall call the proposed method
the “swimmer-microrheology”. Our result also indicates that Purcell’s scallop the-
orem [2.11, 2.12], which states that time-reversible body motion cannot be used
for locomotion in a Newtonian fluid, breaks down for a three-sphere swimmer in

viscoelastic media if the structural symmetry is violated.

2.2 Model

The general equation that describes the hydrodynamics of a low-Reynolds-number
flow in a viscoelastic medium is given by the following generalized Stokes equa-
tion [2.13]:

0= / At — )V t) — Vp(r.t). 2.1)

Here n(t) is the time-dependent shear viscosity, v is the velocity field, p is the
pressure field, and r stands for a three-dimensional positional vector. The above

equation is further subjected to the incompressibility condition, V - v = 0. From



these equations, one can obtain a linear relation between the time-dependent force
F(t) acting on a hard sphere of radius a and its time-dependent velocity V' (¢). In

the Fourier domain, this relation can be represented as

B 1
~ 6mwla

V(w) F(w), (2.2)
where we use a bilateral Fourier transform for V(w) = [*_dt V(t)e ™" and F(w),
while we employ a unilateral one for njw] = [;* dt n(t)e~**. Equation (2.2) is the
GSR, which has been successfully used in active microrheology experiments [2.5],
and its mathematical validity has also been discussed [2.6].

Next, we briefly explain the three-sphere model for a minimum swimmer in-
troduced by Najafi and Golestanian [2.8, 2.9]. As schematically shown in Fig. 2.1,
this model consists of three spheres of the same radius a that are connected by two
arms of lengths Lq(t) and Ly(t), which undergo time-dependent motion. Their ex-
plicit time dependences will be given later. If we define the velocity of each sphere

along the swimmer axis as V;(t) with ¢ = 1,2, 3, we have

La(t) = Va(t) — VA(t), (2.3)
Ly(t) = Va(t) — Va(t), (2.4)

where L; and L, indicate time derivatives.

Figure 2.1: Najafi-Golestanian three-sphere swimmer model. Three identical
spheres of radius a are connected by arms of lengths L;(¢) and Ly(¢) and un-
dergo time-dependent cyclic motion. The swimmer is embedded in a viscoelastic
medium characterized by a frequency-dependent complex shear viscosity nw].
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Owing to the hydrodynamic effect, each sphere exerts a force F; on the vis-
coelastic medium and experiences a force —F; from it. To relate the forces and
the velocities in the frequency domain, we use the GSR in Eq. (2.2) and the Os-
een tensor, in which the frequency-dependent viscosity n[w] is used instead of a

constant one [2.3, 2.4]. Assuming that a < Ly, Ly, we can write [2.8, 2.9]

 Fi(w) 1 Fy(w)* L' (w) 1 Fy(w) * (L + L) Hw)
Vilw) = 6mn|w]a N 47n|w] 27 i 47rn|w] 27 ’
(2.5)
1 Fi(w)x L (w) Fy(w) 1 Fy(w)* Ly'(w)
Valw) = 47rn|w] 27 6mnw]a i 47rn|w] 27 7 (2.6)
1 Fi(w)*(Li+ L) '(w) 1 Fy(w)* Ly (w) F3(w)
Valw) = 47 |w] 27 - 47rn|w] 27 * 67mn(wla’
(2.7)

where we have used bilateral Fourier transforms such as L1 (w) = [*°_dt [Ly(t)] " 'e=™".
Furthermore, the convolution of two functions is generally defined by g;(w) *
g2(w) = [ dw’ g1(w — w')ga(w’) in the above equations.

As in the original study, we are interested in the autonomous net locomotion of
the swimmer, and there are no external forces acting on the spheres. If the inertia
of the surrounding fluid can be neglected, we have the following force balance

condition:
Fi(t) + F(t) + F3(t) = 0. (2.8)

Since Egs. (2.5)—(2.7) involve convolutions in the frequency domain, we cannot
solve these equations for arbitrary L(t) and Ls(t). Here we assume that the two

arms undergo the following periodic motion:

Ly (t) = € + dy cos(§2t), (2.9)
Ly(t) = £+ dy cos(Qt — ¢). (2.10)

In the above, £ is the constant length, d; and ds are the amplitudes of the oscillatory

11



motion, 2 is the common arm frequency, and ¢ is the mismatch in the phases
between the two arms. In the following analysis, we generally assume that d;, dy <
(. The time-reversal symmetry of the arm motion is present when ¢ = 0 and 7.
Furthermore, we characterize the structural symmetry of the swimmer by d; and

ds, i.e., the structure is symmetric when d; = ds, while it is asymmetric when

dy # do.

2.3 Results

Since the arm frequency is €2, we assume that the velocities and the forces of the

three spheres can generally be written as

Vilw) =Vipd(w) + f: [Vind(w+nQ) +V; _, d(w —nQ)], (2.11)
Fi(w) = Fip0(w) + i [Find(w+nQ)+ F; _, 6(w —nQ)], (2.12)

where ¢ = 1,2, 3 for the three spheres. Substituting Eqgs. (2.11) and (2.12) into the
six coupled Eqgs. (2.3)—(2.8), we obtain a matrix equation with infinite dimensions.

Under the conditions dy,dy; < ¢ and a < ¢, we are allowed to consider only
n = —1,0, 1 and we further use the approximation F; 15 ~ 0. Then we can solve for
the six unknown functions V;(w) and F;(w), and also calculate the total swimming
velocity V' = (Vi + Vi + V3)/3. Up to the lowest order terms in a, the average

swimming velocity over one cycle of motion becomes [see also Appendix 2.A]

7dyd2aQ n'[Q) o 5(d? — d2)aQ)n"[Q)

V a
242 1y 4802 o

(2.13)

where 7/'[2] and 1"[Q)] are the real and imaginary parts of the complex shear vis-
cosity, respectively, and 79 = n[{2 — 0] is the constant zero-frequency viscosity.
The first term in Eq. (2.13) can be regarded as the viscous contribution and

is present only if the time-reversal symmetry of the swimmer motion is broken,
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Table 2.1: Locomotion of a three-sphere swimmer in a viscoelastic medium and
the relevant rheological information.

medium viscous viscoelastic
time-reversal symmetry Y N Y N
structural symmetry Y \ N|Y \ N|Y \ N|Y \ N
swimmer motion NINIYIY N|Y|Y| Y
rheological information | — | — | N | N | = | 2" | o |, 7"

ie., ¢ # 0,7. The second term, on the other hand, corresponds to the elastic
contribution, and exists only when the structural symmetry of the swimmer is
broken, i.e., di # dy. If we are able to control di, dy, and 2 of the swimmer,
we can first obtain 7/[Q] by measuring V as a function of Q by setting d; = ds.
Then we make a difference between d; and dy to examine the change in V, which
then yields 1”[€2]. The corresponding complex shear modulus is simply obtained
by G[Q)] = iQn[Q]. This is a new type of active microrheology that we propose in
this Letter.

For a purely Newtonian fluid, namely, for a medium characterized by a constant
viscosity, the second term in Eq. (2.13) vanishes, and the first term coincides
with the expression obtained by Golestanian and Ajdari [2.9]. It should be noted
here, however, that the velocity V in this case no longer depends on the constant
viscosity (because 17/[Q] /1o = 1) and we cannot measure it from V. Equation (2.13)
also implies that the swimmer cannot move in a purely elastic medium, for which
we have 19 — oco. Importantly, owing to the presence of the second term, Purcell’s
scallop theorem breaks down for a three-sphere swimmer in a viscoelastic medium.
Namely, even if the time-reversal symmetry of the swimmer motion is not broken,
i.e., ¢ = 0,7, the present swimmer can still move in a viscoelastic medium due to
the second term as long as its structural symmetry is broken, i.e., d; # ds. On the
basis of Eq. (2.13), we have summarized in Table I the motion of a three-sphere
swimmer in a viscoelastic medium and the relevant rheological information.

To further illustrate our result, we first assume that the surrounding viscoelastic

medium is described by a simple Maxwell model. In this case, the frequency-
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dependent viscosity can be written as

1 —wwny

—_— 2.14
1+ w?rd’ (2.14)

nw] = no
where 7 is the characteristic time scale. Within this model, the medium behaves
as a viscous fluid for wny < 1, while it becomes elastic for wny > 1. Using

Eq. (2.14), we can easily obtain the average swimming velocity in Eq. (2.13) as

7dydaf? 1 Siné + 5(d? — d2)aQ)  Qmy .
2402 1+ QP71 4802 1+ Q27

V= (2.15)
The first viscous term increases as V ~  for Qny < 1, while it decreases as V' ~
Q71 for Qmy > 1. This is a unique feature of the viscoelasticity [2.7, 2.14, 2.15],
but such a reduction occurs simply because the medium responds elastically in the
high-frequency regime. On the other hand, the second elastic term increases as
V ~ Q2 for Qny < 1, and it approaches a constant for Qry > 1. In Fig. 2.2(a),
we plot the average swimming velocity V as a function of the dimensionless arm
frequency Qmy when ¢ = 7/2 and d; = do. This plot corresponds to the first
term in Eq. (2.15). As a reference, the behavior of V' ~ € for a purely viscous
fluid is also plotted. Figure 2.2(b) is a similar plot when ¢ = 0 and d; # ds, and
corresponds to the second term in Eq. (2.15).

As a different example, we next consider the case in which the viscoelastic

medium is described by a power-law model such that [2.13, 2.16, 2.17]
nw] = Go(iw)* 1, (2.16)

where the exponent can take values of 0 < a < 1. With this expression, the
complex shear modulus also exhibits a power-law behavior, G[w] = Gy (iw)®. The
limits of @« = 0 and 1 correspond to the purely elastic and the purely viscous cases,

respectively. In the case of a power-law fluid, the average swimming velocity can
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be obtained from Egs. (2.13) and (2.16) as

7d1 dQCL
24021,

5(di — d3)a

V pu—
480%T,

(Q7,)* sin(ma/2) sin ¢ + (Qrp,)% cos(ma/2), (2.17)
where 7, = (179/Go)"1=%). Here we have assumed that the medium behaves as a
purely viscous fluid in the low-frequency limit characterized by a finite viscosity
no. According to the above expression, the swimming velocity scales as V ~ Q¢
in both the first and second terms. For the purely viscous case of a = 1, the first
term reduces to the result by Golestanian and Ajdari [2.9], while the second term
vanishes. For the purely elastic case of & = 0, on the other hand, the first term
vanishes and the second term remains, although the latter no longer depends on
the arm frequency 2. In Figs. 2.2(a) and 2.2(b), we have also plotted the average
velocity V as a function of Q7, when o = 1/2. In both of these plots, the scaling

behavior V ~ Q2 ig seen.

2.4 Conclusion

Lauga considered the axisymmetric squirming motion of a sphere (squirmer) em-
bedded in an Oldroyd-B fluid, which represents a typical polymeric fluid [2.18].
He reported that the scallop theorem in a viscoelastic fluid breaks down if the
squirmer has fore-aft asymmetry in its surface velocity distribution. For a time-
reversal deformation given by a simple sinusoidal gait, he showed that the average
swimming velocity is given by V ~ QDe/(1 + De?), where the Deborah number
is given by De = Q7o with a characteristic relaxation time 7o in the Oldroyd-B
model. Such a frequency dependence of the swimming velocity is identical to the
second term of Eq. (2.15) obtained for a Maxwell fluid, although Eq. (2.13) is
more general. On the other hand, our result is different from that by Curtis and
Gaffney [2.19], because they showed that the swimming velocity in a viscoelastic
medium is the same as that in a Newtonian fluid.

To summarize, we have proposed a new active microrheology using the Najafi—
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Golestanian three-sphere swimmer. The frequency dependence of the average
swimming speed provides us with the complex shear viscosity of the surround-
ing viscoelastic medium. Here the viscous contribution can exist only when the
time-reversal symmetry of the swimmer is broken, whereas the elastic contribution
is present only if its structural symmetry is broken.

Even though the argument in this Letter is restricted to the artificial three-
sphere swimmer, we expect that our basic concept can still be applied to more
complex biological processes such as the motion of bacteria, flagellated cellular
swimming, and the beating of cilia. Since most of these phenomena take place in a
viscoelastic environment, we hope that the concept of our new active microrheology

will be used in the future to reveal their mechanical and dynamical properties.

Appendix 2.A Derivation of Eq. (2.13)

In this appendix, we show the detailed derivation of Eq. (2.13). Substituting
Egs. (2.9) and (2.11) into Eq. (2.3), we obtain

Voo —Vip =0, (2.18)
Vou —Vig = —imdy (), (2.19)
‘/2,71 - ‘/1771 = iﬂde, (220)
Vo —Vipn =0 for|n| > 2. (2.21)
Similarly, substituting Eqgs. (2.10) and (2.11) into Eq. (2.4), we obtain
Vio— V20 =0, (2.22)
Vi1 — Va1 = mda @22, (2.23)
Vi1 — Va1 = mda P42, (2.24)
Vo — Vo, =0 for|n|>2, (2.25)
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where we have used the following notations

®; =7 cos ¢+ sin ¢, (2.26)
®y = —icos g+ sin¢. (2.27)

Next we expand Eqgs. (2.5), (2.6) and (2.7) in terms of the small quantities d; /¢
and dy/¢ while keeping only the lowest order terms. Substituting Egs. (2.11) and

(2.12) into these three equations, we obtain

Vip =
M 6an[—nQla | 4rn[—nQ)l

Fl,n 1 _ leZ,nJrl d1F2,n71
2 20 20

1 Fsn  difzp didsaa " o P F3 1 ida Pkl
4rn[—nQe \ 2 8¢ 8¢ 8¢ 8¢ ’
(2.28)
Ve 1 ro_ hiFip diFina Fyn
2 Arp[—nQ)e \U M 20 20 6mn[—nQa
1 ido®1Fyns1  ida®PoFyn
2 ia S nl) 9.29
drn[—n<)l ( st T 20 > (229)
Ve~ 1 Fio  diFipp diFipa n o1 Py gy ida Pk g
S Arn[—nQe \ 2 8¢ 8¢ 8¢ 8¢
1 ido®1Fo 1 idePaFr Fsn
— (B, ntl : m__ (230
4n[—nQl ( 20t 20 20 > 6mn[—nQa (2:30)

Note that the couplings between different n-modes are involved in these equations.

Finally, substituting Eq. (2.12) into Eq. (2.8), we obtain
Fl,n + FZ,n + Fgm == 0 (231)

The above set of equations constitute a matrix equation with infinite dimen-
sions and cannot be solved in general. Under the assumption of a < ¢, however,
we are allowed to consider only n = —1,0,1 and further approximate as F; 15 =~ 0.
The justification of the latter approximation is also seen by solving Eqs. (2.21),
(2.25), (2.28), (2.29), (2.30) and (2.31) for n = £+2 and taking the limit of a < ¢.
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Hence the above set of equations can be solved for 18 unknowns, i.e., V;, and Fj,
fori=1,2,3 and n=-1,0,1.

The velocity of each sphere is simply obtained by the inverse Fourier transform,
Vi(t) = (2m)~ [72 dw Vi(w)e™". The average swimming velocity over one cycle of

motion is then calculated by

o 0 27/
V=

o de [Va(t) + Va(t) + Vs(t)]/3. (2.32)

Up to the lowest order terms in a, we finally obtain Eq. (2.13). In order to obtain
more accurate higher order terms in a, one needs to take into account the higher

order n-modes (|n| > 2).
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Figure 2.2: Average swimming velocity V as a function of Q7, where Q is the
arm frequency and 7 represents either my for a Maxwell fluid (red lines) or 7,
for a power-law fluid (green lines). In the power-law model, we choose v = 1/2.
(a) Viscous contribution by setting ¢ = 7/2 and d; = dy. Here V is scaled by
7d?a/(240?7). The case for a viscous fluid is plotted by the black line. (b) Elastic
contribution by setting ¢ = 0 and d; # dy. Here V is scaled by 5(d? —d3)a/(48¢7).
The case for an elastic medium is plotted by the black line.
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Chapter 3

Elastic three-sphere

microswimmer in a viscous fluid

We discuss the dynamics of a generalized three-sphere microswimmer in which the
spheres are connected by two elastic springs. The natural length of each spring
is assumed to undergo a prescribed cyclic change. We analytically obtain the
average swimming velocity as a function of the frequency of cyclic change in the
natural length. In the low-frequency region, the swimming velocity increases with
frequency, and its expression reduces to that of the original three-sphere model
by Najafi and Golestanian. Conversely, in the high-frequency region, the average
velocity decreases with increasing frequency. Such behavior originates from the
intrinsic spring relaxation dynamics of an elastic swimmer moving in a viscous

fluid.

3.1 Introduction

Microswimmers are tiny machines that swim in a fluid, such as sperm cells or
motile bacteria, and they are expected to be applied to microfluidics and microsys-
tems [3.1]. By transforming chemical energy into mechanical work, microswimmers

change their shape and move in viscous environments. Over the length scale of
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microswimmers, the fluid forces acting on them are governed by the effect of vis-
cous dissipation. According to Purcell’s scallop theorem [3.2], time-reversal body
motion cannot be used for locomotion in a Newtonian fluid [3.3]. As one of the
simplest models exhibiting broken time-reversal symmetry, Najafi and Golesta-
nian proposed a three-sphere swimmer [3.4, 3.5], in which three in-line spheres are
linked by two arms of varying length. This model is suitable for analytical analysis
because it is sufficient to consider only the translational motion, and the tensorial
structure of the fluid motion can be neglected. Recently, such a swimmer has been
experimentally realized by using ferromagnetic particles at an air-water interface
and by applying an oscillating magnetic field [3.6].

The original Najafi-Golestanian model has been further extended to various
situations, such as the case when one of the spheres has a larger radius [3.7] or
when three spheres are arranged in a triangular configuration [3.8]. Montino and
DeSimone considered the case in which one arm is periodically actuated while the
other is replaced by a passive elastic spring [3.9]. It was shown that such a swimmer
exhibits a delayed mechanical response of the passive spring with respect to the ac-
tive arm. More recently, they analyzed the motion of a three-sphere swimmer with
arms having active viscoelastic properties mimicking muscular contraction [3.10].
Recently, Nasouri et al. discussed the motion of an elastic two-sphere swimmer, in
which one of the sphere is a neo-Hookean solid [3.11].

Another approach for extending the Najafi-Golestanian model is to consider
the arm motions as occurring stochastically [3.12, 3.13], rather than assuming a
prescribed sequence of deformations [3.4, 3.5]. In these models, the configura-
tion space of a swimmer generally consists of a finite number of distinct states.
A similar idea was employed by Sakaue et al., who discussed the propulsion of
molecular machines or active proteins in the presence of hydrodynamic interac-
tions [3.14]. Later, Huang et al. considered a modified three-sphere swimmer in
a two-dimensional viscous fluid [3.15]. In their model, the spheres are connected
by two springs, the lengths of which are assumed to depend on the discrete states

that are cyclically switched. As a result, the dynamics of a swimmer consists of
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the spring relaxation processes, which follow after each switching event.

In this letter, we discuss a generalized three-sphere swimmer in which the
spheres are simply connected by two harmonic springs. The main difference be-
tween this model and the previous models is that the natural length of each spring
depends on time and is assumed to undergo a prescribed cyclic change. Whereas
the arms in the Najafi-Golestanian model undergo a prescribed motion regardless
of the force exerted by the fluid, the sphere motion in our model is determined
by the natural spring lengths representing internal states of a swimmer and also
by the force exerted by the fluid. In this sense, our model is more realistic to
study the locomotion of active microswimmers. We analytically obtain the av-
erage swimming velocity as a function of the frequency of cyclic change in the
natural length. In order to better illustrate our result, we first explain the case in
which the two spring constants are identical and the two oscillation amplitudes of
the natural lengths are the same. Then, we shall discuss a general case in which
these quantities are different and the phase mismatch between the natural lengths
is arbitrary.

The introduction of harmonic springs between the spheres leads to an intrinsic
time scale of an elastic swimmer that characterizes its internal relaxation dynam-
ics. When the frequency of cyclic change in the natural lengths is smaller than
this characteristic time, the swimming velocity increases with frequency, as in the
previous works [3.5]. In the high-frequency region, on the other hand, the mo-
tion of spheres cannot follow the change in the natural length, and the average
swimming velocity decreases with increasing frequency. Such a situation resem-
bles the dynamics of the Najafi-Golestanian three-sphere swimmer in a viscoelastic
medium [3.16]. We also show that, owing to the elasticity that has been introduced,
the proposed micromachine can swim even if the change in the natural lengths is
reciprocal as long as its structural symmetry is violated. Although the considered
swimmer appears to be somewhat trivial, it can be regarded as a generic model
for microswimmers or protein machines since the behaviors of the previous models

can be deduced from our model by taking different limits.
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3.2 Model

We generalize the Najafi-Golestanian three-sphere swimmer model to take into
account the elasticity in the sphere motion. As schematically shown in Fig. 3.1,
the present model consists of three hard spheres of the same radius a connected
by two harmonic springs A and B with spring constants K, and Kg, respectively.
We assume that the natural lengths of these springs, denoted by ¢4 (t) and ¢5(t),
undergo cyclic time-dependent change. Their explicit time dependences will be

specified later. The total energy of an elastic swimmer is then given by

K K
FE = TA(xg—$1—€A)2+7B(133—372—€B>2, (31)

where z;(t) (i = 1,2, 3) are the positions of the three spheres in a one-dimensional
coordinate system. We also assume x; < xy < x3 without loss of generality. Owing
to the hydrodynamic interaction, each sphere exerts a force on the viscous fluid
of shear viscosity 1 and experiences an opposite force from it. In general, the
surrounding medium can be viscoelastic [3.16], but such an effect is not considered
in this letter.

Denoting the velocity of each sphere by z;, we can write the equations of motion

of the three spheres as

. Ka Ka (z9 — 21 — l4)
$1—6 ($2—1’1—5A)—
m™ma 4y wg — X1
K — 29 — 4 K; — 29 — ¥
I B ($3 X2 B) _ AB (963 X2 B)7 (3'2)
4d7n To — I1 47 T3 — T1
. Ky (xo—x1 —4y) Ka
= — —x =/
2 Aty x9— 11 6mna (12 =21 = a)
Ky Kg (73 — 19 — IB)
— 29 — fp) — 3.3
67?77a(x3 72— ) 4ty w3 — 19 (3.3)
e — KA ($2—$1—£A) _ K\ <x2_$1_£A>
’ Aty x3— 11 Aty x3— X9
Ky (5153 — T2 — EB) Ky
— —x9—/ 3.4
Ay 13— Ty 6mna (w3 = w2 = L), (3-4)
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where we have used the Stokes’ law for a sphere and the Oseen tensor in a three-
dimensional viscous fluid. The swimming velocity of the whole object can be

obtained by averaging the velocities of the three spheres:
L. . :

One of the advantages of the present formulation is that the motion of the spheres
is simply described by coupled ordinary differential equations. Moreover, the force-
free condition for the whole system [3.4, 3.5] is automatically satisfied in the above
equations.

Next, we assume that the two natural lengths of the springs undergo the fol-

lowing periodic changes:

Ua(t) = £+ da cos(§2t), (3.6)
lg(t) = € + dg cos(§2t — ). (3.7)

In the above, ¢ is the common constant length, da and dg are the amplitudes
of the oscillatory change, €2 is the common frequency, and ¢ is the mismatch in
phase between the two cyclic changes. The time-reversal symmetry of the spring
dynamics exists only when ¢ = 0 or 7; otherwise, the time-reversal symmetry is
broken. In the following analysis, we generally assume that da, dg, a < ¢ and focus
on the leading-order contribution. It is convenient to introduce a characteristic
time scale 7 = 67na/K,. Then we use ¢ to scale all the relevant lengths (z;,
a, da, and dg) and employ 7 to scale the frequency, i.e., O = Qr. By further
defining the ratio between the two spring constants as A\ = Kg/Kj, the coupled
Egs. (3.2)—(3.4) can be made dimensionless.

3.3 Results

In order to discuss the essential outcome of the present model, we shall first con-

sider the simplest symmetric case, i.e., A =1, dy = dg = d, and ¢ = 7/2. Hence,
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Eq. (3.7) now reads ¢g(t) = £ + dsin(Qt). For our later calculation, it is useful to
introduce the following spring lengths with respect to /:

Uy = To — 11 — £, ug = T3 — Ty — L. (3.8)

Notice that these quantities are related to the sphere velocities in Egs. (3.2)—(3.4)

as
Up =G — &1, U = d3 — B (3.9)

Using Egs. (3.2)-(3.4) and solving Eq. (3.9) in the frequency domain, we obtain

the following expressions after inverse Fourier transform

—3Q0+502+ O3 QO — 402 4+ 203

()~ DI ) AR, (3.10)
9+ 1092 + Q4 9+ 1092 + Q4
Q + 402 + 203 Q+502-03

up(t) o~ A AV oy 4 23D dsin(Qt),  (3.11)

94 1002 + (4 9+ 1002 + (4

where we have used a/l < 1.
According to the calculation by Golestanian and Ajdari [3.5], the average swim-
ming velocity of a three-sphere swimmer can generally be expressed up to the

leading order in u /¢ and ug /¢ as

- Ta . .
V= m(uAuB — UAUB), (3.12)

where the averaging (---) is performed by time integration in a full cycle. The
above expression indicates that the average velocity is determined by the area
enclosed by the orbit of periodic motion in the configuration space [3.5]. Using

Egs. (3.10) and (3.11) for an elastic microswimmer with d/¢,a/¢ < 1, we obtain
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the lowest-order contribution as

7d?a 303+ Q?)
2407 9 + 1002 4 Q4

V= (3.13)

which is an important result of this letter.
We first consider the small-frequency limit of O < 1. Physically, this limit

corresponds to the case when the spring constant K, is very large. We easily

obtain
ua(t) = dcos(Qt),  up(t) =~ dsin(Qt), (3.14)
and
Vo~ 7d*af) (3.15)
DY '

which exactly coincides with the average velocity of the Najafi-Golestanian swim-
mer with identical spheres [3.4, 3.5]. This is reasonable because the two spring
lengths ua and ug are in phase with their respective natural lengths ¢, and /g,
as we can see from Egs. (3.6), (3.7), and (3.14). Notice that the average velocity
increases as V ~  in this limit, while it does not depend on the fluid viscosity
n [3.4, 3.5].

In the opposite large-frequency limit of Q) > 1, on the other hand, we have

V/5d

ua(t) = —— cos[{2t — arctan 2], (3.16)
up(t) ~ V5d sin[Qt — (7 — arctan 2)], (3.17)
T

where arctan2 ~ 1.107 and

21d%a

VR siEare

(3.18)

We see here that ua and ug are out of phase with respect to the natural lengths
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(s and (g, while the average velocity decreases as V ~ Q7! when  is increased.
When the spring constant K, is small, it takes time for a spring to relax to its
natural length, which leads to a delay in the mechanical response. The crossover
frequency between the above two regimes is determined by Q* ~ 1. The general
frequency dependence of Eq. (3.13) is shown in Fig. 3.2(a) for A = 1 (black line).
It shows a maximum around Q ~ 1, as expected.

Recently, we investigated the motion of the Najafi-Golestanian three-sphere
swimmer in a viscoelastic medium [3.16]. We derived a relation that connects
the average swimming velocity and the frequency-dependent viscosity of the sur-
rounding medium. In this relation, the viscous contribution can exist only when
the time-reversal symmetry is broken, whereas the elastic contribution is present
only when the structural symmetry of the swimmer is broken. In particular, we cal-
culated the average swimming velocity when the surrounding viscoelastic medium
is described by a simple Maxwell fluid with a characteristic time scale my. It was
shown that the viscous term increases as V ~  for Qny < 1, while it decreases
as V ~ Q71 for Qny > 1. This is a unique feature of a swimmer in a viscoelas-
tic medium [3.16-3.18], and such a reduction occurs simply because the medium
responds elastically in the high-frequency regime. We note that the frequency de-
pendence of V for an elastic three-sphere swimmer, as obtained in Egs. (3.13), is
analogous to that for the Najafi-Golestanian swimmer in a viscoelastic Maxwell
fluid. In other words, an elastic microswimmer in a viscous fluid exhibits “vis-
coelastic” effects as a whole.

Having discussed the simplest situation of the proposed elastic swimmer, we
now show the result for a general case when K # Kg (or A # 1), da # dg, and
the phase mismatch ¢ in Eq. (3.7) is arbitrary. By repeating the same calculation
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as before, the spring lengths in Eq. (3.8) now become

1
TON2 £ 2(24 A+ 2X2)02 + O

ua(t)
X { [9A2 + (4 + A\)Q%)dy cos() + 2(3A% + Q%)Qd, sin(Q1)
— 2X\(1 + \)Q%dg cos(Qt — ¢) — A(—=3X 4+ 0*)Qdy sin(Qt — ¢)}, (3.19)

1
TON2 £ 2(24 A+ 2X2)02 + O

u(t)
X {—2(1 + N)2d, cos() 4 (3N — Q2)Qd s sin(Q1)

+ A9X + (1 + 4N)Q2]dp cos(Qt — ¢) + 2X(3 4+ Q)Qdp sin(Qt — ¢)},

(3.20)

respectively, where we have used a/¢ < 1. Using Eq. (3.12) again, we finally

obtain the lowest-order general expression of the average velocity as

—  Tdadga _ 4 ) 7(A = 1)dadpa ., 4 7(di — d3N)a 4
= Fi(Q; — Fy(Q; —=— = F(
V=T, 11N sing oy LA coso T R (),
(3.21)
where the two scaling functions are defined by
. 3AQ(3A + Q2
Fi(( ) = BA+S) (3.22)
9N +2(2+ A +2X2)Q2 + 04
A 3002
Fy (N = (3.23)

COON2 4 2(24 A+ 2X2)02 + 04

In Fig. 3.2, we plot the above scaling functions as functions of Q) for A = 0.1 and
10. Notice, however, that these two cases are essentially equivalent because we
can always exchange the springs A and B, whereas we have defined the relaxation

time 7 by using Kj.
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When A =1, dy = dg, and ¢ = 7/2, only the first term remains, and Eq. (3.21)
reduces to Eq. (3.13), as expected. When A # 1, on the other hand, the second
term is present even if ¢ = 0. The third term is also present when d3 # d3)\,
regardless of the phase mismatch ¢. Notice that the first term represents the
broken time-reversal symmetry for ¢ # 0, whereas both the second and third
terms reflect the structural asymmetry of an elastic three-sphere swimmer [3.16].
To be more precise, the second term is due to the difference between the relaxation
times of the two springs, and the third term reflects the asymmetric changes of
their natural lengths.

It is interesting to note that the frequency dependence of the second and third
terms in Eq. (3.21), represented by F5(Q,)), is different from that of the first
term, represented by Fl(Q, A). According to Eq. (3.23), V due to the second and
third terms increases as V ~ Q2 for Q < 1, whereas it decreases as V ~ Q=2 for
Q>1 In general, the overall swimming velocity depends on various structural
parameters and exhibits a complex frequency dependence. For example, Fl(Q, A)
in Fig. 3.2(a) exhibits a non-monotonic frequency dependence (two maxima) for
A = 0.1 or 10 (namely, when A # 1). On the other hand, an important common
feature in all the terms in Eq. (3.21) is that V decreases for Q > 1, which is
characteristic of elastic swimmers.

We confirm again that Eq. (3.21) reduces to the result by Golestanian and
Ajdari [3.5], i.e., V = Tdadgaf)sin ¢/(24¢%), when the two spring constants are
infinitely large, i.e., Ky, K — oo and A = 1. The third term in Eq. (3.21) vanishes
even if dy # dg because 1 — 0 holds in this limit. In the modified three-sphere
swimmer model considered by Montino and DeSimone, one of the two arms was
replaced by a passive elastic spring [3.9]. Their model can be obtained from the
present model simply by setting one of the spring constants to be infinitely large,
say K5 — 00, and by regarding the natural length of the other spring as a constant,
say {g = { (or dg = 0). The continuous changes of the natural lengths introduced
in Egs. (3.6) and (3.7) are a straightforward generalization of cyclically switched
discrete states considered in the previous studies [3.12-3.15]. We finally note that a
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model similar to the present one was considered in Ref. [3.19], although that study
focused only on the low-frequency region and did not discuss the entire frequency
dependence. Using coupled Langevin equations, the authors of Ref. [3.19] mainly
investigated the interplay between self-driven motion and diffusive behavior [3.19],

which is also an important aspect of microswimmers.

3.4 Conclusion

To summarize, we have discussed the locomotion of a generalized three-sphere
microswimmer in which the spheres are connected by two elastic springs and the
natural length of each spring is assumed to undergo a prescribed cyclic change.
As shown in Egs. (3.13) and (3.21), we have analytically obtained the average
swimming velocity V as a function of the frequency Q of cyclic change in the nat-
ural length. In the low-frequency region, the swimming velocity increases with
frequency and reduces to the original three-sphere model by Najafi and Golesta-
nian [3.4, 3.5]. Conversely, in the high-frequency region, the velocity decreases
with increasing frequency. This property reflects the intrinsic spring relaxation

dynamics of an elastic swimmer in a viscous fluid.
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Figure 3.1: Elastic three-sphere microswimmer in a viscous fluid characterized by
the shear viscosity n. Three identical spheres of radius a are connected by two
harmonic springs with elastic constants K and Kg. The natural lengths of the
springs, ¢4 (t) and ¢g(t), depend on time and are assumed to undergo cyclic change
[see Egs. (3.6) and (3.7)]. The time-dependent positions of the spheres are denoted
by x1(t), z2(t), and z3(t) in a one-dimensional coordinate system.
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Figure 3.2: Plots of the scaling functions (a) F(€); A) and (b) F5(S%; ) defined in
Egs. (3.22) and (3.23), respectively, as functions of Q@ = Q7 for A = Kg/K) =
0.1,1, and 10. The numbers indicate the slope representing the exponent of the

power-law behaviors.

34



Chapter 4

Thermally driven elastic

micromachines

We discuss the directional motion of an elastic three-sphere micromachine in which
the spheres are in equilibrium with independent heat baths having different tem-
peratures. Even in the absence of prescribed motion of springs, such a micro-
machine can gain net motion purely because of thermal fluctuations. A relation
connecting the average velocity and the temperatures of the spheres is analytically
obtained. This velocity can also be expressed in terms of the average heat flows
in the steady state. Our model suggests a new mechanism for the locomotion of

micromachines in nonequilibrium biological systems.

4.1 Introduction

Microswimmers are tiny machines that swim in a fluid, such as sperm cells or
motile bacteria, and are expected to be applied to microfluidics and microsys-
tems [4.1]. By transforming chemical energy into mechanical work, these objects
change their shape and move in viscous environments. Over the length scale of
micromachines, the fluid forces acting on them are governed by viscous dissipation.

According to Purcell’s scallop theorem [4.2], time-reversal body motion cannot be
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used for locomotion in a Newtonian fluid. As one of the simplest models exhibiting
broken time-reversal symmetry, Najafi and Golestanian proposed a three-sphere
swimmer [4.3, 4.4], in which three in-line spheres are linked by two arms of varying
length. Recently, Pande et al. and the present authors independently proposed a
generalized three-sphere microswimmer in which the spheres are connected by two
elastic springs [4.5, 4.6].

In the previous three-sphere microswimmer models, either the arm lengths or
the natural lengths of the springs were assumed to undergo prescribed cyclic mo-
tions [4.3-4.6]. Such active motions can lead to net locomotion if the swimming
strokes are nonreciprocal. From a practical point of view, however, it is not a
simple task to implement these motions at micron length scales. Another ap-
proach for extending the Najafi-Golestanian model is to consider the arm motions
as occurring stochastically [4.7-4.10]. Although proteins or enzymes are naturally
designed to include such sophisticated molecular mechanisms, it is still a substan-
tial challenge to construct them artificially. It should also be noted that thermal
agitations due to surrounding fluids become more significant at these small scales.

In this letter, by using an elastic three-sphere micromachine [4.5, 4.6], we sug-
gest a new mechanism for locomotion that is purely induced by thermal fluctua-
tions. To highlight this effect, we do not consider any prescribed motion of the
natural lengths [4.6]. On the other hand, the key assumption in our model is that
the three spheres are in equilibrium with independent heat baths having different
temperatures. In this case, heat transfer occurs from a hotter sphere to a colder
one, driving the whole system out of equilibrium. We show that a combination of
heat transfer and hydrodynamic interactions among the spheres can lead to direc-
tional locomotion in the steady state. We analytically obtain the expression for
the average velocity in terms of the sphere temperatures. Our finding is further
confirmed by numerical simulations. Since our model has a similarity to a class
of thermal ratchet models that have been intensively studied before [4.11-4.13],
the suggested mechanism is relevant to nonequilibrium dynamics of proteins and

enzymes in biological systems.
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4.2 Model

As schematically shown in Fig. 4.1, we consider a three-sphere micromachine and
take into account the elasticity in the internal spring motions [4.5, 4.6]. This model
consists of three hard spheres of radius a connected by two harmonic springs A
and B with spring constants K and Kpg, respectively. The natural length of the

springs, ¢, is assumed to be constant. The total energy is given by

K K
E= TA(xQ—xl —€)2+7B(x3—a:2—£)2, (4.1)

where z;(t) (i = 1,2, 3) are the positions of the three spheres in a one-dimensional
coordinate system and we assume x; < x5 < x3 without loss of generality. Owing
to the hydrodynamic interactions, each sphere exerts a force on the viscous fluid
of shear viscosity n and experiences an opposite force from it. In general, the
surrounding medium can be viscoelastic [4.14], but such an effect is not included
in this letter.

We consider a situation in which the three spheres are in equilibrium with in-
dependent heat baths at temperatures T;. When these temperatures are different,
the system is driven out of equilibrium because a heat flux is generated from a

hotter sphere to a colder one. Denoting the velocity of each sphere by z;, we can
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write the equations of motion of the three spheres as

K K —x— /4
ii)l = A (x‘g — T — E) — A ($2 T )
6mna An  x9 — 11
K —x9 — 4 K —x9—/
; B (73 — 2 ) _ AB (23 — 13 ) e, (4.2)
T T — T drn w3 — 1y
K -z — /0 K
Ty = A (22— 7 >— A(xQ—xl—ﬁ)
arn  x9 — 11 6mna
KB KB (333 — L9 — f)
—x9 — ) — 4.3
67'('1’]& (.T3 X2 ) 47_”7 T3 — T + 52; ( )
oo Ka(m—n—0) Ky(@m-n-0)
s 4y  x3— 11 At 13 — T9
KB (333 — Ty — f) KB
— —x9— 4.4
4Ty x3 — o 67r77a(x3 2=+, (4.4)

where we have used the Stokes’ law for a sphere and the Oseen tensor in a three-
dimensional viscous fluid.
Furthermore, the white-noise sources &;(t) have zero mean, (&;(t)) = 0, and

their correlations satisfy [4.15]

(&(1)&;(t)) = 2Dy0(t — 1), (4.5)

where D;; is the mutual diffusion coefficient. When ¢ = j, D;; is simply given by

the Stokes—Einstein relation, i.e.,

kT

Dii - 3
6mna

(4.6)

where kg is the Boltzmann constant. When ¢ # j, on the other hand, we assume

the following general relation:

_ ksO(T, T5)

Dy = ,
dmn|z; — x|

v

(4.7)

where O(T;,T}) is a function of T; and 7. For example, the relevant effective

temperature can be the mobility-weighted average [4.16], which in the present
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case is given by O(T;,T;) = (T; + 1;)/2 because all the spheres have the same
size. However, its explicit functional form is not needed here, and it only needs to
satisfy an appropriate fluctuation dissipation theorem in thermal equilibrium, i.e.,
T; = T}. This is because we only consider the limit of @ < ¢ in the present study.

It is convenient to introduce a characteristic time scale given by 7 = 6mna/Ky.
We further define the ratio between the two spring constants as A = Kg/ K. We

shall denote the two spring extensions by
ua(t) =axg —a1 — L4,  up(t) =x3 — a9 — L. (4.8)

Notice that these quantities are related to the sphere velocities in Eqs. (4.2)—(4.4)
as uy = &9 — &1 and ug = I3 — 9, respectively. In the following analysis, we
generally assume that ua,ug < ¢ as well as a < ¢, and focus only on the leading-

order contribution.

4.3 Results

To present the essential outcome of the model, we first consider the simplest sym-
metric case, i.e., Kn = K (A = 1). We introduce the bilateral Fourier transform
for any function f(t) as f(w) = [~_dt f(t)e”™" and the inverse transform as
f(t) = [ _(dw/27) f(w)e™!. Solving the time derivative of Eq. (4.8) with the aid
of Egs. (4.2)—(4.4) in the frequency domain, we obtain

(2 +iwT)é(w) — (1 4 iwT)&a(w) — &3(w)
—3 — diwT + (w1)?

ua(w) ~ 7+ O(a), (4.9)

L Gw) + (At iwn)&(w) — (2 4 iwT)&s(w)
up(w) ~ "3 diwr + (wr)? 7+ O(a), (4.10)

where O(a) indicates the terms of the order of a.

The velocity of a three-sphere micromachine is generally given by V(t) = (&1 +
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&g + &3)/3, which now becomes

a ud o uZ

b2l 6+ &)+ O, ud). (1)

By taking its statistical average, we further obtain

() — A (1) + O, u ), (4.12)

(V1)) =

where we have used (ua(t)) = (ug(t)) = 0 in the lowest-order of a. In the Fourier

domain, Eq. (4.12) can be written in terms of convolution as

Vi) = g [ 55 tunloo = un(e) — (o = un () + O(a? 1 )

(4.13)

Next, we substitute Egs. (4.9) and (4.10) into Eq. (4.13) and use the relation
(&i(w)E(W)) = (2m)(2D;5)0(w + w'), as directly obtained from Eq. (4.5). After

some calculation, we have

art 27

(V(w) = I (D33 — D) d(w). (4.14)

4iT — wt?
Notice that the cross correlations for ¢ # j can be neglected here because these
are higher-order contributions of O(a?). Transforming back to the time domain,

we obtain the average velocity as

ak’B(Tg — Tl) . kJB(T3 — Tl)

V)= 167KA2  96mn2

(4.15)

where we have used Eq. (4.6).
The above expression is an important result of this letter and deserves further
discussion. The average velocity is proportional to the temperature difference

T3 — T7. Since we have assumed x; < x5 < x3, the swimming direction is from a
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colder sphere to a hotter one, i.e., (V) > 0 when T3 > T; and vice versa. It is also
remarkable that Eq. (4.15) does not depend on the temperature 75 of the middle
sphere. Hence (V) = 0 when 77 = T3 even though 7} and T3 can be different
from T,. However, the presence of the middle sphere is essential for directional
locomotion because the hydrodynamic interactions among the three spheres are
responsible for it. Notice that a two-sphere micromachine cannot move even if the
temperatures are different. This is because, if we keep only the first two terms in
Egs. (4.2) and (4.3) plus the noise terms & and & for the two spheres, we can
immediately see that (i + @2) = (&) + (&) = 0.

Having discussed the simplest symmetric case, we now present the result for
general asymmetric cases when Kj # Kp (A # 1). By repeating the same calcu-

lation as before, the two spring extensions in Eq. (4.8) now become

(2A +iwT)& (W) — (A 4+ iwT)Ea(w) — A3 (w)

ua(w) ~ 3N — 2(1 + Niwr + (w7)? 7+ 0(a), (4.16)
up(w) ~ S Jr_élj_l;} (?iz(:;zu;(i E;i“‘;)&’ W4 o). (4.17)

Then, the average velocity is
V(1)) = %(Aué(t) —uj (1) +3(1 = Nua(H)up(t)) + O(a*, uj, up).  (4.18)

The substitution of Egs. (4.16) and (4.17) into the Fourier-transformed expression
of Eq. (4.18) yields the average velocity (V' (w)) similar to Eq. (4.14). By perform-
ing the inverse Fourier transform, we finally obtain the general expression for the

average velocity:

1442 (1 + N)

(V) [(2=5N)Ty — (T—=TNTy + (5 — 2\)T3). (4.19)

When A = 1, Eq. (4.19) reduces to Eq. (4.15), as expected. When the three
temperatures are identical, i.e., T} = T, = Tj, one can also show that the velocity

vanishes, (V) = 0. This indicates that an elastic three-sphere micromachine can
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attain a finite velocity owing to the temperature difference among the spheres,
rather than its structural asymmetry.

To confirm our analytical prediction, we performed numerical simulations of the
coupled stochastic equations in Egs. (4.2)—(4.4) when A = 1. The equations can be
discretized according to Storatonovich interpretation [4.13]. Then, the strength of
thermal noise acting on each sphere is determined by a dimensionless parameter
S; = [2kgT;/(Kal*)]*2. We performed simulations for (i) thermally asymmetric
nonequilibrium cases in which S; = Sy = 0 and S5 = 0.2 or S3 = 0.141, and
(ii) a thermally symmetric equilibrium case in which S; = Sy, = S3 = 0.067.
For comparison, we also performed a simulation for (iii) a thermally asymmetric
nonequilibrium two-sphere case in which S; = 0 and Sy = 0.133 (sphere 3 does
not exist). The average over 100 independent runs has been taken for each case.

In Fig. 4.2, we plot the obtained center-of-mass position X (t) = (z1+x2+x3)/3
as a function of time ¢. For case (i), we clearly see that a micromachine migrates
towards the positive direction with well-defined finite velocities. The dashed lines
correspond to the analytical result in Eq. (4.15), which is in good agreement with
the numerical simulations. However, a micromachine cannot gain any net dis-
placement for cases (ii) and (iii). Our simulation result clearly demonstrates that
a three-sphere micromachine can acquire directional motion because of thermal
fluctuations only when the three spheres have different temperatures.

In the above numerical simulations, a three-sphere micromachine undergoes
not only ballistic motion but also diffusive motion due to the presence of thermal
fluctuations. The crossover time separating these two different regimes can be
roughly estimated by the condition 2Dt* = (V)?t*2, where the total diffusion
coefficient is approximately given by D ~ kgT/(187na) with T = (T} + Ty +T3)/3.
By denoting the temperature difference in Eq. (4.15) as AT = T3—1T7, the crossover
time is roughly obtained as t* ~ D/(V)? ~ nl*T /[akg(AT)?]. When S; = S5 = 0
and S3 = 0.2, for example, we estimate t* ~ 3007, which is much smaller than the

total simulation time in Fig. 4.2.
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4.4 Conclusion

Next, we argue that the analytically obtained velocity in Egs. (4.15) or (4.19) can
be related to the ensemble average of heat flows in the steady state. Within the
framework of “stochastic energetics” proposed by Sekimoto [4.13], the heat gained

by the i-th sphere per unit time is expressed as

dQ;
dt

where #; and & are given by Egs. (4.2)—(4.4). In the calculation of average heat
flows, we also consider terms up to the leading-order contribution of a/¢. For
example, only the first term on the r.h.s. of Eq. (4.2), Kaua/(67na), and the noise
term, ;, are taken into account when we eliminate #; in Eq. (4.20). We further
use the statistical properties of quantities such as (u3) and (us&;), which can be
estimated according to Eqgs. (4.16) and (4.5).

Then, the lowest-order average heat flows are obtained as

<d6%>o o[ ITA)T (B+20Th = 3+ )Tz — ATy, (4.21)
<dd%2>0 RGeS ITA)T [—(B4+NT1+ (B4 22+ 3N) T, — (A +3N)T3],  (4.22)
<%>0 ~ 61 TA)THTI — (A 3T + (23 + 3N, (4.23)

which all vanish when 77 = T, = T3. It is also remarkable that the above lowest-

order heat flows satisfy [4.12, 4.13]

At dQ2 dQs\
<W>o+ <W>o+ <W>o =0 (4.24)

Assuming a linear relation between the velocity in Eq. (4.19) and the heat flows
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in Eqs. (4.21)-(4.23), we obtain an alternative expression for the velocity:

4 [3-5X/dQ)\  5-3\ /dQs
V) = Sk {1+)\ < di >0+ /\(1+)\)< at >J (425)

For the symmetric case of A = 1 corresponding to Eq. (4.15), the above expression

el ()

This relation indicates that the average velocity is determined by the net heat flow

reduces to

between spheres 1 and 3.

Finally, we briefly comment on previous relevant works. Using coupled Langevin
equations, Dunkel and Zaid investigated the interplay between the diffusive and
self-driven behaviors of an elastic three-sphere swimmer [4.17]. In this work, how-
ever, the temperature of the system was assumed to be uniform. In addition,
hydrodynamic simulations of a self-thermophoretic Janus particle were reported
in Ref. [4.18] to reproduce the experimental result [4.19]. Again, our model dif-
fers from this model because thermal fluctuations of internal degrees of freedom
cause the locomotion of an elastic micromachine. We also note from Eq. (4.19)
that (V') # 0 for symmetric temperatures T} = T3 # T3 as long as the structural
asymmetry exists.

In summary, we have shown that an elastic three-sphere micromachine in a
viscous fluid can acquire directional motion because of thermal fluctuations when
the spheres have different temperatures. We have obtained an expression for the
average velocity that is related to the temperatures and average heat flows. Such
a mechanism for the locomotion of micromachines is expected to play important
roles in nonequilibrium biological systems. In the future, we shall generalize our
calculation to the case in which the spheres have different sizes [4.4]. In such a
calculation, one needs to take into account higher-order contributions in a and ux,

ug. It would be interesting to investigate how these nonlinear contributions affect
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the nonequilibrium dynamics of thermally driven micromachines.
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Figure 4.1: Thermally driven elastic three-sphere micromachine in a fluid of vis-
cosity 1. Three spheres of radius a are connected by two harmonic springs with
elastic constants K, and Kg. The time-dependent positions of the spheres are de-
noted by z;(t) (i = 1,2,3) in a one-dimensional coordinate system. Importantly,
the three spheres are in equilibrium with independent heat baths at temperatures
T;.

100

X/t

50

Figure 4.2: Simulations of scaled center-of-mass position X/¢ of an elastic micro-
machine as a function of scaled time ¢/7 when a/¢ = 0.1. The strength of thermal
noise is S; = [2kgT;/(Kal?)]"/2. Case (i): thermally asymmetric nonequilibrium
three-sphere micromachine with S; = Sy = 0 and S3 = 0.2 (red) or S3 = 0.141
(green). Case (ii): thermally symmetric equilibrium three-sphere micromachine
with S} = Sy = S3 = 0.067 (black). Case (iii): thermally asymmetric nonequilib-
rium two-sphere micromachine with S; = 0 and Sy = 0.133 (cyan). The dashed
lines are the plots of Eq. (4.15) with the respective parameters.
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Chapter 5

Anomalous diffusion in
viscoelastic media with active

force dipoles

With the use of the “two-fluid model”, we discuss anomalous diffusion induced by
active force dipoles in viscoelastic media. Active force dipoles, such as proteins
and bacteria, generate non-thermal fluctuating flows that lead to a substantial
increment of the diffusion. Using the partial Green’s function of the two-fluid
model, we first obtain passive (thermal) two-point correlation functions such as
the displacement cross-correlation function between the two point particles sepa-
rated by a finite distance. We then calculate active (non-thermal) one-point and
two-point correlation functions due to active force dipoles. The time correlation of
a force dipole is assumed to decay exponentially with a characteristic time scale.
We show that the active component of the displacement cross-correlation function
exhibits various crossovers from super-diffusive to sub-diffusive behaviors depend-
ing on the characteristic time scales and the particle separation. Our theoretical
results are intimately related to the microrheology technique to detect fluctuations

in non-equilibrium environment.
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5.1 Introduction

The cytoplasm of living cells is full of proteins and organelles that play impor-
tant active roles with the aid of chemical fuels such as adenosine triphosphate
(ATP) [5.1]. In such a non-equilibrium environment, the transport properties of
chemical species drastically deviate from those in static equilibrium conditions.
For example, there are several experimental works reporting the anomalous dif-
fusion of a tagged particle in biological cells due to protein activities [5.2-5.6].
In other systems, a large enhancement of diffusion was also observed for a pas-
sive particle immersed in a bacterial bath [5.7, 5.8] or in a suspension of algae
Chlamydomonas [5.9], and such a phenomenon has been also studied theoreti-
cally [5.10, 5.11].

The modified diffusion in cells was attributed to non-equilibrium forces gener-
ated by molecular motors walking on cytoskeletal networks [5.12, 5.13]. Recently,
Mikhailov and Kapral proposed a different mechanism caused by non-equilibrium
conformational changes of proteins or enzymes [5.14, 5.15]. They showed that,
in addition to thermal fluctuations, active proteins in living cells generate non-
thermal fluctuating flows that lead to a substantial increment of the diffusion
constant. A chemotaxis-like drift of a passive particle was also predicted when
a spatial gradient of active proteins is present [5.14, 5.15]. In these previous
works, however, the three-dimensional (3D) cytoplasm and two-dimensional (2D)
biomembrane were treated as purely viscous fluids characterized by constant shear
viscosities [5.16].

In general, biological cells behave as viscoelastic materials [5.17, 5.18]. Hoff-
man et al. experimentally determined the frequency-dependent shear modulus of
cultured mammalian cells by using various methods to measure their viscoelastic
properties [5.19, 5.20]. Interestingly, they found two universal (weak) power-law
dependencies of the shear modulus at low frequencies corresponding to the cortical
and intracellular networks. At high frequencies, on the other hand, they observed

an exponent of 3/4 which was attributed to the mechanical response of actin fibers.
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Such an universal behavior of mechanical responses in living cells was also reported
in other work [5.21].

Among various methods, microrheology is one of the most useful techniques
to measure the rheological properties of living cells [5.22-5.26]. In this method,
the local and bulk mechanical properties of a single cell can be extracted from a
Brownian motion of probe particles, including both thermal and non-thermal con-
tributions [5.27]. Concerning its theoretical background, the generalized Stokes-
Einstein relation (GSER), equivalent to the fluctuation dissipation theorem (FDT),
has been used to analyze thermal diffusive motions. In non-thermal situations,
the GSER has been further extended to relate particle mean squared displace-
ment (MSD) and non-thermal force fluctuations [5.28, 5.29]. It should be noted,
however, that the GSER contains various assumptions which can be violated in
several situations [5.27]. Therefore it is necessary to discuss both thermal and
non-thermal Brownian motions in a viscoelastic medium which is described by a
well-founded theoretical model.

In this paper, we discuss diffusive motion of passive particles embedded in vis-
coelastic media that is described by the “two-fluid model” for gels [5.30-5.32]. We
especially focus on the effects of non-thermal fluctuations induced by active force
dipoles which undergo cyclic motions. We calculate displacement cross-correlation
functions (CCF) of two point particles for the passive situation induced by ther-
mal fluctuations and the active situation driven by force dipole fluctuations. Our
calculation is closely related to the “two-point microrheology” method which has
several technical advantages compared to the “one-point microrheology” [5.33]. As
for the stochastic property of a force dipole, we consider the case when there is no
correlation between different times, and also the case when it decays exponentially
with a characteristic time scale. If the dipole time scale is much larger than the
viscoelastic time scale, we show that the active contribution of the displacement
CCF exhibits all the possible crossover behaviors between super-diffusive and sub-
diffusive motions. Our predictions can be applied not only for cells but also for

bacterial suspensions and systems containing active colloids.
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Since our theory is based on the standard two-fluid model, it has some sim-
ilarities to the works by Levine and Lubensky [5.34, 5.35] or MacKintosh and
Levine [5.12, 5.13]. In the former studies [5.34, 5.35], they investigated the dy-
namics of rigid spheres embedded in viscoelastic media by using the two-fluid
model, but did not consider the effects of non-thermal fluctuations. In the latter
studies [5.12, 5.13], on the other hand, they developed a model for F-actin networks
driven out of equilibrium by molecular motors. The main difference in our work
is that active force dipoles are embedded in the fluid and exert forces on the fluid
itself. In this regard, we use the partial Green’s function that connects the force
acting on the fluid and the fluid velocity as discussed in Refs. [5.36, 5.37]. In these
works, they emphasized the role of the intermediate length scale in the analysis
of microrheology data. In our separate work, starting from the two-fluid model,
we have derived effective equations of motions for tracer particles displaying local
deformations and local fluid flows [5.38].

In the next section, we describe the two-fluid model and show its partial Green’s
function both in the Fourier space and the real space. In Sec. 5.3, we discuss
the passive two-point correlation functions. Using the coupling mobilities and
the FDT in thermal equilibrium, we calculate the power spectral density of the
velocity CCFs and the displacement CCFs. In Sec. 5.4, we shall investigate active
one-point correlation functions due to active force dipoles. We calculate the active
velocity auto-correlation function of a passive point particle by assuming different
time correlations of force dipoles. We then discuss in Sec. 5.5 the active two-point
correlation functions which are useful for two-point microrheology. The summary
of our work and some discussions related to the recent experiments are given in

Sec. 5.6.
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Figure 5.1: Schematic representation of the two-fluid model. The system con-
sists of an elastic network characterized by the Lamé coefficient u, and a viscous
fluid characterized by the shear viscosity 7. The elastic and fluid components are
coupled through the mutual friction. The length scale ¢ characterizes the typical
internal structure of the elastic network. Orange objects represent stochastic force
dipoles which are immersed in the fluid component. Two passive point particles
separated by a distance d are embedded in the fluid component. These passive
particles undergo correlated random Brownian motion due to thermal fluctuations
and active stochastic fluctuations induced by active force dipoles.

5.2 Two-fluid model

5.2.1 Model description

To describe viscoelastic media from a general point of view, we employ the two-fluid
model that has been broadly used to describe the dynamics of polymer gels [5.30—
5.32, 5.39]. As schematically shown in Fig. 5.1, there are two dynamical fields in
this model; the displacement field u(r,t) of the elastic network and the velocity
field v(r,t) of the permeating fluid. Here r is the 3D position vector and ¢ is the
time. The coupled dynamical equations for these two field variables are given by

d*u

Pugz = pV*u+ (p+AV(V-u) =T (8—11 - v) + £, (5.1)

ot
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ov

va :UVQV—VP—F (V_a_u> + 1. (52)

ot

In the above, p, and p, are the mass densities of the two components, u and
A are the Lamé coefficients of the elastic network, respectively, n is the shear
viscosity of the fluid, p(r,t) is the pressure field, while f, and f, are external force
densities. The elastic and the fluid components are coupled through the mutual
friction characterized by the friction coefficient I'. " We note that p, A\, n and I’
are constants and do not depend on frequency. When the volume fraction of the
network is denoted by ¢, the above equations are further supplemented by the

condition of the total volume conservation
ou
V- {gba +(1— qﬁ)v} =0. (5.3)

In the following, we employ several simplifications of the model. (i) We neglect
inertial effects, which is justified at sufficiently low frequencies. Hence the L.h.s. of
Egs. (5.1) and (5.2) are both neglected. (ii) We assume that the volume fraction
of the network is vanishingly small, i.e., ¢ < 1. In this limit, Eq. (5.3) can be

approximated as
V-vx0. (5.4)

This equation can be regarded as the incompressibility condition of the fluid com-

ponent.

5.2.2 Partial Green’s function

The above linearized equations can be solved by performing the Fourier transform

in space and the Laplace transform in time for any function f(r,t¢) as defined by

fla, s] :/_ dgr/o dt f(r,t)e "ar—st, (5.5)
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Here q is the 3D wavevector and s the frequency in the Laplace domain. The
general Green’s function (represented by a 6 x 6 matrix) connecting u and v to f,
and f, was calculated by Levine and Lubensky [5.34, 5.35].

In this paper, we particularly focus on the response of the fluid velocity v due

to the point force f,, and use the partial Green’s function defined by

Vo [Q7 3] = Gaﬁ [q> S]fv,ﬁ[qa 8]' (56)

Hereafter, the Einstein summation convention over repeated indices is employed.

According to Refs. [5.34-5.37], the Green’s function is given by

_ L+ (m/n)€¢
Mg (1 + &§2q?)

Ga,B [Qa 3] (504,8 - (janﬂ) ; (57)

with ¢ = |q| and q = q/q (see Appendix 5.A for a detailed derivation). In the
above, the frequency-dependent bulk viscosity and characteristic length scale are
defined by

1/2
u )
p— _— pr— 5.8
b n + 8’ 5 (Srnb) ) ( )

respectively. Notice that the above 3 x 3 matrix is nothing but the part of the
general 6 x 6 matrix [5.35]. In order to study the effects of molecular motors that
generate forces in the cytoskeleton, one needs to take into account f,, as discussed in
Refs. [5.12, 5.13] and recently by us [5.38]. We note here that the partial Green’s
function in Eq. (5.7) does not depend on the compressional Lamé coefficient A,
while it appears in the general 6 X 6 matrix.

The Green’s function in Eq. (5.7) can be inverted back from the Fourier space

to the real space (but remaining in the Laplace domain). Following the calculation
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in the Appendix 5.A, we obtain

Goplr, ] = 8mnr

(5.9)

where r = |r| and t = r/r. Here we have defined the two scaling functions by

2 . 11

6 . 3 3

In Fig. 5.2, we plot both Gi(z) and Gs(z) as a function of z = r/{. When G;(z) =
Ga(2) = 0, the Green’s function G4 is purely determined by 7, whereas it is fully
described by n, when Gi(2) = Go(2) = 1.

5.2.3 Asymptotic expressions

Next we discuss the asymptotic behaviors of the partial Green’s function and the
scaling functions. We first note that the asymptotic expressions of the scaling

functions are given by

4z/3 —32%/4, z<k 1,
Gi(2) ~ (5.12)
1+ 2/2% z2>1,

22 /4, 2 1,
1—-6/2% z2>1.

These asymptotic behaviors are also plotted in Fig. 5.2 by the dotted lines which

provide a good approximation especially for z > 1.
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For our later purpose, we focus here on the large scale behavior of the Green’s

function. For r > &, we obtain

1 ST 2 1

Ga ) ~ 504 AaA -
g7, ] (Gap + Fals) Py g

Soyr 1+ st E (6ap — 3PaTp),  (5.14)

where we have introduced the characteristic length and time scales as

C= /)2 =0/ (5.15)

As argued in Ref. [5.36], the first and the second terms of Eq. (5.14) are propor-
tional to 1/r and ¢2/r3, respectively. The competition between these two terms is

characterized by the crossover length ¢.

5.2.4 Coupling mobilities

In the following sections, we shall consider correlated motions of two point particles
embedded in the fluid component. For this purpose, we shall introduce the coupling
mobility between the two points M,gs[r, s| that is directly related to the partial
Green’s function in Eq. (5.9). Since G, is generally expressed as G = C1das +
Cyra7s, the “longitudinal” and the “transverse” coupling mobilities are given by

M, = Cy + Cy and M,, = C}, respectively. Hence they are

M1, s] = 47r177r {1 - %} : (5.16)
M,,[r,s] = 87T1W {1 . fjr(’i] , (5.17)

where z = r/§ = (r/€)\/1+ st. We shall use these coupling mobilities in order
to calculate various correlation functions in the next sections. Since M,, = 0 by

symmetry, it is sufficient to consider only the above two coupling mobilities [5.36].
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5.3 Passive two-point correlation functions

Here we discuss the correlated dynamics of two distinctive passive particles im-
mersed in a viscoelastic gel that is in thermal equilibrium. This situation is relevant
to the “two-point microrheology” experiments as discussed before [5.33]. Com-
pared to the “single-particle microrheology” (with the use of a finite size particle),

there are several advantages to perform multi-particle microrheology [5.27].

5.3.1 Fluctuation dissipation theorem

Consider a pair of point particles undergoing Brownian motion separated by a
distance d as shown in Fig. 5.1 (but without force dipoles). We denote the positions
of these two point particles by Ry(t) = Ry + AR4(¢) and Ra(t) = R + AR»(?),
where d = |Ry — Ry|. Then the velocities of these point particles are given by
V1(Ri,t) = AR, (t) and V4(Ry,t) = ARy(t). The quantities of interest are the
velocity cross-correlation function (CCF) (V14 Vau (t))4, and the displacement CCF
(AR1,ARoy (t))q. Without loss of generality, we define the z-axis to be along the
line connecting the two particles, i.e., Ry, — Ry = de,.

According to the fluctuation dissipation theorem (FDT), the velocity CCFs in
thermal equilibrium are related to the coupling mobility in the Laplace domain
by [5.27, 5.36]

(ViaVow[s])a = kT Mao[r = d, s], (5.18)

where kp is the Boltzmann constant, 7' the temperature. The power spectral
density (PSD) of the passive velocity CCF can be obtained by using the relation

<‘/1a‘/20/ (w))d = 2§R<‘/1a‘/2o/ [S = iw])d, (519)

where w is the frequency in the Fourier domain, and # indicates the real part.
In Fig. 5.3, we plot the scaled PSDs (Vi,Va,(w))q and (Vi, Vs, (w))q as a function
of wr using the longitudinal and the transverse coupling mobilities obtained in

Egs. (5.16) and (5.17), respectively. Different colors represent different distances,
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d, between the two points. In Fig. 5.3(a), (Vi,Va.(w))q increases for wr > v/2(¢/d)
as ~ w? [see later Egs. (5.21) and (5.22)], while it saturates for wr > 1. Since
(ViyVay(w))q takes negative values for smaller wr when d/¢ = 10 and 100, we have
plotted its absolute value in Fig. 5.3(b). Notice that in both (a) and (b), the PSDs
are scaled by kgT'/(2mnd), and take the same asymptotic value in the large wr
limit.

The passive displacement CCF in thermal equilibrium as a function of time

can be directly obtained by the following inverse Laplace transform of the velocity
CCF [5.26, 5.27]:

1 c+100 )
(AR10 ARy (t)g = — ds ?G/MVM [s])qe, (5.20)

- 211

c—100

where c is a real number. Performing the numerical inverse Laplace transform of

Eq. (5.20), we plot in Fig. 5.4 the longitudinal and the transverse CCFs (AR, ARy, (t))4
and (AR1,ARy,(t))q as a function of ¢/7 for different distances d between the two
points.

In Fig. 5.4(a), the longitudinal CCF is proportional to ¢ for t/7 < 1 and
t/T > (d/0)?/2 [see later Eq. (5.23)]. In the former time region which is smaller
than the viscoelastic time scale 7 = n/u, the two point particles interact through
the fluid component of the two-fluid model. In the latter long time region, on
the other hand, the CCF obeys the normal diffusive behavior as expected for any
viscoelastic material with a characteristic relaxation time. Between these crossover
time scales, the CCF remains almost constant due to the elastic component that
suppresses the motion of the point particles. This is because the elastic property
of the medium, representing the polymer network, is pronounced in these time
scales. For d/¢ = 1, on the other hand, the CCF is almost proportional to ¢ during
the entire time region.

In Fig. 5.4(b), the absolute value of (AR, ARy,(t))q is plotted because it takes
negative values for larger ¢t. This means that the relative transverse motion of the

two point particles is anti-correlated when their separation d/¢ is large enough.
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Nevertheless, the general time-dependent behavior of the transverse CCF is almost
the same as that of the longitudinal one in (a).

The crossover behaviors of the passive displacement CCF for large d/¢ showing
the successive scaling as ¢t — t° — ¢ can explain some of the apparent power-
law behaviors of soft matter [5.40] or biological cells [5.20]. It should be noted,
however, that the passive displacement CCF in thermal equilibrium exhibits only

a sub-diffusive behavior.

5.3.2 Large distance behaviors

In the limit of large distances d >> ¢ between the two points, we can use Eq. (5.14)

for the partial Green’s function to obtain the PSDs in the Fourier domain as
kgT 2 kgT0? 1 2

<Vlacv2x(w)>d ~ 2mnd 1+ (w7—)2 7r77d3 {[1 + (w7‘)2]2 [1 + (WT)QP

— kBT (w7')2 kBT€2 1 _ (UJT)Q :| ‘ (522)

T arnd 1+ (wr)? 2mnds {[1 + (wr)?2 1+ (wr)?]?

(ViyVay(w))a

For the large distance behavior of the displacement CCFs, we obtain

k’BTT _ kBTT€2 t _ _
AR, ARy, (t))y ~ 1—e U7 ~(1 Ty —2(1 — e M7
(ARuARu()s 271 = ) B [ ety a1 = o0
(5.23)
/{ZBTT _ kBTT£2 t _ _
AR, A ~ 1—e ¥/ = ~(1 tmy —9(1 — et/ | .
< Rly R2y(t)>d 47777d( € ) 27T77d3 7_( +6 ) ( € )

(5.24)

In the above expressions, the first term is proportional to ¢ in the short time
regime, whereas it saturates in the long time limit. Whereas the second term in
each expression is proportional to ¢ in the long time limit, which dominates the

large scale behavior. These properties of the displacement CCF can be clearly
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observed in Fig. 5.4 especially for larger d/¢. Although not plotted, Eqs. (5.23)

and (5.24) almost completely recover the numerical plots in Fig. 5.4.

5.4 Active one-point correlation functions

In this section, we shall consider the collective advection effects due to active
force dipoles on passive particles immersed in viscoelastic media. A simple “dimer
model” for a stochastic hydrodynamic force dipole was previously discussed in
Refs. [5.14, 5.15]. To investigate the hydrodynamic effects of the force dipoles, we
employ the partial Green’s function representing the response of the fluid velocity
v due to the force £, acting on the fluid component [see Eq. (5.6)]. This is different
from Refs. [5.12, 5.13] where they discussed the effects of molecular motors gener-
ating forces in the cytoskeleton which corresponds to the elastic component of the
two-fluid model. Our aim is to focus on the role of active force dipoles that exist
in the fluid component. A more unified treatment of these two different sources of

active forces has been investigated in our separate publication [5.38].

5.4.1 Velocity induced by active force dipoles

When a point force £, is applied to the fluid at a point r, it induces a fluid velocity at
another position R that advects a point particle located there. As in the previous
section, we denote the position of this passive point particle by R(¢) = Ro+AR(?),
and its velocity by V(R,t) = AR(t). Using the Green’s function calculated in

Sec. 5.2, we obtain the relation between V and f, as

V(R £) = / A Gas(R— 1.t — ) (e ). (5.25)

—00

Consider an oscillating dimer of length a(t) and the force magnitude fy(¢) with

its orientation given by the unit vector €. In this case, the induced velocity of a
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passive particle at R due to the oscillating dimer is given by [5.14]

t _ _
Vo(R, ) ~ / at’ 8G“5(Rar rt t)éﬁéq,m(t’), (5.26)
Y

—00

where we have used the approximation a < |R —r|, and m(t) = a(t) fa(t) denotes
the magnitude of the force dipole.

We further consider a collection of such active force dipoles, located at positions
{R;} with orientations {€;}. By summing up for all the dipoles, the velocity of
the passive particle is then given by [5.14]

¢ 0Gas(r,t —t/ .
Va(Ro, t) =~ /OO dt’ /d3r /8(87“7 ) EZ: €ir€ipmi(t)0(R; — Rp — 1),

(5.27)

where we have assumed that the displacement of the passive particle is small, and
kept only the lowest order term. This equation describes the motion of a passive
point particle due to non-thermal active noise arising from the collective operation
of active force dipoles.

Hereafter we introduce the bilateral Fourier transform in time for any function

f(t) as

flw) = /OO dt f(t)e ™", (5.28)

—00

[cf. Eq. (5.5)]. Performing the bilateral Fourier transform of Eq. (5.27), we obtain

0G o5lr,w L
VQ(R(),(,U) ~ /d3T % gemeiﬁmi(w)é(Ri — RO — I‘), (529)
where Gup[r,w| = Gaplr, s = iw]. We shall use this expression to calculate the

velocity correlation functions and the mean squared displacement (MSD) of the

passive particle.
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5.4.2 Active auto-correlation functions

We now calculate the velocity auto-correlation function (ACF) of a passive particle
located on average at Rg. If the correlation between different force dipoles vanishes,

ie., (mmj(w)) = (m*(w))d;;, we get from Eq. (5.29)

<Vava/<R07W)>

0Goplr,w| 0G yp[r, —W] A A s
_ 3 CAEE) B ) 2
= [ o Pl S st ) G ~ R )
8Ga r,w 8Ga/ Hr, —w
= Qpgry (M*(w)) / d’r ;r[ | gr[ ]c(RO +71), (5.30)
Y Y

where ¢(r) = Y (§(R; —r)) is the local concentration of force dipoles at a point r

in the fluid component. In the above, a symbol

Qﬂ/»”w’ = <éﬁé6’ évév’>

1
= 1_5(5/36’5w’ + 55756’7’ + 667’5B’v)a (5-31)

has been defined, and we have assumed that the orientations of active force dipoles
are not correlated with their positions. In other words, we do not consider any
nematic ordering of force dipoles [5.14].

When active force dipoles are uniformly distributed in space with a constant
concentration, ¢(r) = cg, the velocity ACF (V,V,/(w)) is isotropic, i.e., (V2(w)) =
(V7(w)) = (VZ(w)) and vanishes otherwise. Hence it is enough to consider only

the z-direction, and we obtain the active PSD as

(Vi(w)) = %Qw'w (m?(w)) / d*r aGa@Br[: - aGagJ’r: =
1 Co <m2(w)>1<w). (5.32)

T 3.82. 15n2 2l
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Here we have introduced the scaled PSD defined by

_0gaplr,w] 0gap[r, —w]
I = 1 Q ! / 3
(w) 5 BB vy /d r af7 8777/

: (5.33)

together with gus(r,w] = 8mnlGyp(r, s = iw] and 7 = r/{. Since the above integral
diverges for short length scales, we need to introduce a small cutoff length §.
Physically, 6 can be regarded as the size of the passive particle. In Fig. 5.5, we
numerically plot the scaled PSD, Z(w), as a function of wr for different cutoff
lengths /¢ = 1, 10 and 100. These values correspond to the situation when
the passive particle is larger than the mesh size. For wr > 2/3(£/§)?, the PSD
increases as ~ w? and saturates for wr > 1 [see later Eq. (5.34)]. Note that the
asymptotic value of the scaled PSD for large wr is independent of 9.

If we use Eq. (5.14) for the partial Green'’s function G,4 in the large distance
limit r > ¢, the scaled PSD can be approximately calculated as

2 () () e (9]

(5.34)

Z(w) ~ 487

The detailed derivation of this expression is given in the Appendix 5.B. Although
not plotted, we have confirmed that Eq. (5.34) perfectly reproduces the curve of
d/¢ =100 in Fig. 5.5. We should keep in mind, however, that to regard the cutoff
length 0 as the particle size is only an approximation, and hence the numerical

prefactor should not be taken as accurate when we compare with experiments.

5.4.3 Uncorrelated force dipoles

In order to further calculate the active PSD, the statistical property for the time
correlation of a force dipole needs to be specified. First we assume that it is only

d-correlated in time and is given by
(m(t)m(t)) = So(t —t'), (5.35)
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where S fixes the fluctuation amplitude. In the Fourier representation, this simply
means that (m?(w)) = S. Once we know the active PSD of the velocity ACF, the
corresponding MSD of a passive particle in the z-direction can be obtained by the

inverse Fourier transform:

“dw 2 9

(AR20) = [ G Ve (5.36)

In contrast to the inverse Laplace transform in Eq. (5.20), we also take into account
the initial condition by including a constant term in the above transformation. In
Fig. 5.6(a), we numerically plot the scaled ((AR,)?*(t)) as a function of ¢/7 for
d/¢ =1, 10 and 100. Here the MSD is proportional to ¢ both for short time scales
t/7 < 1 and for long time scales t/7 > (6/£)*/12 [see later Eq. (5.38)]. For the
intermediate time range 1 < t/7 < (§/€)*/12, on the other hand, the MSD is
strongly suppressed due to the elastic component of the two-fluid model, and it
remains almost constant.

If we use the asymptotic expression Eq. (5.14) for the partial Green’s function
as before, the PSD can be obtained from Egs. (5.32) and (5.34) as

e () () st ()]

Then, with the use of Eq. (5.36), the asymptotic MSD can be analytically obtained

1 ¢S
2 ~ 0

as

= g [0 (5) w2 o0 ()

+6[e7(t)7 + 3) + 2t /7 — 3] <§)5] : (5.38)

The first term in the r.h.s. of the above equation indicates that the normal diffusion

occurs for the short time scale ¢ < 7, while it saturates in the longer times. In
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the long time limit, on the other hand, we can set e %" ~ 0, and one finds that
MSD is proportional to ¢ for ¢ > (§/¢)*/12 [see the third line of Eq. (5.38)], as

mentioned above.

5.4.4 Exponentially correlated force dipoles

Next we calculate the PSD and the MSD when the time correlation of a force

dipole decays exponentially with a characteristic relaxation time 74, i.e.,

(m)m(t)) = z—ie—lt—f’l/m. (5.39)

In this case, we have (m?(w)) = S/[1+ (w7q)?] in the Fourier representation. Some
justification of the above simple expression will be separately discussed in Sec. 5.6.
Mathematically, Eq. (5.39) reduces to Eq. (5.35) in the limit of 7y — 0. Then the
active PSD is given by

1 CoS 1

2 _
Vo)) = 50 P 11 (wra)?

(5.40)

where Z(w) was defined before in Eq. (5.33).

In Fig. 5.6(b), we numerically plot the scaled ((AR,)?(t)) as a function of ¢/7
when 74/7 = 100 for §/¢ = 1, 10 and 100, i.e., the distance between the two
points is larger than the mesh size. For §/¢ = 1, we find that the active MSD is
proportional to t? and exhibits a super-diffusive behavior within the time region
t < 1q. For /¢ = 100, such a super-diffusive behavior is observed only up to the
viscoelastic time scale ¢/7 < 1, and the MSD exhibits a normal diffusive behavior
for t/7 > 1. The active MSD for §/¢ = 100 is further suppressed for larger time
scales. In the very long time limit, the active MSD will be again proportional to
t [5.38].
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Using the asymptotic expression Eq. (5.14), the active PSD is now given by

) ~ -t [ ()

N 60 1720 1+ (wrq)® |1+ (wr)2 \ &
CMwr (N 12 (Y
(14 (wT)?]? (5) + (14 (wr)?]? <5> ] ' (5.41)

Then the corresponding active one-point MSD can be obtained up to the lowest

order in £/4 as

(AR.)* (1)) ~

1 ¢St 1 ) (1q/7)e /T e T l
T 60m 2 14 714/7T

1—mq/7 _1—Td/’7' 3) (542)

This equation reduces to the first line of Eq. (5.38) in the limit of 74 — 0. By
Taylor expanding the above expression for small ¢, one can indeed show that
the linear term in t vanishes, and the active MSD increases as ~ t2. The full
expression of the active one-point MSD including higher order terms is provided
in the Appendix 5.C. The analytic expressions in Eqs. (5.41) and (5.42) are the

general and important results of this paper.

5.5 Active two-point correlation functions

5.5.1 Velocity cross-correlation functions

In this section, we consider the active velocity CCF between the two points at R,
and R that are separated by a distance d, as shown in Fig. 5.1 and also discussed

in Sec. 5.3. With the use of Eq. (5.27), the active two-point velocity CCF can be
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evaluated by
(ViaVao (R1, Ro, w))g

[ o 2lred (Gt
or, orl,
r'=r—(R2—R1)

X D (iniplinéip) (mi(w)) (6(R; — Ry —1))

]

= Qg (M (w))

% /dgT GGQB [I‘, w] 8Ga/5/ [I‘/, —w]
or, orl,
r'=r—(R2—R1)

x ¢(Ry +1). (5.43)

As before, we can generally set Ry, — Ry = deé, without loss of generality. We
also assume that the active force dipoles are uniformly distributed in space with

a constant concentration, ¢g. Then one can further rewrite as

1 Co
(ViaVaar (w))a = mw(m%w)ﬂm,(d, w), (5.44)
where
_0gap(r,w] (Ogup[r, —w]
_ 3 Bl B )
Too(d,w) = 15Q5.., / e ( 5 o (5.45)

with g5 = 8mlG,p as defined before.

In Fig. 5.7, we numerically plot the scaled active PSDs (Vi,Va,(w))q and
(VigVay(w))q as a function of wr for different distances d/¢ = 1.1, 10 and 100,
as before. (The reason that we chose here d/¢ = 1.1 is that there was a numerical
stability issue exactly at d/¢ = 1.) The PSD increases as ~ w? for the intermedi-

ate frequency range. Within the lowest order term in Eq. (5.14), the asymptotic
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expressions of the active PSDs can be obtained as

1670 (wr)?
Loald ) ~ == T

(5.46)

_8nl (wr)?

Tyldw) = Teald) = = 5 (5.47)

5.5.2 Displacement cross-correlation functions

Performing the inverse Fourier transform of the active two-point PSDs as before
[see Eq. (5.36)], we obtain the corresponding longitudinal and transverse displace-
ment CCFs (AR, ARs,(t))q and (AR, ARy, (t))4 for the distances d/¢ = 1.1, 10
and 100. In Fig. 5.8(a) and (b), we plot these quantities when the time correla-
tion of a force dipole is d-correlated as assumed in Eq. (5.35). Fig. 5.8 should be
compared with Fig. 5.6(a) where we have shown the MSD for the active one-point
case. Both longitudinal and transverse displacement CCFs are proportional to ¢
for short time scales t/7 < 1 and also for longer time scales. For the intermediate
time range, however, these CCFs are strongly suppressed and become constant
due to the elastic component of the two-fluid model.

In Fig. 5.9(a) and (b), on the other hand, we consider the case when the time
correlation of a force dipole is characterized by a relaxation time 74/7 = 100
[see Eq. (5.39)]. These figures should be compared with Fig. 5.6(b) because the
overall behavior is similar. For §/¢ = 1.1, the active displacement CCFs are
proportional to t* when t < 74, showing a strong super-diffusive behavior. For
d/¢ = 100, however, this super-diffusive behavior is observed only within the time
region smaller than the viscoelastic time scale, ¢t/7 < 1, and the CCFs increase
as ~ t for t/7 > 1. For much longer time scales, the active CCFs are further
suppressed because of the elasticity. In the long time limit, the active CCFs are

both proportional to ¢.
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5.6 Summary and discussion

In this paper, we have discussed anomalous diffusion induced by active force dipoles
in viscoelastic media that is described by the standard two-fluid model for gels.
We first reviewed the two-fluid model and showed its partial Green’s function
both in the Fourier and the real spaces. With the use of the coupling mobilities
and the FDT in thermal equilibrium, we have calculated the PSD of the velocity
CCF's and the displacement CCF's between the two point particles both for the
longitudinal and the transverse directions. The obtained results are useful to
interpret the data obtained by two-point microrheology experiments. The passive
(thermal) two-point CCF increases linearly with time at shorter and longer time
scales, while it is suppressed and remains almost constant at intermediate time
scales (see Fig. 5.4).

Moreover, we have calculated active (non-thermal) one-point and two-point
correlation functions due to active force dipoles. We have used the relation between
the velocity and the dipole strength, as given by Eq. (5.26), and the formulation in
Ref. [5.14] in order to further calculate the active PSD of the velocity CCFs. For
the one-point case, one needs to introduce a cutoff length scale, 9, in evaluating
the integrals, whereas a finite distance, d, between the two point particles plays
the role of the cutoff length in the two-point case. As for the statistical property of
force dipoles, we considered the case when their magnitude is uncorrelated in time
[see Eq. (5.35)] and the case when it decays exponentially with a characteristic
time 74 [see Eq. (5.39)].

For the active case, the important results can be summarized as follows. As
shown in Fig. 5.6(b) (one-point case) or Fig. 5.9 (two-point case), we have found
that the active MSD or the displacement CCFs exhibits various crossovers from
super-diffusive to sub-diffusive behaviors depending on the characteristic time
scales (1 = n/p and 74) and the particle separation d (or the cutoff length §
for the one-point case). We emphasize that the active displacement CCF is pro-

portional to t2 for time scales shorter than the viscoelastic time scale, ¢t < 7, and
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it is proportional to t for the intermediate time scales, 7 < t < 7q. Within the
present model, the passive contribution only describes sub-diffusion, whereas the
active contribution is responsible for both sub-diffusion and super-diffusion. Our
results are useful in understanding active properties of the cytoplasm using force
spectrum microscopy combined with the microrheology experiment [5.6], as further
discussed below.

In Ref. [5.6], Guo et al. measured the MSD of microinjected tracer particles in
mellanoma cells. They showed that the MSD was nearly constant at shorter time
scales (¢ < 0.1 s), while it exhibited a slightly super-diffusive behavior at longer
time scales (¢t > 0.1 s), i.e., {((AR)?) ~ t¥ with 3 ~ 1.2. However, when they
inhibited motor and polymerization activity by depleting cells of ATP, the MSD
was almost constant in time, i.e.,  ~ 0. Such an ATP-dependent Brownian motion
was also observed in prokaryotic cells and yeast [5.4, 5.5]. In addition to the MSD
measurement, Guo et al. performed active microrheology experiment [5.24, 5.25],
and found that the frequency-dependent elastic modulus follows a power-law form,
ie., |G(w)| ~w® with a =~ 0.15 [5.6].

For simplicity, one may assume that PSD of the active force also obeys a power-
law behavior, i.e., (m?(w)) ~ w7 with a different exponent . Among these three

exponents, the following scaling relation should hold [5.6, 5.28]:
B=2a+v—-1 (5.48)

In thermal equilibrium, v = —a + 1 holds according to the FDT and hence g =
«. In this case, the anomalous diffusion purely reflects the viscoelasticity of the
surrounding media. The exponentially correlated force dipoles in Eq. (5.39) leads
to the active PSD in Eq. (5.40), and hence v = 2 for wrq > 1. Experimentally,
the value v ~ 2 was observed by Lau et al. [5.28] and later reconfirmed by Guo
et al. [5.6]. When a ~ 0.15 and v ~ 2, Eq. (5.48) gives =~ 1.3 which is almost
consistent with the MSD measurement mentioned above (6 ~ 1.2). In the older

experiment [5.28], on the other hand, the measured exponents were a ~ 0.25,
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v ~ 2 and hence § =~ 1.5. In both of these experiments, they claimed that active
forces dominate the low-frequency regime, whereas thermal forces dominate the
high-frequency regime [5.6, 5.28].

It should be reminded, however, that different values of v were reported by
different groups [5.42-5.44]. For example, a combination of active and passive
microrheology measurements using PC3 tumor cells resulted in o = 0.4, § ~ 1.3
and v ~ 1.5, satisfying also the scaling relation Eq. (5.48). They argued that
such a difference can arise because active and passive measurements were done
in Ref. [5.28] with different probes and at very different locations in the cell. In
Refs. [5.42-5.44], they performed dual passive-active measurements with a unique
probe. Given these situations, we consider that the power-law behavior of the
force fluctuations and its exponent require further experimental and theoretical
investigations.

We also point out that Eq. (5.48) cannot be always true because the exponents
can take values only 0 < f < 2 and 0 < a < 1. Hence, if v = 2 holds, one should
always observe a super-diffusive behavior because 5 = 2a + 1 > 1. However, sub-
diffusive behaviors (8 < 1) in cells have been observed in many cases [5.45-5.47].
Moreover, the above relation also restricts the value of o to 0 < o < 0.5 because
[ < 2, which is not always the case [5.19, 5.20].

In our work, we have assumed that the time correlation of a force dipole is an
exponentially decaying function with a characteristic time 74, as given in Eq. (5.39).
Hence its Fourier transform has a Lorentzian form, and decays as w2 for wrq > 1.
A similar Lorentzian form of force fluctuations was discussed by Levine and MacK-
intosh [5.12, 5.13]. While some of the experiments which reported the exponent
v = 2 [5.6, 5.28] justify our assumption, different values of v found in the other
experiments [5.42-5.44] indicate that the dipole correlation cannot be a simple
exponentially decaying function. Hence a more detailed investigation for the sta-
tistical property of a fluctuating force dipole is required. Currently, we are analyz-
ing the stochastic properties of a simple model of a catalytically active bidomain

protein [5.14]. In this model, the two protein domains are represented by beads
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connected by an elastic spring, and the two internal states, namely, free protein
and ligand-protein complex, are assumed.

Although our theory is general and can be applied not only for cells but also
for other macroscopic systems, it is useful to give some typical parameter values
corresponding to a cell. Since the characteristic length scale ¢ = (/I')'/? roughly
corresponds to the mesh size of a polymer gel, it is roughly given by ¢ ~ 10~ m for
a typical cell. Hence the distance between the two point particles such as d/¢ = 100
means d ~ 107° m. According to Ref. [5.6], we also have n ~ 1072 Pa-s and
p ~ 1 Pa so that the viscoelastic time scale can be estimated as 7 = n/u ~ 1073 s.
This means that the dipole time scale 74/7 = 100 used in Figs. 5.6(b) and 5.9
corresponds to 74 ~ 107! s. Although this time scale is somewhat larger than
the cycle time of a single protein machine [5.14], it still gives a good estimate to
characterize the collective dynamics of a protein complex.

Recently, Fodor et al. [5.48] have made an attempt to theoretically reproduce
the MSD data measured in the cytoplasm of living A7 [5.6]. They used one-
dimensional Langevin equation in the presence of a random active force to calculate
both the thermal and non-thermal MSD. Their theory has a similarity to the
present work because they also introduce two time scales which are analogous to
7 = n/p and 74 in our theory. An important new aspect in the present paper
is that the internal structure of the viscoelastic medium is properly taken into
account. Both thermal and non-thermal MSDs exhibit complicated time sequences
depending on the length-scale of the observation relative to the mesh size ¢. In
Ref. [5.48], the size of tracer particles was assumed to be always larger than the
mesh size of the cytoskeletal network.

In our separate work, we have considered the two-fluid model where active
macromolecules, described as force dipoles, cyclically operate both in the elastic
and the fluid components [5.38]. Through coarse-graining, we have derived effec-
tive equations of motions for tracer particles displaying local deformations and
local fluid flows. The equation for deformation tracers coincides with the phe-

nomenological model by Fodor et al. [5.48] (see also the related publication [5.49]).
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Our analysis reveals that localization and diffusion phenomena are generally in-
volved. The motion of tracers immobilized within the elastic subsystem is localized
in the long-time limit, but it can show a diffusion-like behavior at the intermedi-
ate time scales shorter than the cooperative correlation times of molecular motor
aggregates operating in the active gels [5.38].

Recently, Bruinsma et al. [5.50] investigated a large scale correlated motion of
chromatin inside the nuclei of living cells by using another “two-fluid model” for
polymer solutions [5.51] (but not for gels). They derived the response functions
that connect the chromatin density and velocity correlation function to the cor-
relation functions of the active sources that are either scalar or vector quantities.
One of the differences in their theory is that the form of the complex viscoelastic
moduli needs to be specified in order to compare with experiments, whereas the
viscoelasticity naturally arises from the present two-fluid model. It is interesting
to note that their active PSD also contains Lorentzian type frequency dependence
as we have obtained such as in Eq. (5.40). It would be interesting to calculate the
active MSD based on this different two-fluid model.

Finally, we mention that anomalous diffusion observed in colloidal gels has been
also explained in terms of force dipoles due to structural inhomogeneities [5.52,
5.53]. Assuming that such inhomogeneities are randomly distributed, it was shown
that the relaxation time of the dynamic structure factor is inversely proportional
to the wavenumber. In Ref. [5.54], the MSD exhibits diffusive motion at short

times and super-diffusive motion at long times.

Appendix 5.A Partial Green’s function

In this appendix, we show the derivation of Egs. (5.7) and (5.9) [5.34-5.37]. By
using the Fourier transform in space and the Laplace transform in time, Eqgs. (5.1),

(5.2) and (5.4) can be represented in the steady state as

0 =— pq’ulg, s] — (u+ Na(q-ulq, s]) — T (sulq,s] — v]q, s]), (5.49)
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0 =—ng*vlq,s] —iqplq, s] — T (v[q, s] — sulq, s]) + f,[q, 5], (5.50)

q-viq,s| =0. (5.51)

Taking the inner products of both Egs. (5.49) and (5.50) with q, and using
Eq. (5.51), we obtain

_iq-fy[q, 5]

2 (5.52)

pla, s] =

From Eq. (5.49), we can solve for u as

uala 5] = ( r U+ N)g?

Oas = oq ;8] (5.53
T (Mq2+8F)(2uq2+Aq2+sF)q %) vslg, s]. - (5.53)

Substituting Egs. (5.52) and (5.53) into Eq. (5.50), we obtain the following equa-

tion

(q2[nuq2 + s+l sT?(pu + N)g? i )U 5]

pg? + sT P (ug? + sT)(2pg? + Ag? + sT) 7 )P

=(0ap — Gads) fo,5(d; 5. (5.54)

Then we can solve for v as
2
wg® + sI' S
Valq, 8] = ](5a/3 — Gadp) fo5(d, 8- (5.55)

¢*npg® + (sn+ )l

In terms of gy, and ¢ defined in Eq. (5.8), we finally obtain Eq. (5.7).
Next, we derive the real space representation of the partial Green’s func-

tion [5.41]. We first assume that it has the form of

Gaﬁ [I‘, S] = Cl(sag + Cgfofg, (556)
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so that

Gaalq, s] = 3C, + Cy, (5.57)
Gaﬁ[q, S]f’af’g = 01 + 02. (558)
Hence we have
g 1+ (/)&%
i rcna |
L @) mP(1+ 67
1 1- TIb/77 —r/¢ 1

= 1+ 1—e™" , 5.59
2mnr { /1 ( ) (5:59)

dq 1+ ¢ . on2] iqr
Ci+Cy = / (27;;3 an;(”fiﬁ;gqg) [1 — (q . r)ﬂ e

1 1 —m/n _ )2 o T/E . )2
= dmr {H o/ (1 2(&/r)? +2e7TE[(E/7) + (&/7) })} (5.60)

Solving for C; and Cy, we finally arrive at Eq. (5.9) with Egs. (5.10) and (5.11).

Appendix 5.B Derivation of Eq. (5.34)

In this appendix, we show the derivation of Eq. (5.34). Here we use the dimen-
sionless form of the Green’s function g.s = 8m¢G s, and consider its asymptotic

expression [see Eq. (5.14)]

twTl (B + Paf's) 203
p p r3(1 4 dwT)?

= Aup(r,w) — Bag(r,w), (5.61)

Jap[r,w] = " (0ap — 3Talp)

1+ iwT)

where we have defined the functions A,p and B,g in the last equation. The spatial

derivatives of these functions with respect to 7 = r/¢ are

iAaﬁ(r,w) = T (raéﬁ7 7300y = Tabap STQTMW) , (5.62)

ory 1+ iwt 73 7o
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0 2 fa(SB -+ fgfsa + 7 56%5 fafﬁf
—B, = -3 a 7 T 15227 . 5.63
af’y /B(ra UJ) (1 _'_ ’L.(,UT)2 ( 775 + 177 ( )

Using these results, we can further calculate the following quantities

15955W%Aa5(r,w)%Aaﬁ,(r, —w) = 12%7:4, (5.64)
1595,3,77,8%,4&6(1«,@%BW@, W) = —72%7:6, (5.65)
15Qﬁgw8%3aﬁ(r,w)%,4a5, (r, —w) = —72%?6, (5.66)

15956,W%Baﬂ(r,w)%Baﬂl(r, —w) = M#Wf? (5.67)

Hence the dimensionless PSD in Eq. (5.33) can be obtained as

_0Gaplr,w] 0gap [r, —w]
T(w) = 15Q45, | d3 ’ ’
(w) gy / d°r ar, or,

_ o (wr)? 4 _ (wr)? 76 720 78
“”/W arr (121+<m>2 M e Ty e )

A () () s ()]

Hence we finally obtain Eq. (5.34).

= 487
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Appendix 5.C Full expression of Eq. (5.42)

The full expression of Eq. (5.42) including higher order terms in ¢/ is given as

follows
((AR,)*(1))
1 ¢St 1 (1a/7)e /™ B et 4
60T 2 (1+Td/7'+ 1 — (7a/7)? 1—(7'd/7)2> (5>

N <[—2(t/7')(7'd/7')2 +2t)7 — 6(1q/T)? + 2] 7" N 4(1q/T)3e t/Ta
[1— (ra/7)%) [1— (ra/7)?

-2mimen) (4

n <6 [—(t/7)(7a/7)> + /7 — 5(1a/7)> + 3] e /" N 12(7q/7)Pe ™

[1— (a/7)2) [1— (a/7)%)
6[2(1a/7)® + 4(1a/7)2 + 67q/7 + 3] 12t [ \°
- 1+ 7q/7]2 + T) (5) ] ' (5.69)
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Figure 5.2: Scaling functions (a) G; and (b) Gy [see Eq. (5.10) and (5.11), respec-
tively] appearing in the partial Green’s function of the two-fluid model. The scaling
variable is z = r /&, where r is the distance and ¢ is the frequency-dependent char-
acteristic length scale [see Eq. (5.8)]. The asymptotic behaviors of these scaling
functions, as analytically given by Eqs. (5.12) and (5.13), respectively, are plotted
with dotted lines.
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Figure 5.3: The passive component of the power spectral density (PSD) of the
two-point velocity cross-correlation functions (CCFs) (a) (Vi,Var(w))q and (b)
|(VigVay(w))al [see Eq. (5.19)] as a function of wr for d/¢ = 1, 10, 100. Here
T = n/u is the viscoelastic time scale, and d is the distance between the two
point particles immersed in viscoelastic media described by the two-fluid model.
Both CCFs are scaled by kgT'/(27nd) in order to make them dimensionless. Since
(V1yVay(w))q takes negative values for smaller wr (shown by the dashed lines), we
have plotted in (b) its absolute value. The number “2” in (a) indicates the slope
representing the exponent of the power-law behaviors.
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Figure 5.4: The passive component of the two-point displacement cross-correlation
functions (CCFs) (a) (AR1, AR, (t))q and (b) [(AR1,ARs,(t))4] [see Eq. (5.20)] as
a function of t/7 for d/¢ = 1, 10, 100. Here d is the distance between the two point
particles immersed in viscoelastic media. Both CCFs are scaled by kgT'7/(27nd)
in order to make them dimensionless. Since (AR;,ARs,(t))q takes negative values
for larger ¢/7 (shown by the dashed lines), we have plotted in (b) its absolute
value. The numbers indicate the slope representing the exponent of the power-law
behaviors.
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Figure 5.5: The active component of the power spectral density (PSD) (VZ(w))
[see Eq. (5.32)] as a function of wr for /¢ = 1, 10, 100. Here a single point particle
is immersed in viscoelastic media described by the two-fluid model, and ¢ is the
cutoff length corresponding to the particle size. In the plot, the PSD is scaled by
co(m?(w))/(28807%n%9) in order to make it dimensionless. The number indicates
the slope representing the exponent of the power-law behavior.
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Figure 5.6: The active component of the mean squared displacement (MSD)
((AR,)%(t)) [see Eq. (5.36)] as a function of ¢/7 for §/¢ = 1, 10, 100. Here a
single point particle is immersed in viscoelastic media, and ¢ is the cutoff length.
(a) The case when the time correlation of the force dipole is d-correlated [see
Eq. (5.35)]. (b) The case when the time correlation of the force dipole decays
exponentially with a characteristic relaxation time 74 [see Eq. (5.39)], and we set
here 74/7 = 100. In these plots, ((AR,)?*(t)) is scaled by cyS7/(28807*n%9) in
order to make it dimensionless. The numbers indicate the slope representing the
exponent of the power-law behavior.
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Figure 5.7: The active component of the scaled power spectral density (PSD)
(a) (VigVoz(w))a and (b) [(ViyVay(w))a| [see Eq. (5.44)] as a function of wr for
d/¢ =1.1,10, 100. Here d is the distance between the two point particles immersed
in viscoelastic media. Both PSDs are scaled by cq(m?(w))/(9607?n?d) in order to
make them dimensionless. Since (V3,Va,(w))q takes negative values for smaller
wt (shown by the dashed lines), we have plotted in (b) its absolute value. The
numbers indicate the slope representing the exponent of the power-law behaviors.
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Figure 5.8: The active component of the two-point displacement cross-correlation
functions (CCFs) (a) (AR1; AR, (t))q and (b) |(AR1,ARy,())4| as a function of
t/T for d/¢ = 1.1, 10, 100. Here d is the distance between the two point particles
immersed in viscoelastic media, and the time correlation of the force dipole is d-
correlated [see Eq. (5.35)]. Both CCFs are scaled by ¢qS7/(9607?n?d) in order to
make them dimensionless. Since (AR, ARy, (t))q takes negative values for larger
t/T (shown by the dashed lines), we have plotted in (b) its absolute value. The
numbers indicate the slope representing the exponent of the power-law behaviors.
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Figure 5.9: The active component of the two-point displacement cross-correlation
functions (CCFs) (a) (AR1; AR, (t))q and (b) [(AR1, ARy, ())4| as a function of
t/T for d/¢ = 1.1, 10, 100. Here d is the distance between the two point particles
immersed in viscoelastic media. The time correlation of the force dipole decays
exponentially with a characteristic relaxation time 74 [see Eq. (5.39)], and we set
here 74/7 = 100. Both CCFs are scaled by ¢, S7/(9607°1?d) in order to make them
dimensionless. Since (AR1,ARy,(t))q takes negative values for larger ¢/7 (shown
by the dashed lines), we have plotted in (b) its absolute value. The numbers
indicate the slope representing the exponent of the power-law behaviors.
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Chapter 6

Dynamics of a membrane

interacting with an active wall

Active motions of a biological membrane can be induced by non-thermal fluctu-
ations that occur in the outer environment of the membrane. We discuss the
dynamics of a membrane interacting hydrodynamically with an active wall that
exerts random velocities on the ambient fluid. Solving the hydrodynamic equa-
tions of a bound membrane, we first derive a dynamic equation for the membrane
fluctuation amplitude in the presence of different types of walls. Membrane two-
point correlation functions are calculated for three different cases; (i) a static wall,
(ii) an active wall, and (iii) an active wall with an intrinsic time scale. We focus
on the mean squared displacement (MSD) of a tagged membrane describing the
Brownian motion of a membrane segment. For the static wall case, there are two
asymptotic regimes of MSD (~ t?/3 and ~ t!/3) when the hydrodynamic decay
rate changes monotonically. In the case of an active wall, the MSD grows linearly
in time (~ t) in the early stage, which is unusual for a membrane segment. This
linear-growth region of the MSD is further extended when the active wall has a

finite intrinsic time scale.
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6.1 Introduction

The random slow dynamics of fluid membranes visible as a flickering phenomenon
in giant unilamellar vesicles (GUVs) or red blood cells (RBCs) has attracted many
interests in the last few decades [6.1]. These thermally excited shape fluctuations
can be essentially understood as a Brownian motion of a two-dimensional (2D)
lipid bilayer membrane in a three-dimensional (3D) viscous fluid such as water. For
spherically closed artificial GUVs, characteristic relaxation times for shape defor-
mations were calculated analytically [6.2-6.5]. Analysis of shape fluctuations can
be used for quantitative measurements of surface tension and/or bending rigidity of
single-component GUVs [6.6] or GUVs containing bacteriorhodopsin pumps [6.7].

Historically, investigations on fluctuations of cell membranes have started with
RBCs whose flickering can be observed under a microscope [6.8]. Brochard and
Lennon were among the first to describe quantitatively membrane fluctuations
as thermally excited undulations, mainly governed by the bending rigidity of the
membrane [6.9]. Later experiments showed that flickering in RBCs is not purely
of thermal origin but rather corresponds to a non-equilibrium situation because
the fluctuation amplitude decreases upon ATP depletion [6.10, 6.11]. Here ATP
hydrolysis plays an important role to control membrane-spectrin cytoskeleton in-
teractions [6.12]. More advanced techniques have demonstrated that, at longer
time scales (small frequencies), a clear difference exists between the power spectral
density of RBC membranes measured for normal cells and those ATP depleted;
the fluctuation amplitude turns out to be higher in the former [6.13, 6.14]. At
shorter time scales, on the other hand, membranes fluctuate as in the thermody-
namic equilibrium. It should be noted, however, that the role of ATP in flickering
is still debatable because Boss et al. have recently claimed that the mean fluctua-
tion amplitudes of RBC membranes can be described by the thermal equilibrium
theory, while ATP merely affects the bending rigidity [6.15].

In order to understand shape fluctuations of RBCs, one needs to properly take

into account the effects of spectrin cytoskeleton network that is connected to the
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membrane by actin, glycophorin, and protein 4.1R [6.1, 6.12]. Gov et al. treated
the cytoskeleton as a rigid wall (shell) located at a fixed distance from the mem-
brane, and assumed that its static and dynamic fluctuations are confined by the
cytoskeleton [6.16, 6.17]. They further considered that the sparse connection of
membrane and cytoskeleton gives rise to a finite surface tension for length scales
larger than the membrane persistence length. The bending free energy for a mem-
brane was extended to include a surface tension and a confinement potential with
which the effects of ATP on the membrane fluctuations was described. However,
since an active component of the membrane fluctuations also depend on the fluid
viscosity [6.18], they cannot be solely attributed to the static parameters such as
the surface tension or the potential. Gov and Safran later estimated the active
contribution to the membrane fluctuations due to the release of stored tension in
the spectrin filament and membrane in each dissociation event [6.19, 6.20]. In
contrast to static thermal fluctuations, they showed that the active cytoskeleton
may contribute to the membrane fluctuations at intermediate length scales.

Effects of membrane confinement are important not only for shape fluctua-
tions of RBCs but also for a hydrodynamic coupling between closely apposed lipid
bilayer membranes [6.21, 6.22], and dynamical transitions occurring in lamellar
membranes under shear flow [6.23, 6.24]. After the seminal works by Kramer [6.25]
and by Brochard and Lennon [6.9], the wavenumber-dependent decay rate for the
bending modes of a membrane bound to a wall was calculated by Seifert [6.26] and
Gov et al. [6.17]. In particular, Seifert showed that the scale separation between
the membrane-wall distance and the correlation length determined by the confine-
ment potential can lead to various crossover behaviors of the decay rate. In these
hydrodynamic calculations, however, the wall that interacts with the membrane
was treated as a static object and does not play any active role.

Quite generally, active motions of a membrane can be induced by non-thermal
fluctuations that occur in the outer environment of the membrane such as cy-
toskeleton or cytoplasm. In this paper, we consider the dynamics of a membrane

interacting with an active wall that generates random velocities in the ambient
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fluid. These random velocities at the wall can be naturally taken into account
through the boundary conditions of the fluid. We first derive a dynamic equation
for the membrane fluctuation amplitude in the presence of hydrodynamic interac-
tions. Then we calculate the membrane two-point correlation functions for three
different cases; (i) a static wall, (ii) an active wall, and (iii) an active wall with an
intrinsic time scale. We especially focus on the mean squared displacement (MSD)
of a tagged membrane segment, and discuss its asymptotic time dependencies for
the above cases. For the static wall case, the membrane fluctuates due to thermal
agitations, and there are two asymptotic regimes of MSD (~ %3 and ~ t!/3) if the
hydrodynamic decay rate changes monotonically as a function of the wavenumber.
When the wall is active, there is a region during which the MSD grows linearly
with time (~ ¢), which is unusual for a membrane segment. If the active wall
has a finite intrinsic time scale, the above linear-growth regime of the MSD is
further extended. As a whole, active fluctuations at the wall propagate through
the surrounding fluid and greatly affects the membrane fluctuations.

This paper is organized as follows. In the next section, we discuss the hy-
drodynamics of a bound membrane that interacts with an active wall. We also
derive a dynamic equation for the membrane fluctuation amplitude in the presence
of hydrodynamic interactions. In Sec. 6.3, we calculate the membrane two-point
correlation functions for three different cases of the wall as mentioned above. We
investigate various asymptotic behaviors of the MSD of a tagged membrane both

in the static and the active wall cases. Some further discussions are provided in
Sec. 6.4.

6.2 Hydrodynamics of a bound membrane

6.2.1 Free energy of a bound membrane

As depicted in Fig. 6.1, we consider a fluid membrane bound at an average distance

¢ from a wall which defines the zy-plane. Within the Monge representation, which
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Figure 6.1: A fluctuating membrane interacting with an active wall. The mem-
brane separated by a distance ¢(p) from the wall feels a potential V() per unit
area. The average of {(p) is ¢, and the membrane fluctuation is defined by
h(p) = {(p) — £. Between the membrane and the wall as well as above the mem-
brane are filled with a fluid of viscosity . Red arrows on the wall indicate active
velocities exerted on the fluid by the wall.

is valid for nearly flat surfaces, the membrane shape is specified by the distance
l(p) = l(z,y) between the membrane and the wall. The free energy F of a

tensionless membrane in a potential V() per unit area reads [6.27, 6.28]
P / Po [0+ V()] (6.1)

where & is the bending rigidity and d?p = dx dy. We use a harmonic approximation
for fluctuations h(p) = ¢(p) — ¢ around the minimum of the potential at ¢ = ¢,
and obtain the approximated form

Fa g / Pp [(V2h)? + R, (6.2)
where ¢ = [/(d?V/d¢?),_g]*/* is the correlation length due to the potential. Later
we use a dimensionless quantity defined by = = ¢// in order to discuss different

cases.

In the following, we introduce the 2D spatial Fourier transform of h(p) defined
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as

h(g) = / Pph(p)e T, (6.3)

where ¢ = (¢s,¢y). Then the static correlation function can be obtained from
Eq. (6.2) as
kgT kgT

(h(@)h(—q)) = =yl ot (6.4)

where kg is the Boltzmann constant, 7' the temperature, ¢ = |q| and we have
introduced the notation F(q,&) = rk(q* + £74).

In the present model, we assume that the wall is rigid and does not deform.
Even when the wall, mimicking the cytoskeleton network, is deformable, the above
free energy Eq. (6.1) would not be changed if we regard ¢ as a local distance between
the membrane and the cytoskeleton. In this case, however, the bending rigidity
should be replaced with an effective one which is also dependent on the bending

rigidity of the cytoskeleton network itself [6.29].

6.2.2 Hydrodynamic equations and boundary conditions

The dynamics of a membrane is dominated by the surrounding fluid which is
assumed to be incompressible and to obey the Stokes equation. We choose z as
the coordinate perpendicular to the wall located at z = 0 as in Fig. 6.1. Then the
velocity v(p, z) and the pressure p(p, z) for z # ¢ satisfy the following equations

V-v=0, (6.5)

nViv —Vp— f =0, (6.6)

where 7 is the viscosity of the surrounding fluid and f(p, z) is any force acting

on the fluid. The fluid velocity can be obtained from the above equations by
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supplementing them with proper boundary conditions. In Appendix 6.A, we show
a formal solution appropriate for the membrane/wall system, and obtain the fluid
velocity v in terms of the force f. Without loss of generality, we can choose the z-
and y-coordinates as the parallel (longitudinal) and the perpendicular (transverse)
directions to the in-plane vector q, respectively. Since the transverse y-component
of the velocity is not coupled to the other components, we are allowed to set v, = 0
in what follows.

Let us denote the fluid regions 0 < z < ¢ and ¢ < z with the superscripts
«_»

and “47, respectively. In general, we consider time-dependent boundary

conditions at z = 0 and time-independent conditions at z — oc:

v, (g2 =0,1) = Vio(q,t), (6.7)
v, (qv z = O7t) = ‘/ZO(qa t), (6 8)
vi (g, 2 = 00,t) =vf(q,z = 00,t) =0 (6.9)

The statistical properties of V,o(q,t) and V,o(q,t) will be discussed for different
types of walls in the next Section. As described in Appendix, the z-component of

the velocity is then obtained as

v, (g, z,t) =A[sinh(qz) — ¢z cosh(qz)] + Bgz sinh(gz)
—1qzVao(q, t)e” ™ + (1 4 ¢2)Vao(g, t)e™ ", (6.10)

vl (g, 2,t) = Ce 159 4 Dg(z — £)e 179, (6.11)

where A, B, C, and D are the coefficients determined by the other boundary
conditions at the membrane z = £. Note that both v, and p can be also expressed
in terms of these four coefficients.

At z = ¢ where the membrane exists, continuity of v, and v, yields
vo(q,z=0,t) =v](q,z=101), (6.12)
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Uz_(qu = 577 t) = Uj(q,z - Z’ t)7 (6]‘3)

and incompressibility of the membrane requires that the in-plane divergence of v,

vanishes
iqu, (q,2 = {,t) = 0. (6.14)

Moreover, the forces are required to balance in the normal direction at z = ¢. This

condition is written as

_th + Tz; = _5h(q,t) = _E<Q7§)h<q7t)7 (615)

where E(q, &) was defined in Eq. (6.4). In the above, T is the zz-component of

the fluid stress tensor
Tij = —pdij + n(0v; + djvi), (6.16)

evaluated at z = £ £ 0 and 4,j = x,2z. The above four boundary conditions in
Egs. (6.12)—(6.15) at z = £ determine the solution of v and p in the entire region
of the fluid.

6.2.3 Dynamic equation of a bound membrane

Next we derive a dynamic equation for the membrane fluctuation amplitude. The
time derivative of the fluctuation amplitude h(q,t) (membrane velocity) should
coincide with the normal velocity of the fluid at the membrane v.(q,z = /,t)
obtained from Egs. (6.10) and (6.11) together with the four coefficients (see also

Appendix). Using the result of the above hydrodynamic calculation, we can write
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the dynamic equation of h(q,t) as follows

oh(q,t _ _ _
8D g, LOR@ 1)+ Asla. DVl 1) + Acla, DVao(a1) + (@)

(6.17)

In the above, 7(q,, &) is the hydrodynamic decay rate
1a,4,§) =T(q, 0 E(q,¢), (6.18)

where the kinetic coefficient I'(g, £) is given by

- 1 sinh?(gf) — (qf)?

['(q,0) = —. (6.19)

B 2_77qsinh2(ql7) — (gf)? + sinh(qf) cosh(gf) + (¢f)

The same expression was obtained by Seifert [6.26]. The second and the third
terms on the r.h.s. of Eq. (6.17) are due to the wall boundary conditions Egs. (6.7)
and (6.8). Our calculation yields

~ —iql sinh(gf)
Asle f) = sinh?(gf) — (gf)? + sinh(qf) cosh(qf) + (¢f)’ (6.20)
A(g, D) = Sinli(qg) + qgco§h(qg) i N (6.21)

sinh?(qf) — (gf)? + sinh(qf) cosh(ql) + (gf)

The last term in Eq. (6.17) represents the thermal white noise; its average vanishes
(C(g,t)) = 0 while its correlation is fixed by the fluctuation-dissipation theorem
(FDT) [6.30, 6.31]

(C(q 1)C(—q,t')) = 2kpTT (g, ()5 (t — t'). (6.22)
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6.2.4 Hydrodynamic decay rate

We first introduce = 4nf3/k as a characteristic time. In Fig. 6.2, we plot the
scaled decay rate v(q,/, &)t (see Eq. (6.18)) as a function of the dimensionless
wavenumber ¢/ when = = ¢/f = 10 and 0.1. For our later discussion, it is useful

here to discuss its asymptotic behaviors. We first note that the kinetic coefficient

['(q,?) in Eq. (6.19) behaves as

Gg?/12n, g< 1/l

1/4nq, q>1/1.

Depending on the relative magnitude between ¢ and &, two different asymptotic
behaviors of the decay rate can be distinguished [6.26]. For ¢ < ¢ (corresponding

to = =10 in Fig. 6.2), the decay rate increases monotonically as

KOG 120€4, g < 1/€
YR QRBE /12y, 1)< q< 1)l (6.24)

kG /4, 1/{ < q.

The small-¢ behavior v ~ ¢? results from the conservation of the fluid volume
between the membrane and the wall [6.32]. The dependence v ~ ¢° in the inter-
mediate regime, where the effect of potential becomes irrelevant, was predicted
by Brochard and Lennon [6.9]. For large ¢, we recover the behavior of a free
membrane v ~ ¢3. All these asymptotic behaviors are observed in Fig. 6.2.

For ¢ < [ (corresponding to = = 0.1 in Fig. 6.2), on the other hand,  changes

non-monotonically as [6.26]

K120, q < 1/0
7R K/Angte, 1/l < q<1/¢ (6.25)

kg /4n. 1/¢€ < q.
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Figure 6.2: Dimensionless decay rate ¥ = 47 (see Eq. (6.18)) with £ = 4nf3/k as
a function of dimensionless wavenumber ¢f. The solid and dashed lines represent
= =¢/0 =10 and 0.1, respectively.

While the small-¢ and large-¢ behaviors are unchanged from Eq. (6.24), here the
decay rate decreases with increasing ¢ in the intermediate range. This unusual
decrease of the decay rate clearly appears for 1 < ¢f < 10 in Fig. 6.2. Such
an anomalous behavior occurs due to the fact that the potential confines the
mean-square fluctuation amplitudes to (h?) ~ kgT'¢*/k independently of ¢ (see
Eq. (6.4)), while hydrodynamic damping becomes less effective with increasing
q [6.26]. We also note that the absolute value of v in the small-¢ region is sensitive

to the value of =, while it is independent of = in the large-¢q region.

6.3 Membrane two-point correlation functions

Using the result of the hydrodynamic calculation, we shall discuss in this section
the two-point correlation functions of bound membranes [6.33, 6.34]. We separately
investigate the cases of (i) a static wall, (ii) an active wall, and (iii) an active wall

with an intrinsic time scale.
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6.3.1 Static wall
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Figure 6.3: Dimensionless static correlator ® = (4x/kgT€2)® in the presence of
a static wall (see Eq. (6.31)) as a function of dimensionless distance p/€. Notice
that @ takes a maximum value at p/§ = 4.93.

In the case of a static wall, the velocities at the wall vanish in Egs. (6.7) and

(6.8), i.e., Vio(q,t) = Voo(q,t) = 0. Hence Eq. (6.17) reduces to

oh(q,1)
ot

= —(q.0,&)h(g,t) + ((q,t), (6.26)

and one can easily solve for h(q,t) as

_ t _
h(q,t) =h(g,0)e V@5t ¢ / dty (g, ty)e 1 @HOEt) (6.27)
0

Using the above solution and Eq. (6.22), we calculate the membrane two-point

correlation function which can be separated into two parts [6.33, 6.34]

where the translational invariance of the system has been assumed. In the above,
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the first term is a purely static correlator

D(p — p') = ([h(p) — h(p")]*)

=2 [ %wm)h(—q» [1— cato] (6.20)

describing the static membrane roughness, while the second term is a dynamical
correlator

o(p— p,t) =2 / %(h(q}h(—q))eiq'(”_p/) [1 - e—%qff)t} , (6.30)

describing the propagation of fluctuations with a distance |p — p/|.
Using the static correlation function for h(q) in Eq. (6.4), we first calculate the
static correlator

kBT OO q
dp—p)="2 [ dg—T1— Jo(qlp—p'
(p=p)="— i qQ4+§,4[ o(alp — P'])]

 kpTE? 1 a0 (Up=01/9" |
T 4k {1 wGO"‘ 256 ‘0’5’5’0 ’ (6.31)

where Jy(z) is the zero-order Bessel function of the first kind, and the Meijer G-
function is used in the last expression [6.35]. In Fig. 6.3, we plot the scaled static
correlator ®(p — p’) as a function of p/& where p = |p — p/|. Only in this plot, we
use ¢ to scale the length because the above static correlator is solely determined
by the free energy in Eq. (6.2), and Eq. (6.31) does not depend on /. In the large
distance p/€ > 1, the (route mean square) height difference between two points on
the bound membrane is proportional to £. It is interesting to note that ®(p — p)
changes non-monotonically and shows a maximum around p/§ ~ 4.93. A similar
overshoot behavior of the membrane profile was reported before [6.36].

As for the dynamical correlator in Eq. (6.30), we perform the angular integra-

tion and obtain the expression

kpT

/ > q —~(q,l,6)t /
—pt) = dg —— |1 — e @bOt) g — o). 6.32
op—pt) = /0 qq4+€4[ e ] olalp — P (6.32)
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We first set p = p’ and discuss the mean squared displacement (MSD) of a tagged
membrane segment given by [6.33, 6.34]

T o
:kB_ d q

y 7 [1 _ —W@f)t], 6.33
Qbo( ) J 0 q q4 + 5_4 € ( )

where we have used Jy(0) = 1. Instead of the correlation length &, we hereafter
use ¢ to scale the length. Note that the hydrodynamic effect is manifested by the
appearance of the length ¢. In Fig. 6.4, we plot the dimensionless MSD ¢, as
a function of ¢/t (recall that £ = 4nf®/k) for = = 10 (monotonic damping case)
and = = 0.1 (non-monotonic damping case), respectively. In order to find out the

asymptotic behaviors clearly, we have also plotted an effective growth exponent «

defined by

dIn ¢o (1)
t) = ——=. 6.34
a(t) = — = (6.34)
For both = = 10 and 0.1, the MSD increases monotonically as a function of
time. For = = 10 (£ < £), there are three different asymptotic regimes of the time
dependence. In the small time regime (¢ < ), the MSD behaves as ¢ ~ t*/% which

corresponds to the diffusion of a free membrane [6.33, 6.34]. This scaling behavior

can be obtained by using the large-¢ behavior of the decay rate in Eq. (6.24)

Po(t) ~ —— dg — [1 - e_(“q3/4")t]
TR Jo q

kT
~ R 1/32/3

23, (6.35)

In the intermediate time regime (f < t < Z1), we have ¢y ~ t'/3 which stems

from the intermediate-g behavior of v in Eq. (6.24)

kT [ 1

oo(t) dg — |1 — et 2]
T Jo q3
kTl )
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In this regime, as discussed by Brochard and Lennon [6.9], the conservation of the
enclosed incompressible volume between the membrane and the wall is important,
while the effect of the potential acting between them is irrelevant. The Fourier
transform of the above expression, i.e., the power spectral density, was previously
discussed by Gov et al. in Ref. [6.16]. In the long time regime (=% < t), the MSD

saturates at the value given by

2
T~ (6.37)

ksT0?] 722 kpT
¢0(t—>oo)%[B }W B

TR

For = = 0.1 (£ < ¢), on the other hand, there are only two asymptotic regimes.
The MSD increases as ¢y ~ t*3 in the small time regime (¢t < Z°f), whereas in
the long time regime (=3 < t), it saturates at the value given by Eq. (6.37).

Let us consider then the case p # p’. In Fig. 6.5, we plot the scaled ¢(p—p', t)
in Eq. (7.16) as a function of p/f for different times when = = 10. For all the
cases, the dynamic correlator changes non-monotonically and exhibits a typical
undershoot behavior. The minimum of ¢ occurs for larger p as time evolves. In
the long time limit, ¢ — oo, ¢(p — p',t) in Eq. (7.16) coincides with the second
term in Eq. (6.31) and is given by the Meijer G-function.

6.3.2 Active wall

We now investigate the case when the wall is active so that it exerts random
velocities on the ambient fluid. The membrane dynamics in the presence of an
active wall is described by Eq. (6.17). This equation can be also solved for h(q,t)

as
_ _ t ~
h(g,t) =h(q,0)e " L A (q,0) / dty Vo (g, t1)e /@& E0)
0

t _ t _
+ Az(q, g) / dts Vzo(q, t2)e—7(q,ﬁ,£)(t—t2) + / dts C(Qa t3)€—7(q,&€)(t—t3).
0 0

(6.38)
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The random velocities generated at the wall are assumed to have the following

statistical properties

(Vao(p: 1)) = (Vao(p, 1)) =0, (6.39)

(Vao(p, )Vao(p', 1)) = 25.0(p — p")o(t — 1), (6.40)
(Vaolp, t)Vao (', 1)) = 25.6(p — p')o(t — 1), (6.41)
(Vao(p, )Vao(p', 1)) = 0, (6.42)

(Vao(p, 1)C (P, 1)) = (Vao(p, )C(P, 1)) =0, (6.43)

where we have introduced the amplitudes S, and S, in Egs. (6.40) and (6.41),
respectively. With these statistical properties, we can calculate the total two-
point correlation function which consists of the static and the dynamical parts as

before

([R(p,t) = h(p',0)]* )10t = Prot(p — P') + drot(p — P, 1). (6.44)

In the above total correlation function, the static correlator in the presence of

the active wall becomes

‘I’tot(P - P/)

1 o kBT Sx|Ax(Q7Z)|2 SZ|AZ(q7Z)|2 /
S d kl k! —J _

T /0 M e e " v(q,¢,€) " v(q, ¢, €) L~ hlale = o)
=0(p—p)+ 0u(p—p)+2.(p - p), (6.45)
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where A, and A, were obtained in Egs. (6.20) and (6.21), respectively, while ®(p—
p') was defined in Eq. (6.31) for the static wall case. In the above equations,
we have defined two correlators ®, and ®,. On the other hand, the dynamical

correlator in Eq. (6.44) is given by

’ 1 [~ ksT Sx|AaJ(q’Z>|2 Sz|Az(Q7£_)|2
tot —Pt) == d i i
Golp = p0) w/o e +en " et 0 he) ]
x (1= e8] y(glp — ). (6.46)

By setting p = p’, the total MSD of a tagged membrane segment in the presence

of the active wall becomes

1 [ kgT Sx‘Az<Q>E)’2 S:AL(q, Z)P —(q,L8)t
tot = — d 7 7 —e e
ounlt) = - [ da| e 2 2 ] 1]

where the first term ¢o(t) was defined before in Eq. (6.33) for the static wall case,
while ¢,0 and ¢,y have been newly defined here.

Before showing the result of MSD, we first discuss the wavenumber dependen-
cies of the quantities |A,|*/v and |A,|?/v appearing in Egs. (6.45)-(6.47). These
quantities originating from the active wall are plotted in Fig. 6.6 as a function of ¢/
for = = 10 and 0.1. Using the asymptotic behaviors of 7, as shown in Eqgs. (6.24)
and (6.25), we can obtain the limiting expressions for |A,|*/y and |A,|?/v as well.
When ¢ < ¢ (corresponding to Z = 10), we have

3ne*/k, q<1/¢
[Aal? /v = 4 3n/klg?, 16 < q< 1/l (6.48)
AntPe=2/rq, 1)1 < q,
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2netkPq?, g <1/
INP/y = 1on/sBes, 1)< q< 1)l (6.49)
Anle=M/kq, 1)1 < q.

For ¢ </ (corresponding to = = 0.1), on the other hand, we obtain

3n€* kL, g1/t
M)y~ Qe Ppe )k, 1)1 < q < 1/¢ (6.50)
inPe/kg, 1/ <y,

1208t /klPq?, g1/l
APy = S dngdPgPe )k, 1)1 < q < 1/¢ (6.51)

AnlPe=2% /g 1/¢€ < q.

The static correlators @, and @, defined in Eq. (6.45) due to the active wall
can now be obtained by performing numerical integrals. In Fig. 6.7, we plot the
static correlators ®, and ®, as a function of p/¢ when = = 10. Here ®, and &,
are scaled by 477[75'36 /7K and 477[7& /7K, respectively. We notice that ®, behaves
similarly to that of the static wall case ® given in Eq. (6.31) and plotted in Fig. 6.3.
On the other hand, ®, diverges logarithmically for large p/¢ because the integral is
found to be infrared divergent. Such a logarithmic divergence is avoided when we
consider a finite membrane size which gives rise to a cutoff for small wavenumbers
in the integral of Eq. (6.45). It should be noted that both ®, and ®, depend on ¢
and &, while ® is solely determined by £. This means that ®, and ®, include the
geometrical as well as the hydrodynamic effects.

In Figs. 6.8 and 6.9, we plot the scaled membrane MSD ¢,o and ¢,o (see
Eq. (6.47)), respectively, as a function of ¢/t when Z = 10 and 0.1. For / < ¢

(corresponding to = = 10), there are three different asymptotic regimes both for
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¢z0 and ¢.o. In the small time regime (t < t), we have ¢, ~ t and ¢.o ~ t,

showing a normal diffusive behavior. This is because ¢,¢ can be approximated as

- . )
Pzo(t) ~ e, / dq e 2 [1 _ o~ (ra®/Am)t
0

™R

2SSt [ . S
~ T dge 24q3 ~ =2t 52
- /O e ~ 3 (6.52)

Notice that only small-q contributes to the integral, and the same holds for ¢.,.
In the intermediate time regime (f < t < Z°), we have ¢,o ~ t'/3 and ¢, ~ t%/3
which can be asymptotically obtained by Eqs. (6.36) and (6.35), respectively. In

the long time regime (2% < t), ¢, saturates at the value

(6.53)

M%}PNW@

gbwo(t — OO) =~ |: 3 o,

TR

On the other hand, ¢.q diverges logarithmically for ¢ — oo, which can be seen in
Fig. 6.9(a) and also shown analytically. Such a divergence in time occurs for small
¢ and can be avoided when the membrane size is finite as mentioned before.

For ¢ < ¢ (corresponding to Z = 0.1), on the other hand, there are only two
asymptotic regimes. The MSDs increase both linearly as ¢, ~ t and ¢,o ~ t in
the small time regime (¢ < =3t). In the long time regime (=3t < t), ¢, saturates

at the value

477(7596] =4 N néLS,

K 8 K03 (6.54)

@wﬁwz{

while ¢, also diverges logarithmically as above.

6.3.3 Active wall with an intrinsic time scale

Finally we consider a situation in which the activity of the wall occurs over a finite
time scale 7. In this case, the statistical properties of random velocities which have

been given in Egs. (6.40) and (6.41) would be replaced by the following exponential
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correlation function in time [6.19, 6.20, 6.42]

Vaolp, Va0, ) = E8(p — pl)e 01, (6.55)

T
T

Vol )Vaolp, 1)) = Z28(p — pl)e =017 (6.56)

Zz
T
while the other velocity correlations remain the same. In general, the intrinsic time
scale 7 can be different between the x- and z-components. In the above relations,
we have put a factor 1/7 so that the physical dimension of S, and S, is the same
as before.

Repeating the same procedure as before, we obtain the total two-point corre-
lation function which can be also separated into the static and dynamics parts as

in Eq. (6.44). The static correlators in the presence of the active wall now become

REY Slha(@ P
2.(p p)—ﬁé g = e - ) (657)

REY SIN@DE
3.(p ”>‘WA g = e - A (658)

A similar static correlator was previously discussed by Gov et al. [6.19, 6.20, 6.42].
Notice that the above expressions reduce to those in Eq. (6.45) when 7 — 0. This
is reasonable because the exponential function in Egs. (6.55) and (6.56) reduce to
a o-function in the limit of 7 — 0.

Similarly, the two MSD functions of a tagged membrane segment are given by

1 SN (g, O e
%Nﬂ—ﬂl “qw%a@hmjfw+u[l ], (0:59)

1 S.IA(g,0) 2 .
@dﬂ—wl @q%%ﬁ®hmffﬁ+ﬂ[l ‘ | (050
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which also reduce to those in Eq. (6.47) when 7 — 0. In Figs. 6.10 and 6.11, we
plot the scaled ¢,¢ and ¢, respectively, as a function of ¢/t for different T-values
when = = 10. We first notice that both ¢, and ¢,y decrease when the intrinsic
time scale 7 is taken into account. Also the initial time regions during which ¢,
and ¢, grow linearly in time increase for larger 7-values, and the regions showing
the scaling ¢,o ~ t/3 or ¢, ~ t*® become narrower. In the large 7 limit, there

will be only two scaling regimes of the MSDs.

6.4 Summary and discussion

In this paper, we have discussed the dynamics of a membrane interacting with an
active wall that generates random velocities. We have generally shown that the
dynamics of a bound membrane is significantly affected by active fluctuations at
the wall and they propagate through the surrounding fluid. Using the result of the
hydrodynamic calculation of a bound membrane, we have derived a dynamic equa-
tion for the membrane fluctuation amplitude (see Eq. (6.17)). As noted by Seifert
before [6.26], there are two different asymptotic behaviors of the hydrodynamic
decay rate v depending on the relative magnitude between the average membrane-
wall distance £ and the correlation length ¢ (see Egs. (6.24) and (6.25)). We have
obtained in Sec. 6.3 the membrane two-point correlation functions for three differ-
ent wall cases; (i) a static wall, (ii) an active wall, and (iii) an active wall with an
intrinsic time scale.

As a dynamic part of the correlation function, we have mainly discussed the
MSD of a tagged membrane and investigated its asymptotic time dependencies for
the different types of walls. For the static wall case, the membrane fluctuates due
to thermal agitations. When the decay rate 7 changes monotonically, the MSD
given by Eq. (6.33) exhibits two asymptotic behaviors ¢y ~ 2% and ¢y ~ t'/3
before it reaches a constant value that is fixed by & (see Fig.6.4). When the wall
is active, on the other hand, the partial MSDs in Eq. (6.47) grow linearly in time,

Oz0 ~ ¢.0 ~ t, in the early stage. Compared to the dynamics due to thermal

110



fluctuations, this is a unique behavior of a membrane segment in the presence of
an active wall (see Figs. 6.8 and 6.9). When the active wall has a finite intrinsic
time scale 7 as defined in Egs. (6.55) and (6.56), the linear-growth region of the
MSD is further extended as 7 is increased.

The present work should be distinguished from those dealing with the dynamics
of “active membranes” [6.8]. These membranes contain active proteins such as ion
pumps which consume the chemical energy and drive the membrane out of equilib-
rium. Being motivated by the theoretical predictions [6.37—6.43], some experiments
have shown that active forces enhance membrane fluctuations [6.44-6.46]. In our
theory, we have considered that the active components are incorporated not in
the membrane but in the wall, and discussed their hydrodynamic effects on the
membrane fluctuations. Hence our work is related to the recent work by Maitra et
al. [6.47] who discussed the dynamics of a membrane coupled to an actin cortex
consisting of filaments with active stresses and currents.

For our further discussion, we give here some numerical estimates of the quan-
tities used in our calculations. As an example, we consider the shape fluctuations
of RBCs. Previously, the data for normal RBC [6.48] was well described by us-
ing the following parameters [6.19, 6.20]; k ~ 107 J, £ ~ 2 — 3 x 107® m, and
€ ~2—3x 107" m. Then the important dimensionless parameter is roughly
= = ¢/l ~ 10 for RBCs, and the decay rate 7 is expected to increase monotoni-
cally as in Eq. (6.24). Using the value of water viscosity n ~ 1072 J/m?, we obtain
the characteristic time scale as = 4nf%/k ~ 10~7 s. Hence the second crossover
time scale discussed in Eq. (6.36) is roughly given by Z° ~ 107! s. Since ¢ and
=5¢ are well separated, the three different asymptotic regimes of ¢y(t) should be
clearly observable.

The intrinsic time scale 7 appearing in Eqgs. (6.55) and (6.56) represents the
duration of force production at the active wall, and can be roughly estimated as
7 ~ 1073 s for the spectrin network of RBCs [6.19, 6.20]. Hence the choice of
7/t ~ 10* in Figs. 6.10 or 6.11 is reasonable. Moreover, the force balance between

the spectrin compression and the membrane bending yields a characteristic length
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scale of the order of L ~ 1077 m. From the viewpoint of dimensional analysis,
the quantities S, and S,, which fix the amplitudes of the random velocities in
Eq. (6.40) and (6.41), respectively, can be evaluated as S, ~ L*/7 ~ 1072 m?/s
and similarly for S,. With this value, the amplitude of the MSD due to the active

wall becomes ¢n9 ~ 7S, /K ~ 10717 m?,

This value is comparable to that of
thermal fluctuations ¢g ~ kgT?/k ~ 10716 m?2.

As mentioned in Sec. 6.2, the decay rate 7y changes non-monotonically when
= <« 1. This situation may occur for a charged membrane pushed by an os-
motic pressure [6.26]. When unscreened electrostatic interactions compete with
an osmotic pressure, the condition = < 1 is met whenever ¢ > rlg JkgT ~
5 x 107 m where /g is the Bjerrum length. As the unbinding transition point is
approached [6.28], £ becomes much larger than €.

Following the calculation by Seifert [6.26], we have shown in Sec. 6.2 that the
hydrodynamic kinetic coefficient I'(q, /) is given by Eq. (6.19). In Ref. [6.17],
Gov et al. used different boundary conditions at the membrane and obtained an
alternative expression for the kinetic coefficient

Ta(q,0) = ol 2q0 — 2(q0)?| . (6.61)

4ngq

As expressed in Eq. (6.14), Seifert and we have used an incompressibility condition
for the fluid near the membrane, whereas Gov et al. employed a zero-shear-stress
condition, which implies that the xz-component of the shear on both sides of the
membrane are equal. Gov et al. insisted that the latter condition is appropriate
for a fluid membrane which cannot support shear stress across its width [6.17]. We
have quantitatively compared Egs. (6.19) and (6.61) and confirmed that they only
differ by a numerical factor of 4 in the small-q regime, and the asymptotic scaling

behaviors are completely identical. Notice that I'(gq, £) in Eq. (6.61) behaves as

G3q®/3n, g 1/l
o~ E / (6.62)

1/dng, q>1/¢,
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which can be compared with Eq. (6.23). In any case, the differences between
Egs. (6.19) and (6.61) are not significant as far as the role of the wall is concerned,
and various scaling behaviors of the MSD discussed in this paper are valid.

In this paper, we have only dealt with a tensionless membrane whose shape is
governed by Eq. (6.1). In Ref. [6.16], it was claimed that the attachment of the
cytoskeleton to the membrane would induce an effective surface tension. For a

membrane with a finite surface tension 3, the free energy is modified to
2 | R o202 2 2
F=[dp E(V 0+ V() + E(Vﬂ) : (6.63)

Hence the quantity F in the static correlation function Eq. (6.4) should now be
replaced with

E(q,6) = k(g" + &) + ¢ (6.64)

The new term associated with the surface tension neither modifies the small
wavenumber nor the large wavenumber asymptotic behaviors [6.26]. Although
a more complicated crossover behavior can arise in the intermediate wavenumber
if ¥ > k/&%, we do not discuss it here because our main aim is to see the effects
of the active wall. In general, the presence of the finite surface tension tends to
suppress the membrane fluctuations.

In our model, the outer fluid is assumed to be purely viscous characterized by
a constant viscosity 7. It should be noted, however, fluids surrounding biomem-
branes are viscoelastic rather than purely viscous. This is a common situation in
all eukaryotic cells whose cytoplasm is a soup of proteins and organelles, including
a thick sub-membrane layer of actin-meshwork forming a part of the cell cytoskele-
ton [6.12]. The extra-cellular fluid can also be viscoelastic because it is filled with
extracellular matrix or hyaluronic acid gel. In order to mimic the real situations,
the dynamics of undulating bilayer membrane surrounded by viscoelastic media
was considered before [6.49, 6.50]. It was assumed that both sides of the mem-

brane are occupied by viscoelastic media with a frequency-dependent modulus that
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obeys a power-law behavior G(w) = Go(iw)? with 0 < 8 < 1 [6.49-6.52]. Such
a frequency dependence is commonly observed for various polymeric solutions at
high frequencies. The limits of # = 0 and 1 correspond to the purely elastic and
purely viscous cases, respectively. Following the previous results, we argue that
the time dependencies of MSD which has been expressed as ¢y ~ t* in the pure
viscous case will be modified to ¢y ~ t*# both for the static and the active wall
cases. Hence the asymptotic exponent of the MSD is generally smaller than that

for a purely viscous fluid.

Appendix 6.A Solutions of hydrodynamic equa-
tions

The incompressibility condition Eq. (6.5) and the Stokes equation (6.6) can be
formally solved for the fluid velocity v in terms of the force f acting on the
fluid [6.53):

o e—4lz—7
wla.2) = [l —ale = YDA ) ol = )0, (669

%) —qlz—72|
vy(q,z):/ 42 < . 2f,(q,2"), (6.66)

oo e—4lz—7']
wla9) = [l gl - 2 e ) i - ) fla, ) (660

o0

with ¢ = |g|. Notice that v, in Eq. (6.66) is not coupled to the other components
and hence can be neglected.

For the fluid in the region 0 < z < 17, the forces are acting both at z = 0 and
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2z = [ so that f, and f. can be written as

f2(q;2) = £:(q,0)0(2) + folg, 0)0(z = 1), (6.68)
f:(q,2) = f:(q,0)3(2) + f.(q, 0)d(z — 0). (6.69)

Substituting Eqgs. (6.68) and (6.69) into Eq. (6.67), we obtain Eq. (6.10) where the
the coefficients A and B are given by

A= il h(a 0+ 0+ aD (. 0)] (6.70)
B [0 - aDLa. D)+ aia. D). (6.71)

For the fluid in the region ¢ < z, the forces are acting only at z = ¢ so that f,

and f, can be written as

fo(@,2) = fulq,0)5(z — 1), (6.72)
f:(q,2) = f.(q. 0)6(z — 0). (6.73)

Substituting Eqs. (6.72) and (6.73) into Eq. (6.67), we obtain Eq. (6.11) where the
the coefficients C' and D are given by

_ f(q,0)
C = g 7 (6.74)
D= e . (6.75)

Using these four coefficients A, B, C' and D, the x-component of the velocity

vE(q,2,t) and the pressure p*(q, z,t) are obtained as follows:

v, (q, z,t) = — 1Aqz sinh(gz) + ¢ B[sinh(qz) + gz cosh(qz)]
+ (1 - qZ)VYxO(qu t>€_qz - ZQZ‘/Zo(q, t)e_qza (676)
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v (g, z,t) = —ie 1=9(C — D — Dql + Dqz), (6.77)

p (q,z,t) = — 2nq[A cosh(qz) — Bsinh(qz)]
+2nq[V.o(q,t) — iVio(q, t)]e %, (6.78)

p*(q, z,t) = 2nDge™ "0 (6.79)

The four unknown coefficients are determined by the boundary conditions (6.12),
(6.13), (6.14) and (6.15) at z = /.
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Figure 6.4: (a) Dimensionless mean squared displacement (MSD) of a tagged mem-
brane segment ¢o = (7x/ksT?)¢o in the presence of a static wall (see Eq. (6.33))
as a function of dimensionless time ¢/t where t = 4nf?/k. The solid and dashed

lines represent = = ¢/ = 10 and 0.1, respectively. (b) Effective exponent a of the
MSDs in (a) as defined in Eq. (6.34).
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Figure 6.5: Dimensionless dynamical correlator ¢ = (7 /kgT0?)¢ in the presence
of a static wall (see Eq. (7.16)) as a function of dimensionless distance p/¢ for
t/t = 108 (solid black), 10° (dashed red), 10* (dotted blue) when = = £/¢ = 10.

Here the characteristic time is £ = 4nf3 /.
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A2/

Figure 6.6: Plots of (a) [A.|*/7 (see Eq. (6.20)) and (b) [A.|*/7 (see Eq. (6.21))
as a function of dimensionless wave number ¢f. Here ¥ = 71 (see Eq. (6.18)) with
t = 4nl?/k is the dimensionless decay rate. The solid and dashed lines represent

= =¢/f =10 and 0.1, respectively.
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Figure 6.7: Dimensionless static correlators (a) d, = (7r/4nlS,)®, and (a) &, =
(mr/4nlS.)®. (divided by 10*) in the presence of an active wall (see Eq. (6.45))
as a function of dimensionless distance p/¢ when = = £/¢ = 10.
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Figure 6.8: (a) Dimensionless mean squared displacement (MSD) of a tagged
membrane segment ¢,o = (mk/4nlS,)de0 in the presence of an active wall (see
Eq. (6.47)) as a function of dimensionless time t/f where ¢ = 4nf*/k . The solid
and dashed lines represent = = ¢/f = 10 and 0.1, respectively. (b) Effective
exponent « of the MSDs in (a) as defined in Eq. (6.34).
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Figure 6.9: (a) Dimensionless mean squared displacement (MSD) of a tagged
membrane segment b0 = (mr/4nlS.)¢.o in the presence of an active wall (see
Eq. (6.47)) as a function of dimensionless time t/f where ¢ = 4nf*/x . The solid
and dashed lines represent = = ¢/f = 10 and 0.1, respectively. (b) Effective
exponent « of the MSDs in (a) as defined in Eq. (6.34).
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Figure 6.10: (a) Dimensionless mean squared displacement (MSD) of a tagged
membrane segment ¢,y = (mr/4nlS, ) dao in the presence of an active wall with an
intrinsic time scale (see Eq. (6.59)) as a function of dimensionless time ¢/t where
t = 4nf®/k. Different colors correspond to 7/t = 0 (solid black), 10 (dashed red),
10* (dotted blue) and we set = = 10. (b) Effective exponent « of the MSDs in (a)
as defined in Eq. (6.34).
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Figure 6.11: (a) Dimensionless mean squared displacement (MSD) of a tagged
membrane segment ¢,o = (7x/4nlS.)¢.o in the presence of an active wall with an
intrinsic time scale (see Eq. (6.60)) as a function of dimensionless time ¢/t where
t = 4nf®/k. Different colors correspond to 7/t = 0 (solid black), 10 (dashed red),
10* (dotted blue) and we set = = 10. (b) Effective exponent « of the MSDs in (a)
as defined in Eq. (6.34).
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Chapter 7

Dynamics of two-component
membranes surrounded by

viscoelastic media

We discuss the dynamics of two-component fluid membranes which are surrounded
by viscoelastic media. We assume that membrane-embedded proteins can diffuse
laterally and induce a local membrane curvature. The mean squared displacement
of a tagged membrane segment is obtained as a generalized Einstein relation. When
the elasticity of the surrounding media obeys a power-law behavior in frequency, an
anomalous diffusion of the membrane segment is predicted. We also consider the
situation where the proteins generate active non-equilibrium forces. The general-
ized Einstein relation is further modified by an effective temperature that depends
on the force dipole energy. The obtained generalized Einstein relations are useful

for membrane microrheology experiments.

7.1 Introduction

Biomembranes are thin two-dimensional fluids which separate inner and outer

environments of organelles in cells. The fluidity of biomembranes is guaranteed
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mainly due to the lipid molecules which are in the liquid crystalline state at phys-
iological temperatures. Proteins and other molecules embedded in biomembranes
undergo lateral diffusion which plays important roles for biological functions [7.1].
It should be noted, however, that biomembranes are not isolated 2D systems, but
are coupled to the surrounding polar solvent such as water.

Moreover, the solvent surrounding biomembranes is viscoelastic rather than
purely viscous. This is a common situation in all eukaryotic cells whose cytoplasm
is a soup of proteins and organelles, including a thick sub-membrane layer of actin-
meshwork forming a part of the cell cytoskeleton [7.1]. The extra-cellular fluid can
also be viscoelastic because it is filled with extracellular matrix or hyaluronic acid
gel. Recently, Granek discussed the dynamics of an undulating bilayer membrane
surrounded by viscoelastic media [7.2]. He calculated the frequency-dependent out-
of-plane (transverse) mean squared displacement (MSD) of a membrane segment
and the linear response to external forces.

In this work, we discuss the dynamics and responses of two-component mem-
branes containing proteins such as ion channels, ion pumps, or photo-active pro-
teins like bacteriorhodopsin. These proteins can diffuse laterally within the mem-
branes. We use a model that incorporates curvature-concentration coupling as well
as hydrodynamics interactions. We calculate the MSD of a tagged membrane seg-
ment by taking into account the viscoelasticity of the surrounding media as well as
the diffusivity of the proteins. Our aim is to derive a generalized Einstein relation
for the membrane-protein system, which is useful for membrane microrheology
experiments.

Furthermore, the state of the membrane proteins can be either passive or ac-
tive [7.3]. In the latter case, the proteins consume the chemical energy and drive
the membrane out of equilibrium. It was experimentally shown that active forces
due to ion pumps enhance membrane fluctuations [7.4-7.7]. There exist two im-
portant theoretical models for active membranes; (i) Prost-Bruinsma (PB) model
which takes into account the stochastic nature of the pumps [7.8, 7.9], and (ii)

Ramaswamy-Toner-Prost (RTP) model which considers the coupling between the
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protein density and membrane curvature [7.10]. In this paper, we use the simpli-
fied RTP model proposed by Sankararaman et al. [7.11], and investigate the effects
of the surrounding viscoelastic media on the membrane dynamics. As discussed in
Ref. [7.11], one of our important assumptions is that the membrane is impermeable
to the solvent both for the active and passive states.

In the next Section, we describe the free energy of the membrane-protein sys-
tem. In Sec. 7.3, we present dynamic equations which take into account the vis-
coelasticity of the surrounding media. On the basis of the model, we calculate the
membrane MSD and obtain a generalized Einstein relation in Sec. 7.4. The case
of active membranes will be discussed in Sec. 7.5. Finally, the obtained MSD is

related to the response function in the last Section.

7.2 Free energy

A two-component fluid membrane is regarded as an infinitesimally thin two-dimensional
(2D) surface embedded in three-dimensional (3D) space. In order to describe the
membrane deformation, we use the Monge gauge which is valid for nearly flat sur-
faces. Here the membrane surface is specified by its height above the flat xy-plane,
h(p,t), where p = (z,y) and ¢ is time. In this representation, the mean curvature
of the surface is given by H = (V?h)/2 to the lowest order.

Next we denote the number density of the embedded membrane proteins by
¥(p,t). As shown in Fig. 7.1, these intercalated protein molecules are assumed to
induce a local curvature of the membrane surface [7.12, 7.13]. To leading order in

gradients of h, the free energy functional of the membrane-protein system is given
by [7.5, 7.10, 7.11]

1

Fih vl = 5 / Pp [R(V?h)? — 26B0(Vh) + xg 7). (7.1)

where & is the bending rigidity, H1) the protein density dependent spontaneous

curvature, x, ! the susceptibility which is assumed to be positive here. The above
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model is limited to a liner level, and we do not address nonlinear effects [7.9]. For
the clarity of our presentation, we only discuss tensionless membranes and do not
include the surface tension energy proportional to (Vh)2. Effects of surface tension

have been discussed in detail in the literature [7.14].

G(s)

Figure 7.1: Asymmetric proteins (triangles) embedded in a fluid bilayer membrane.
Accumulation of the proteins induces a local curvature of the membrane. The
membrane is surrounded by a viscoelastic medium with a frequency-dependent

modulus G(s).

In the following, we introduce the 2D spatial Fourier transform of h(p, t) defined

hat) = [ Ephip.tie s (7.2

and similarly for ¢(q,t). Using the free energy Eq. (7.1), one can easily show that

the static (equal-time) correlation functions are given by

(h(g. )h(~q.1)) = ’f—f 73
(h(q, tyi(—gq. 1)) = —’“Z—qu (7.4)
(g, ) (—q, 1)) = fﬁz“ (7.5)

where kg is the Boltzmann constant, 1" the temperature, and k.g the effective
bending rigidity given by keg = #(1 — kH?/xg"). Notice that kes < k irrespective
of the sign of H because y;' > 0. The stability of the free energy requires that the

coupling parameter A needs to be small enough to satisfy the condition k H? /"' <
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7.3 Dynamics

Next we discuss the dynamics of two-component membranes. We follow the ar-
gument in Ref. [7.11] and assume that the membrane is impermeable to the sur-
rounding solvent. This is valid over the length scales of concern in the experi-
ments [7.5]. When the membrane is surrounded by viscoelastic media, as con-
sidered by Granek [7.2], a generalized Langevin equation for the motion of the

displacement filed h(p,t) is given by

ah(p?t) _ /t // 2 7 / ! oF

where A(p,t) is the retarded Oseen mobility. Its Laplace transform is given by

1
8mn(s)p’

A(p, s) :/ dt A(p,t)e " = (7.7)
0

where p = |p| and n(s) is the frequency-dependent viscosity of the surrounding

viscoelastic media (s being the frequency in the Laplace domain). The 2D Fourier
transform of Eq. (7.7) is

1

A(g,s) = ———, 7.8

(q,5) ) (7.8)

with ¢ = |g|. The average of the thermal noise in Eq. (7.6) is ({(p, t)) = 0, whereas

its correlation obeys the following fluctuation-dissipation theorem (FDT) [7.15,

7.16)
<§(p7 t)€<p/7 t/)> = 2kBTA(p - plat - t,)' (79)

Since the proteins diffuse freely on the membrane surface, the conserved quan-

tity ¥ (p, t) should obey the continuity equation of the form

aqu)(pv t) _ 2 oF
ot Lv 5(p,t)

+V-¢(p,t), (7.10)
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where L is the transport coefficient which is assume to be constant. In this diffu-
sion, however, the hydrodynamic interaction is neglected [7.17]. The last term is

a conserving Gaussian noise with (¢(p,t)) = 0 and its correlations are given by

Equations (7.6) and (7.11) are the set of equations to be investigated.
The above equations can be conveniently solved by using the Laplace transform

of h(q,t) and ¢ (g,t) (see Eq. (7.7)). Then Egs. (7.6) and (7.11) can be written in

the matrix form as

( A(g, s)kq* +s A(q,s)xHq? ) ( h(q, s) ) _ ( ¢(g,s) + ho ) (7.12)
Lriq* D¢ + s (g, 5) iq-¢(g.s)+vo )

where D = Lyg', ho = h(g,t = 0) and ¢y = (q,t = 0). After some calculations,

we obtain the solution as

h(q’ 3) =
(Dg* + s)ho — Mg, s)sHg*Yo + (D¢’ + 5)¢(q,5) — iA(g, 5)xH g’ q - C(q; 5)
(A(q,s)kq* + s)(Dg® + s) — A(q, s) L2 H2¢5

Y

(7.13)

w(qa 3) =
—LkHq ho + (A(q, s)kq* + s)vo — LeHg*¢(q, s) + i(A(q, s)kg* + s)q - ¢(q, s)
(A(q,s)rq* + s)(Dg? + s) — A(q, s)Lr> H?qS

(7.14)

We use Eq. (7.13) to calculate the membrane MSD in the next section.
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7.4 Membrane mean squared displacement

The important quantity from the experimental point of view is the MSD of a

tagged membrane segment defined as

o(t) = ([h(p,t) — h(p,0)*)

—2 [ 4L g 0h—a.0) ~ g OM-g.0). (1)

The first term in the above integrand is the equal-time correlation function given by
Eq. (7.3). The Laplace transform of the time correlation function (h(g,t)h(—q,0))
can be obtained from Eq. (7.13) as follows

kT (Dg* + 5) + A(q, s)k*>H?q* [ xp "
Ketq* (A(q, 8)kg* + 5)(Dq? + s) — A(q, s) Lk2H2¢5"
(7.16)

(h(q,s)h(=q,t =0)) =

Here we have used Egs. (7.3) and (7.4) for the equal-time correlation functions.
Another important assumption to derive the above correlation function is that the
stochastic thermal noise £ and ¢ are uncorrelated with the initial condition of the
height h(q,t = 0) = hg, which is somewhat non-trivial [7.15]. Using Eqgs. (7.3)
and (7.16) in Eq. (7.15), the Laplace transformed MSD of a membrane segment

can be conveniently written as [7.2]

o(s) = 2/ d?q kgT (1 (D@* + 5) + A(q, s)s>H?q* /xp " ) ‘

(27) kerd® \5  (A(q, s)xa" + 9)(D@ + 5) — Algq, ) L2 H?¢F

(7.17)

Hereafter we use the general viscoelasticity relation for the frequency dependent
modulus G(s) = sn(s). Using Eq. (7.8) for A(q, s), one can rearrange the integrand
in Eq. (7.17) as

1 kT 0o kg Dr2 2 ¢ -1
1 do (B9 . 7.18
6(s) 7 4sG(s) /0 1 <4G(s) + 4xy'G(s) Dg? + s (7-18)
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Although it is impossible to perform the above integral analytically, Eq. (7.18)
can be regarded as a generalized Einstein relation for a segment of two-component
membranes.

We recall here that the coupling parameter H should be small enough to satisfy
the stability condition of the free energy Eq. (7.1). When kH?/x,' < 1, Eq. (7.18)

can be expanded in powers of H, and the approximated form can be obtained as

o0 qu3 -1
d +1
A q(@@) )
D 2 IfIZ oo 3 —2 5
P Dy () L
Axo G(s) Jo 4G (s) Dg* +s
Here both of the integrals can be performed analytically. Especially, by defining

dimensionless quantities ¢* = rq*/4G(s) and § = (s/D)(x/4G(s))*?, the second

integral can be written in the form

/000 dg (4gq(3s> + 1) - DQZZS = (4;(3))_4/3%’ (7.20)

1 kT
#ls) = 745G (s)

(7.19)

where

0 ~5
R R q
1= [ 4
(8) /0 Y@ 12@+9)

B 1 2T 27s 1 1Ins\ , 14733
“aree|yE e 3T )Y e
10784 1 Ins
AT/2 5
—TTSs / -+ 35/2 — (g — 7) S 1 . (721)

The behavior of I(8) is illustrated in Fig. 7.2. Performing the first integral in
Eq. (7.19) and using Eq. (7.20), we obtain the Laplace transformed MSD as

o(s) ~ 2 k:BT( K )4/3 1 {1+ 33/2 /Jm(g)} |

7332 Di \4G(s) (7.22)

N

S 2 Xal

which is the (approximated) generalized Einstein relation for membrane-protein
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systems in the weak coupling limit.

1(8)

02F -

0.0 L

>N

Figure 7.2: The plot of the integral I(s) defined in Eq. (7.21). Here the variable
is § = (s/D)(k/4G(s))*/3.

We denote the first and the second terms in Eq. (7.22) as ¢mem(s) and dais(s),
respectively, so that the total MSD is expressed as ¢(s) = ¢mem(s) + dair(s). The
first term @pem(s) due to the membrane itself can be rewritten as

1 kpT
-~ 33/291/3 K1/3SG(S)2/37

Prmem (8) (7.23)

which coincides with the result by Granek [7.2], as it should. The second term

¢air(s) is our new contribution due to the diffusion of proteins in the membrane;

C1ksTH? [ & \"*1(3)

where § = (s/D)(k/4G(s))?/? as before. We note here that @q vanishes in the
limit of H — 0.
As a working example, we consider the situation where both sides of the mem-

brane are occupied by the same viscoelastic media with a frequency-dependent
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modulus that obeys a power-law behavior [7.2, 7.18, 7.19];
G(s) = Gos®, (7.25)

where 0 < a < 1. This behavior is commonly observed for various polymeric solu-
tions at high frequencies. Examples are o = 1/2 and o = 2/3 for Rouse and Zimm
dynamics, respectively [7.20], a = 3/4 for semi-dilute solutions of semi-flexible
polymers such as actin filaments [7.21]. The limits of & = 0 and 1 correspond to
the purely elastic and purely viscous cases, respectively.

For such power-law viscoelastic media, the membrane part of the time-dependent

MSD can be readily obtained by performing the inverse Laplace transform [7.2]

_ 1 kT oo
33/221/30(1 + 2a/3) /£1/3G§/3 ’

Prmem () (7.26)

where I'(2) is the gamma function. In the purely elastic case of & = 0, we have

1 kT

¢mem(t) = 33/221/3 /{1/3G(2)/3’

(7.27)

which is independent of time. On the other hand, in the purely viscous case of
a =1, Eq. (7.26) reduces to

o 33/221/31(5/3) 1/3 2/3t
KY3Gy

kgT

2/3
“1/3770/

¢mem (t)

= 0.169 43, (7.28)
where we have replaced Gy with 7 in the last expression. This result was previously
obtained by Zilman and Granek for single component membranes [7.22, 7.23].
Next we discuss the time-dependence of the diffusive MSD ¢qi(¢) in the pres-
ence of power-law fluid media as given by Eq. (7.25). For this purpose, we first
consider the asymptotic behaviors of 1($) in Eq. (7.21). In the limit of § — 0, we
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have

R 21 2
I(8) ~ 32 3 (7.29)

whereas in the opposite limit of 5 — oo, we get

1 Ins
I8~ — == 28
3) (3 2)

In order to calculate g (t), it is convenient to introduce a characteristic time

Wy | =

(7.30)

scale defined by

. 2/(3—20)
r= (W) , (7.31)

which is dependent on «. (Notice that the dimension of Gy also depends on «.)
In what follows, we shall use a dimensionless time defined by ¢ = t/7. Using the
above asymptotic expressions in Eq. (7.24) and performing the inverse Laplace

transform, we obtain in the long time limit of £ — oo as

1 kgTH? 4/3
Paisr (t) ~ B ( i ) rie/3-1

T Dxpt \4Go
2 5204/3 5404/3—1

X - . (7.32)
3572 |T(1+2a/3)  Tla/3

Here the first term is proportional to t2*/3 as in Eq. (7.26), and can be also ex-
pressed as (kH?/3xy") bmem (t), Where ¢pen(t) is given by Eq. (7.26). The same
result would have been obtained simply by replacing x in Eq. (7.26) by keg. The
second term, on the other hand, is proportional to t**/3~! showing a different
exponent.

In the short time limit of £ — 0, we obtain

- 1ksTH? [ & \** ,
i t ~ - - a/371
Gain (t) (4(;0) g

[(2a — 3)Int + (200 — 3)y — 2 + 1], (7.33)
where v = 0.5772- - - is Euler’s constant. Since o < 1, this MSD essentially grows
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like ¢In(1/t). Such a logarithmic correction leads to a time-dependent diffusivity.
Equations (7.32) and (7.33) are the important results of this paper.

In Fig. 7.3, we plot the dimensionless MSD ¢4 due to the diffusion as a
function of ¢ = t/7 by performing the numerical inverse Laplace transform of
Eq. (7.24) with full I(5) when (a) a = 0 and (b) o = 1/2. We also compare it with
the asymptotic expressions Egs. (7.32) and (7.33) which are in good agreement
with the numerical result. In both cases, we see a clear crossover from the almost
liner behavior to the power-law behavior of t2*/3. In the case of purely elastic
media of a = 0, both the membrane and diffusive contributions to MSD become

independent of time for large ¢ [7.2].

7.5 Active membranes

We now discuss the dynamic properties of a two-component membrane with active
pumps which exert non-equilibrium forces on the surrounding fluid. As considered
by Manneville et al. [7.5], each pump is represented as a force dipole, i.e., two
force centers of opposite sign but equal magnitude separated by a distance w.
This is justified because there should be no external force on the combined system
of pump/membrane/solvent whose overall momentum is conserved. If the positive
and negative force centers are located asymmetrically with respect to the midpoint
of the membrane, the pumps exert nonzero active forces on the membrane and the
surrounding media. When the force centers are located at z = w, and z = —w_,
as shown in Fig. 7.4, the active force is proportional to the protein density and

can be written as [7.24]
Foump = fU(p,t)[0(2 —wy) — (2 + w_)|2, (7.34)

where f is the magnitude of the active force (taken to be constant) and 2 is the
unit vector along the z-direction.

Here we assume that pumps are always in the active state over the time scales
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of interest, and the membrane feels the active forces only via the surrounding
fluid [7.11]. The presence of the active force due to the pumps modifies Eq. (7.6)
and can be conveniently expressed in the Fourier-Laplace domain. Corresponding
to Eq. (7.12), we then have

(A(q,s>m4+s Mg, s)[xHq? — fQ(q)] ) ( h(g, s) ) _ ( £(q.5) + ho )

LeHq! D¢* + s (q,5) iq-¢(g,s) + o
(7.35)
where
Qg) = (1 +qu-_)e ™ + (1 + quy )e ™"
q° 2 2 q° 3 3
z;(wf—er)—l—g(w,—er)%—--« (7.36)

is the “structure factor” for the force dipole calculated in Refs. [7.5, 7.11]. Here we
take into account only the first quadratic term in ¢ and approximate as fQ(q) ~
—Pwq¢?, where w = w; + w_ is the size of the pump and P = f(w} — w?)/2w
represents the force dipole energy.

The calculation of the membrane MSD closely follows that of the previous

section. In the small coupling limit of KH?/y," < 1, we obtain

2 kgTr [ & \*1 3%/2 K H2I(5) Pw
~ Gl I e e G R 7.37
o)~ 55 D <4G’(s)) F R ra—— tem) @30

where Teg is the effective temperature defined by

(7.38)

Teﬁ:T(l—KHPU)).

-1
Reff X0

This effective temperature decreases when H P > 0, while it increases when HP <
0 [7.25]. The other difference between Eqgs. (7.22) and (7.37) is that the second
term in Eq. (7.37) has an additional correction due to the pumps. Notice that these
non-equilibrium contributions vanish when w, = w_, implying that an asymmetry

in the positions of the force centers (w, # w_) is necessary for finite active forces.
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Nevertheless, since the s-dependence is the same between Eqs. (7.22) and
(7.37), the MSD of membranes containing passive pumps and those containing ac-
tive pumps exhibit the same scaling behavior. A similar result was also obtained by
Lacoste and Lau [7.26] who showed that these two cases lead to a sub-diffusive be-
havior when membrane permeation is negligible and the surrounding fluid is purely
viscous. For highly permeable membranes, on the other hand, a super-diffusive be-
havior was predicted by Granek and Pierrat [7.27] for membranes described by the
PB model, and later by Lacoste and Lau [7.26] for those represented by the RTP
model. Hence the permeability is crucial for the membrane dynamics, whereas the
stochastic nature of the pumps could also lead to short time super-diffusion, as
discussed before [7.8, 7.26-7.28]. The latter effect in the presence of viscoelastic
media will be discussed in a separate publication. We also note that the effective
temperature in Eq. (7.38) is different from that obtained by Manneville et al. in
Ref. [7.5]. This is because we have calculated Eq. (7.38) from the lowest-oder dif-
fusive terms as in Ref. [7.11], while they neglected these diffusive terms in favor of

higher-order terms.

7.6 Summary and discussion

In this paper, we have discuss the dynamics of two-component fluid membranes
that are surrounded by viscoelastic media. We have assumed that membrane pro-
teins diffuse laterally and induce a local curvature of the membrane. We obtained
the MSD of a tagged membrane segment by taking into account the viscoelas-
ticity of the surrounding media. When the elasticity of the surrounding media
obeys a power-law behavior, G ~ (iw)®, the MSD due to protein diffusion shows
a crossover from tIn(1/t) to t**/% behaviors. We have also discussed the situa-
tion when the proteins generate active non-equilibrium forces. The generalized
Einstein relation is further modified by an effective temperature that depends on
the force dipole energy. The generalized Einstein relations that we obtained for

two-component membranes [see Egs. (7.22) and (7.37)] are useful to measure the
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viscoelastic properties of cytoplasm and/or extracellular matrix.
The obtained membrane MSD (in the Laplace domain) can be used to ex-
press the response of a membrane to transverse forces when it is surrounded by

viscoelastic fluids. Within the linear response theory, one can write
h, = a*(w)F,, (7.39)

where h,, is the Fourier transform of the mean membrane deformation profile under
the action of an external point force F'(t) at the origin p = 0, F,, is the Fourier
transform of F(t), and a*(w) = o/ (w) + i (w) is the complex response function.

In terms of the response function, the FDT can be written as [7.15, 7.16]

2kgT
(), = ——a(w), (7.40)
w
where (h?),, is the power spectral density. Hence the membrane response function
can be related to the membrane MSD by
W
 2kgT

o (w) ¢ (W), (7.41)

where ¢*(w) is obtained from ¢(s) by substituting s = iw, i.e., an analytic continu-

*
mem

ation. Since ¢*(w) = (w)+¢%s(w), the mechanical response of two-component
membranes differs from that of single-component membranes.

In our future work, we shall consider an active membrane containing proteins
with two internal conformational states [7.29, 7.30], and the effects of viscoelas-
ticity of the surrounding media. This can be a natural model for ion channels
because they undergo random transitions between “on” and “off” states. The case
of two-component membranes in a quasispherical shape (vesicles) [7.31] is also

worth considering in order to study the rheology of cells.
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Figure 7.3: Dimensionless MSD due to the diffusion as a function of time when (a)
o =0and (b) a = 1/2. Here ¢aig = dair/[(ksTH?/mDx5 ") (k/4Go)Y374/3-1] and
t=1t/1 =t/(k/4GyD3?)?/B3=22)  The dotted and the dashed lines are asymptotic
expressions given by Eqs. (7.32) and (7.33).
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Figure 7.4: The asymmetric dipole model for a membrane protein. The force cen-
ters are located at distances w, and w_ from the bilayer midpoint. The magnitude
of the active force is denoted by f. The membrane is surrounded by a viscoelastic
medium with a frequency-dependent modulus G(s).
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