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Abstract

Atomtronics, a technique to control atoms for an application of devices, has been
studied in recent years. The purpose of this thesis is to propose a novel method to
control atoms for the application to the atomtronics. To achieve this purpose, we
use a spin current in a spin-orbit (SO) coupled cold atoms. The spin current, that is
a counterflow of particles with different spins, has attracted attention as a method
to control electrons. On the other hand, the artificial SO coupled cold atoms were
experimentally realized in 2011 and have been studied theoretically and experimen-
tally. We can expect that a spin current can be formed in the SO coupled cold atoms
because the SO coupling is known to induce a spin current and controlled because
the cold atoms have various experimentally controllable parameters. However, little
has been studied so far on the spin current in the cold atom. Therefore, we studied
novel controllability of the spin current in the SO coupled cold atom.

An SO coupled Bose-Einstein condensate (BEC) was experimentally realized in
2011 and then an SO coupled degenerate fermions became available in 2012. In
these systems, since the SO coupling was engineered in a neutral atom by dressing
two atomic spin states with a pair of Raman lasers and an external magnetic field,
it is called artificial SO coupling. In addition, some parameters such as intensity
of the SO coupling can be experimentally tuned by the lasers and the external
magnetic field in the artificial SO coupled cold atoms. Therefore, by investigating
parameter dependence of the spin currents, we reveal controllability of the atoms in
the artificial SO coupled Bose and Fermi systems. As a result, in the SO coupled
Bose system, the spin current changes discontinuously and non-smoothly across the
phase boundaries, while in the SO coupled Fermi system, the spin current changes
continuously and smoothly at zero temperature.

On the other hand, Bose-Fermi mixture was experimentally realized and have
been studied from different viewpoints. Therefore, we can expect to realize an
artificial SO coupled Bose-Fermi mixture in near future. In this system, since atoms
of different quantum statistics coexist under an influence of the SO coupling, novel
phenomena can be expected. Based on these ideas, we investigate a ground state
and a spin current in a mixture of fermions and SO coupled bosons. The ground
states are calculated in the SO coupled Bose-Fermi mixture with high density or
low density of the atoms by using a variational method and some approximations
such as tight-binding approximation. For the high density, the fermions have a
large influence on the Bose system, while, for the low density, the fermions have
little influence although the relative amounts of the bosons and the fermions are
comparable in the two cases. In addition, we show that the spin current of the



fermions changes discontinuously and non-smoothly across the phase boundaries of
the bosons.
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Chapter 1

Introduction

Atoms trapped and cooled in ultra-low temperature is called cold atom. Cold atom
can be experimentally realized and exhibit a variety of quantum phenomena. One of
useful features of the cold atoms is controllability of physical parameters including
interaction strength between the atoms[I] 2]. Taking advantage of the features, we
can create various interesting atom systems. Particularly, in 2011, a spin-orbit (SO)
coupled Bose-Einstein condensate (BEC) was experimentally realized[3] and then
an SO coupled degenerate fermions became available[4], [5]. In these experiments,
SO coupling was engineered in a neutral atom by dressing two atomic spin states
with a pair of lasers and it is called artificial SO coupling. To explore rich properties
of SO coupled BECs and degenerate Fermi gases, the SO coupled cold atoms have
been studied theoretically and experimentally[6l [7, 8 [O 10, 1T], 12), 13| 14 15| [16)
17, 18, 19, 20, 21], 22, 23, 24), 25, 26], 27]. In addition, another effort was made for
simultaneous cooling of bosonic and fermionic atoms|28, 29]. The mixture systems
where atoms of different quantum statistics coexist could have a variety of aspects
and have been studied from different viewpoints[30, BT, 32], 33, 34].

On the other hand, atomtronics, the study of atomic transport phenomena for
the application to devices, has attracted attention[35] [36], 37, [38]. In the atomtronics,
a realization of a novel device unlike electronics can be expected because electrons,
that is used in electronics, are Fermi particles with charge whereas atoms, that is
used in atomtronics, are neutral Fermi or Bose particles. In our study, to propose a
novel method to control atoms, we focus on a spin current. Spin current is generally
defined as a counterflow of particles with different spins and various methods to
induce and control a spin current, that is called spintronics, have been proposed[39,
40), 14T, [42], 43, 144, [45], 46], 47, 48], 49], [50]. Since it is known that spin current is induced
by SO coupling, we can expect that atoms can be controlled by spin current in the
SO coupled cold atoms.

In this thesis, we investigate the ground state and the spin current in the three
types of artificial SO coupled cold atoms. The original results are to show the ground
state phase diagram in the SO coupled Bose-Fermi mixture and the controllability



of the spin current in the SO coupled cold atoms. In the following chapters, we
first derive the definition of a spin current and review the experimental method to
realize the artificial SO coupled cold atom. Afterwards, we show the ground states
and spin currents in the artificial SO coupled Bose system, the artificial SO coupled
Fermi system, and the artificial SO coupled Bose-Fermi mixture, respectively. The
details are shown in the followings.

As a ready to analyze a spin current, in Chap. 2 we show the properties of
particle and spin currents in the system with an arbitrary magnetic field and SO
coupling. To define particle and spin currents, we first derive the conservation laws
of particle and spin from U(1) and SU(2) symmetry. Next, we consider the effect
of a magnetic field and SO coupling on the currents. In the latter half, the relation
between the currents and an unitary transformation and the condition to induce
currents are shown.

In order to experimentally create SO coupling in a cold atom, it is necessary to
tune parameters in the cold atom with artificial gauge field[51]. Therefore, in Chap.
[Bl we review the experimental method to realize the cold atoms with artificial gauge
field and artificial SO coupling, respectively. In addition, we show that the intensities
of the SO coupling and effective magnetic field can be controlled by the external
lasers and magnetic field in the artificial SO coupled cold atoms.

Based on the above chapters, in Chaps. M we discuss an artificial SO coupled
Bose system. As a first step, we analyze a non-interacting Bose system where
all the bosons behave as a single-particle. The ground state of the interacting
Bose system have been investigated in the previous studies by using a variational
method [, [, 10, 1T, 15]. Therefore, we review the method to obtain the ground
state phase diagram and show the ground state phase diagram and the spin current
of the bosons.

In the next chapter, we show the ground state and the spin current in the artificial
SO coupled Fermi system without the interaction. As a result, we can see that the
ground state is classified by the difference of Fermi sphere and that the spin current
of the fermions has a characteristic property unlike that of the bosons. In addition,
we investigate the effect of the weak interaction on the Fermi system and show that
it is negligible.

In Chap. [B we consider the mixture of fermions and SO coupled bosons and
show the ground state phase diagram and the spin current of the fermions. Since
the SO coupled Bose-Fermi mixture is a novel system that had not been studied,
all results in this chapter are original. We analyze the ground states of the bosons
in the Bose-Fermi mixture without and with Bose-Fermi spin interaction by using
the variational method same as in Chap. [] and some approximations. In addition,
the spin current of the fermions can be calculated in the same way as in Chap. [Blin
the Bose-Fermi mixture with Bose-Fermi spin interaction. Finally, in Chap. [l we
conclude above results.



Chapter 2

Spin current

Spin current is a counterflow of particles with different spins. Recently, spintronics,
the study of spin-dependent electron transport phenomena in solid-state materials,
has attracted attention[39, 40, A1) 42 [43] and various methods to induce and control
a spin current have been proposed[44] [45] [46], 47, (48, [49] [50].

In this chapter, as a ready for the following chapters, we discuss the properties of
currents induced in the system of spin-1/2 particles with a magnetic field (Zeeman
effect) and spin-orbit (SO) coupling. By using the invariance of Lagrangian, in Sec.
2.1, we derive the conservation law of particle and show the effect of a magnetic field
and SO coupling on the conservation law. In the next section, we derive the (non-
Jconservation law of spin in the same way and define the spin current. Since the
definitions of the particle and spin currents are changed by a unitary transformation
of the wave function, we show the relation between the currents and the unitary
transformation in Sec. 2.3l Finally, in Sec. 2.4] we analyze the properties of particle
and spin currents and show the conditions that the currents are induced.

2.1 Conservation law of particle and particle current

Let us consider the system of spin-1/2 particles with a magnetic field (Zeeman effect)
and SO coupling. The Lagrangian is given by

L = Lo+ Lp+ Ly, (2.1)
Lo = /dr {w(r,t) {ih% — h;zz + u] w(r,t)}, (2.2)
Lo = [ dr {u(r.0) [Br) -] u(r0)} (2.3
L= [ dr {0(r.0) (B o] wlr.1)}. (2.4)

where 1(r,t) is the field operator, m is the mass of particles, o = (0,,0,,0,) is
2 x 2 Pauli matrix, and V indicates the gradient with respect to r. In Eqgs. (2.3)
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and (2.4), B(r) is an arbitrary magnetic field and By, = (Bso, Bso,ys Bsoz), where
By j = a;j - (—ihV) and a; = (ay;, ay;, a,;) is an arbitrary vector corresponding to
a strength of SO couphngj. In the following, we will derive the conservation law
of particle from the rotational symmetry in the phase factor of the wave function of
the system[43] [49].

2.1.1 Conservation law of particle

Firstly, we analyze the system without the magnetic field and SO coupling described
by Eq. (22). Using scalar quantity (7, t) that is dependent on space-time, we
consider the phase transformation of field operator

(r,t) = PTOY(rt), (e t) = i(r, t)e MY, (2.5)

By substituting this field operator into Eq. (22]), the Lagrangian is converted into

Lo— Loy + /dr {w {—h%—ﬂ 0
2 (v v = o (o) (V) + 0t (V) | 20

When the phase ¢ is differentiable and a single-valued function of space-time, the
original Lagrangian and the converted Lagrangian must describe the same physical
phenomenon. Therefore, the first-order term of ¢ in Eq. (2.6) must be zero. This
means that the variation of the action §S; = 9 f_oooo dtLg satisfies the following
equation:

55y = / dt/dr{ W[ }¢+—<[(V@/}T)¢ ot (V)] - (V ))}
— [ far {[ (W) v-%[(ww—w*(wﬂ]w}
- h/_mdt/dr{[a—f%—v-j}go}:o. (2.7)

From this equation, we can obtain the conservation law of particle

op
— = 2.
8t+v 7j=0, (2.8)

UThe SO coupling term in Eq. (24) can be written as

By, -0 = (pz by pz) Ayz  Qyy  Qyz Oy |
Azx OQzy (Qzz O

where p = —ihV.



where
10
p=oM and j=———[(Ve') v — o' (V4) (2.9)

are the number density of particle and the particle current density, respectively.

2.1.2 Particle current in the system with a magnetic field and SO cou-
pling

Calculating the variation of the actions obtained from Eqs. ([2.3) and (2.4) under

the phase transformation (2.1]), we analyze the effect of the magnetic field and SO

coupling on the conservation law of particle (2.5).

Firstly, since the magnetic field term B(r) - o in Eq. (23]) commute the scalar
quantity ¢(r,t) in the phase transformation, the magnetic field does not affect the
conservation law of particle.

Secondly, by using the phase transformation (23]), Eq. (24) is converted into

Lso — Lso + /dT {dﬁ [ Z aij (hal(p) Oj] ¢} ; (210)
1,]=T,Y,%

where we use the relation e~ *p;e’? = p; + hd;p. Thus, the variation of the action
of the SO coupling term can be written as
S o 09 ] ¢}

680 = h/Zdt/dr{@/ﬁ 2
— h/Zdt/dr{V~ [— Z aiijijei] 90}7

LI=T,Y,2

= n [ [ a9, (2.11)

where e; is the unit vector in the direction 7 and we used integration by parts.
Consequently, from Eqs. (27) and (2I1]), we can obtain the modified conservation
law

% + V- (J +Jso) =0, (2.12)
10
p=ul0, = [(Vel) v =0 (Vo). Gu=- Y elai-s), (213)

1=x,Y,2

where s = 7o) is the spin density. Equation (2.12)) shows that SO coupling induces
the particle current js, and the total particle current j+j, is a conservative quantity.



2.2 Conservation law of spin and spin current

In the above section, we derived the conservation law of particle by using the phase
transformation (Z2.0) with the scalar quantity ¢(7,¢). In this section, we use the
phase transformation with a three-component vector ¢(r,t)

b(rt) = PP t), i t) — gl (r, e 0 (2.14)
and derive the conservation law of spin and show that the magnetic field and the
SO coupling break this conservation law.

2.2.1 Conservation law of spin

By using the phase transformation (214, the Lagrangian (2.2)) is converted into

L0—>L0+/d'r {w [—h%] mn
ih?

o= ([(Ve) - (Vo 0) v = v (V- o) (Vi)] + ¢l (V- o) v) }(2.15)

When the phase ¢(r,t) is differentiable and a single-valued function of space-time,
the variation of the action can be written as

Sy = h/ dt/dr

. {-w {M} vt i ([(Ve') - (Vo o) v — ! (V- o) (vw])}

ot
)

“nfafar 3 P S e )
— /dt/dra;Zﬂ 'a}%}:o. (2.16)

Therefore we can obtain the conservation law of spin

054
v +V.j52=0, (2.17)
where
0 = Plowp and 3 =~ [(V6) 0ty — vlo (V)] (2.18)

are the spin density and the spin current density with spin «, respectively.



2.2.2 Spin current in the system with a magnetic field and SO coupling

Next, we consider the effect of the magnetic field and SO coupling on the conserva-
tion law of spin (ZI7). Firstly, under the phase transformation (214), Eq. (23) is
converted into

Lp — /dr {¢1 e [B(r) o] | ¢} . (2.19)
Here, we can find
e 7 B(r)-o]e?’ = B(r)-o +2¢- (B(r) x o)+ 0(¢%),
from the relations [0y, 0;] = 2i Zk:xw €0k, AXB-C=A-BxC,

[—i¢ - o, B(r = —ZZ%Bﬁ <2¢Zeam%> —2[¢ x B(r)] - o,
Y
and Campbell-Baker-Hausdorff formula

LA A B . (2.20)

e*Be ™ = B+ [A,B] + 21 A 1A Bl +

where €, is Levi-Civita symbol and A, B, and C' are arbitrary operators. Therefore,
we can rewrite Eq. (219) as

LB—>LB+2/dr{z/)T [(B(r) x o) ¢+ O0(¢*)] v}, (2.21)

and the variation of the action of the magnetic field term can be written as

55, — /dt/erHM( B(r) x )a)¢]¢a}

a=zx,y,%2

= / dt/dr > {-TE0a} (2.22)

a=zx,y,%z

Secondly, under the phase transformation ([2.14]), Eq. (2.4) is converted into

L, — /dr {wT [e’id"” (Bso - 0) e"‘ﬁ'a} v}

= /d’l" {1/JT [€_i¢.a (Z aijpiaj> ei‘p'”] @b} s (223)

27‘7
Here, we can find

e (pioj) €97 = pioj + 20 €apidaopdi + hoj Z Oiga0a+0(&"),
a,B



from the relation

[—Z¢ -, —ZhaZO']] = —h[d) g, O'j]ai + haj(@gb . 0')
= —hz €apy(—Pa)(2i05)0; + ho; (('3@' Z gzﬁaaa) , (2.24)
a,B «

and Campbell-Baker-Hausdorff formula (2.20). Therefore, we can rewrite Eq. (2.23)

as
)
and the variation of the action of the SO coupling term can be written as

550 = 0 [ e [arS o, {2@ S aijeasstiosdit — 3y, (o1 ojoaw)}

i:j:ﬁ 7”-7

= h/_Zdt/erQy{—Q?m ' (@i X Jsi), + V- <—Zeiamp>}
_ h/: dt/er[(—ng+v.jgo)] b, (2.25)

Lgo — Lgo + h / dr {¢T Z Qij [22 Z Eaﬁj¢@058i + gj Z ai¢a0a + O(¢2)
a,f «@

.3

where we used Eqgs. (2.9) and ([2.I8) and the relation »_ ;_ €apyasby, = (@ X b)a.

Finally, from Eqgs. (2I0), (Z22), and (2:25), we can obtain the non-conservation
law of spin

054 .
SV ) = T 4T (2:26)
L
Saq = W%wa Js = _% [(va) an - Q/JTUa (Vw)} (227)
(o] 2 136 o 2m .
Ts = =3 (B(r) x 8), Ju=-— zi:eiamp, To =" Z;Eajkajwf,w (2.28)

Eq. (2:26) shows that the spin and the spin current are not conservative quantities
when TS # 0 or 75 # 0. Note that above discussion is not valid when the strength
of SO coupling a;; has spatial variation from Eq. (2:24]).

2.3 Unitary transformation

Unitary transformation is used well to simplify analysis. However, particle and spin
current densities and a spin density are not invariant for the unitary transformation



having a spatial variation and spin dependent, respectively. Therefore, in this sec-
tion, we show the relation between the unitary transformation and the currents or
the spin.

Let us consider the unitary transformation

Y(r) = Ul(r)i(r), (2.29)

where () is the field operator and U(r) is the unitary matrix (UTU = I). Under
this transforqlaizion, the number density of particle (2.9) dose not change obviously
(p = 'p = T). On the other hand, the particle current density ([2.9) is converted
into

3= g [(9) 6= (99)] - g {9 (v vt - ()] )

~ j+ie 230

This equation shows that the unitary transformation having spatial variation causes
the additional term jy. This is because the unitary transformation having spatial
variation is equivalent with the coordinate transformation having spatial variation.
Next, since the spin density (2.27) can be written as s = ¢To) = »TUoUT, the
direction of the spin changes like & — & = UaUT. This comes from the rotation in
the spin space by the unitary transformation. The spin current (2.21) is converted
into

5= e (V) 0wt — o (V)
_ ;h [(wﬂ) Goth — D16, (wﬂ . %{zﬁ [(VU) 0,U" = Us, (VUY) 12}
= JS+3% (2.31)

This equation shows that the spin current is converted by the spatial variation and
spin (Pauli matrix) dependence of U, respectively.

2.4 Properties of the currents

In this section, we consider the conditions that the particle and spin currents are
induced. In the followings, firstly, we first analyze the relation between the spinor
wave function and the currents[48], 52] and then show the force acting on a particle
in the system with a magnetic field and SO coupling[49, [53].

Spinor wave function is given by

(r) zd)T('r')
o ) (2.32)

(r) = vm(r) (sm ée"%(r)



where n4(r) is the density normalized to unity ([ drni(r) = 1), v is the parameter
to determine the ratio between the two spinor components, and ¢ and ¢, are the
phases of the components. Substituting Eq. (232)) into Eq. (23], the particle
current density is written as

. Iy 27 .27 __hnl
Jj=- (ngTcos 5 + V¢, sin 2) =5 (Vo + Vo, cos7), (2.33)

where we define ¢ = ¢4 + ¢, ¢, = ¢, — ¢1. In addition, from Eq. (2.I8), we can
obtain the spin density

s1 = plo = ny (cos ¢, siny, — sin ¢, sin v, cos ) (2.34)
and the spin current densities

hnl

js = ———I[Veocos¢,siny — Vysin ¢, ],
2m

. hnl . .

Jy = o [V¢sin ¢, siny — Vycos ¢,], (2.35)
h

§i =~ [Vocosy + Vo),
2m

where we assume that the spin quantization axis is along the z axis. Equations
(233) and (2.30) show that the spatial variation of ¢4, ¢, or 7 is necessary to
induce the currents. In particular, when ¢, = k - 7, the spin density (2.34]) have a
spiral spin structure in x-y and the z-spin current proportional to |k| is induced in
the direction of k, where k is a constant vector.

At last, we investigate the force induced by a effective magnetic field B(r) + By,
in Egs. (23) and (24)[49, 53]. When a single particle Hamiltonian is given by

VL
2m

he = — +[B(r) + By - 0, (2.36)
from the equation of motion f(r) = md?r/(dt?) and Heisenberg equation of motion
ihdr/(dt) = [r,h..] , the force operator f(r) can be written as

? "7so

_f(’l") = (Zh)2 [[’l“, h;o], h;o]

m | r? ,
= Ghe {EV(B(T> o) +ih

Z a;j€;0;, Z (B¢ + arepr) Uz] }

irj ¢
2
= —V(B(r)-o)+ %n Zaijei [(B(r) + Z akpk> X 0'] . (2.37)
i, k j
where we used the commutation relations [z;,p;] = thd;; and [0y, 0;] = 2i€;50%.

The first term in Eq. (2.37) shows that the force depending on the spin is induced

10



by a spatial variation of the magnetic field B without SO coupling. In addition,
the second term in Eq. (237) show that the SO coupling induces the force if the
magnetic field has not spatial variation.

We are interested in a counterflow of particles with different spins. Therefore, in
the following chapters, we call z-spin current as a spin current and analyze only it.

11



Chapter 3

Artificial spin-orbit coupled cold
atom

In 2009, NIST (National Institute of Standards and Technology) group create Bose-
Einstein condensate (BEC) with vector potential, that is called artificial gauge field,
by manipulating the Raman lasers and the external magnetic field[51]. On the basis
of this technique, afterwards, artificial magnetic field, artificial electric field, and
artificial spin-orbit (SO) coupling can be created in BECs[3], 54, 55]. Furthermore,
this technique can be used in degenerate Fermi system and SO coupled Fermi system
have been created[4,5]. Since SO coupling is known to induce interesting phenomena
such as topological insulator or spin-Hall effect[40] 56] 57] in the solid state physics,
we can expect that SO coupled cold atom also induce interesting phenomena.

In this chapter, we show the method to experimentally create a cold atom with
a magnetic field and SO coupling. At first, we discuss the BEC with the artificial
gauge field and, next, show the method to create the artificial SO coupling in the
BEC.

3.1 Artificial gauge field

In the beginning, we will examine how create the artificial gauge field in BEC.
In the experiment of NIST[51], they used 8’Rb BEC in the F' = 1 ground state
and counterpropagated two Raman lasers(Fig. B.Ih). Here, 8’Rb in the exter-
nal magnetic field has Zeeman splitted three hyper-fine states |F' =1,m, = —1),
|F =1,m, =0), |F =1,m, =+1), where m is a magnetic quantum number. In
addition, these states are coupled by two Raman lasers with a wave number £y and
frequency wy and wy, + Aw, respectively. As a result, effective Hamiltonian is given

by

12



Raman BEC Raman

Figure 3.1: Experimental setup to create the artificial gauge field in BEC[51]. (a) The
two Raman lasers with frequencies w and w + Aw and the external magnetic field with
the strength By are applied to 'Rb BEC. (b) Level diagram of the Raman coupled F = 1
ground states detuned by the quadratic Zeeman shift e(= w,) and the Raman detuning 4.

2 Q
L hew., h—e_’e 0
20 ? hQ
hy=| Zoge Py hw, —e @ |, (3.1)
) /4
e =4 hw,
0 5 e o + hw

where p is momentum, hAw, and hw, are first and quadratic Zeeman shift, and
© = O(x,t) = 2kpxr — Awt. The detail of the derivation of Eq. (B1]) is shown in
appendix [Al

To eliminate time-space dependence in Eq. (B.]), we use the following unitary
matrix:

e® 0 0
Us(z,t)y=[0 1 0 |. (3.2)
0 0 e ®©

13



(a) (b) U
AN

=1) 0) [=1)

Figure 3.2: Dispersions provided from Eq. @3] for (a) dg = wg = 0, (b) dp > 0,wy = 0,
and (c) dp ~ wy (> 0). The number of minimum points can be tuned by the parameters.

Then, unitary transformed Hamiltonian is given by

N OUl (z.t
hy = Ug(;c,othg(x,t)—ng(x,t)%
. 2
P2k s DO 0
M0 2 2 1O
== _— p——hwq —_— ) (3 3)
2 20 k)2
0 e (p+ 0) —h50
2 2m

where kg = (ko,0,0), do = Aw — w, is detune, and we used the relation provided
from Campbell-Baker-Hausdorff formula (2.20)

eFrikor )2 o22ikor — 2 4 Apkop, + 4RPkE = (pe & 2hko)%

Fig. is the dispersion provided from Eq. (83) and shows that the number of
minimum points changes by tuning the parameters ko, 2, dp, and w,. At ultra-low
temperature, when the dispersion has single minimum point Ky, = (kmin, 0,0), the
effective single-particle Hamiltonian can be written as b’ & (p —hkp)?/2m*, where
m* is the effective mass. By comparing this Hamiltonian with the one of the single
electron with charge ¢ and vector potential A, we can see that these have the same
form:

(p — hkwin)? (p—qA)

3.4
2m* 2m (3-4)

Therefore, we can regard Eq. ([8:3)) as the system with the artificial vector potential
(or artificial gauge field).

1>By substituting the unitary transformation of a wave function ¢ = U TTZJ into Schrodinger equation
1h0ip = hap, we can find that the Schrédinger equation for ¢ is given by ihoi) = [UhUJr —ihU (8tUT)] .
In the same way, we can also obtain A = UthU + ih (atUT) U.
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3.2 Artificial spin-orbit coupling

3.2.1 Method to create the artificial spin-orbit coupling

By tuning the parameters in BEC with artificial gauge field, we can create the SO
coupled BEC[3]. Using the time dependent unitary matrix

efiAwt 0 0
Usy=( 0o 1 0 |, (3.5)
0 0 ezAwt

and adding the constant term, Eq. ([B.I]) can be rewritten as

hy = Ug(t>h3U§<t>—inU3<t>8U§(t>+h<5o+wq)

ot 2
p_2 X 3h50 + hwq @6_2“{;01 0
g 2 > % b5 h hQ
_ 32 aikoe P N0 Ny L —2ikox . (3.6)
2 2m 2 2
0 P oikoe L e
_6 e
2 2m 2

From this equation, we can find that the energy of hyper-fine state |1,+1) is larger
than other states when 6y ~ w, (Fig. B.2Zc). In this case, if §y is much larger than
typical energy scale of the system Ey = h*k2/(2m), hyper-fine states |1, —1) and
|1,0) are energetically dominant and we can neglect the state |1,+1). Therefore,
the effective Hamiltonian can be written as

p2 h_5 @e—%k‘ox

hog~ [ 2Zm 2 2 3.7
? LY p2ikoz p_2 _ho ) (3.7
2 2m 2

where we define § = dp — w, (=~ 0). By using the unitary matrix

eikom 0
) = (). (53

we can find that Eq. ([B.7) can be rewritten as

(p— hko) @
hy = Up(@)hU3 () = Qmm 2 (p+ kD) 1o
2 2m 2
2
p? hk AR
o mpxaz+ 20x+202+ 0 (3.9)
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In this Hamiltonian, the second term corresponds to the SO coupling term and the
third and fourth terms correspond to Zeeman terms. One of useful features of this
system is controllability of physical parameters. In fact, the intensities of the SO
coupling and magnetic fields can be tuned by tuning the Raman lasers and external
magnetic field[6, 58]. The details of the method to tune the parameters are shown
in appendix Bl

Since we are interested in the physical quantities in a laboratory frame but Eq.
(3.9) is the Hamiltonian converted by the unitary transformation in the rotation
frame, it is worth to mention Eq. (8.9) in a laboratory frame. By using the unitary
matrix

)

. (3.10)

Us(z,t) = (6

Eq. (39) in the laboratory frame can be written as

wld
[q)
Lo
Sllo]
v

Ul (1)
t

hy = Ul(x,t)hoUs(z,t) + ih Uy (, 1)

p hwy @ )

o hQ 22 h
0i© b X Wz
2 2m 2
= — + Bg(z,t) - o, A1
~ 4 Bu(a.t) o (3.1)

where

Beg(z,t) = h (

2
is the effective magnetic field and wy; = w, + w, is the total Zeeman shift. This
equation shows that the spiral magnetic field in x-y plane and the uniform magnetic
field along z-axis act on the system.

In the above discussion, we consider only SO coupled BEC. However, SO coupled
Fermi system has been realized by using a similar method[4, 5]. note that, the
SO coupling in Eq. (B.9) is equivalent to that of an electronic system with equal
contributions of Rashba (x k,o, + kyo,) [59] and Dresselhaus (x kyo, — kyo,)
[60] couplings and, in a solid state physics, such a system can be created by using
GaAs[61l, 62]. Therefore, we can expect that SO coupled Fermi system described by
Eq. (B9) is used as a quantum simulater.

QcosO,0QsinO, —wy) (3.12)

3.2.2 Experimental realization of the spin current

Let us finally mention the possibility of experimental realization of the spin current.
When the spin of the particle s is aligned with the effective magnetic field, the spin
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can be written as
s(x,t) = (spcos O(z,t + At), s,sin O(z, t + At), s,), (3.13)

where At represents a time delay. Therefore, by using Eqs. ([228) and (B.12]), the
spin dissipation can be written as

To = 2 [Bualo1) x sl 1), = "7

sin (AwAt) ,

This result shows that the spin current dissipate but, when the spin is well aligned
to the effective magnetic field (At ~ 0), the dissipation is negligibly small and we
can regard the spin current as the dissipationless.

In a cold atom system, such a dissipationless spin current separates the up-spin
component and the down-spin component from each other and results in spin accu-
mulation. Therefore, we would be able to measure the spin current by investigating
the spin accumulation using time-of-flight absorption imaging and Stern-Gerlach
magnetic field.

17



Chapter 4

Artificial spin-orbit coupled Bose
system

An spin-orbit (SO) coupled pseudo-spin-1/2 Bose system was realized in 2011[3].
Since this system has not been studied in a solid-state physics, it is expected that
novel phenomena are presented. Therefore, in the past decade, a considerable
number of theoretical and experimental studies of this system have been proposed
[3, 16, [7,, 18, 9], 10, 11}, [12] 13 14, [15] 16l 17, 18, [19L 20].

In this chapter, we show the ground state phase diagram of the artificial SO
coupled Bose system with and without the interaction and the spin current. Firstly,
we analyze the ground state of the SO coupled Bose system without the interaction
in Sec. Il Secondly, in Sec. [L.2] we show the ground state phase diagram of SO
coupled Bose system with the interaction by using a variational method 8] 9} [10] 1T
15] and the parameter dependence of the spin current.

4.1 Ground state of the Bose system without interaction

When the interaction between atoms can be ignored in the Bose system at zero
temperature, all the bosons are in the same ground state. Therefore, to investigate
the SO coupled Bose system without the interaction, we analyze the property of a
single-boson in the following.

Let us consider the single-particle Hamiltonian

2
N p fiko K )
= — — Ey. 4.1
heo . mpx02+20x+202+ o (4.1)

Note that tilde indicates that the quantity is the unitary transformed one by Eq.
(3I0). From this Hamiltonian, we can calculate the single-particle dispersion

27,2 2 2 2
et (k) = Wk + Ey+ \/(h Foke _ %5> + (?) , (4.2)

2m m
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Figure 4.1: Dispersioins (4.2)) in the k, direction. The lines are for 22 = 0 (black), 2Ey
(Blue), and 5Ej (Red) with (a) hd = 0 and (b) hd = Ey. The black and blue lines in Fig.
(a) show that the dispersion has two minima when § = 0 and k{2 < 4Ey.

and plot this dispersion as a function of k, in Fig. 11 When § = 0, the ground
state is doubly degenerated with nonzero momentum when 2 < 4F, (black and blue
lines in Fig. @1(a)) and has zero momentum with no degeneracy when Q > 4F
(red line in Fig. 4Il(a)), where these minima are given by

RO\
R = (£R25,0,0), ki = Ko 1‘(@) (h2 <4Fo) = (43)

0 (hQ) > 4E,)
When § # 0, on the other hand, the ground state has nonzero momentum with no
degeneracy, where the minimum is given by k3% = (k525,0,0).
The eigen-state @Etk satisfying ﬁsozzivk = efo(k)@/;ijk can be written as

1/:1_;,_7]@ _ COS sz sin ka Q/ETJC (4 4)
Vg —sinfy, cosb, Vi)’ '
9 Rkok, ho\°  [BQ\?  RB2kek, ho

where 1, = (@ET,k, ¥ 1) 7 is the wave function of the boson with the wave number k
(T denotes transpose). When § = 0, since the ground state is doubly degenerated
or is not degenerated, the ground state wave function in real space can be written
as

7.6=0 __tiking 7 ) —ikmin g 7 )

Vg (@) = €S i + €700 pin (4.6)
where we assume [ dr[¢)="(x)]> = 1. Therefore, the ground state is classified in
nonzero momentum phase where the wave function is expressed by two plane waves
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Figure 4.2: Phase diagram of SO coupled Bose system without the interaction. Dashed
line indicates the second-order phase transition. The parameter is m = 1.45 x 10725 and
kg = 2msin(r/4)/(804.1)nm ™! ~ 5.5 um™! and EGY = (hks™")?/(2m) are experimental
normalized parameters[3].

and zero momentum phase where the wave function is expressed by single plane
wave.
When § # 0, as we mentioned above, the ground state has nonzero momentum

min

520 With no degeneracy. This mean that the ground state wave function is given
by a single plane-wave form 1@27&0(%) = eikg%xlﬁ_,kg% and the probability amplitude
is always uniform.

As we mentioned in the beginning of this section, all the bosons in the Bose
system without the interaction are in the same state as the ground state of the
single-particle. Therefore, we can write the many-body ground state wave function
as YP(x) = \/npg(x), where ny is the mean number density of the bosons. In
addition, when 6 = 0, the ground state can be classified in the nonzero momentum
phase and the zero momentum phase as shown in Fig. .2] where the phase transition
line is given by hf) = 4Ej.

4.2 Bose system with weak interaction

Let us consider the SO coupled Bose system with weak interaction. The ground
state of a spin-1/2 Bose gas of NV}, particles enclosed in a volume V' was investigated
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in previous studies[9, [10] 11], 15]. The Hamiltonian is given by

Ny

H® = "hb(j) + Y / dr ulynd (r)n(r), (4.7)
Jj=1 aﬁ e

p;  hkg hQ ho

=L _ ij,xo-z + 70-90 + ?0-2 + EO7 (48)

where p; is the momentum of the boson labeled by j, a and G(=7,]) are spin

indicates, uz]% are the relevant coupling constants between the spin channels of the

hu(5) =

2m

bosons, n’ () is the number density of the bosons with the spin « at the position 7.
For Simplicity, in the following, we assume that 6 = 0, spin symmetric interaction
uR? = ulp = ug®, and the interactions are much smaller than the typical energy scale

of the system.

4.2.1 Ground state phase diagram

By using variational method, we analyze the ground state of the Bose system|[8], 9, [10,
1T, [15]. Since we assumed the weak interaction, it is expected that the properties of
the single-particle discussed in Sec. L1l hardly change and that the bosons condense
at one or two point(s) in the momentum space. Therefore, we can consider the
following ansatz :

o= () -l () ee ()] o

where C, 6, and k; are the variational parameters satisfying |C,|? + |C_|* = 1,
0<6<m/4, and 0 < ky, respectively.

Substituting Eq. (£9) into Eq. (A7) with § = 0, we can obtain the energy per
a boson as a function of the variational parameters:

2

h hQ
(k,5,0) = Eo+ om (k7 — 2koky cos(26)] — 5 sin(20)
+ [1+28%sin*(20)] Up" + cos®(20)(1 — 458*)US",  (4.10)

where we define = [CL||C_| (0 < 8 < 1/2), UP® = np(ug® + ufp)/4, and Up® =

np (ug® — b)) /4. Since Eq. ([@I0) is a quadratic and convex downward function for

ki1, we can easily find that the energy is minimized at k; = ko cos(26). By using this
relation, Eq. ({10) can be rewritten as

2
Sl 0) = By~ ! 1‘%+(1+252) U = F(8)

kY

u 4.11
k(2)’ ( )

where we define the function

F(B) = Ey+2B°U" — (1 —48%) Us®.
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The differential of Eq. (4.11]) for £ is given by

—aebg;l’ﬁ) — 48 [U{)b ( - z—g) - QU;bZ—g} . (4.12)

This equation shows that €®(ky, 3) is a monotonous increasing or decreasing function
of 5. Hence, we can find that § minimized the energy is given by

0 (v (1) >2uph)
0
1

2 k%
bb k2 bbkT\
5 (0 (1-3) <evpid)

When u?) > uf” > 0, we can find that (1 —k7/k3) UP® > Up” and 3 = 0 because
Ufb > 0, U;b < 0, and kg > ky > 0. This mean that the ground state is always
expressed by the single plane wave. Therefore, in the following, we assume that
up® > u}T’f > 0 (UPP > 0 and UP® > 0) where the ground state can be doubly

degenerated and it is expected to present rich phases. On the other hand, the
differential of Eq. ({.I1]) for k; is given by

8= (4.13)

0k, B)  k hQ
Oy k|, /71_:_2

and we can find that k; minimized the energy is given by

+ F(B) |, (4.14)

hQ 17
oy = ko\/l - {Wl (h2 < 4F(B3)) (4.15)
0 (hQ > 4F(8))

Note that, since F(3) = Ey when ub® = u?‘f = 0, we can see that this result without
the interaction agrees with Eq. (43)]).

In conclusion, by minimizing Eq. (£I1]) with respect to the variational parame-
ters, we can obtain the ground state phase diagram as shown in Fig. [£3l Note that
the phase transition lines in Fig. are given by

Upb
UP® + 205>

RQUIZID) — 4 (B — UL, (4.16)
ROUD = 2 (2B, + UMY — 2/ (2B, + UPY) U},

AU = 4\/ (2Eo + UPY) (Eo — U)

Figure shows that there are following three phases:
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Figure 4.3: Phase diagram of SO coupled Bose system at zero temperature. The solid
and dashed lines represent the first- and second-order phase boundaries, respectively. The
parameters are m = 1.45 x 1072 kg, ub® = 47h*(100ap)/m J-m?3, v = UPP/UPP = 0.0012,
Go/G1 = 0.0012, (a) ko = kg, and (b) ny, = 0.5n., where n, = E5"/(yubP) is the
normalized parameter used in Ref. [10] and ap is Bohr radius.

Phase I : Stripe phase (6 =1/2,0 < k; < ky,0 <60 <7/4)
The bosons condense in a superposition of the two plane wave states of the
wave numbers +k; and —k; with the same weight. The density have a spatially
stripe structure.

Phase II : Plane wave phase (8 =0,0 < ky < ko,0 <6 < 7/4)
The bosons condense in a single plane wave state of the wave number +£; or
—ki. The density is uniform.

Phase III : Zero momentum phase (5 =0,k = 0,0 = 7/4)
The bosons condense in a single plane wave state of zero wave number. The
density is uniform.

Using Eq. (£9)), the number density and the spin density of the bosons are written
as

n®(x) = [PP(x)> = ny [1 + 28sin(26) cos(2k1z + ¢)] (4.17)
y . . —sin(26) — 28 cos(2k1x + &)\
8(x) = (0°(x)) o) =m, | 28cos2B)sin(2kia+0) | . (4.18)

+ cos(20)y/1 — 432

Equation (AI8]) shows that the bosons have a spiral spin structure only in the phase
I (6 #0,0< kp) and the z-spin density is finite only in the phase II (5 = 0 and
0 # m/4).

By comparing Fig. 3] (b) with Fig. 2] we can find that the nonzero momentum
phase in Fig. changes to the phases I and II by the effect of the weak interaction.
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Figure 4.4: Variational parameter ki/ko as a function of Q for ky = k§* and ny = 0.5n..
The other parameters are the same as in Fig. 1.3l Inset is enlarged figures and shows that
k1 slight decreases in the phase I.

In the following, we will explain the reason to appear the new phases. Since we
consider the case that uf® > u?lj, the interaction energy becomes smaller when the

number of the bosons with up-spin and the one with down-spin are equal (S = 0).
However, this condition is not satisfied only in the phase II. On the other hand,
in the phase I, the interaction energy increases because of the spatial variation of
the density. Therefore, when the energy loss in the phase I is larger than that
in the phase II, the phase transition from the phase I to II is occurred. In fact,
we can see that, when ) increases, the modulation amplitude of the density in
the phase I (oc sin(20) = /1 — (ki/ko)?) slight increases and SP in the phase II
(o cos(20) = ky/ky) decreases in Fig. L4l Note that the phase I vanishes when
u® < u?f. This means that the ground state wave function is always expressed by
single plane wave as mentioned before.

So far, we have analyzed the Bose system in the rotation frame transformed by
the unitary matrix (3.I0) from the laboratory frame, however, the spin density and
the currents are changed by the unitary transformation. Therefore, we should dis-
cuss the physical quantities in the laboratory frame to consider the experimaental
circumstance shown in Chap. Bl By using Eq. (BI0), the ansatz in the labora-
tory frame can be written as 1*(z,t) = Ul (z, t)y"(z) and the spin density in the
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laboratory frame is given by

SPcos© — SPsin©
SP(x,t) = Sbsm@+Sbcos@
S

— $in(20) cos © — 23 [cos(26) sin O sin(2kz + @) + cos © cos(2krz + )]\
=ny, | —sin(20) sin © + 23 [cos(20) cos O sin(2k,x + ¢) — sin © cos(2kyx + ¢)] |
cos(20)a
(4.19)

where we defined © = O(z,t) = 2kgxr — Awt. From Eq. ([@I9) and relation cos(26) =
k1 /ko, we can find that the spin density in the laboratory frame is uniform only when
k1 = ko. We can find that these conditions correspond to the case of {2 = 0 from Eq.
(415). However, since € corresponds to the intensity of the Raman lasers to create
SO coupling in the experiment, the spin density always has a spatial variation in
the artificial SO coupled Bose system. In addition, we can see that the magnitude
of the spatial variation of the spin is maximum in the phase III.

4.2.2 Spin current

At the end of this chapter, we analyze the particle and spin currents in the ground
state of the SO coupled Bose system. In the beginning, we will analyze the particle
current in the laboratory frame. From Eq. (230)), the particle current is given by

j=3+iv,
s l(79) 5= (<9
jur = —%{w* (VU Ut U (VU] b},

where j is the particle current in the unitary tranformed frame and 7y is the addi-
tional term by the unitary transformation. Substituting Egs. (4£9) and (B.10) into
this equation, we can obtain the z-component of the particle current

b Nk

~ ~ hkq cos(26
=" o o) m G = M)

m

(|IC_]? = |C4?) np. (4.20)

Note that the y- and z-components are zero because y- and z—componentsVzZ(:L’)
and VUy(z,t) vanish. However, by using the relation cos(26) = k;/koy, we can find
that § = j+ ju = 0. Therefore, the particle current is induced in the rotation frame
but vanishs in the laboratory frame.
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Figure 4.5: Spin current in the SO coupled Bose system. The colors of the lines and
Roman numerals indicate the phases of the bosons. Insets are enlarged figures around the
phase I and show that the spin current is slightly induced in the phase I. The parameters
are np = 0.5n., (a) ko = kg ", and (b) hQ = 2E5™P. The other parameters are same as in

Fig.

Next, from Eq. (231]), the (z-component) spin current is given by

Js = 33 +.33U
js = —% [(w?*) Uo, Ut — 40, U (vm
Jov = —%{zﬁ* (VU)o .U = Uo. (VU] ;E}.

where 5'5 is the particle current in the unitary tranformed frame and st is the
additional term by the unitary transformation. Substituting Eqgs. (£L9) and (B10)
into this equation, the x-component of the spin current is written as

5y Dkycos(20) ~b _ %nb@)'

- ~ n T) =
S, T om b ]SU,I( ) om
In addition, by using Eq. (£I7) and the relation cos(26) = k;/ko, the spin current
can be rewritten as

Fmb

joa(x) = o {ko [1 4 20 sin(20) cos(2kiz + ¢)] — k1 cos(260)}
hk k2 k?
= 2(;:'0 \/1 — k—% [\/l — /{:_(1% + 25 cos(2kiz + ¢) | . (4.21)

This equation shows that the spin current is globally induced when k; # kg as shown
in Fig. {5 where we use the normalized parameter j&P = hki"ny,/2m and show
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the mean value because the spin current have a spatial variation only in the phase
I. Figure shows that the spin current is always induced but it is negligibly small
in the phase I. In addition, when € or kq increase, the spin current increases once,
then saturates or decreases. To understand this reason intuitively, we consider the
single particle Hamiltonian in the laboratory frame given by

2
hso = Py L [0, cos(2kor — Awt) + o, sin(2koxr — Awt)| — M—ZJZ, (4.22)
2m 2 2
where wy is Zeeman shift. This Hamiltonian shows that €2 is the intensity of the
spiral magnetic field and kg is the parameter expressing the amplitude of the spatial
variation. Therefore, when (2 increase or ky decrease, the spin of the bosons is well
aligned with the spiral magnetic field. On the other hand, when the bosons have
a spiral spin structure in z-y plane, the spin current proportional to kg is induced
as mentioned in Sec. 24l As a result, when  increase, the bosons well follow the
spiral magnetic field and the spin current increases, however, when all the bosons
follow the magnetic field completely, the spin current is not increase anymore. In
addition, when kg increase, the spin current proportional to kg is induced, however,
the bosons gradually do not follow the spiral magnetic field and the spin current
decreases.
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Chapter 5

Artificial spin-orbit coupled Fermi
system

The artificial spin-orbit (SO) coupled Fermi system has been realized experimentally
by using *°K or °Li degenerate Fermi gases[4 5]. It is expected that this system
can be ued as a simulator of the SO coupled erectron system and a start point of
a novel system such as a strong SO couple. Therefore, variety of theoretical and
experimental studies on this system have been reported|21] 22], 23] 24, 25| 26], 27].

In this chapter, we analyze the ground state and the spin current in the artificial
SO coupled Fermi system. Firstly, we show the ground state pahse diagram and the
parameter dependence of the spin current in the SO coupled Fermi system without
interaction. Next, we analyze the effect of the weak interaction on the system by
using a perturbation theory and show that the effect of the interaction is negligibly
small within the experiment.

5.1 Fermi system without interaction

5.1.1 Ground state

Let us consider the SO coupled Fermi gas of Ny particles enclosed in a volume V'
without the interaction. The single-particle Hamiltonian is given by

2
~ p hko 2 ho
£ i —o0., + F 1
heo T - De0 > + 5 o+ 5 o 0, (5.1)

where this is the same as Eq. (@) and €, ko and, ¢ are experimentally tunable
parameters. By reminding the discussion in Sec. .1 we can find the eigen-energy

h2q? B2 \° RO\
+ — _q. _ —
€ol@) = - +Eoi\/(mq ko 2) + ( ; ) : (5.2)
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and, the eigen-state

1@: _ [ cos 04, sinby,\ (V1q | (5.3)
¢q —sinf,, cosb,, V) q
1 ke hO\°  /RON\? B2k, Ko
tan@lh = m \/(7(]1 — 7) + (7) -+ m Qe — ? . (54)

Since Eq. (53) can be rewritten as

@T,q _ (cosb, —sinf,, 7%; (5.5)
ivg) = Naino oo, ) (i) |

the wave function in the non-interacting system in real space can be written as

- 1 - 1 o (cosB, b —sinb, o
- = iqr, T iq % Yq % %q
Yo(r) N ; e hq Nz g e (Sin 00 0 + cosby ) (5.6)

where [ dr|io(r)]> = N;. Here, this wave function is in rotational frame and we
interested in the properties in the laboratory frame. Therefore, in the following, we
use the wave function in the laboratory frame given by

Yolr,t) = UJ (2, )t (r)
Aw
_ Z (6 (Z+ZO) r— (:‘:Jr 2 j [CF)S (9%77/);; — S 9q¢¢q]) 7 (57)
\/_ ) ey [sin 0, ¥ + cos 0,0,
where we use the unitary matrix (B3.10).

The single-particle dispersion is the same as the one of SO coupled Bose system
(Fig. E1]), however, the ground state of the fermions greatly differs from that of
the bosons because of the difference of the quantum statistics [4]. When the mean
number density of the fermions n¢ increases at zero temperature, the fermions fill up
the energy dispersion up to the Fermi energy and we can classify the ground state
into difference of the property of the Fermi sphere as shown in Figs. [B.la) and
(.2(a), where Fig. B.1lis for § = 0 and Fig. is for 9 # 0. In these figures, we use
the normalized paramters ¢2 = (37n¢)3 and ko = (2m€2/h)2 and assume that the
fermions are “°K. Note that n¢ ~ 6.4um ™3 when ¢¥/k;™ = 1. The phase diagrams
show that the ground states are classified into single Fermi surface (SFS) phase and
double Fermi surface (DFS) phases. In addition, Figs. B.IIb) and B.2[(b) show the

relation between Fermi energy ¢; and Fermi surface and Fermi surface topologically
changes at the phase boundary (Lifshitz transition).
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Figure 5.1: (a) Ground state phase diagrams of the SO coupled Fermi system without
the interaction for § = 0. The ground state can be classified by the difference of the
Fermi surface such as a single Fermi surface (SFS) and a double Ferml surface (DFS). The
parameters are m = 6.64 x 10~2%kg, ¢ (37rnf) ko = (2mQ/h) , (a-1) ko = kyP, and
(a-2) hQ2 = E5™. (b) Dispersions (5.2) in the ¢, dlrectlon and Fermi surfaces corresponding
to the three phases for 6 = 0.

5.1.2 Spin density

In the following, we will calculate the physical quantities of the Fermi system in the
laboratory frame. As a beginning, we calculate the density and the spin density. By
using Eq. (B.7), the density is given by

([¢o(r, VZ ny +ng) =ny, (5.8)

where (---) means a statistical average and we define Fermi distribution function
nt = <(¢§)T q/zflt>. Equation (5.8) shows that the density is always uniform.

Next, using Eq. (5.7), the spin density per a fermion sf(r,t) = — <¢8(r, t)o o (r, t)> /ng
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Figure 5.2: (a) Ground state phase diagrams of the SO coupled Fermi system without the
interaction for § < 0. The parameters are (a-1) hd = —Ep, (a-2) § = —, and the other
parameters are same as in Fig. 5 (b) Dispersions (5.2) in the g, direction and Fermi
surfaces corresponding to the three phases for § < 0.

can be written as

1 : -
st(x,t) = " Zq: [sin(26,,) (ng — n;r)] cos© = 32 cos O,

1 : _ : .
sz(x,t) = v [sin(20,,) (ng —nt)]sin© = s; sin ©, (5.9)
q
1 _
st = nF_VZ [cos(20,,) (ng —nt)],
q
where © = O(z,t) = 2kox — Awt and we define

1 : + -
s, = " Zq: [sin(20,,) (nd —ng)] .
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Note that we can find

sin(26,,) = 2 - , cos(20,,) = m = 22 :
Rk hé RO\ 2 Rk hé hQ\ 2
\/(T(’qz - 7) + (%) \/(Toqx - 7) + (%)
from Eq. (5.4). By using the replacement > = # [ dg and integrating out Eq.
(59), we can obtain the spin density as shown in Fig. (3l The figure shows that sfo

increases with increasing (2 and decreases with increasing ky. These phenomena can
be explained from the single-particle Hamiltonian in the laboratory frame given by

hQ h2ko 4o — hé

2

hso = Py hsy [0 cos(2kox — Awt) + oy sin(2kor — Awt)| — M—ZUZ, (5.10)

2m 2 2

as mentioned in Sec. 2.2l In this equation, the parameters Q0 and kq correspond to
the amplitude of the spiral magnetic field and the spatial variation of the magnetic
field, respectively. If the fermion spins follow the spiral magnetic field, the fermions
can gain the magnetic interaction energy but lose some kinetic energy. Therefore,
when (2 increases, the gain the magnetic interaction energy also increases and, when
the pitch 7/ko decreases, the loss of the kinetic energy increases. These are the
reasons of the behavior of sfo. In addition, Fig. (.3l also shows that the z-spin st is

nonzero when the intensity of the magnetic field in z direction ¢ is nonzero.

5.1.3 Spin current

In this subsection, we analyze the particle and spin current density of the SO coupled
fermions without the interaction. By substituting Eq. (&.1) into Eq. (2.9), the
particle current can be written as

5r) =~ { [Tui(r)] volr) — () [Ven(r)])
= mi\/ (g (nd +ny) + ko cos(26,,) (nf —ng)] . (5.11)

By calculating this equation, we can find that it becomes zero. Therefore, the
particle current is not induced in the SO coupled Fermi system.

Next, we will calculate the spin current density. Substituting Eq. (&.1) to Eq.
(Z18), the spin current density is given by

31) = o { [wul(r)] oatn(r) — wifrio. (Vo))
= % zq: [q cos(26,,) (nd — n;)} + Z—:Enf. (5.12)
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Figure 5.3: (a) Spiral spin density s}, and (b) z-spin density s! in the SO coupled Fermi
system without the interaction. The solid lines are for ¢%/kg™® = 0.5 (blue) and for
g2 /kg™® = 1.5 (red) with § = 0 and the dashed lines are for ¢/kg™" = 0.5 (blue) and for
¢ /kg™® = 1.5 (ved) with h§ = —E;*™. The parameters are (a-1, b-1) kg = k5" and (a-2,
b-2) kg = ki ¥ and the other parameters are same as in Fig. (.11

From this equation, we can find that j;y = jf;jz = 0 and only j has a finite value
as shown in Fig. [5.4] where we use the normalized parameter j& = hkg P ng/m.
In Figs. (.4] the spin current increases with increasing €2 and exhibits a peak with
increasing ko. These behaviors are same as that of the SO coupled Bose system
and can be understood as mentioned in Sec. L2221 However, the spin current of
the fermions changes continuously and smoothly even if the phase transitions occur
because of the difference of the quantum statistics.

5.2 Effect of weak interaction on the spin current

We have considered non-interacting Fermi system so far. Then, at the end of this
chapter, we show the effect of the weak interaction on the spin current of the SO
coupled Fermi system by using a perturbation theory. The Hamiltonian with the
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Figure 5.4: Spin current in the SO coupled Fermi system without the interaction. The
lines and the parameters are same as in Fig.

interaction is given by

H = Hy+ Hyy, (5.13)
Nf

HO = Z hso(j)a (514)
J

Hi = [ do [ arsl(opl@) [0 - )] du(a)ir(@), (515)

where x = (r,t), uf is the relevant coupling constants between the different spin
channels of the fermions and N is the number of the fermions. In the following, we
assume repulsive interaction (u > 0) and the interaction energy is weak enough in
comparison with the system’s typical energy scale. Note that uTng/Ey® ~ 107! ~
1073 in the experiment.

To investigate the effect of the interaction, we use Green functions given by

n_ (G, 2) Gz, ')
G(z,2') = (Gm(x,l’/) Gy (z,2))" (5.16)
Gag(w,2) = =i (T [tan(@hu(@)]) (@8=10), (517
where T[---] is the time-order operator and ),y is the wave function with spin «

in Heisenberg picture. Then, the density can be written as

(n(r,t)) = <¢L<r,t)¢H(r,t)> — <T [¢H(r,t)¢g(r,t+)]> = —iTy [G(rt,r,t1)] , (5.18)
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where tT = t + 1 and 7 is a positive infinitesimal quantity. In the same way, the
spin density and the spin current can be written as

(s(r,t)) = —iTr [oG(rt, rtT)], (5.19)
(gs(r, 1)) = —MZ—;LV)Tr [0.G ('t rth)] o (5.20)

When the interaction can be regarded as a perturbation, Green function can be
written as[63]

Gz, ') ~ GOz, ') + GY(z,2), (5.21)

where the zeroth- and first-order Green functions are given by

GO (w,a!) = =i (T [sh @il )] (5.22)

/ uﬂ /
Gc(llg(g;,x) = —E/dan/dxgé(xl ) Z |:—G$3<x,$1)G,(7%)($2,Z'Q)G,(yoﬁ)(l'l,x)
="

—i—G&%(w,xﬁG%(mhxg)Ggg(xg,x’) :
(5.23)

In these equations, wg{ (x) is the wave function of the fermions with spin « and no

interaction and 4 denotes an opposite spin of 7. In Egs. (BI8]), (519), and (520,
all Green functions are formed by G(r't,rt") and it can be rewritten as

Gog(r't,rt™) = —i <T [%H(r', £h i (r, t+)] > — <¢L’H(r, )b (7, t)> (5.24)

Therefore, by substituting Eq. (5.7) into Eq. (5.22), the zeroth-order Green func-
tions can be written as

G\ r't,rtt) = a e!atko)(r=") (662 0. nt +sin®6, n;) ,
7 vV &g q
q
GOt rtt) = LN elako) =) (6in2 0 n* 4 cos? 6, no)
H Vv qz'"q qz'"q
q
q
Gﬁ) (r't,rtt) = % Z ¢!t (r=r)tiko (rtrgin 6, cos Oy, (ng —ny).

q
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By using these zeroth-order Green functions and Eq. (5.23]), the first-order term of
the density is given by

2
ff
W) = T [0t )] = S (ZFS) =2l
q

q1,92

where we define

Fq = (ng —ng)cos(20,,), Fy =ng +nkcos®(26,,),

and ng = ng +n;. In the same way, from Eqs. (5.I9) and (5.20), the first-order
terms of the spin density and the spin current are given by

£ £(1) £ @) .
s, = §, cosO, s =35, sind,
i
SV = BN (g FY, — FLFD)
z - 2hn V2 q1- q2 Qi g2/
q1,92
i
) U + 0 + 0 0
Js T omV2 Z [nql (kOFqQ - qug) + (quth - kOFQI) qu} )
q1,92
where slf)(l) is the first-order term of the spiral spin density O These equations

show that the interaction does not cause a new time-space variation and only the
amplitude of the physical quantities changes in the system. As a result, we can
obtain the first-order effect of the interaction on the physical quantities as shown in
Fig. 5.5 Note that uffng/Ey® ~ 3.4 x 1072 when ¢%/k5™ = 0.5 (nf ~ 0.8um™=3) and
ung /By ~ 9.1x 1072 when ¢% /k5™® = 1.5 (ng ~ 22um~3). In Fig. (.5 the physical
quantities change complicatedly and it is difficult to understand these properties
intuitively. However, the results show the important facts that the effect of the
interaction on the system is negligibly small within the experimental parameters.

Y The concrete form of s;(l) is given by

L ff
sf[,( - hTZVQ Z {— [(n; — n;rl)2 cos? 041, sin? 04.. + (n;1_2k0 cos? 0q1.—2ko + n;_%o sin? 9qlz,2k0)
1,92
X (Ngy yo1y €08” Oqy, 420 + Mgy yoiy SIN” Ogy, 4210 )] (nigy — g, ) €08 Oy, 5in g,
+ (g, —ko c0s” Ogy, — ko + n;—ko sin’ 0q1,—ko) (n;1+k0 - n;Jr,co) €08 Oq, ,+ko SINOg,, 4k
X

(nq,
+ 2 — .2 + 2 _ . 2
(ngy cos™ Ogy +ng, sin® g, ) + (ng, 1y €08” Ogy, ko + Mgy 1o SN Ogyy ko)

+ . - 2 + .2
Mgy —kg — nquo) €08 0q1, — ko SN 0gy, — ko (Ng, COS” Oy + ng, sin” 0y, ) } .

36



—_— kP =050 =0 === gk =051 = —E5™

@I =15,8=0 ==== gl /b =1.5,hd = —E;*

1.x10°° N 1.5x107"
~ 8.x10710.. % 11
T B x 40710 A 1.x10
c’34_><1o-1(°J > 5.x107"2
2.x10" e T . _
05 10 15 20 05 10 15 20
ko/k5 ko/k5

Figure 5.5: First-order terms of (a) the z-spin density and (b) the spin current for uf =

4wh*(105a5)/m [64]. The lines and the parameters are same as in Figs.
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Chapter 6

Artificial spin-orbit coupled
Bose-Fermi mixture

In the above chapters, we have analyzed the SO coupled Bose and Fermi systems.
As a result, we could find that the spin density have a spiral structure and the
spin current is induced in these systems. In addition, the behaviors of the bosons
and the fermions were different in spite of the system described by the same single-
particle Hamiltonian. On the other hand, the progress of cold atom experiments has
realized a Bose-Fermi mixtures by using alkali atoms such as "Li and °Li or "Rb
and 1°K [28, 29, 30]. The Bose-Fermi mixtures where atoms of different quantum
statistics coexist could have a variety of aspects and have been studied from different
viewpoint[31], 32], [33] B4]. From these facts, we can expect the appearance of a novel
phenomenon in the SO coupled Bose-Fermi mixture.

In this chapter, we show the ground state phase diagram and the spin current of
the fermions in the mixture of the fermions and the SO coupled bosons[66, 67, 53, 52].
In Sec. [6.I], the ground state phase diagram of the bosons is shown in the mixture
without the Bose-Fermi spin interaction by using the variational method and the
tight-binding approximation[66, 67]. Next, in Sec. [2] we present the ground
state phase diagram and the spin current in the mixture with the Bose-Fermi spin
interaction[53].
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6.1 Bose-Fermi mixture without Bose-Fermi spin interac-
tion

6.1.1 Model and method

Let us consider a mixture of a spin-1/2 fermions and SO coupled spin-1/2 bosons
without Bose-Fermi spin interaction. The total Hamiltonian H is given by

H = H” 4 HS + H", (6.1)

HY = Z mb () Z / dr ulnt (r)nf(r), (6.2)
=> Z hi (), (6.3)

Z/d’r uaﬁn (7'), (6.4)

where the superscripts b and f indicate boson and fermion, respectively, and « and
B (=1,1) are the spin indices. NP® is the number of bosons (fermions), ng(f)(r)
is the number density of bosons (fermions) with spin «, and u**®) are the boson-
boson (boson-fermion) interactions. The Bose Hamiltonian (6.2]) is the same as
Eq. (7). Equation (6.3) expresses the Fermi Hamiltonian without the interaction
where hf = p2/2ms is the single-particle Hamiltonian for spin o and H"' is the
Bose-Fermi interaction Hamiltonian. For simplicity, we assume that the bosons and
the fermions have the same mass (my, = mg = m), § = 0, ul = u}} = ug® > uly,
u'ﬁ = up| = uf > up}, and the number of the fermions is much smaller than that of
the bosons. Under these assumptions, we will show the ground state phase diagram
of the SO coupled bosons in the Bose-Fermi mixture by using a variational method
and tight-binding approximation.

Since we assumed the weak Bose-Fermi interaction and the number of the fermions
is small, it is expected that we can use the same analysis of the Bose system as
Sec. B2l Therefore, we employ the same variational wave function (€9]) for the
bosons. Substituting Eq. (49) to Eq. (6.4) and using Eq. (63]), we can find the
single-particle Hamiltonian of the fermion with spin « including the Bose-Fermi
interactions:

hf, ot = hf, + U{Df + U(a, 0) cos(2k1z + ¢) + CTOZU;f cos(26), (6.5)
where we define
ub 1 bt ubt — bt
.= %nb, o= %nb, Ula,8) = Utsin(20)vV1 — a2,
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and a = |C,|? — |C_|2. When o = +1, we have U(£1,0) = 0 and the energy per
fermion with spin « is given by
h2q2

o + U+ ol cos(26). (6.6)

eg,a:il(q; o, ) =

When o # +1, we have the periodic potential term in Eq. (6.5) and use tight-binding
approximation to calculate the energy. In the approximation, the Hamiltonian (6.5])
becomes

hzfr,tot = Z {_J(kh a, 9) (a’z,a,qLai-i-l,U;QL + a;‘r—i-l,a,qLai’U?fIL)
iqu
n'qt bf bf t
+ 5 + Uy = [U(a, 0)| + oaUy" cos(20) | a; 4, Gigq, ¢ (6.7)
where q; = (qy,¢:), Qa,iq, (alﬂ-,qL) is the annihilation (creation) operator of a

fermion with spin o and momentum g, at site i on the x axis, and J(k;, o, 0) is the
hopping parameter in the 2 direction. In the limit U(a, 8) > Ey (k) = h*k?/(2m),
the hopping parameter can be approximately obtained from the lowest band of the
1D Mathieu equation[65] as

T, 0, 0) = 228 ('U (O‘"))')iexp [_2 (M)] (6.5)

ﬁ E1<k1) El(kl)

The detail of the derivation of Eqs. (6.7)) and (6.8)) is shown in appendix [Cl Under
the present conditions, the eigen-energy of the Hamiltonian (6.7)) is provided by

n’q?

Gg,a;éﬂ(Q;khOé,@) = o + U —|U(a, 0)]

+oalUM cos(20) — 2J(ky, a, §) cos <7;qx) . (6.9)
1

The energy difference between Egs. (6.6) and (6.9) is given by h*q?/(2m)—|U(c, 8)|—
2J(k1, a, 0) cos(mq, /K1), which depends only on the strength of the Bose-Fermi in-
teractions, not on the sign of the interactions. This result comes from the fact that,
for repulsive the Bose-Fermi interactions, the fermions are located in the valleys of
the periodic potential and, for attractive interactions, the fermions are in the peaks
of the periodic potential in the tight-binding approximation. Since these two situa-
tions are equivalent to each other energetically, the resulting energy is independent
of the sign of the Bose-Fermi interactions. We therefore assume ug', u?| > 0 in the
followings without loss of generality.
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Figure 6.1: Ground state phase diagrams of the bosons in the SO coupled Bose-Fermi
mixture with UM = 0 (u%’i = ubl) at zero temperature. The solid and dashed lines
represent the first- and second-order phase boundaries, respectively. The parameters are
uBf =uf®, (a) ny = 0.5n,, and (b)n; = 0.01n.. The other parameters are same as in Fig.

14.5)

6.1.2 Ground state phase diagram

From Egs. (6.6), (€9), and the Bose energy (AI0), we can obtain the total energy
of the SO coupled Bose-Fermi mixture as a function of the variational parameters.
Minimizing the energy with respect to the variational parameters, we obtain the
ground state phase diagram of the boson in the SO coupled Bose-Fermi mixture. In
the following, we consider the phase diagram for two cases, UY' = 0 and Ut > 0.

Firstly, we consider the case of Uy' = 0 (ug" = u}]) [66]. In this case, we can
obtain the ground state phase diagram of the bosons as shown in Fig. [6.1 where
we use the mean number density of the fermions ng = N¢/V. The figures show that
even a small number of the fermions (n¢/n, < 0.01) have a significant influence on
the ground state property of the bosons. This is because all the bosons take two
degenerated states (phase I) or a single state (phases II and I11) having a low energy
while the fermions, even if the number is small, fill up the energy dispersion up to
the Fermi energy and take a relatively large energy. Note that, from these facts,
we can find that the effect of the fermions on the bosons becomes smaller when ny,
is small even if the ratio of n;, to ng is the same as in the Fig. [6Il This can be
confirmed in the next section.

In the phase diagrams, one can also see that there is a phase transition from the
phase I to II as the number of the fermions increases. In the phase II, the bosons
have a uniform density and the fermions interacting with the bosons can also have
a uniform density which is energetically favorable to the fermions. In the phase
I, on the other hand, the bosons have a modulated density and the Bose-Fermi
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Figure 6.2: Ground state phase diagrams of the bosons in the SO coupled Bose-Fermi
mixture with UM ~ O.11Uf’f(u$£ Jubt = 0.8) at zero temperature. The solid and dashed
lines represent the first- and second-order phase boundaries, respectively. The parameters
except UD' are same as in Fig.

interactions destroy the uniformity of the fermion density. Therefore the bosons can
take the phase I when n¢ is relatively small but have to take the phase II when ng
becomes larger in order to lower the fermion energy. In addition, the transition line
between the phase II and the phase III, the straight dashed line in the figures, is
not dependent on the number of the fermions because Eq. (6.6]) is the same in the
phase IT and I1I when UM = 0.

Secondly, we consider the case of UP > 0 (ubf > u?ﬁ) [67]. In this case, we can
obtain the phase diagram as shown in Fig. [6.2l By comparing Figs. and [6.2] we
can find that the parameter U enlarges the area of the phase II. This reason can
be understood as follows. The energetic profit by the increase Uy (oc uft — u?i) is
larger when there is imbalance between the number of the spin-up and spin-down
particles. This imbalance exists only in the phase II, which is therefore preferred to
the phase I or III for finite U

In the above calculation, the tight-binding approximation was employed. How-
ever, the approximation is not appropriate in some areas of the phase diagram. In
particular, the condition U(«, ) > F;(k;) that the hopping parameter (€.8]) can be
used is not satisfied near the origin of the phase diagram. In these parameter areas
it is necessary to solve the Mathieu equation given by Egs. (6.3]) numerically and
([©4) or to use the other approximation.
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6.2 Bose-Fermi mixture with Bose-Fermi spin interaction

As shown in the following, we can regard the magnetization (spin) of the bosons as
the effective magnetic field acting on the fermions in a Bose-Fermi mixture with a
Bose-Fermi spin interaction. Since the spin current is induced by a spatial variation
of the magnetic field, if the bosons have a spiral magnetization, it is expected to
induce the spin current of the fermions in the mixture. Therefore, in this section, we
analyze the SO coupled Bose-Fermi mixture with Bose-Fermi spin interaction[53].
6.2.1 Model and Method

We use the following Hamiltonian in the rotation frame:

H=H"+H + 0 + HY, (6.10)

Nb

H® = Z hb (5) Z/dr udne (r)ng(r), (6.11)
j=1
Nf

HE =S H(), (6.12)
j=1

Hl?f = uEf dr n®(r)n'(r), (6.13)
ubf/ 5 5
HY = Ts/dr V() [mP(r) - o] (). (6.14)

The Bose Hamiltonian H® is the same as Eq. (£7). Equation (6.12) expresses the
Fermi Hamiltonian in the rotation frame where hf = (p — hkoo.)?/(2ms) is the
kinetic energy of a fermion, where kg = (ko,0,0) and we assume that the Zeeman
effect on the fermions is the same as the effect on the bosons and 6 = 0. The Hamil-
tonians Hf)’f and HP' are the Bose Fermi particle and spin interaction Hamiltonians
with interaction strengths w2 and ug’, respectively, i) = (@(T), @i(r))T is the
annihilation operator of the felrmlons7 and mP(r) is the magnetization density of the
bosons H. In what follows, mP(r) is treated as a classical field at zero temperature
because of the macroscopic occupation of the bosons in a single-particle state.

As in the previous section, we assume that the bosons and fermions have the
same mass, my, = mg = m, 6 = 0, and the number of fermions is much smaller
than that of bosons N f< N b In addition we choose the interaction strengths as
u'ﬁ’ = ulp = ug® > u) and upf = ul' = ug® and assume that they are weak enough
in comparison with the system s typlcal energy scale. Under these assumptions,
we employ the same variational wave function (49) for the bosons. From Egs.

YTo derive Eq. (G14), we use the ralarion ¢'(r, )T [mP(r,t) - o] ¢'(r,1) = O (r)t [mP(r) - o] ' (r),
where o (v, t) = Ul (2, )0 (r). It can be found from Eqs. (310), @IR), and EI1J).
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@9), (613), [614), and (6.12), the single-fermion Hamiltonian with the Bose-Fermi

interactions can be written as

. R2(iV + koo )? of
et = MOV LRy () 1 i () - (6.15)
where, from Eqs. (@I7) and (£.18), the number density and the magnetization of
the bosons are given by

n°(z) = [0°(@)* = my [1 4 2B sin(26) cos(2kz + )] , (6.16)
—sin(20) — 26 cos(2kyx + @) T
m°(z) = my 23 cos(20) sin(2kyz + ¢) . (6.17)

cos(20)+/1 — 432

Equation (6.I5) shows that the bosons produce the effective potential u>'n"(x) and
the effective magnetic field u”'mP(x)/4 for the fermions.

In the followings, we consider the single-fermion energy for two cases, 5 = 0 and
B > 0. When g = 0, both the Bose density and the Bose magnetization density are
uniform and the single-fermion Hamiltonian can be written as

(p - hk()o-z)g

ﬁf—s—_bf _
p=0 2m

bf bf o bf
+ U, — Uy sin(20)o, + U] cos(20)o, (6.18)
where UP' = nPupt and UP' = nPulf /4. Since this single-particle Hamiltonian has
the same from as Eq. (5I), we can obtain the following single-fermion energy similar

to Eq. (B.2):

1
2

(hzko(b@ . Usbf COS(29)> + (Usbf Sil’l(29))2] (619)

m

2 2

n q
f+bf Urbf
637071((1) 2m 0 p

When £ > 0, on the other hand, since both the density and the magnetization of
the bosons have a spatial variation, the single-fermion energy can not be calculated
exactly. We therefore focus on a situation where the single-fermion energy can be
easily calculated in an approximate way. To find the condition for the approxima-
tion, we first remind Eq. (£I5]) that the variational parameter of the bosons without
the fermions:

QO 12
¢ 29T o< ar(a) o0
0 (R > 4F(3))

where F(f) = ex, +[(63% = 1)ug”+ (1 —25%)up}]/4. This relation shows that ky ~ ko
when 7*Q? < [4F(8)]?. In the laboratory frame, since the Bose magnetization is
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Figure 6.3: Ground-state phase diagram of the Bose-Fermi mixture with Bose-Fermi spin
interaction at zero temperature. The parameters are np, = 103um=3, ny = 10 pm=3,
ugf = ubf = ugb = 47h?/m x 100ap, u'%f/u'gb ~ 0.9976, m = 1.45 x 107%° kg, ap is the
Bohr radius, and kg™ = 27 sin(7/4)/(804.1)nm ™! ~ 5.5um~! and Eg = (hky™)?/(2m)
are experimental normalized parameters (ky "/ qg ~ 0.66, where q% is the Fermi wave
number of the Fermi system without the Bose-Fermi spin interaction).

given by Eq. ([@I8), Egs. (616) and (4.I8) with the relation cos(26) = ki /ko indi-
cates that the density and the magnetization of the bosons have a spatial variation
unless k1 = ko. From these facts, in the laboratory frame, it is obvious that the
fermions favor ki = kg to k1 < kg, because, in the latter case, the potential and the
magnetic field have a spatial variation and unfavorable for the fermions. Therefore,
we focus on the situation that h*Q? < [4F(53)]? and assume k; ~ ko and 6 = 0 for
the case of § > 0 in what follows. Then the density and the magnetization of the
bosons are given by n}/§>0 ~ nP and

mg>0(t) ~nP (—Qﬁ cos(2koz + ¢), 26 sin(2kox + @), /1 — 4ﬁ2),
respectively, and the single-fermion energy is calculated in the following simple form:
chn(q) =eq+ UF U (6.21)

6.2.2 Ground-state phase diagram

From Egs. (6.19), (6€.21]), and (4.10), the total energy is provided as a function of the
variational parameters. By minimizing the total energy with respect to ki, €, and
B, we obtain the ground state phase diagram of the Bose-Fermi mixture as shown
in Fig. 63l In the figure, roman numerals I-IIT express the phases of the bosons
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Figure 6.4: Spin current of the fermions in the Bose-Fermi mixture for Q/E;™" = 0.5 (blue
solid), 1.5 (orange dashed), and 30 (green dot-dashed). The other parameters are the
same as in Fig. The indicated phase transition points are for Q/E; = 0.5.

and SFS (single Fermi surface) and DFS (double Fermi surface) express the phases
of the fermions indicated in Figs. and [5.11

We should comment on the influence of the fermions on the bosons. In our
variational energy calculation, it is shown that the SO coupled bosons can have the
same three phases even without the fermions and the introduction of the fermions
only causes slight expansion of the areas of the phases I and II in Fig. [6.3l This
is because the spatial variation of the Bose magnetization in the laboratory frame,
which works as an effective magnetic field on the fermions, is smaller in the phase I
than in the phase II and smaller in the phase II than in the phase I1I. However, since
the spatial variation of the magnetization depends on kg, the fermions hardly affect
the I-III and II-III transitions as far as kg is small. On the other hand, when € is
large, the I-II transition occurs at large ky. However, since the spiral magnetization
in the phase II becomes small near the I-II transition line as shown in Fig. [£4] the
fermions hardly affect the I-1I transition. From these facts, we can conclude that the
fermions have little influence on the Bose phase diagram in our parameter region.

6.2.3 Spin Current

Now we are ready to calculate the spin current of the fermions. By calculating in the
same way as in Sec. [.1.3] we can obtain the spin current in the laboratory frame
as shown in Fig. [64] where we use the normalized parameter j& = hkg " ng/m.
In Fig. [64] the spin current decreases after the III-II phase transition when kg
increases. As we mentioned in Sec. [£2] the magnitude of the spatial variation of

the magnetization of the bosons, that is the effective magnetic field for the fermions,
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is the maximum in the phase III and decreases with increasing kq in the phase II,
and therefore the spin current begins to decrease as the system goes from the phase
III to the phase II. If kg increases more, the bosons enter the phase I, where the
magnetic field is almost uniform and creates a negligibly small spin current. Figure
also shows that, when 2 is large (dotted line), the spin current still exhibits a
peak even without the phase transition of the bosons. This behavior is the same
that we discussed in Sec. B.1.3]
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Chapter 7

Conclusion

We showed the ground state phase diagrams and the spin currents in the spin-
orbit (SO) coupled cold atoms for three systems : Bose system, Fermi system, and
Bose-Fermi mixture. As a result, our studies newly revealed the ground state of
the SO coupled Bose-Fermi mixture and the experimental controllability of the spin
currents.

Firstly, in Chaps. 2 we defined a spin current and investigated the conditions
to induce the spin current. In addition, we reviewed the experimental methods to
realize the artificial SO coupled cold atoms and showed the experimentally control-
lable parameters in Chap. Bl In Chaps. Ml and B, we analyzed the ground states and
spin currents in the artificial SO coupled Bose and Fermi systems. For these sys-
tems, the ground states had already been studied in the previous studies[4, [10} [1T],
but, the spin currents had not. Therefore, by showing the experimental parameter
dependences of the spin currents, we clarified the controllability of the spin current
in these systems. In particular, in the SO coupled Bose system, the spin current
changes discontinuously and non-smoothly across the phase boundaries, while in the
SO coupled Fermi system, the spin current changes continuously and smoothly even
at the phase boundaries. In Chap. [6 we also analyzed the ground states and spin
currents in the artificial SO coupled Bose-Fermi mixture. The ground states were
calculated in the Bose-Fermi mixture with high density or low density of the atoms
by using a variational method and some approximations such as tight-binding ap-
proximation. For the high density, the fermions have a large influence on the Bose
system, while, for the low density, the fermions have little influence although the
relative amounts of the bosons and the fermions are comparable in the two cases. In
addition, we showed that the spin current of the fermions changes discontinuously
and non-smoothly across the phase boundaries of the bosons.

The above results revealed the properties of the novel cold atom system, an SO
coupled Bose-Fermi mixture, and the novel controllability of the atoms by the spin
current. We hope that these studies will lead to the development of atomtronics
and cold atoms in future.
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Appendix A

Derivation of the equation (3.1)

To derive Eq. (B1), we will analyze the system described by Raman coupled five
states[68, 69]. As a first step, in Sec. [A.1l we derive the effective two-level system
from three-level system coupled by Raman lasers. By expanding this discussion, we
derive Eq. (1) from five-level system coupled by Raman lasers in Sec. [A.2l

A.1 Three-level system

Let us consider the three-level system as shown in Fig. [A.1l where two lasers with
frequency w; and wy couple the states between |1) and |2) and between |2) and |3)
respectively and we define the energies of each state E; (i = 1,2,3) and detunes A
and 0.

Assuming that laser field is given by

1 ) )
E;(t) = 5 [Eme’“"lt + Eppe @2t c.c.] , (A.1)
and the wave function of the three states can be written as
0, Cy(t)e~r®
Ut)y= [Ty | = C’g(t)e’i@(t)
U, Cs(t)e )
the electric dipole transition matrix in the system is given by
0 di, O
d == d12 O d;?,
0 dys O

Then, from Schrédinger equation ihoV /0t = (Hy + d - Er)V, we can obtain the
differential equation for C; written as

o 4 Ey — h‘él di, - EL@i(C‘17€2) 0 A Ch
ihae | G2 |= | diz- Bpem 07 Ey — Ty dsy - Epe =@ | | Gy | ,(A2)
03 0 d23 . ELefz(szC:J,) Eg — th C13
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1> __E1

Figure A.1: Raman coupled three states |1), |2), and |3). The three states with the energies
E; (i = 1,2,3) are coupled by the Raman lasers with frequencies wy and we, respectively,
and A and ¢ are detunes.

where we use the relations HyW; = FE;V,;(i = 1,2,3) (B} < B3 < Es).
By substituting Eq. (A.I) into the off-diagonal components in Eq. (A.2), the
part depending on e can be written as

EL(t)ei(CI*CQ) — 1[ELlei(*mtJrCl*Cz)_'_ELQGi(fwthrCl*CQ)
2

+Ezlei(w1t+C1*Cz) + EZQei(wthrCl*@)] ) (A3)

When FE; < E,, we can choose ég = él + wy. With this choise the exponents in Eq.
(A3)) can be written as

—wit + ¢ — G = —2wit, —wat + ¢ — G = —(we +wi)t,
wit + ¢ — ¢ =0, wat + (1 — G2 = (w2 — w1)t.
If wy, we, and wy + wy are larger enough than the typical time scale of the system,

we can regard the rapidly oscillating terms as zero. As a result, the equation for C
in Eq. (A2) can be approximately written as
.0C

1
— ~A —Qr
? o 101 + 5 105,

where we define
hAy = By — héy, hQy = diy - Epy.

In the same way, with the choise ég = ég + w9, We can obtain

aC 1 .
za—; = 250+ 5 [0+ 20,
.0C 1

Za—; = AgCg + EQQCQ,
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where we also define

hAy = Ey — hé2 = FEy — By — hwy + hA, 1y = das - By,
hAg = E3 — h<3 = E3 — E1 — h(.dl —‘I_FLCL)Q +hA1

Therefore, when A; = 0, we can obtain the effective differential equations for C;
written as

P C 5 2, 0 (& 5 0o o0 0 (o
t\ 0 O 244 \Cy 0 Q -25) \C;

where we use the detunes A = —A, and § = —Aj3 as shown in Fig. [A]l

Assuming a far-detuned Raman process in which A > Qq, Q,, d, we can ap-
proximate 0C5/0t ~ 0 and obtain the equation Cy = (2,C} 4+ Q5C3)/(2A) from Eq.
(A.4). At last, we can find the effective differential equation with two-level states

9 /0 > 10 .
h— | 1) = 4A 4 1
Zhat <C3) h 08 \92’?+5 (03) '

4A 4A

A.2 Five-level system

In this section, we expand the above discussion to the five-level system as shown in
Fig. [A.2] where two lasers coupled between the states and we redefine the energies
of each state F; and the detunes A, §, and e. Note that § and € correspond to the
detune and the quadratic Zeeman shift in the experiment of the cold atom with the
artificial gauge field [51].

Let us write the wave function of the five states as

0, Cy(t)e i ®
U, Cy(t)e 20
U(t) = | Ts | = [ C3(t)e W
U, Cy(t)e )
s Cs(t)e™®)

Then, we can obtain the differential equation for C; given by

) oA, % 0 0 0\ /O
slce] ol 22 o 0 0 ||

2o =210 @ 22 2 0 ||c], (A.5)
olel 2l o o0 o 280 o ||
s 0 0 0 @ 2A5) \Cs
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Figure A.2: Raman coupled five states [1), |2), |3), |4), and |5). The five states with the
energies F; (i = 1,...,5) are coupled by the Raman lasers with frequencies w; and wo,
respectively, and A, d, and € are detunes.

where we define
hA, =0,
hAy = Ey — By — hwi + hA; = —=A — 6,
hAs = B3 — By — hwy + hws + hA] = =0 + ¢,
hA, = Ey — B3 — hwi + hAs = —A — 6,
hAs = E5 — E3 — hwy + hwy + hA3 = —20.

Assuming a far-detuned Raman process in which A > Q, Qy, d, € and using 9C5 /0t ~
0 and 0Cy/0t ~ 0, from Eq. ([A.5]), we can find the equations given by

1 1

G2 = x5 (WG +508) = T (Wi + 00,
1 1

Ci=% +6 (05 4+ Q5C5) ~ = (105 + 0505) .

A

Therefore, substituting these equations into Eq. ([A.D), we can obtain the effective
differential equation with three-level states given by

[ 00 0
C 4 4N o C
zhﬁ C’;l; — 5 2,0 |Ql|2+|92|2 Le—s Q753 C’; . (A.6)
ot 4A 4N 4A
05 05
0 L KBl o
4N 4N
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By assuming Q; = Q, = Qre*0?  the effective Hamiltonian in Eq. ([A6) can be
rewritten as

2 hQ .
L +ho ——e ko 0
276 2 ) QO
B = %e%kom ;’_m Te %e—mkom (A7)
Qi p?
—ethor — _ h)
0 2 ¢ om

where we define Q = Q%/(2A) and use |Qg|?/(4A) + € =~ € because A > Qp, §, €.
Finally, considering time dependence of Eq. (A1) in the experiment, we derive
Eq. (31). In the cold atom experiment, detune 0 in Eq. (A7) is given by § =
Aw — w,, where Aw is the frequency difference between Raman lasers and w, is
first-order Zeeman shift. By using time dependent unitary matrix given by

6—1’Awt 0 0
vh=| o 1 o |,
0 0 eiAwt

Eq. (A1) is converted into

_ oUT (¢
h = U (t)hU(t) +ihU(t) at( )
2
p_ + ho @e—i(Qkox—Awt) 0
2m 2 —hAw 0 0
2
— @ei(Zkofowt) p_ + € @efi(ZkOm*AWt) + 0 1 0
2 O 2m 2 e 0 0 hAw
0 _61(2k0m—Awt) =R
2 2m
2 hQ2
P _ hiw, —e ® 0
2m 2
_ 129 e p2 h{) —i©
= i 4+ —e
meie P
0 3¢ o T

where © = O(x,t) = 2kgxr — Awt. Therefore, we can derive Eq. (31)).
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Appendix B

Experimental method to tune the
parameters

In the artificial spin-orbit (SO) coupled cold atom, the single-particle Hamiltonian
is given by
2
- p hkg hQ2 ho
h=+———p,0,+—0,+—0,+ Ey. B.1
om  m D0 T g T % R (B-1)

This equation has three tunable parameters kg, €2, and 0 in the experiment. In the
followings, we show the method to tune these parameters in the experiment [6} [58].

Method to tune () by the intensity of the laser

Intensity of the magnetic field in the x direction 2 is the effective amplitude of
the Raman coupling given by Q = Q%/(2A), where Qp is Raman coupling strength
by two Raman lasers and A is the single-photon detune (see appendix [Al). Since
Raman coupling strength Qg is proportional to the intensity of Raman laser field,
Q) is tuned by the intensity of two Raman lasers.

Method to tune § by the external magnetic field

Intensity of the magnetic field in the z direction ¢ is the detune given by § =
Aw — wyz in the experiment, where Aw is the frequency difference between Raman
lasers and wy is Zeeman shift. Since Zeeman shift is proportional to the intensity of
the external magnetic field, 9 is tuned by the external magnetic field. In addition,
0 can also be tuned by controlling Aw dynamically.

Method to tune kj by the wave number of the laser
Intensity of the SO coupling kq is the projected wave number of the Raman
lasers. To understand this fact, we consider the momentum that an atom receives
by Raman transition. When an atom is excited by the laser 1 with the laser
field Er; cos(ky - r) and de-excited by laser 2 with Ej5cos(ks - r) in the Raman
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Figure B.1: Configuration of two Raman lasers and an atom.

transition, the atom receives the momentum hk; by the laser 1 and —hky by the
laser 2. Assuming k; = ko and the directions of the two Raman lasers are set as
shown in Fig. [B.1] the total momentum that the atom receives through the Raman
transition can be written as h(k; — k) = (2h|ki|cos,0,0). Therefore, we can
write as kg = |k1| cos o and find that k¢ can be tuned by the wave number and the
direction of Raman lasers. However, it is difficult to dynamically tune kg by using
this method and another method is sugested as shown below.

Method to tune k; an § by the intensity of the laser

We show the method to tune ko and § by the intensity of the Raman lasers [58].
Let us consider the Raman laser with the time dependent intensity

Q = Qo + Qcos (wt), (B.2)

where Qg and Q are the average value and the modulation amplitude of the intensity
and we assume fiw is much larger than the typical energy scale in the system. Then,
by using Eq. (B.2) and the unitary matrix given by

Ui(t) = exp (—z’QSin—(Wt)ax> ,

2w

Eq. (B.) is converted into

hat = U, — in{
2
P 9N
= 5 + By + 5 Oz
0 QO
+ (%5 — h/j‘?(;px) {COS [; sin (wt) | 0. + sin o sin (Wt)] Uy} -(B-3)

Using the standard Bessel function relation

o €)oe] -5 ()~
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where

(@) =D m!r(fglﬁz +1) (§>2m+n

m=0

is the nth Bessel function of the first kind, Eq. (B.3) can be approximately rewrit-

ten as
2 0 Q
heﬂ p_ 4 Mo_x i (h_5 _ hkopx) JO (_) o,
2m 2 2 m w

p2 hQO (héeff

12

= -t 5t

om 9 — Veft px) Oz,

where we define the effective detune and intensity of the SO coupling

Q hk Q
det = 0Jp (;) y et = FOJO (;) )

and ignored higher-order Bessel functions because ) < w. Since Jo(x) is mono-
tonically decreasing function when x < 1, we can tune the detune and intensity
of the SO coupling by controlling Q/w.
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Appendix C
Tight-binding approximation

By using tight-binding approximation (TBA), we derive Eq. (67). In Sec. [CI]
we review the TBA in the spin-1/2 Fermi system [70] and, in Sec. [C.2] show the
method to derive the hopping parameter in TBA[65].

C.1 Tight-binding approximation
Let us consider the system with a spatially periodic potential

V(r)=V(r+R),

where R is the position vector that characterizes the periodicity. Then, Schrédinger
equation is given by

I )] vl = )

In this system, we can write the wave function as

Un (1) = €F Ty 1o (1), (C.1)

where n is the quantum number, k is the wave number, and we assume that w,, ()
has a spatially periodicity as

un,k(r + R) = un,k(r).
Here, Eq. satisfies the Bloch theorem:
V(T + R) = e® TRy (1) = e* By, (7).

When the periodic potential has periodic minima at the position R; (i = 1,2,--- , N),
Eq. (CI) can be written as

Guklr) = = DRI (1) = o 30 R i~ R, (C2)

ik
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where we use the Wannier function given by
wn(,’, o i —sz ¢nk zk: (r— RZ)unk( ) (03)
S ) = S

and the summation Y, is carried out over k inside the first Brillouin zone.
In the following, we consider the spin-1/2 Fermi system with a lattice potential
and interaction. The Hamiltonian is given by

H = Hyu + Hin, (C.4)

Hin = / dr [Z dl(r ( i +vm<r>) %(r)],

—

Hu =g [ dr [30)5{)dr)is(r)]

where 9, (r) is the field operator with spin o, Vix(r) is the lattice potential with
the minima R;, and g is the strength of the interaction. By using Eq. (C.2)), we can

write ¢, (1) as

1&,,(7“):2 o'nkwﬂ'k? Zaanzwnr— )

n,k

where @ . . is annihilation operator and we use

i = fz FRG, g (C.5)

By assuming only the lowest energy band is dominant in the system, we can omit
the band index n and the field operator can be written as

r) Z agw(r — R;).

From this equation, Eq. (C4) can be rewritten as

Hkm Z ng Uzaa.ﬁ mt — UZ aT 2a¢ zaJ,,zaT,'La (CG)

0,%,J

where

Jij = /dr {w(r ~ R)) <—721;v2 + Vlat(r)) w(r — Rj)} (C.7)

is the hopping parameter and
U= g/drw4(7' - R;)
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is the on-site parameter. Equation (C.0) is TBA Hamiltonian.
Since the single-particle Hamiltonian is given by Eq. (6.35]) in our thesis, the
Hamiltonian corresponding to Eq. (C.4]) can be written as

/d'r [Z wt ( hV? + UM + 0aUP cos(20) — |U(a, 0)| + Vi, (z )> 1[10(7')] ,
o=,
(C.8)

where V[, (x) is given by

/ ( ) { QU(OK, 9) COS2<k71x + ¢/2> (U<a7 0) > 0) (Cg)

) =) 20 (o, 0) sin® (kv + ¢/2) (U, ) < 0)°

By using Eq. (C.8) and TBA, we can find the TBA Hamiltonian corresponding to
Eq. (C.), however, the concrete form of the hopping parameter is not provided.
Therefore, in the next section, we show the method to derive the approximate hop-

ping parameter (6.8]).

C.2 Hopping parameter

Calculating the band width of the lowest energy band by two methods, we show
the approximate expression of the hopping parameter J. Firstly, we will calculate
the band width from the TBA Hamiltonian. If the particles interact only with the
particles at the nearest-neighbor site, the Hamiltonian is given by

Hyn = JY (0] 460501 + a5, 1604), (C.10)
0,1

where we assume that the hopping parameter does not depend on the site i (J; ;41 =
J). By using Eq. (KED, we can find that

AT oA i(k—kK')- 'Lk:’ _ 1 AT A ik-d
aa’iaU,Hl e 'LCL ka’U = N 0/0_71{:0/07]‘,6 s
kk’

where d is the lattice vector and we use the relation R; ;1 = R; + d. As a result,
Eq. (CI0) can be rewritten as

1 . ik
Hkin = JZ [( Z Ukagkekd>+<ﬁ Lkaake kd)]

k,d k,d

= Z[{ZQJCOSk d)} akagk].

o,k
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Figure C.1: (a) Eigen energy ¢, and (b) band structure. The band gaps increase with
increasing U.

From this equation, we can find that the eigen energy is given by > ,2J cos(k - d)
and the band width is 4.J.

Secondly, we will calculate the band width from the Mathieu equation. From
Eq. (C8), Schrodinger equation for the the wave function depending on z can be
written as

{__ <aa;) + U cos®(kuz + §> Vi () = e’ (2), (C.11)

where U = 2|U(«, 0)| and ¢, includes all the extra constant terms. When we define
that By = Ei(k1) = h*k?/(2m), ¢ = U/AE|, A = ¢,/F, — 2q, z = kyx + ¢/2, and
U (z) = Y (k1z + ¢/2), Eq. (CII) can be rewritten as
d*V(z)
dz?

This equation is known as the one-dimentional Mathieu equation. This Mathieu

equation can be solved for A\ numerically and we can find the eigen-energy ¢, as
shown in Fig. [Cla). In addition, Fig. [CI(b) shows the band structute. It is
known that, in the limit ¢ — oo (U > E)), the width of the lowest energy band is

given by [71]
2
AN = 2 \/jqie4‘/§. (C.12)
m

Therefore, the band width of the minimum energy band is given by

3/4 3/4
Ae, = EYAN = E125\/§ U\ emavmm _ 1680 (UNT o /o7m:
4E11 ﬁ E1

+{\ = 2gcos(22)} ¥(z) = 0.
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In conclusion, from Egs. (C.11) and (C.13), we can find 4J = Ag, in the limit
q — oo(U > E,) obtain the following hopping parameter :

Ae, 4B (k) (2U(a,0)]\7 20U (cr, )]\ 2
Ik, 0. 6) = 4 m ( Ey(ky) ) P [_2( Ey (k1) )

N
| IS |
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