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Abstract

An extra dimension was introduced for the first time by Kaluza and Klein in 1926, in
order to unify gravitational field and electromagnetic field. More extra dimensions
are often required by modern unified theories such as string theory. Another way of
dealing with extra dimensions is the brane-world whose extra dimensions can only
be checked by gravity. In the thesis, the ideas of extra dimensions and brane-world
are applied for a description of cosmological inflation in the early Universe in the
context of the f(R) gravity theory. In order to cause the inflationary expansion
of the Universe, a scalar field called inflaton is necessary. The f(R) gravity is
the modified gravitational theory in which the standard (Einstein-Hilbert) action is
replaced by a function f of Ricci scalar R. The special case, known as Starobinsky
model of R+ R? gravity, is the very successful inflationary model in four dimensions,
in line with all current observations of the Cosmic Microwave Background (CMB)
radiation. We unified the Randall-Sundrum brane-world with the Starobinsky model
in five dimensions and found that Starobinsky modified gravity does not destroy the
Randall-Sundrum solution. Next, we considered the function f(R) = R+~yR" —2A
in higher (D) spacetime dimensions with the cosmological constant A, and described
spontaneous compactification down to four spacetime dimensions, as the inflationary
model. We found that it requires D = n/2, whereas the extra gauge (p — 1)-form
is needed for consistent (spontaneous) Freund-Rubin-type compactification. The
cases of D = 8 and D = 12 were studied in detail, and the predictions for the CMB
tensor-to-scalar ratio were calculated.
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Introduction

The appearance of Einstein’s general relativity has greatly changed thinking of physi-
cists in two ways. One is to describe the laws of physics in terms of geometry.
Einstein formulated gravitational theory by using Riemannian geometry with grav-
ity as spacetime geometry. This made a great influence on physicists at that time,
it became a trigger to consider the unified theory, to geometrically and physically
describe the physical laws unifiedly, that is, as the unified theory. The other is to
make the spacetime to be the dynamical object. As a result, the Universe where
we live is not static, but it can be thought as a dynamic object. In fact, Friedmann
derived his equation that represents the expansion and contraction of the Universe,
and then discovered that the Universe continues to expand. It was later confirmed
by observation of Hubble. This is the beginning of the modern cosmology about the
evolution of the Universe.

Currently, it is known that superstring theory and M-theory are promising as
the candidates for unified theory, but the theory first proposed as a unified theory
was a five-dimensional theory by Kaluza [1]. Kaluza considered the gravitational
theory in five-dimensional spacetime with one extra dimension and showed that
four-dimensional gravitational field and electromagnetic field appear from the five-
dimensional metric. However, Kaluza assumed that all fields do not depend on the
extra dimension, and did not explain why the extra dimension is invisible. Klein
showed that the charge of the electromagnetic field is quantized by adding Kaluza’s
theory to the proposal that the extra dimension is small and closed to a circle [2].
Also, this assumption explains that extra dimension can not be seen. It is called
Kaluza-Klein compactification treating the extra dimension that is closed and can
not be seen because it is small. After that, as the unified theory was actively studied
by the development of the gauge theory and the Standard Model of elementary
particles, research to unify the higher-dimensional gravity and general gauge theory
was generalized.

Kaluza-Klein compactification cannot describe why extra dimension is small.
From this reason, research on spontaneous compactification and its stabilization
was conducted. Specific models of the spontaneous compactification use of the
gauge fields [3-5], the higher powers of the scalar curvature [6], compactification by
quantum fluctuations of the scalar field [7], etc. Research of compactfications like
these, is still actively conducted to derive a four-dimensional effective theory from
String theory and M-theory.



In the Kaluza-Klein compactification, the size of extra dimension and its sta-
bilization become a problem, but in the brane-world picture, the extra dimensions
cannot be seen because particles of Standard Model other than gravity are localized
in three-dimensional brane, so such problems may not occur. The brane-world model
is the alternative to Kaluza-Klein compactification handling the extra dimension,
such as ADD model [8,9], Randall-Sundrum model [10, 11], and DGP model [12].
The two models proposed by Randall-Sundrum got a lot of attention. The first one
is the two brane model, to solve the hierarchy problem (although the problem of
stabilizing the distance between two branes remains). The second model, the one
brane model, gained a lot of attention as a model allowing infinitely large extra
dimensions.

Meanwhile, cosmology has also been constantly developed along with the devel-
opment of the observation technologies. The current Standard Model of cosmology
is called the ACDM model, which is a theory that consistently explains from 107%2s
to the present since the Universe was born. The cosmological constant A represents
the dark energy and is necessary to explain the current expansion of the Universe,
CDM stands for cold dark matter, and is required for the formation of the large scale
structure of the Universe. Although ACDM is supported from observations, one does
not know the identity of dark energy, dark matter, but also one has fundamental
problems of Big Bang cosmology. It is the flatness problem and the horizon prob-
lem. The inflation theory was proposed independently by Sato [13] and Guth [14] to
make these fundamental solutions. This is the theory that assumes an exponential
expansion in the early Universe, and is considered to be the origin of fluctuations for
making the anisotropy of Cosmic Microwave Background(CMB) and the large scale
structure. This inflation is thought to be caused by a scalar field called inflaton,
and the origins of this inflaton and its potential are still actively studied at present.

Modified gravity is proposed to solve these cosmological problems, and there are
various models according to the problem. In order to explain inflation we need to
introduce a new matter called inflaton. Also, the dark matter is unknown matter,
and the dark energy has properties different from ordinary matter. On the other
hand, modified gravity modifies Einstein’s theory of gravity, so that inflation and
dark energy can be incorporated into theory as geometrical properties of spacetime.

The f(R) theory is a theory replacing Einstein-Hilbert Lagrangian with a func-
tion f(R) of scalar curvature [15,16]. This theory has long been studied extensively
as a model of dark energy and inflation. As a special case, the Starobinsky model is
known as an inflation model that satisfies current observations well [17]. This model
was suggested by Starobinsky when inflation was not yet proposed. He showed that
adding the R? term as quantum effect of gravity to Einstein-Hilbert action leads to
a de Sitter solution.

We studied the modified gravity in higher-dimensional spacetime. In [18], we
applied the Randall-Sundrum two-brane model to the five-dimensional Starobinsky
model and investigated its stability. As a result of concrete calculation, it was found
that the scalar filed contributing from R? term is stabilized to minimum by its



potential, and does not destroy the Randall-Sundrum model.

In [19], we consider the Lagrangian R+yR"™—2A and the condition to derive the
Starobinsky type inflaton potential which has a plateau. We assume that the spon-
taneous compactification from the D-dimensional spacetime to the four-dimensional
spacetime occurred by some mechanism before the inflation.

S. P. Otero, F. G. Pedro, and C. Wieck developed a model to realize spon-
taneous compactification and stabilization of the volume of extra dimensions by
adding (p — 1)-form gauge field to our model. [20] According to that model, sponta-
neous compactification and modulus stabilization are realized at p = n. In [21], we
analyze the case of D = 8 and consider the possibility of its embedding in D = 8
supergravity as the natural origin of the (p — 1)-form gauge field.

This thesis is organized as follows. Chapter 1 represents the review of the Kaluza-
Klein compactification. In Chapter 2, we review of Randall-Sundrum brane models
and our first work [18]. In Chapter 3, we review the standard cosmology, modified
gravity and our results of the inflation from modified gravity in higher-dimensional
spacetime.

The notation in this thesis is as follows. We use the natural units ~ = ¢ =1 and
the D-dimensional spacetime signature (—,+,--- ,+). We denote spacetime vector
indices in D-dimensions by capital latin letters A, B,... =0,1,..., D—1, and space-
time vector indices in four-dimensions by lower case greek letters o, 3,...=0,1,2,3
and spacetime vector indices in extra dimensions by lower latin letters a, b, .... The
X means the D-dimensional coordinates,  means the four-dimensional coordinates
and y means the extra coordinates.



Chapter 1

Kaluza-Klein Theory

It was Kaluza who introduced the extra dimension for the first time in 1921 [1].
He introduced the fifth dimension to unify the gravitational field and the electro-
magnetic field in five-dimensional spacetime. Specifically, as a component of a five-
dimensional metric, the four-dimensional gravitational field and the electromagnetic
field are considered, and under the hypothesis of the cylinder condition that those
fields do not depend on the fourth spatial direction called a extra dimension, he
succeeded in deriving the four-dimensional Einstein-Maxwell equations. (The equa-
tion of scalar field corresponding to dilaton was also derived, but at the time such
scalar was treated as a constant.) But, he didn’t explain why we can’t see the fifth
dimension.

In 1926, Klein suggested the quantum interpretation of the Kaluza’s theory by
assuming the fifth dimension to be a circle and very small [2]. He succeeded to
explain why we can’t see the fifth dimension, and added to validity of Klein’s cylinder
condition. Also, he showed such a small extra space leads to a quantization of charge
of electromagnetic filed. In that case, the charge is quantized depending on the
radius of extra space.

Such spacetime is topologically represented as M* x S*, which can be interpreted
as a circle sticking to each point of the four-dimensional spacetime. For example, the
surface of a straw is a two-dimensional surface, but when viewed from far enough it
looks like a one-dimensional line. In this way, by assuming that the size of the extra
dimension is sufficiently small, we can not see the extra dimension. Such a way of
treating the extra dimension is called Kaluza-Klein theory. At present, the size of
the Kaluza-Klein circle should be much less than 10~ ¢m, i.e. much less than a
quark size.

Since we can unify U(1) gauge theory with five-dimensional gravity, it is natural
to think about generalizing it and unify the general gauge theory. For that purpose,
we had to think about the higher-dimensional spacetime with more than five di-
mensions. This generalized theory is developed in [22-24]. In [25], Witten gave the
realistic model of Kaluza-Klein theory which can describe SU(3) x SU(2) x U(1)
gauge theory.



After that, with the development of the unified theory such as superstring theory
or M-theory and supergravity as its effective theory, the necessity of extra dimensions
was uplifted to be debated again. The four-dimensional Kaluza-Klein compactifica-
tion has been extensively studied.

In this Chapter, we describe the Kaluza-Klein theory and its generalizations,
and the spontaneous compactification of extra dimensions.

1.1 Dimensional reduction

First, we describe how we can see the five-dimensional massless scalar field in four-
dimensional spacetime.
The fifth coordinate y is taken on the circle whose radius is r. So, it is required
y to be periodic: y ~ y + 27r. Assuming the four-dimensional spacetime to be
Minkowski spacetime M*, this five-dimensional spacetime is written as M* x S?.
The five-dimensional massless scalar field ¢(z,y) obeys five-dimensional Klein-
Gordon equation:

040 (x,y) =0 (1.1.1)

Since y is periodic, we can perform the expansion of ¢(z,y):

ory) = > bula)eH (1.1.2)

n=—oo

Substituting this to (1.1.1), we obtain

(aua“ - Z—j) dn(z) =0 (1.1.3)

This equation looks like the scalar Klein-Gordon equation with mass m? = n?/r?
in four-dimensional spacetime. So, the massless scalar field in five dimensional
spacetime with compact extra dimension behaves as the massive scalar field in four-
dimensional spacetime. In the equation (1.1.3), if we choose n = 0, this equation
reads:

0,0 do(x) = 0 (1.1.4)

Then, ¢o(x) is a massless scalar field. Such the n = 0 mode is called the zero mode,
and the n # 0 modes are called the KK modes. However, KK mode particles have
not been detect in the particle experiments so far until now.

If the radius of extra spacetime is very small, the mass ~ 72 (at n # 0) becomes
very large. This means it becomes more difficult to detect the KK mode as the extra
spacetime becomes smaller. So, if we take the size of extra dimension to Planck
length [p, and we can ignore KK modes.

Since KK modes were not detected in experiments, the compactification radius
r can be restricted from above. Their masses would thus have to be greater, n/r >



1TeV, which implies a strong constraint on r:
r < 107 *em. (1.1.5)

It is difficult to detect so small extra dimension directly.

This procedure used to derive the effective theory from higher-dimensional funda-
mental theory is called dimensional reduction. In general, lower spin fields appear
from original higher-dimensional fields. For example, the four-dimensional vector
field and scalar field come from the five-dimensional vector field. We describe below
four-dimensional metric, vector and scalar field from the five-dimensional metric.

1.2 Kaluza-Klein theory as a unified theory

1.2.1 Unification of gravitational field and U(1) gauge field

Let us consider the gravitational field in five-dimensional spacetime, which unifies
the four-dimensional gravitational field and electromagnetic field. We assume the
five-dimensional spacetime is M* x S'. Also, as we mentioned above, the extra
coordinate y is to be a circle whose radius is r.

The five-dimensional Einstein-Hilbert action is

1
S5 =33 d5X\/ —g5R(5) (121)
2KE
where, subscript 75" means the five-dimensional quantities. From this action, the
vacuum Einstein equation is derived:

R®) =0 (1.2.2)

The action (1.2.1) is invariant under the five-dimensional general coordinate trans-
formation:

X4 o X = X4 - X)), (1.2.3)

The five-dimensional metric transforms under this transformation as

6948 = 0cgaBE” + gop0aE” + gacOpE” (1.2.4)

where £4(X) is arbitrary vector field parameter.

For the above five-dimensional action, considering the decomposition of the met-
ric and taking the integration over the extra dimension leads to the four-dimensional
effective theory. Before that, in order the four-dimensional theory, to be obtained
from the extra dimension, several physical requirements are imposed on the theory.

The first requirement is that all fields appearing in four-dimensions do not depend
on extra dimensional coordinate (cylinder condition). This may be considered as
taking out the zero mode only by the dimensional reduction explained in the previous
section. This means that the extra dimension is sufficiently small, and KK modes



of the effective theory at the energy scales lower than its large masses, cannot be
observed in elementary particle experiments.

The second requirement is that the theory is invariant against translating along
the extra coordinate.This means the parameters of general coordinate transforma-
tion £4(X) satisfy the following requirements:

gt =¢a"), & =ay+e(at) (1.2.5)

where a is an arbitrary constant and e(x) is a function of four-dimensional coordi-
nates.

Next, let us form the metric decomposition, which was suggested by Kaluza to
satisfy the above requirements:

LIV G + € VIALA, e VA,
B:

1.2.6
V304, e~ V3¢ ( )

ga

where g,, () is four-dimensional metric, A,(z) is vector field, ¢(z) is scalar field.
Although it is not obvious that A,(x) is an Abelian gauge field, by imposing the
above physical requirement, it can be shown that five-dimensional general coordinate
transformation acts as the gauge transformation of A,(z). From equation (1.2.5),
calculating and rearranging the transformations for each component of the five-
dimensional metric, we can obtain the transformation laws for each field:

5g;w = pguugp + gpuaugp + gupal/gp (127)
SA, = 8,PA, + €°0,A, + O,e(x) (1.2.8)

It can be seen that the five-dimensional general coordinate transformation acts as
the U(1) gauge transformation for A,. Therefore, A, is regarded as a U(1) gauge
field.

By substituting the above metric to the five-dimensional Einstein-Hilbert action
and performing y-integral, it is possible to obtain the four-dimensional effective
action

1 1 1
Si=5 / d'zv/=ga (RM) — 20,00, — —e‘mFuyF‘”) (1.2.9)
2K 2 4
where F,, = 0,A, — 0, A, is the field strength of Maxwell field, and
K3 = K2/2nR (1.2.10)

is the four-dimensional gravitational constant. Therefore, the five-dimensional Einstein-
Hilbert action is found to be a sum of Einstein-Hilbert action and Maxwell action
coupled to the scalar ¢ and the scalar field action in four-dimensional spacetime.

If we set the scalar field to be zero, the action becomes the Einstein-Maxwell
action. However, it is not allowed since there is interaction between those lower



dimensional fields. To consider this, let us focus on field equations. The field
equations are obtained by varying the action with respect to each field:

1
Ry, — §ng = K*T,, (1.2.11)
v (e*\/%FW) —0 (1.2.12)
1
V, Vhp = —5\/§e*ﬁ¢FWFW (1.2.13)

where T}, is the energy-momentum tensor of the Maxwell field and the scalar field:

1 1 1 1
KT, = 3 (augbayo; -3 p¢apgu,,) + 5@*@ <FM,FV P Z11:;,(,1?/%,#,,) (1.2.14)

The field equation (1.2.13) means it is not allowed to set the scalar field to be zero
because there is the field strength of the Maxwell field as the source field on the
right-hand-side of the equation (1.2.13).

1.2.2 Charge quantization

Klein showed the electric charge of electromagnetism is quantized by introducing
the fifth dimension [2]. Let us consider the scalar field in five-dimensional spacetime
again. The action of the scalar field is given by

1
5= [ X V=500 )0 ) (1.2.15)
We can perform the Fourier expansion since the fifth dimension is periodic:
Oay) = Y dulz)e &Y (1.2.16)

We consider the general coordinate transformation about fifth dimension
y—y =y+&e(x) (1.2.17)
The scalar field transforms under this transformation as

$(x,y) = i () R R, (1.2.18)

n=—oo

It is necessary to introduce a gauge field A,, in order to make the action invari-
ant under that transformation. We introduce the gauge field via the U(1) gauge
covariant derivative:

S= /d4x,/——g4 Kaﬂ _ z’nk;l“) " (au _ i”"ﬁ“) bn — Z—qun] (1.2.19)

10




where k a the normalization constant for A, we set k¥ =1 in equation (1.2.6). This
implies the charge quantization as

_nk

- (1.2.20)

qn =

in units of k/R. Since the charged particle with charge ¢, has the mass m, = n/R,
we assume all charged particles (n # 0) have the masses on the Planck scale.

1.2.3 Scalar-tensor gravity

Let us consider the decomposition of five-dimensional metric as follows:

_ | 9w O

Substituting this metric to five-dimensional Einstein-Hilbert action, the effective
four-dimensional action is obtained as follows:

1
Sy = F/d4x\/—g4@%R(4). (1.2.22)
Ky

To separate the Ricci scalar and ¢, we consider the next transformation called Weyl
transformation: )
G = P3G (1.2.23)

O — O3 (1.2.24)

Such parametrization in which action is in the form of Einstein-Hilbert action is
called Einstein frame. Furthermore, to obtain canonical kinetic term of the scalar

field, we rescale the ®:
1 )
=—In(— 1.2.25
o= (5 ) (1.2.25)

where @, is the vacuum expectation value of ®. Thus, we obtain the following
four-dimensional effective action:

5= o5 [diny iR / NN (1.2.26)

This action is equivalent to Einstein-Hilbert action with the scalar field.

1.3 Generalization to non-Abelian gauge theories

In five-dimensional Kaluza-Klein theory, we can unify four-dimensional gravitational
field and electromagnetic field in five-dimensional gravitational field. However, it
does not include a general gauge field, i.e. a non-Abelian gauge field. That is
because the general coordinate transformation in the S!' compactified spacetime

11



corresponded to the U(1) gauge transformation. In other words, we have to assume
that the non-abelian gauge symmetry appears by taking the compact spacetime of
higher dimension.

The transformation that does not change the metric is called the isometry trans-
formation, and this transformation exists when the spacetime has the symmetry. A
consideration of the isometry transformations on a compact n-dimensional manifold
shows that the Lie algebra made by the generators of the isometry transformations
corresponds to the symmetry of the gauge field appearing in the effective action
in four-dimensional spacetime . By doing so, we consider the generalized Kaluza-
Klein theory which can unify the non-Abelian gauge field by assuming spacetime of
(44 n)-dimension and a compactification of n-dimensions on a manifold with certain
symmetry. In this section, we assume a compact manifold K™ of extra dimensions.
This means we don’t consider why extra dimensions are compactified. Why extra
dimensions are compact is solved by considering a spontaneous compaction. We will
describe spontaneous compaction in the next sections.

1.3.1 Isometry transformations

We described above the Kaluza-Klein requirement which is the transformation along
the extra coordinate that doesn’t change the theory. This means

S Gmn = 0. (1.3.1)

Such transformation which doesn’t change the metric is called the isometry trans-
formation. Even if the spacetime dimension becomes higher, one imposes the same
requirement, and one considers the isometry transformations for the metric.

We start from the general coordinate transformations.

XA = X' = X4 - KA(X)e"(X) (1.3.2)

If the metric is invariant under this transformation, there exist a vector satisfying
the equation:
VaiKp+VpK4=0 (1.3.3)

This equation is called Killing equation. And vectors K which satisfy this equa-
tion are called Killing vectors. The Killing equation means that a change of the
coordinates along the Killing vector does not change the metric. In other words,
the spacetime has a symmetry along the Killing vector. The Killing vector is also
defined by Lie derivative of metric:

Since the Lie bracket of two Killing vectors also becomes the Killing vector, the
Killing vectors form Lie algebra:

K0 K" — K0, K] = —Copo K7 (1.3.5)

12



where Cy,. are the structure constants.
If we write T, as the generator of the corresponding infinitesimal isometry trans-
formation, the generators satisfy the relation.

[T0, Th) = iCupe T, (1.3.6)

The non-Abelian gauge fields appearing in the four-dimensional effective theory
are determined by the algebra formed by the Killing vectors.

For example, when the extra coordinates are compactified on S?, this spacetime
has symmetry of isometry group SO(3). At this time, the gauge field of SO(3) group
appears in four-dimensional effective theory. In general, symmetry of SO(n + 1)
appears when compactified on S™.

A compact manifold K" is arbitrary otherwise. Then, we describe more spe-
cial Einstein manifolds as an example. Einstein manifolds are defined by the real
curvature in the form:

RAB = k’gAB (137)

where k is a constant. We can consider the energy-momentum tensor, which causes
compactification of extra dimensions, by substituting this curvature to Einstein
equations. Before we find the matter which causes compactification, we describe
the Riemann tensor of the n-sphere S™ as:

Ragcp = (9ac9sp — gapgpo)r> (1.3.8)

where 7 is radius of the sphere. Here, we assume D = (4 +n)-dimensional spacetime
which is compactified to M* x S™. M* is four-dimensional Minkowski spacetime.
From equation (1.3.8), we have

Rogys =0 (1.3.9)
and
Raopea = (gacgbd - gadgbc)r_2 (1310)
Therefore, the Ricci tensor and the scalar curvature on the n-sphere are
Rapy = (n— 1)gapr 2, (1.3.11)
R=n(n—1)r2 (1.3.12)

In the next section, we assume that the n-dimensional part of the (4 + n)-
dimensional spacetime is compactified on the manifold K™.

1.3.2 (4 + n)-dimensional Kaluza-Klein theory

We assume the (4+n)-dimensional spacetime which has the topology M?* x K™. The
manifold K™ is n-dimensional spacetime which is compactified with some internal
symmetry. We start from the higher-dimensional metric:

_ [ G+ 9 G () A () K () AL () K (y) Aj ()
gAB K2 (y)Al(x) Gimn (Y)

13

(1.3.13)



where g, is four-dimensional metric, gm,(y) is the metric on the K", A, is the
gauge field, and K (y) is Killing vector on the K™.

To consider the isometry transformation on the K™, we introduce the (4 4+ n)-
dimensional general coordinate transformations:

XA = —e4(x,y) (1.3.14)
where
() =0, §"(x,y) = K" (y)e"(z) (1.3.15)

Under this transformations, we investigate how the (un) component of five-dimensional
metric transform and, obtain the transformation law of the gauge field A,:

0AL(z) = Ope(x)" — foA,(z)€(x) (1.3.16)

This is the transformation law of the non-Abelian gauge field. So, A, is regarded as
the non-Abelian gauge field indeed.
We obtain the effective action by substituting the above metric to the Einstein-
Hilbert action in D-dimensional spacetime,
1

SD == W dDX\/ —gDR(D) (1317)
D

Then, we have

1
Sp = /d"y\/—gnm/d‘lx\/—gélR(‘l) (1.3.18)
D

mn m n 1 a 4
—/d yvV—gn K3 (y) K (y)gmn(y)w/d%\/—gﬁ’w Fr (1.3.19)
D
where,
Fp, = 0,A% — 0,A% + fane A} A (1.3.20)
Here, we assume the volume of compact manifold K" is
1 1
Vi=—7F [ d"y\/—9y = — 1.3.21
K Yv =9 2 ( )

and the norm of the Killing vector is

K" () K3 () gmn(y) = 26500 (1.3.22)

Substituting the five-dimensional metric to the action (1.3.18) with these assump-

tions, we obtain the four-dimensional effective theory:
1 4 (4) 1 4 a prapy
Sy =— | dxzRY — 1 dzF;, F (1.3.23)

— 5.2
2K

This is the action of Einstein gravity coupled to the non-Abelian gauge field in
four-dimensional spacetime.
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1.3.3 SU(3)xSU(2)xU(1) gauge theory

In the standard model of elementary particles, the gauge fields of strong and elec-
troweak interactions belong to the gauge group of SU(3) x SU(2) xU(1). A compact
manifold K™ that reproduces the symmetries SU(3) x SU(2) x U(1) was considered
by Witten [25]. Witten showed that the compact manifold K™ must have dimension
of more than seven. The reason is that the smallest dimension of a manifold with
isometry group G is given by coset space G/H, where H is the largest submanifold
of G with linearly realized symmetry, when G is given by

SU(3) x SU(2) x U(1), (1.3.24)

it has the dimension 8 + 3 +1 = 12. This is determined from the number of
generators. The H is given by

H=SU(2) x U'(1) x U"(1) (1.3.25)

and has the dimension 3+1+1 = 5. So, the minimal dimension of G/H is 12—5 =7,
and hence, D =4+ 7 =11.

1.4 Compactification mechanism

We showed the gauge field can be unified with the gravitational field by using com-
pact extra dimensions. However, the spacetime M*x K™ is not always the vacuum so-
lution of (4+n)-dimensional Einstein equations. It was showed the five-dimensional
pure Kaluza-Klien theory has the M* x S' spacetime as a solution, but generally,
the (4 + n)-dimensional (n > 1) Kaluza-Klein theory doesn’t have the n dimen-
sional compact solution [26]. According to [27], after computing quantum effects
in the five-dimensional Kaluza-Klein theory, the fifth dimension becomes small and
compact.

Therefore, in general, for the extra dimensions to be compact, it is necessary to
introduce matter which induces the energy-momentum tensor or a certain modifi-
cation of the Einstein gravity in the higher dimensions.

We start from the (4 + n)-dimensional Einstein equation with matter:

p 1 1
R;B) - §9ABR(D) - EQABA(D) = k’Tap (1.4.1)
Here, in order to construct the spacetime M* x K™, where M* is four-dimensional
Einstein spacetime, with n-dimensional compactified spacetime K™, the components
of the metric do not have to be the Minkowski metric 7,5. It means that (af3)
components of the Einstein equation satisfy

R = 0. (1.4.2)
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The (af)-components of the energy-momentum tensor from the Lorentz invariance

are
(%

Ty = los (1.4.3)
where the « is a constant. Next, if we assume extra dimensions are compactified on
the Einstein manifold (see the definition in the Subsection 1.3.1), the (ab) compo-
nents of Einstein equation satisfy

R, = kgab, k>0 (144)

where k is a constant. Therefore, the (ab) components of the energy-momentum

tensor are .

o
Tab = Pgah (145)

Combining with (1.4.3), we can obtain
Ry = (¢ — a). (1.4.6)

This relation means that the condition the spacetime K™ is compactified reads

o —a>0. (1.4.7)

1.4.1 Freund-Rubin compactification

Freund and Rubin suggested spontaneous compactification by p-form gauge fields [3].
In particular, eleven-dimensional supergravity is unique and include the four-form
gauge field strength in its action. Freund and Rubin assumed that the fields F = dA
can cause compactification of extra dimensions.

We start from the D-dimensional action:

1 1
Sp = / d°X\/=gp | =5 R — —FupcpF*PP (1.4.8)

2D 48
From this action we can obtain field equations of gravitational field and gauge field:

1
REL‘DB) — §gABR(D) = H%TAB (149)
1

da (V=gpF*"P) =0 (1.4.10)

vV —9D

where T4 is the energy-momentum tensor:

1 1
TAB = _6 (FCDEAFCDEB — gFCDEFFCDEFgAB> (1411)
The equation (1.4.10) has a solution
1
FoPr — PR (1.4.12)

—94
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Here F is constant, ¢*#79 is Levi-Civita symbol.For this solution, the (a/3)-components
and the (ab)-components of the energy-momentum tensor become

F2
Tas = —391(94)9as (1.4.13)
F2
Ty = —7sgn(g4)gab (1.4.14)
Remembering the requirements of compactification we described above, we obtain
a F?
—=— 1.4.15
K2 2 ( )
Using this relation, the scalar curvatures of each manifold M* and M" are
F*4(n—1)
Ry=———— 1.4.16
4 kK2 n4+2 "7 ( )
F? 3n
R, = — _ 1.4.17
K2n+2 ( )

This means the manifold M™ is compactified and its curvature is positive. Also, the
manifold M* becomes not Minkowski spacetime but AdS spacetime. If we want the
manifold M* to be Minkowski spacetime, we need to add the cosmological constant
as

A = k3i(n—1)F? (1.4.18)

in the action (1.4.8).

1.4.2 Compactification due to the gauge fields

Introducing gauge fields for spontaneous compactification seems to be not inline with
the purpose of Kaluza-Klein theory of unifying the gauge fields in higher-dimensional
gravity. However, this has several advantages. Generally, the action of gauge field
is

1
Sp = —Z/d4+"X\/—g4+n(Fa)AB(Fa)AB (1.4.19)
and the energy momentum tensor is
1
Tap = — ((FQ)AC(FG)BC — (FenF, CDQAB) (1.4.20)

As we saw in Freund-Rubin’s compactification, the structure of the compact
space is determined by how we choose the solution of the gauge field. For example,
compactification from six dimensions on S? is done by considering the monopole
solution [4]. Also, the S* compactification is done by considering the instanton
solution [5]. Ref [28] classifies the seven-dimensional compact spaces for deriving
the four-dimensional effective theory through spontaneous compactification from
D = 11 supergravity.
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1.4.3 Stabilizing the moduli

Compactification by the gauge field gives the curvature to the compact space, but
we do not guarantee that size is stable. It is known that we can stabilize the size
of extra dimensions by introducing a potential of dilaton field, as was demonstrated
by S. Carroll, J. Geddes, M. Hoffman, R. Wald in [29], where the condition of
stabilization on homogeneous compact spaces was discussed.

Here, as a concrete example, we show that six-dimensional spacetime is compact-
ified to four-dimensions with the two-form field strength, the size of extra dimensions
is stabilized by the dilaton potential, and the non-compact spacetime becomes that
of Minkowski.

Also, in order to become a four-dimensional Minkowski spacetime, we show that
we need to include cosmological constant in the six-dimensional action. This method
is also used in our research.

We start from the six-dimensional action:

B 1
- 2K2

1
S d6(L’ —Je [RG - A6] - /dGCL’V _gﬁzFABFAB (1421)

where Ag is a six-dimensional a cosmological constant, F4p is the two-form field
strength, F' = dA.
To realize M* x S? compactification, we use the ansatz for the metric:

05* = gap(X)AXAAX" = gop(@)da®de® + W gu(y)dy'dy’  (14.22)

where x(z) is dilaton depending on four-dimensional spacetime.
Next, we consider the integration over extra coordinates. For this metric, we can
decompose the determinant and the scalar curvature as

V=06 = \/—9462X Gy, (1.4.23)

and
Rs = Ry + e 2R, — 4 Xg*’V ,V geX — 22X g’V ,eXV geX. (1.4.24)

The gravitational part of the action becomes

Sy d'rd®y\/—gar/Gye** [R4 + e XR, — 2e” 2 g*P 0, eX0zeX — QA] (1.4.25)

T 2k?

Here we define the volume of compact space V and the four-dimensional gravitational
constant x4 as follows:

V= /dZy\/g_y, (1.4.26)

1 1%
2K 2K

(1.4.27)

S
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So, we obtain the four-dimensional gravitational action with the scalar field y:

1 Q,

S, = 2—/@21 / d*z/—ga [GZXR4 + Ry, — 2e*Xg* 0, x0sx — QGQXA} (1.4.28)
However, this is not the minimally coupled action. We have to change the coordinate
system to reproduce the Einstein-like gravitational theory. It can be realized by
applying the Weyl transformation.

The Weyl transformation is the transformation of the metric as follows:

Jap = Q_2g§aﬁ, V —g4 = Q_4 V _g4 (1'4'29>

Under this transformation, the scalar curvature transforms:

Ry = Q2[R + 600f — 65°° f. fs] (1.4.30)
where 9.0
f=mQ fo=-5 (1.4.31)

Substituting (1.4.29) and (1.4.30) to the action (1.4.28), we obtain
1 -
Sg = F /d4x1 / _94[€2X972(R4 . 6§aﬁfo¢f,8 o 2972672)(‘&04,88&)(85)( (1432)
Ky
+Q7'R, — 207%™ A]. (1.4.33)

We choose () to obtain the action in the Einstein frame, as follows:

h=e* (1.4.34)
Then
f =X, fa = OaX (1435)
From these results, we obtain
1
Sg = 252 d*z\/Gu[Ry + e XR, — 83°°0,x0px — 2¢ XA (1.4.36)
Ky

To make the action of scalar field canonical, we rescale Y,

&X =0 (1.4.37)
Rq

Finally, the action of the gravitational part becomes

1 — = 1. /
Sg = m d4$\/aR4 + d4$ V —94 (_5 aﬁaa(baﬁ(b -V (‘b)) (1'4'38>
4

where

1 _ 54 2y
V(6) = 5 (267 AOA — ke %d’) ok

2K

R, (1.4.39)
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This action includes the canonical scalar field with its potential.
Next, let us consider the action of the two-form filed. We apply the dimensional
reduction for that action, as we did for the action of gravitational field,

1 1
Sr=-17 / d°X/=geFapF "'’ = —1 /dGX\/ —969"gPP FapF“P  (1.4.40)
1
N N L4y
1
BEY PRV s

where we have defined the constant F' as follows:
/ Y /939 9" FapFea = F* (1.4.43)

Next, we apply the Weyl transformation:

1
Sp=—7 dr\/—§,Q e X (1.4.44)
1
=1 d*x/—gue X F? (1.4.45)
1 _3hg
=~ [ dev e VA (1.4.46)

Adding this to the potential, we obtain the total potential:

1 o 2k LY

V(g) = — (26 BN — ke va? 4 D ﬁ‘W) (1.4.47)
2Ky 2

We show this potential in Figure 1.1. From this graph, it is obvious this potential has

a minimum and it stabilizes the size of the extra space. Also, the higher dimensional

cosmological constant A # 0 is required for the minimum of V(¢) to be zero, because

the four-dimensional spacetime is an Anti-de Sitter spacetime when A = 0.

Figure 1.1: A sketch of the scalar potential
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Chapter 2

Brane-world models

The Kaluza-Klein theory described in the previous chapter has the concept that ex-
tra dimensions can’t be seen because they are small and compact. As the alternative
to this compactification, there is another approach called brane world as a concept
of extra dimensions. This is the idea that we can’t see the spatial extra dimensions
because interactions of the standard model of elementary particles, other than grav-
ity are localized in the three dimensional membrane.This development began with
Rubakov showed that there exists a solution for fermions localized on the domain
wall [30].

The first model of brane-world was proposed by Arkani-Hamed, Dimopoulos
and Dvali [8,9]. This model is called the ADD model and was proposed to solve the
hierarchy problem in particle physics. In this model, it is assumed that the extra
dimension is closed like S*, but the particles of the standard model propagate in
four dimensions, only the gravity can propagate in the extra dimension. This time,
the strength of gravity depends on the size of the extra dimension. Since the size of
the extra dimension does not have to be small, it is called the large extra dimension
model.

After that, Randall and Sundrum proposed a new brane model to solve the
problem of hierarchy in a different way, which assumed an extra dimension as an
orbifold S'/Z?, with two branes of opposite tensions (RSI) [10]. Furthermore, by
removing one brane from RSI, they succeeded in introducing an infinitely large extra
dimension(RSII) [11]. This proposal has received much attention.

We considered the RSI model in modified gravity and analyzed its stability. As
a result, we found that coupling of the RSI model to Starobinsky gravity does not
destroy stability of the usual RSI model.

In this Chapter, we consider the brane-world handling of extra dimensions are the
alternative to KK theory with focus on the two brane models proposed by Randall
and Sundrum (RSI). After that, we consider the RSI model and its stability in the
modified gravity which is our research result in [18].
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2.1 Domain wall solution

Rubakov showed that there is a solution confined to the domain wall for the five-
dimensional fermion from the kink solution of the scalar field in the five-dimensional
spacetime [30]. This picture is the key of the assumption in brane-world that the
standard model particles are confined on the brane.

Let us start from five-dimensional scalar field with potential:

S = /d4xdy\/—_g5 (—%ama% — V(¢)) (2.1.1)
where
V(g) = (6" —2*)? (2.1.2)

and A is the coupling constant. This scalar filed has the kink solution:

¢, = vtanh (1/ )\7023/> (2.1.3)

This solution has asymptotics
¢u(y — 00) = +v (2.1.4)
oy = —00) = —v (2.1.5)

It describes a domain wall separating two classical vacua at y = 0, thus introducing
five-dimensional fermion to this model. The five-dimensional action of the fermion
interacting with the scalar field ¢ is

S = / P X /=g ((PT404T — gp T ) (2.1.6)

where ¢ is Yukawa coupling constant. In the domain wall background, the Dirac
equation is

T4, — ¢,¥ = 0 (2.1.7)
For this fermion, the mass in four dimension is given by
WO = —mW (2.1.8)

and there is the zero mode solution ¥y with m = O:

20,0 = gou(y) Vo (2.1.9)

The zero mode is left-handed (or right-handed) in the four dimensions. So, we can

write this zero mode as
Ty = o WaooW)y,, & (D) (2.1.10)

where 1) is the solution of the Weyl equation. This means zero mode is localized
near y = 0 and it decays at large y.
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2.2 ADD model

The first phenomenological model of brane world, whose size of extra dimension is
large, was suggested by N.Arkani-Hamed, S.Dimopoulos and G.Dvali in 1998 [8,9].
The motivation of this model is to solve the hierarchy problem in the particle physics.
This approach (called ADD model) considers the brane whose tension is neglected
after embedding into the higher dimensions with flat and compact extra dimensions
(Figure 2.1). The large extra dimension is allowed because of confinement of the
matter fields on the brane, and only gravity can propagate in the extra dimensions.
Here, the dimension of spacetime is D-dimensional (D > 4), and the fundamental
mass scale in D-dimensional spacetime is denoted by M, in order to distinguish
it from the Plank mass M, in the four-dimensional spacetime. The gravitational
action in the D-dimensional spacetime is:

MD—2
S == /dDX\/—gD (RP)) | (2.2.1)
where
MP=2 = M2 (2.2.2)

is the D-dimensional fundamental mass scale, n = D — 4 is the number of extra
dimensions. The subscript (D) denotes D-dimensional geometric quantities. In
this model , the long distance four-dimensional gravity is mediated by the graviton
zero mode, whose wave function is homogeneous over extra dimensions. Hence, the
four-dimensional effective action describing long distance gravity is obtained from
equation (2.2.1) by taking the metric to be independent of extra dimensions and
integrating over extra coordinates:

MDY,

Sefr = 5

/ dz/—gRY | (2.2.3)

where Vp ~ r™ is the volume of extra dimensions whose radius is r. So, the four-
dimensional Planck mass is determined by the volume of extra dimensions:

Mp, = M(Mr)=. (2.2.4)

If the size of extra dimensions is large compared to the fundamental length M1,
the Planck mass is much larger than the fundamental gravity scale M. Then, the
hierarchy between M,; and Mgy is entirely due to the large size of extra dimensions.
Assuming that M ~ 1TeV, one calculates from (2.2.4) the value of r:

M 2 2
P~ M*l(ﬁpl)a ~10% - 10~ em. (2.2.5)
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Figure 2.1: ADD brane model

2.3 Randall-Sundrum I model

In 1999, L.Randall and R.Sundrum suggested two brane-world models (Figure 2.2).
The first one called RSI is two brane model to solve the hierarchy problem [10]. The
second model called RSII is the model removing to the infinity one brane from the
RSI [11]. We describe the geometry of RS models, and their basic idea.

brane bulk

y=0

[2]RSII brane model

[1]RSI brane model

Figure 2.2: RS brane models

2.3.1 Warped geometry

The RSI assumes the existence of one extra dimension compactified on a circle
whose upper and lower halves are identified, called S'/Z, orbifold (Figure 2.3).
The orbifold condition is inspired from Horava-Witten model [31]. This contruction
entails two fixed points, y = 0 and y = mr = L. Randall and Sundrum assumed two
branes which have opposite tensions and they are located at those points.
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Figure 2.3: S'/Z, orbifold

There is the five-dimensional cosmological constant Aj in the action. As it will be
seen later, A5 takes a negative value required in order to make flat four-dimensional
spacetime on the brane.

The action of this set-up is

S = Sgravity + Shid + Svis (2.3.1)

Syravity = / d*x / LL dyv/—g5(2MER® — Ay) (2.3.2)
Shid = Thid/d%dy\/%\/g—yé(y) (2.3.3)

Sois = Tuis / d4:cdy\/%\/g_y5(y —L). (2.34)

where M5 is the fundamental mass scale in the five-dimensional spacetime, 7 is the
absolute tension of branes, the subscript ”5” means five-dimensional values, ”vis”
and "hid” mean values on the visible brane and hidden brane respectively. The

five-dimensional Einstein equations are
1 1
Gap = Rap — =gaR = == (A5 + T0isGapd®(y — L) a6 (y — L)

2 2M3
FThiaGasd% (1) 05 (). (2.3.5)

Since the solution of these equations should fit the real world, we require the metric
should preserve the Poincare invariance. This leads to the following Ansatz:

ds? = e AWy sdxda’ + dy?. (2.3.6)

The prefactor e 24 called the "warp factor”, is written as the exponential for
convenience. Its dependence on the extra coordinate y causes this metric to be non-
factorizable, which means that, unlike the metrics appearing in the usual Kaluza-
Klein scenarios, it cannot be expressed as a direct product of the four-dimensional
Minkowski spacetime and a manifold of extra dimensions.
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To determine the A(y), we must calculate (2.3.5) with this Ansatz. The corre-
sponding (non-vanishing) Christoffel symbols, Ricci tensor and Ricci scalar are

Fig = Al€72A77a5, (2.3.7)
Ros = (A”—4A’2) e 05 (2.3.8)
Ry; = 4A" —4A” (2.3.9)
R = 8A" —20A"7 (2.3.10)

respectively, where the primes denote the derivatives with respect to y.
The (5,5) component of Einstein equation gives

G5 = 647 = 2—]\1}; =5 (2.3.11)
where the prime means differentiation respect to y. In order for A to have a real
solution, A5 must be negative, and it means that the space between the branes is set
to be Anti-de Sitter space. Anti-de Sitter spacetime is defined as the homogenous
spacetime with a negative cosmological constant. Since M and A5 are constants, we
denote the RHS of (2.3.11) as k. Also, (2.3.11) yields =% as the curvature radius
of Anti-de Sitter space. So, [ means the scale of extra dimension. Integrating over
y and considering the orbifold symmetry, we get

Aly) = kly|. (2.3.12)
We get the background metric in the Randall-Sundrum model as
ds* = e Wy, do"da” + dy® (2.3.13)

with —L <y < L.
Next, we look at the urv components of Einstein equations. The Einstein tensor
is
G = (647 —3A4")g,,. (2.3.14)
Also, from (3.8) we have
A" = sgn(y)k. (2.3.15)

The term sgn(y) may be written as a combination of Heaviside function as

sgn(y) = O(y) — O(—y). (2.3.16)
The heaviside function is defined as
1
Oy) = v>0) (2.3.17)
0 (y<0)



Its derivative is the delta function. Let us consider the branes located at y = 0
and y = L:
A" =2k(6(y) —o(y — L)) (2.3.18)

Plugging those results into (3.10) gives
G = 6k*g, — 6k(5(y) — 8(y — L)) G- (2.3.19)
Comparing this to the energy-momentum tensor, we get the relations:

—As
2M3

Thid = —Tvis = 12kM°. (2.3.21)

= 6k? (2.3.20)

So, the absolute values of the tension on each brane coincide, but their signatures
are opposite. Moreover, we need the fine-tuning between A5 and 7, in order to
reconstruct the four-dimensional Minkowski spacetime.

2.3.2 Exponential hierarchy

Given the metric in the RSI model, we look at how hierarchy problem is solved.
In the Standard Model (SM) of particle physics, the mass of W and Z bosons is
generated by Higgs mechanism. The mass of the weak interaction intermediate
boson determines the range of weak interaction, and its value is determined by the
vacuum expectation value (VEV) of Higgs field. So, if the VEV of Higgs field is
suppressed on the visible brane, the hierarchy is generated.

The RS I model requires our world to have a negative tension brane. In other
words, the SM fields are confined on the visible brane whose tension is negative.
The action of Higgs field on the visible brane is

Stiges = / d 2N/ = Guis [g;“gDaHT DgH — N H'H — v*)?, (2.3.22)

where H denotes the Higgs field and v denotes the VEV of Higgs field. Using
Gop = € 21,5, the action becomes

S = / d*ve L[ n D HI Dy H — N(HTH — v?)?], (2.3.23)
Redefining the Higgs field as H = eF g , the action becomes
Stiggs = / d*z[n*? D H DgH — N(H'H — (e *0?))?). (2.3.24)

So, the Higgs VEV is exponentially suppressed on the ”visible” brane as

Vepp = e . (2.3.25)

27



If the value of the bare Higgs mass is of the order of the Planck scale, the physical
Higgs mass could be warped down to the weak scale. Since Mgy ~ 107*0M,,, the
appropriate value for the size of the extra dimension is given by

kL ~ In10" ~ 35. (2.3.26)

It’s necessary to know whether the strength of gravity on the brane is affected
by this mechanism. To check it, we need to get the four dimensional gravitational
action from the five dimensional action,

1 — e—QkL (1)
where
) 31 _ 672kL
My = MP—— (2.3.28)

We see that it weakly depends on L. So, if kL becomes large, M, is not suppressed.

hid brane vis brane

M=M,

hierarchy

Vv . SeXp(—ky)v

eff

Figure 2.4: Generating the exponential hierarchy.

2.4 Randall-Sundrum II brane model

The RSII model is a single brane model, which is obtained by removing the negative
tension brane to y — oo in the RSI model [11]. This means we are living in the
positive tension brane in the RSII, and this model dose not solve the hierarchy
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problem. On the other hand, this model succeeds in introducing infinitely large
extra dimensions.

In general, introducing the infinitely large extra dimensions breaks Newton’s law.
In the n dimensional spacetime, Newton’s law becomes:

mM

Tn—2

F =Gy

(2.4.1)

So, introducing the infinitely large extra dimensions appears to be forbidden. But
RSII reconstructs the four-dimensional effective gravity by confinement of the gravi-
ton zero mode on the brane.

It can be verified by considering the metric of RSI and calculating the potential
for the graviton zero-mode and the KK mode. Although detailed calculation is not
carried out here, the zero-mode is localized in the positive tension brane and the KK
mode can be propagated to extra dimensions. Calculating the potential of graviton’s
zero-mode and the KK mode, one can reconstruct the four-dimensional gravity if
the correction of the graviton KK mode is small enough.

Here, we consider the contribution of KK gravitons exchange into gravitational
potential on the brane . Each KK graviton produces the potential of Yukawa type,
so the total contribution is

mr

o0 6_
Vienlr) = ~OGmm, [ amlig, 02 (2.42)
0
~ (;NTnlﬂlg 1
R~ const—r oy (2.4.3)

Since, the graviton zero mode affects the conventional Newton potential, the total
gravitational potential is

miMms «

V() =Gnv——(1+ 55)

(2.4.4)

where « is a constant.

This means, if r is large, the correction term can be neglected. Also, the cor-
rection term must be neglected in the r ~ O(mm) scale, because Newton’s law is
confirmed down to the scale of O(mm) from experiments. This fact restricts the
fundamental mass scale. To neglect the correction term, we require

k' < 0.1mm. (2.4.5)

In RSII model, the Planck mass is determined from (2.4.5) by removing the brane,

Y — OQ:
M?
M7 = - (2.4.6)

So, using this relation, we get the restriction of the fundamental mass scale:

M 2 10"GeV (2.4.7)

29



2.5 Randall-Sundrum Brane-World in Modified
Gravity

The success of brane-world poses the question of its stability against possible modi-
fications of Einstein gravity. Such modifications are inevitable because the Einstein
gravity is known to be non-renormalizable, either in four or higher spacetime di-
mensions. In this section we positively answer this question by modifying gravity
in five spacetime dimensions via adding the simplest higher-order term proportional
to the scalar curvature squared, in the context of the RSI brane-world model.

2.5.1 Setup
Our gravitational action in five dimensions reads
1
Se. = 5.9 d°X/=gs(R+aR*—A) | (2.5.1)
ks

where we have introduced the gravitational coupling constant ks, the spacetime
scalar curvature R, the modified gravity coupling constant «, and a cosmological
constant A.

As in the RSI model, we introduce a 'visible’ brane (where SM fields are confined)
located at y = 0 with tension 7grg, and a 'hidden’ brane located at y = L and having
the negative tension —7rg, where the coordinate y parametrizes extra dimension
with the orbifold identification —y ~ y. Accordingly, our full action is given by

S = Sgr. + Svis. + Shid. ) (252>

where
Shid. = —TRs/d4Ide\/ —g0(y—L) , (2.5.3)
Sm's. = TRs/d4Idy\/—gé(y) . (254)

2.5.2 Duality transformation to scalar-tensor gravity

Let us replace R+ aR? by (1 +2aB)R — aB? in the gravitational action (2.5.1), by
using a new scalar field B in five dimensions, as

1
See. = = | @°X/=g5[(1+2aB)R — aB* — A] . (2.5.5)

~ 5.2
2K5

The equation of motion of the field B is algebraic and reads B = R. Hence, after
substituting it back to the action (2.5.5) we get the equivalent action (2.5.1).
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The action (2.5.5) can be brought to Einstein frame by a Weyl transformation
in five-dimensions.

gap =V %Gap, V—g=Q7° , (2.5.6)

with a suitably chosen factor (2. By using the induced relation

R=Q*R+80f —12§"8fof 5] , (2.5.7)
where the tildes refer to the transformed quantities, and the definitions
Q
f=InQ and  fu= % : (2.5.8)

we find the gravitational action as follows:

Ser. X/ =g °[(14+200) P (R+80f —126*B f af 5)—aB*—A] . (2.5.9)

- 2&5

Hence, to get the transformed gravitational action in Einstein frame, we set

QP =e=1+2aB. (2.5.10)
It yields
= %111(1 +20B) (2.5.11)
and
Ser. X /=GR — 12§80, f0sf — e (aB? + A)] . (2.5.12)

B 2/{5

A canonically normalized scalar kinetic term is obtained after rescaling

b =2V3f/k , (2.5.13)

so that we find
B o (@> ! 2.5.14
= 5 (2.5.14)

and the scalar potential

V(o) = g [exp <%> _ 2exp (—%) + (1 + 4aA) exp <-§%)} |
(2.5.15)

As a result, the gravitational action takes the form

Ser. = M Px\/—GR + / d’x\/—§ [—%%Bamam—vw)} . (2.5.16)

Our main result of this Subsection is the scalar potential (2.5.15) induced by the
modified (R + R?) gravity in five spacetime dimensions.

31



2.5.3 Scalar dynamics in RSI brane-world

As is demonstrated in the previous Subsection, the net effect of adding the R? term
to the gravitational action amounts to the presence of the extra dynamical scalar

field ¢ minimally coupled to gravity and having the scalar potential (2.5.15) in five
dimensions.

Note that the five-dimensional cosmological constant A enters both (2.5.15) and
(2.5.16) via the factor

B=1+4aA , (2.5.17)

while the scalar potential is bounded from below provided that

B>0. (2.5.18)

In addition, demanding the five-dimensional cosmological constant to be negative,
as is needed in the RSI model, we get

p<1. (2.5.19)

The profile of the scalar potential at § = 1/2 is given in Figure 2.5.

3

Figure 2.5: The profile of the scalar potential 8ax?V (¢) = V() for ¢ = 5.5 and

B = 0.5. The value of the scalar potential at its minimum is given by f/(ggo) ~ —0.81.
There are two solutions to V' = 0: one at ¢y = —0.4 and another at ¢yin; ~ 0.17,
on the left and on the right of the AdS minimum, respectively.

The minimum of the scalar potential (2.5.15) is achieved at

K 1
¢m—;z#o—§m(—z+v4+mﬂ (2.5.20)

so that, in particular, gzgo =¢g=0for g =1.
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The value of the scalar potential at its minimum for any 0 < 5 < 1 is given by

) - —6(V4+58-2-p)
Sak”V 0 =V 0) =
(80 = Vo) = = s

The Vp(¢y) is an increasing negative function of 3 for 0 < 8 < 1, and it vanishes at
g =1

Since § = 1 implies A = 0, we assume that 0 < 8 < 1 in what follows. Then the
value of the scalar potential at its minimum, defined by (2.5.21), is always negative,
which corresponds to an AdS vacuum.

(2.5.21)

2.5.4 Modified RSI model

The Einstein equations for the action (2.5.16) in five dimensions read

~ ~ 1 ~
GAB = RAB — §~ABR = /‘32TAB s (2.5.22)

where we have introduced the total energy-momentum tensor
Tup = TSp + T 4 Th: (2.5.23)

as a sum of three contributions,

. L.
Tj;B = 0a¢0pd + gan <—59MN3M¢5'N(/5 = V((b)) , (2.5.24)
T = 6_%¢§ABTRS(5(1U - L), (2.5.25)
Ty = —¢ 25 Ganmrsd(y) - (2.5.26)

The RS Ansatz for the five-dimensional spacetime metric with the four-dimensional
Poincaré symmetry is given by

ds? = e 24, datds” + dy* | (2.5.27)

where the warp factor A(y) only depends upon the coordinate y of the hidden (fifth)
dimension,and 7, is Minkowski metric in four other dimensions.
From equations (2.3.8)~(2.3.10), the Einstein equations take the form

Grs = 64 = #Tos = n? [ 1) V(6)] (25.28)
G = =3 (A" +24%) ¥y, = °T,, (2.5.29)
T = G |50 - V10)] (2.5:30
+ e i My mead(y — L) (2.5.31)
— 6_257;3(756_21477“”7'1:{55(?;), (2.5.32)
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where we have assumed that the scalar field ¢ only depends upon y, because it is
also required by the four-dimensional Poincaré invariance (on the visible brane).
The equation of motion of the scalar field ¢(y) coupled to gravity reads

¢ +4A'¢ + Vi) _ 0. (2.5.33)
do

As is already seen in Figure 2.5, the scalar potential is very (exponentially) steep,
whereas the right-hand-side of equation (2.5.28) must be positive, so that a slow roll
is impossible. Therefore, the scalar field is quickly at its minimum (AdS vacuum)
¢p in five dimensions.

We numerically verified the scalar stabilization with the potential (2.3.18) by
using Runge-Kutta method and the MAXIMA software in application to a system
of two coupled ordinary differential equations (2.5.28) and (2.5.33). When choosing
the parameters as f = 1/2 (as in Figure 2.5) and o = 1/96 (it fixes the scale of
V' in equation (2.5.33), the initial conditions ¢’ = V' = A’ = 0 are consistent with
(2.5.28). The corresponding numerical solutions to the functions ¢(y) and A’(y) are
given in Figure 2.6. We conclude that the functions é(y) and A’(y) quickly approach
constant values indeed, independently upon their initial conditions.

(a) (b)

Figure 2.6: (a) the functions ¢(y), and (b) the functions A’'(y), with the "left” (red)
and "right” (blue) initial conditions, respectively.

Once the scalar field is at its minimum (AdS vacuum) ¢ in five dimensions, the
standard RSI scenario applies, being described by the solution

Aly) = kly| , —L<y<L, k>0. (2.5.34)

In particular, the size L of the 5th dimension is related to the Planck mass Mp; in

four dimensions as
1 — 672kL

WM = o)

(2.5.35)
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All that is consistent with the other Einstein equations provided that
k= —k*V(¢o) = —K*Viin and  mrg = 12k . (2.5.36)

Then the negative cosmological constant in five dimensions is compensated on the
visible brane by its tension, so that we get a Minkowski vacuum there.
It is worth mentioning that the effective value of 7rg gets modified in our ap-

proach against the RSI one by the factor of 6_2%@50, because of equations (2.5.25)
and (2.5.26).

As in [10], the hierarchy between the electro-weak scale and the Planck scale
Mp, in four dimensions (on the visible brane) is achieved via the presence of the
exponential factor e ** induced by the extra dimension in the vacuum expectation
value of Higgs field, so that we must require kL ~ In 10'6 ~ 35. Then the exponential
term in equation (2.5.36) becomes very small and can be ignored. The Newtonian
limit of RSI model leads to the similar exponentially small corrections to Newton
law of gravity, which are not in conflict with observations.

2.5.5 Summary of Section 2.5

Given the phenomenological viability of Randall-Sundrum brane world, as the estab-
lished and reasonable alternative to Kaluza-Klein compactification, it makes sense
to analyze stability of the RS brane-world against possible modifications of gravity,
as well as against quantum gravity corrections. In our investigation, we did a small
step in this direction by proving stability of the RSI model against the simplest mod-
ification of the higher-dimensional gravity described by adding the scalar curvature
squared term in five dimensions.

An impact of the R* modified gravity on the RSI model can be simply de-
scribed in terms of a single dynamical scalar field with the particular scalar potential
(2.5.15). It is clear from our construction that this scalar has the gravitational origin
as spin-0 part of five-dimensional spacetime metric. We found that the value of the
RSI parameter k is determined by dynamics of that scalar in the fifth dimension.
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Chapter 3

Cosmological inflation from higher
dimensions

The purpose of studying cosmology is to explain how the Universe began, and predict
what will happen in the future. Currently, from the observation of CMB etc., the
evolution process from 10722 seconds to the present time since the Universe began
has been coherently explained from theory and observations. However, in order to
explain the evolution up to the present Universe, it is also known that it is necessary
to introduce things that we do not understand yet (dark energy and dark matter).

Regarding the beginning of the Universe, Big Bang cosmology explains that the
Universe started from a high temperature and high density state, and continued to
expand and reached the present state, but does not explain why expansion started.
As explained below, the inflation theory was introduced to explain some problems
of Big Bang cosmology in the beginning of the expansion of the Universe.

In order to compose the galaxies and get the large scale structure of the Universe,
invisible gravitational source called dark matter is necessary. Since its observation
by electromagnetic waves is not possible, dark matter is expected to be new kind of
matter which does not have electromagnetic interaction.

As regards the future of the Universe, the latest observations found that the
Universe is in the accelerating expansion. From the Friedmann equation, since the
expansion rate should decelerate with the standard matter, the dynamics of the
Universe has the properties that cannot be explained with the known matter. This
phenomenon is called dark energy. Even more surprisingly, it is known that dark
energy occupies about 70% of the energy of the Universe.

The current standard cosmology is called ACDM model, where A is the cos-
mological constant representing dark energy, and CDM means Cold Dark Matter.
From the current observations, both dark energy and dark matter are considered to
be necessary to reproduce the present Universe.

The Friedmann-Einstein cosmology has the fundamental problems of flatness
and horizon. In order to solve them, the inflation, which is said to have caused an
exponential expansion in the early Universe, was proposed. Although inflation was
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caused by a scalar field called inflaton, the studies to explain inflaton naturally were
actively performed because it is unknown how this scalar field appears.

In chapter 1 we introduced Kaluza-Klein’s higher-dimensional gravitational the-
ory and its problems, chapter 2 focused on Randall-Sudrum model, introducing
how extra dimensions are used instead of Kaluza-Klein theory and examined five-
dimensional corrections. Our research is based on applying Randall-Sundrum ansatz
to modified gravity theory.

In this chapter, we first introduce the standard cosmology and then describe the
inflationary theory which solves the problems mentioned above.

3.1 Standard Cosmology

In Einstein’s general relativity, spacetime is dynamical. As a result, the Universe
becomes dynamical. In research about expansion and contraction, both theory and
observations have made remarkable progress so far. In this Section we describe the
standard model of cosmology that is constructed from the current observations and
theory. In addition, we describe some problems of standard cosmology, describe in-
flation proposed to solve them, and describe the modified gravity as the inflationary
model.

3.1.1 FLRW metric and Friedmann equation

In 1921, Friedmann assumed a homogeneous isotropic spacetime and derived his
equation which describes expansion and contraction of the Universe. The metric,
which represents a homogeneous isotropic spacetime is called Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric, and is written as follows:

2

2 2 2

+ r2dQ? (3.1.1)

where a(t) is the scale factor, K is the topologically constant:

+1, closed Universe
K =<0, flat Universe (3.1.2)

—1, open Universe

and

dQ¥? = df* + sin? Od¢? (3.1.3)

The spatial part of FLRW metric (in square brackets) describes the maximally
symmetric three-dimensional space.
The energy-momentum tensor is restricted to the form of perfect fluid:

T = (p+ p)uyty + Y (3.1.4)
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where p is the energy density, p is the pressure, and u,, is the four-velocity of matter.

The Friedmann equation can be derived from Einstein equations by substitut-
ing the FLRW metric (3.1.1) and the energy-momentum tensor (3.1.4) to Einstein
equations:

1
R, — iRgW + NG = KT, (3.1.5)

One obtains from the (0,0) component and (4, 7) components of the Einstein equa-
tions that

K2 K A
H>=—p—-— 4= 3.1.6
Y (3.1.6)
. K2 A

The dot represents the time differentiation, and H = a/a is called the Hubble func-
tion which represents the expansion rate of the Universe. Also, from the conservation
law of the energy-momentum V#7),, = 0, we obtain the continuity equation

p+3H(p+p)=0. (3.1.8)

The energy density related to the evolution of the Universe changes as the scale
factor evolves. This is determined by the equation of state, and is expressed as
follows:

p=wp , w = const. (3.1.9)

By the substituting this equation to (3.1.8), we obtain
P a
- =-3(1 - 3.1.10
L a1’ (3.1.10)

and this means
p oc a~30Fw) (3.1.11)

The w depends on the kind of energies: for example, the energy density of a non-
relativistic matter decreases in the inverse proportion to the volume as py; oc a=3.

In summary, the equations of state classified as follows:

0 , matter

w = q 3, radiation (3.1.12)

—1, dark energy (cosmological constant)

The p in the Friedmann equation (3.1.6) includes all of the matter, it can be repre-
sented as p = ppm + pr + pa.
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3.1.2 Cosmological parameters and current observations

The parameters that characterize the Friedmann equation are called cosmological
parameters, and they are determined by current cosmological observations. The
subscript 0 is attached to the amount at the current time, and the current Hubble
parameter H is called the Hubble constant. Considering the Friedmann equation at
the current time, assuming A = 0, the energy density, when the curvature of space
becomes zero, is ,

3H,

Pe = /@_20 (3.1.13)
and is called the critical density. Due to this critical density, the current energy
density, the cosmological constant, and spatial curvature are conventionally divided
by pe, in order to get the dimensionless cosmological parameters are defined as
follows:

Pm Pr A K
Qn=—, Qo =—, Qpr=—, Qp=— (3.1.14)
Pe Pe Pe (‘1}[0)2
From these, Friedmann equation becomes
1—-Q =0k (3.1.15)

where 0 = Q,, + €, + Qx. These Qs correspond to the parts of each type of energy
that exist in the Universe. In addition, in terms of the cosmological parameters, the
Friedmann equation reads

QO,T

a?

§0,m

a® = H} + Qo x + Qoaa’ (3.1.16)

+

Therefore, the expansion of the Universe is determined by the cosmological €2 pa-
rameters.

The values of cosmological parameters are determined by current observations of
type la supernova, the Cosmic Microwave Background (CMB) and baryonic acoustic
oscillations with the results [32],

Hy = 67.36 = 0.54[km s 'Mpc™ '], Qo =0.0484 | Qo copy = 0.258 ,
Qoa = 0.6847 4+ 0.0073 , Qp, = 0.0016 (3.1.17)

3.2 Inflation

Sato [13] and Guth [14] independently proposed the inflation paradigm for solving
the problem of Big Bang cosmology. Prior to that, Starobinsky explained that the
Universe could accelerate and expand due to the quantum gravity effects. The last
model is called the Starobinsky model, and even now it is well matched with the
observation. Details of this model will be discussed below.
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3.2.1 Problems of standard cosmology

There were two major problems in the standard Big Bang cosmology such as the
flatness problem and the horizon problem. And inflation was introduced to solve
them. We discuss the mechanism of Inflation in the next section, in order to show
how these problems are solved.

1. Flatness problem

As is shown in the previous section, it is known that the curvature of the
present Universe is almost zero. Let us consider the early Universe and Fried-
mann equation (3.1.14). If € is a bit larger than 1, the Universe collapses
immediately, and if it is even smaller than 1 it expands at once. In other
words, in the early Universe, ) has to take a value very close to 1. This means
the curvature of the Universe also has to take a value very close to zero in the
early Universe. But there is no good reason why the curvature of the Universe
is almost zero without inflation.

An inflationary solution is very effective in erasing memory of what happened
before it, so its initial conditions become irrelevant. The attractor drives €2 to
1 during inflation — it gives a solution to the flatness problem.

2. Horizon problem
When considering the FLRW metric, we assumed that the Universe is ho-
mogeneous and isotropic. This means that there is no special place in the
Universe. It is confirmed by CMB observations that the temperature distri-
bution is isotropic with accuracy of 107°. However, there is a contradiction
because the regions exceeding the range of causality (Hubble horizon) have
the same information.

Inflation @ > 0 implies

d (HY\ —i
%( - ):,—a<o. (3.2.1)

Hence, during inflation, the observed (causally connected) part of the Universe
was inside the Hubble horizon H~!/a, so there was enough time for everything
to be homogenized.

3.2.2 Slow-roll inflation

There are several types of inflation models that solve the above problems, but we
introduce only slow-roll inflation as the best solution.

Inflation is thought to be caused by a scalar field called inflaton. The energy
density and pressure of the scalar field are

p= 58+ V() (3.2.2)
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p= %d)z —V(¢) (3.2.3)

where V(¢) is the potential of inflaton. Substituting this to Friedmann equation
yields

k2 1.
H? = 0 {Eqb? + V(¢)] : (3.2.4)
Also, from the equation (3.1.8), the dynamics of the scalar field is governed by
O+ 3Ho+V'(¢) =0 (3.2.5)

In order to solve the problems we mentioned above, the inflation must continue
long enough. For that purpose, the potential energy should be more dominant than
the kinetic energy, and should be enough time for this. This statement is called
the slow-roll condition and is represented as %(bZ < V(¢), ¢ < 3H¢p. Under these
conditions, equations (3.2.4) and (3.2.5) can be approximated to the form:

H? ~ —V(¢) (3.2.6)

3H) ~ -V (o) (3.2.7)

The slow-roll condition can be represented them as the restrictions for inflaton po-

tential as follows:
1 (VN el o=l 1%
=22\ Vv = K2 |V

"

<1 (3.2.8)

So, the potential of slow-roll inflation must satisfy these conditions.
The duration of inflation is measured by the e-folding number as the amount
representing how big the scale factor has become, and it is defined as follows:

1V (9)
ln— /int /¢ V/(¢)d¢ (3.2.9)

From this, in order for N, to be sufficiently large, the potential should have a part
with a small inclination (plateau).

There are also the tensor-to-scalar ratio r and the power spectral index ng from
the observations discriminating the models of inflation and related to tensor and
scalar fluctuations respectively, during inflation. According to Planck satellite ob-
servations [33], the tensor-to-scalar ratio and power spectral index are restricted
to

r <0.064, mns~0.9649 £ 0.0042. (3.2.10)

Any viable inflationary model must satisfy these restrictions. The Starobinsky model
is well known as the inflationary model that well meets these restrictions.

Since inflation requires a scalar field, the origin of this scalar field is widely
discussed. Modified gravity does lead to such new inflaton field. So that, the
inflation in modified gravity has gravitational origin due to geometry of spacetime.
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3.3 Modified gravity

In the Einstein equations, the left-hand side represents the geometry of spacetime
and the right-hand side represents the distribution of matter. The modified gravity is
a theory which has modified Einstien-Hilbert action, and it corresponds to modifying
the left side of the Einstein equation. The advantage to think like this is that we can
incorporate the effects of inflation and dark energy into the theory as a geometric
property of spacetime. Here, we introduce the f(R) theory which is often used for
construction of inflation and dark energy models.

3.3.1 f(R) gravity

The f(R) theory is a theory in which the scalar curvature of Einstein-Hilbert action
is replaced with arbitrary function of scalar curvature, f(R). The model is decided
by what kind of function f(R) to use. For example, as will be specifically described

below,
1

6M?
is the inflation model called Starobinsky model.
The action of f(R) gravity is

f(R) =R+ R? (3.3.1)

B 1
 2K2

S /dDX\/—_ng(R) + Lo (3.3.2)

where £,, is Lagrangian of matter fields. The energy momentum tensor of the matter
is defined as
-2 0L,

Tin =
0 097

The field equation of f(R) gravity can be obtained by varying the action (3.3.2):

(3.3.3)

!/ 1 !/
f'(R)Rap — §f<R)9AB — [VaVp — gas0lf (R) = k*Tup (3.3.4)
where f/(R) = df /dR, 0 = V,V4, and using the relations:

SF(R) %53 (3.3.5)

1
0/ —g = —QJ—_ggABégAB (3.3.6)
SR = +RapdgP + gapVEV g1t — V4V 5ogHP (3.3.7)
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3.3.2 From f(R) gravity to scalar-tensor gravity

The f(R) gravity can be made to have the same form as Brans-Dicke theory by
introducing an auxiliary field. Consider the following action that introduces a new

field:
5= 2%2 /d4$\/—_9[f(><> + ' O)R = X)) + Sur(guw- ) (3.3.8)

Here, when we vary this action with respect to x, we obtain

F"OOR=x) =0 (3.3.9)

From this equation, if f”(x) # 0, we get x = R. Substituting this to the action is
equivalent to action (3.3.2), so it can be said that these two actions are classically
equivalent.

We redefine f’'(x) = ¢, so that the action becomes

S=33 /d4x\/_[¢R V()] + Sn (g ) (3.3.10)
where V(o) is
Vi(g) = x(0)¢ — f(x(0)) (3.3.11)
The Brans-Dicke theory is defined by the action
1
S = g [ = [8R — 22070,00, = V(o) + Su (33.12)

Here wpp is called Brans-Dicke parameter, and, hence, f(R) theory is equivalent to
the wgp = 0 Brans-Dicke action.
Next, we consider the Weyl transformation

Juv = Q_qum V=9 = o vV —g (3.3.13)

Under this transformation, Ricci scalar transforms [34] as

R=Q*R+ 60w — 65"w,w,) (3.3.14)
where 9.0
w=mhnQ, w,= #T (3.3.15)
Substituting these equations to the action (3.3.10), we obtain

=5 / ov/=g (F'()R - V() (3.3.16)

2n2 d'ey/—g0" [ ) (R +60f — 63 ff,) — (X)] (3.3.17)
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Then, if we choose

2 =f'(x) (3.3.18)
we obtain the action in the Einstein frame:
1 e > g 1% _
5= 5 /d4f‘7v =9 [R — 67" 9uwi,w — /() V(%) (3.3.19)

Moreover, to make the scalar field canonical, we rescale the scalar field as

o= \/gw (3.3.20)

So, we obtain the gravitational action with the canonical scalar field in the Einstein
frame,

1 : 1
7= 0 / Ao/ =GR + / d'ey/=§ (—ﬁ”amam - v<¢>> . (3321

where the potential V(o) is
J'R—f
V(¢) - 252]0/2 ’
Therefore, though the f(R) theory is a theory which modified Einstein’s theory of
gravity, by performing the field redefinitions it becomes the theory of the standard
(Einstein) gravity theory with the physical scalar field.

(3.3.22)

3.3.3 Starobinsky model

Starobinsky considered the quantum effect of gravity and added a correction term
to Einstein-Hilbert action. He showed that de Sitter spacetime will be realized. At
that time there was no inflation theory, but this model still remains strong and
survives as a model consistent with the observations [33].

Here, although it is different from the method of Starobinsky at the time, we
show that this model causes inflation by the method used in f(R) theory, and derive
the observables. Starobinsky model is the f(R) theory with the function chosen as

1
62

f(R) =R+ R? (3.3.23)

We start from the action

_ 1 4 1 2
S= 2H2/dx\/_g (R+6M2R) , (3.3.24)

and perform the following field substitution:

1 2 3 2.2
Rt R = (Lt )R = S M2, (3.3.25)
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Then, the action becomes

1
S = 52 /d4$\/—g [(1 +x)R — gMQX2 (3.3.26)

If we take the variation with respect to x, we obtain

1
3M?
The equivalence of the actions (3.3.24) and (3.3.26) can be confirmed by substituting

(3.3.27) to (3.3.26). Next, performing the Weyl transformation g,, = Q%g,,, we
obtain

X = (3.3.27)

3
S = 252 d*r/—gQ? { (14 )(R+60f — 65" w,w,) — §M2 2} (3.3.28)

To make the action to the Einstein frame, we choose
Q7% =(1+y) (3.3.29)

and after rescaling the scalar field, we find the canonical form

S=53 / d*z/—GR + / d*z/—§ (—%gwauqsayqs— V(qs)) (3.3.30)

where
¢ = %x (3.3.31)
and )
V(g) = i]\é (1—e fw) (3.3.32)

We show the shape potential in the Figure 3.1. This potential is going to satisfy the
slow-roll condition because it has a plateau, and the slow-roll parameters are less
than one.

Generally, the inflaton potential causing slow-roll inflation can be approximated
to the following form during inflation:

V(p) = Vo — Vie (3.3.33)

This means, the slow-roll inflation is characterized by three parameters: V4, V; and
a. The V; is obviously unimportant because it can be easily changed to any desired
value by a shift of the field ¢ in equation (3.3.33). The V determines the scale of
inflation. And the value of o determines the key observational parameter r related
to primordial gravity waves and known as the tensor-to-scalar ratio,

8
a?N?

r =

(3.3.34)
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[ V()

Figure 3.1: The most important feature of Starobinsky inflaton potential is having
a plateau. This plateau is crucial for the slow-roll condition and can cause inflation
for a sufficient time during the inflaton rolls down the plateau. Also, the minimum
value of potential is Minkowski vacuum.

As regards the other CMB spectral tilts (inflationary observables), the scalar
spectral index ng and its running dng/dlnk, their values derived from the potential
(3.3.32) are the same as those in the Starobinsky case, namely

2 dn (1—-n® 2

ne ~1— N and e T3 NN (3.3.35)
The Planck data [33] sets the upper bound on r (with 95% of CL) as
dn
r < 0.064, ng = 0.9649 + 0.0042, Bs 0005+ 0.013. (3.3.36)

dlnk

It can be confirmed the Starobinsky model satisfies the observed values by sub-
stituting ag = \/g and the best fit N, = 55 to (3.3.34), which leads to

r~0.004, ny~ 0.96 (3.3.37)

3.4 Inflation from (R+~yR"—2A) Gravity in Higher
Dimensions

The higher-dimensional (R +vyR" — 2A) gravity models and their spontaneous com-
pactification to four dimensions were systematically studied in Refs. [35-38] that
ruled out their phenomenological applicability to dark energy (because of negative
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cosmological constants) and early Universe inflation (because of low values of the
scalar index ng and the e-foldings number N.). First, we relax the requirements of
Refs. [35-37] by dropping the condition of spontaneous compactification, i.e. we do
not impose the equations of motion in D dimensions, and ignore all moduli related
to the compact dimensions. The compactification details should be addressed in
a more fundamental framework (like supergravity or superstrings) with more fields
representing extra degrees of freedom and more couplings involved. In this section,
we simply assume that it is possible before inflation. The four-dimensional inflation-
ary models based on a higher-dimensional (R + yR™ — 2A) gravity were previously
considered in Ref. [38], though only for D < 8 where they were found to be not
viable because of low values of ng and N,.

We study the (R + vR"™ — 2A) gravity models in higher (D > 4) spacetime
dimensions with the cosmological constant A, in an effort to derive some scalar
potentials of the type (3.3.32) or (3.3.33), leading to the very specific values of «
that have their origin in a higher-dimensional modified gravity. We stress that we
do mot mean a cosmological inflation in higher dimensions. We assume that our
Universe was born multi-dimensional, and then four spacetime dimensions became
infinite, while the others curled up by some unknown mechanism before inflation.
We exploit the fact that the Weyl transform, as part of the duality transformation
between Jordan and Einstein frames, depends upon D [39,40]. We apply the duality
transformation to f(R) gravity in D dimensions, get the scalaron (inflaton) scalar
potential, and after that dimensionally reduce it (by integrating over flat compact
dimensions) to four (infinite) spacetime dimensions. The cosmological inflation is
assumed to be taking place after compactification (and after moduli stabilization, if

any).

3.4.1 Our setup

We denote spacetime vector indices in D dimensions by capital latin letters A, B, ... =
0,1,...,D — 1, and spacetime vector indices in four dimensions by lower case greek
letters «, B,... = 0,1,2,3. In this Section we proceed along the lines of Ref. [18],
though in D dimensions and with arbitrary n.

Our starting point is the following gravitational action in a D-dimensional curved
spacetime:

1
Sgrav. = 2_/£2 /de\/ _gD(R + ’}/Rn - 2A) , (341)

where £ > 0 is the gravitational coupling constant of (mass) dimension £(—D + 2),
v > 0 is the new (modified gravity) coupling constant of (mass) dimension (—2n+2),
and A is the cosmological constant of (mass) dimension 2, in D dimensions. Unlike
Refs. [35-38], after the Legendre-Weyl transform of the action (3.4.1) to the (dual)
scalar-tensor gravity in D dimensions (see below), we demand the scalar potential
to have an infinite plateau of a positive height (for large field values).
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After a substitution

1IN fn—1\ _ .
R+7R"—>(1+B}R—(—) ( )B | (3.4.2)

n n

where we have introduced the new scalar field B, the action (3.4.1) takes the form

(1+ B)R - (vin)l (" - 1) Bt — 2A] . (3.4.3)

The field B enters the action (3.4.3) algebraically, while its ”equation of motion”
reads B = ynR"'. After substituting the latter back into the action (3.4.3) we
get the original action (3.4.1). Hence, the actions (3.4.1) and (3.4.3) are classically
equivalent.

Next, we apply a Weyl transformation with the space-time-dependent parameter

Q(x),

1
S = /dD N/ —dgp

2K 9,2

gap = %Gap, V—g=Q7" , (3.4.4)

where we have introduced the new spacetime metric gap in D dimensions. As a
result of this transformation, the corresponding scalar curvatures are related by

R=Q[R+2(D-1)0f — (D —1)(D—2)§"" fafs] , (3.4.5)
where
0482
Q Y
and the covariant wave operator 0 = DADy4 in D dimensions.

The Weyl-transformed (and equivalent via the field-redefinition (3.4.4)) action
S is given by

f=mmQ, fa= (3.4.6)

S = 2,12 dPx\/—gpQ P[(1+ B)Q*(R +2(D — 1)Of
. LN™T =1,
~(D—1)(D 7 4 f) (%) o). (347)

Hence, in order to get the corresponding action in Einstein frame, we should choose
the local parameter () as

QP2 =P =14 B . (3.4.8)

We thus find

1
f=5—5hl+B5) (3.4.9)
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and

=5 [ o/ [ 0 DD -2 "0u10n
1IN Tn—1_ a
—ePf (_) DT pEtt — 9 PIA (3.4.10)
mn n

As is clear from equation (3.4.10), we should also rescale the scalar field f, in
order to get the canonically normalized scalar kinetic terms, as

b= \/(D_ 1/1(2D_2) f . (3.4.11)

As a result, in terms of the canonical scalar ¢, we find

B = ¢(P=2r$/\/(D-1)(D-2) _ 1 (3.4.12)

the scalar potential

2r°V (9) = (i) o <” — 1) {ew—zw\/m B 1} =

yn n

x e~ Dro/\/(D=1)(D=2) | 9\ ,—Dro/+/(D-1)(D-2) ’ (3.4.13)

and the standard scalar-tensor gravity action in Einstein frame in D dimensions,

S = 2/12 dP T/ —gDR + le’\/ —Jp {—%§A38A¢8B¢ — V((b):| . (3414)

We assume that the D-dimensional action (3.4.14) is then ”compactified” to four
infinite spacetime dimensions before inflation. Applying dimensional reduction (i.e.
taking all fields to be independent upon compact flat (D — 4) dimensions), we have

/dDiU = VD4/CZ4$ , 0=/ Vpu, K=k VDua, V=Vi/Vpy,
(3.4.15)
so that k¢ = ky¢s and %V = K2V}, where we have introduced the volume Vp_4 of
compact dimensions, with the subscripts ”4” referring to four spacetime dimensions.
It gives rise to the standard four-dimensional action (in Einstein frame, and with
a canonical scalar ¢y)

Sing.[G1, 4] = d*v\/—guRy+ [ d*z\/—Gu [——94 010,04 — V()| (3.4.16)

that we are going to consider as our inflationary model in four spacetime dimen-
sions. In what follows we stay in four spacetime dimensions. However, the higher
dimension D and the power n enter the four-dimensional scalar potential Vj(¢4) as
the parameters, according to equations (3.4.13) and (3.4.15).
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3.4.2 The scalar potential

To study our scalar potential in four spacetime dimensions, we rescale the relevant
quantities by introducing the notation

A= <nT—L1> <7in>_nll 2A | (3.4.17)

P4

5 — , 3.4.18

*= D D 9 B4
and

V() = Al (3.4.19)

1\ 1 (n-1
(Tn) (")
Then the scalar potential in D dimensions takes the simple form

P = [ T e

where we have also used equations (3.4.13) and (3.4.15). Demanding this scalar po-
tential to have a plateau of a positive height for ¢ — oo, like that in equation (3.3.32),
we get the condition

n

|:€(D_2)ﬂ " eDé — (3.4.21)
that implies (cf. Refs. [37,39])
D
n= (3.4.22)

Substituting it back to equation (3.4.20) yields the potential

V() = [1 - e—(D—2)ﬂ P\ DE (3.4.23)

Let us write down the power D/(D — 2) = p/q in terms of mutually prime
positive integers p and g. Should ¢ be even, it leads to the obstruction q; > 0 of
the real scalar field ¢ because its scalar potential becomes imaginary for ¢ < 0. For
example, it happens when D = 6 and D = 10. Avoiding such situation puts a severe
restriction on the allowed values of D in our approach. Similarly, since n is also the
power of R in equation (3.4.1), and R can take negative values, we conclude that n
must be integer and, hence, D must be even. The allowed dimensions are thus must
be multiples of four, with the lowest values beyond four being D = 8 and D = 12.
These two cases are studied in more detail in the next section.

Requiring the scalar potential to be bounded from below is needed for stability.
It the limit ¢ — —oo, the leading term in the scalar potential (3.4.23) is given by

lim V(3) ~ (_1)%+A] e Do (3.4.24)

p——o0
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so that we have to restrict the parameter \ as
A>—(=1)p—=2 . (3.4.25)

If we require the existence of a minimum of the scalar potential, describing the
classical vacuum after inflation, we need the existence of a real (finite) solution to
95 = 0. We find it at

&= > 1_ 5In (1 + A¥> (3.4.26)
with B
V(do) = A (1 + A¥> - (3.4.27)
It gives rise to a bit stronger condition,
A> (—1)77 (3.4.28)

and amounts to A > —1 in the allowed dimensions.

A stronger condition arises by demanding the scalar potential minimum to cor-
respond either a Minkowski or a de Sitter vacuum. According to equation (3.4.27),
V(o) > 0 implies

A>0. (3.4.29)

Finally, demanding the second derivative of the scalar potential at its minimum
to be finite and positive or, equivalently, requiring a finite positive scalaron mass,
restricts A by

A>0, (3.4.30)

and implies positive cosmological constants in both D and four dimensions, because
of equations (3.4.17) and (3.4.27). Under the conditions above, with n = £ we find
the four-dimensional scalar potential as

Vi(ga) = <i) (%) (1—e‘ 5—1‘1’4) + Ae Voo (3.4.31)

vD
Taylor expansion of the potential around its minimum at @(LO),

2/ .(0)
V() = Va(ol?) + LW (01)

T (b — o2+ ... (3.4.32)

yields the cosmological constant ¢ in four dimensions as

D2 N7
Va(@®) = A 1+7_(m/\) ] =, (3.4.33)

2
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and the inflaton mass M as

V(e 2D
d93  (D-1)(D—2)

D( 2D \*T
7

— [=——A

8 [ 2 (D—2 )
Equations (3.4.33) and (3.4.34) can be considered as a system of two equations

on the two parameters A and 7 of our model, because the observational values of ¢
and M are known as § = O(10712%) and M ~ 3 x 107°, respectively. We find

A x (3.4.34)

2

-1

22 (22)

If
2

D-2 2D D5 D-2
A _(D_l)(D_2)6M ) (3.4.35)
and
B 4 oD \ 7 ., 2D b, pa]!
”‘(D—l)(D—2>(D—2) oM {<D—1><D—2>5M i }

(3.4.36)
Because of the tiny value of the cosmological constant J, the solutions can be greatly
simplified to

A=6 (3.4.37)
as expected, and
4 D-2\ 7
= _ M2 A.
7 (D—l)(D—Q)( 2D ) (3.4.38)

As a check, when D = 4 and A = 0, we recover the Starobinsky model of Sub-
sec. 3.3.3, with 4 = 1/(6M?) ~ £10'%. Otherwise, for any D, we find

D—2
4 D-2\7
~ 1012+60(0=4) 3.4.39
7 9(D—1)(D—2)(2D) (34.39)

The parameter v in D > 4 generically diverges when A — +0 (unless M*§P~4 =
const. > 0), which also implies 6 — 40 and M — 400 because the 2nd derivative
(3.4.34) of the scalar potential (3.4.31) becomes infinite at the minimum in this
limit. It is remarkable that a (finite) positive cosmological constant ensures M to
be finite too.

3.4.3 Examples: D=8 and D =12

In this Subsection, we specify our results to the two particular cases, having the
special dimensions D = 8 and D = 12, respectively, and with A > 0.
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Figure 3.2: The profile of the four-dimensional scalar potential obtained from D = 8
dimensions. The green line describes the case of A = 0, the blue line is of A = 1,
and the red line is of A = 2, respectively.

e Asregards D = 8 and n = 4, the scalar potential (3.4.23) reads

V(p) = (1 - 66‘5>;t +Ae 8 (3.4.40)

It has the absolute minimum at

Po = éln (1+X%) (3.4.41)

where it has a value (the cosmological constant)

VA = A1+ M) 75 (3.4.42)

A profile of the four-dimensional inflaton scalar potential, originating from
D =8, is given in Figure 3.2.

According to equation (3.4.39), the parameter v in D = 8 has the value 75 ~
5102 Since its (mass) dimension is 2 — D = —6, the relevant scale in
D = 8 is given by

ve /% A 3.485 - 1072 My, . (3.4.43)
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Figure 3.3: The profile of the scalar potential potential obtained from D = 12
dimensions. The green line describes the case of A = 0, the blue line is of A = 1,
and the red line is of A = 2, respectively.

e Asregards D = 12 and n = 6, the scalar potential (3.4.23) reads

6
V(%) = (1 - e*md’) S f e (3.4.44)
It has the absolute minimum at

~ 1

b0 = 75 ln (1+X°) (3.4.45)

where it has a value (the cosmological constant)

V(A) = A1+ )75 (3.4.46)
A profile of the four-dimensional inflaton scalar potential, originating from
D =12, is given in Figure 3.3.

According to equation (3.4.39), the parameter v in D = 12 has the value
4

Y12 & 55271710%%. Since its (mass) dimension is 2 — D = —10, the relevant

scale in D = 12 is given by

0 A 1.696 - 109 My, (3.4.47)
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3.4.4 Summary of Section 3.4

In this section we derived the inflaton scalar potential from higher (D > 4) dimen-
sions, in the context of the D-dimensional (R + yR"™ — 2A) gravity, by using the
Starobinsky model of chaotic large-field inflation in D = 4 as a prototype. We as-
sumed that a compactification of the extra dimensions took place before inflation.
We found that this requires a positive cosmological constant and n = D/2. We
calculated the corresponding scalar potential and the values of its parameters for
any D, and specified our results to the two special cases, D = 8 and D = 12. Our
models predict the viable values of ng and r for N, around 55 + 5.

Our scalar potentials in their slow-roll part fall into the class of the inflationary
plateau-type potentials describing chaotic large-field inflation and having the form
(3.5.70) with

D—2

_ P2 3.4.48
““VD-1~ (3.4.48)

because of equation (3.4.31). In particular, we have ay = a, = /2/3, ag = /6/7

and oo = /10/11.

According to equation (3.5.72), the value of the a-parameter dictates the ob-
servable value of the tensor-to-scalar ratio r as

8(D —1)
In particular, we find r, = %, ryg = %, and 719 = %. All those values are

in agreement with current observations, and give the sharp (though very close)
predictions for future measurements of r.

The microscopic parameters of our higher-dimensional model were tuned to get
the same inflaton mass as that of the original Starobinsky model, in four dimen-
sions. It implies that inflaton oscillations after inflation, near the minimum of the
potential, will be the same too. When a conventional matter action is added to
our modified gravity model, the Weyl rescaling of metric results in the universal
couplings (via the GR covariant derivatives) of inflaton ¢ to all matter fields with
powers of exp (—ak¢). Since the values of a we found from higher dimensions in
equation (3.4.48) are only slightly higher of the (Starobinsky) value at D = 4, while
all those couplings are suppressed by Planck mass, we expect that the D-dependence
in any reheating process will be (physically) negligible.

The predictions of this inflationary model in D = 8 and D = 12 for the CMB
observables are in agreement with the current observations. However, since dynamics
of the extra dimensions is ignored, their size is not under control, so that stabilization
of extra dimensions is still needed — this is known as the moduli stabilization
problem in the literature.
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3.5 Inflation from higher dimensions via sponta-
neous compactification

In our previous Section, we proposed a derivation of the viable inflaton scalar po-
tential from the higher (D) dimensional (R + yR"™ — 2A) gravity, by giving up the
condition of spontaneous compactificaton of extra dimensions and ignoring the mod-
uli, i.e. just assuming that the compactification happened before inflation and it
can be made spontaneous by adding some more fields. As a result, the inflaton
scalar potential in four spacetime dimensions turns out to be dependent upon the
parameters (v, A, D,n), while the viable inflationary phenomenology requires

n=D/2 (3.5.1)

with the dimension D being a multiple of four. The condition (3.5.1) arises by
demanding the existence of a plateau with a positive height for the inflationary scalar
potential, as is apparently favoured by the Planck mission observations [32,33,41],
and is the case in the famous Starobinsky inflationary model (in Subsection 3.3.3),
though is in contrast to Refs. [35-38] where the scalar potential was demanded
to vanish before the onset of inflation. Our results were significantly enhanced in
Ref. [20] where a spontaneous compactification and stabilization of the volume of
extra dimensions was achieved by adding a single (p — 1)-form gauge field having a
non-vanishing flux in compact dimensions and obeying the condition

p=n. (3.5.2)

In this section we extend our analysis in the first relevant higher dimension
D = 8, and consider an embedding of the D = 8 modified gravity model into a
(modified) D = 8 supergravity.

3.5.1 The D =8 model and its D = 4 compactification

It is the demand of having a plateau for the scalar potential in higher D dimensions

that results in the condition (3.5.1) [19,39]. But it is still insufficient for moduli

stabilization that requires at least one p-form field obeying the condition (3.5.2) [20].
Therefore, our minimal model in D = 8 is defined by the action

Mg

S:2

/dSX\/ —gs [Rs +vsRe — 20 — g1 P g2 P2 g B g MBI Ly s FBByBany] -

(3.5.3)
It depends upon two fields, a metric g4p and a 3-form gauge potential A4, whose
field strength 4-form is F' = dA, and has three parameters: the gravitational mass
scale Mg, the (modified gravity) coupling constant 75 > 0 and the cosmological
constant Ag > 0, all in D = 8 dimensions.
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Applying the Legendre-Weyl transform to the action (3.5.3) in D = 8 results in
the dual (classically equivalent) action

6 ~ ~
% / X \/—Gs [Rg — 425480, fOpf — MZV(f) (3.5.4)

—§A131§A2B2§A3B3§A4B4FA1A2A3A4FBleBgB4] , (355)

Sdual -

depending upon three fields, the Weyl transformed (new) metric gap, the 4-form
F = dA, and the real scalaron f(X) having the scalar potential

V(f)=a2(1—e )5 28R | (3.5.6)

in terms of the (dimensionless) coupling constants

6~ 5 3/ 1\3 _
Y8 = Mg 6’)/8 , Ag = M82Ag , Z <4—’78) a 2 . (357)
Under the Weyl transform (3.4.4), the Q-factors are cancelled against each other, so
that the action for the 4-form gauge fields in (3.5.3) remains unchanged,

M6
8 / BX\/—gs g P - gMBIE 4 Fp,. B, - (3.5.8)

Ss|gan, Fi] = 5

The dual action (3.5.4) has the standard form of Einstein’s gravity coupled to the
matter fields (f, A) and having the scalar potential (3.5.6) in D = 8. This scalar
potential has a plateau of the positive height a=2 for large positive values of f.

Let us consider a compactification of the D = 8 theory (3.5.4) on a 4-sphere
S* with the warp factor y, down to four spacetime dimensions, i.e. in a curved
spacetime with the local structure

Mg = My x XS4 (3.5.9)

The 8-dimensional coordinates (X#) can then be decomposed into the 4-dimensional
spacetime coordinates (z%) with a« = 0,1,2,3, and the coordinates (y*) of four
compact dimensions of S*, with a,b,... = 1,2,3,4. The compactification ansatz
reads

dsz = GapdX*dXP = gopdr®ds’ + e*Xgudy’dy® | (3.5.10)

where gos = 9gap(®), gab = gar(y) and x = x(x), with the normalization

/d4y\/g_y = Mg* . (3.5.11)

Taking into account the S* Euler number equal to 2, yields

/d4y\/g_yRy =2Mg? | (3.5.12)
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where R, is the scalar curvature of the sphere S*. The decomposition (3.5.10) also
implies
—Gs = €/ =91/9y (3.5.13)
and
Rs = R+ e 2R, — 8¢ XTeX — 12X 9,,eX0peX | (3.5.14)

where we have introduced the Ricci scalar R and the generally covariant wave op-
erator U = ¢*#V,V; in four spacetime dimensions.
The volume V of four (compact) extra dimensions is given by

V= /d4y det(e2xg,) = eXMg | (3.5.15)

so that the warp factor y can be identified with the volume modulus of the sphere
S

A substitution of equations (3.5.10), (3.5.13) and (3.5.14) into the action (3.4.14),
and an integration over the compact dimensions by using equations (3.5.11) and
(3.5.12), lead to the action

]\48264X0 4 ex ! 2 —2x
Salgag: fX] = —3 dzv=g (| [R+2Me
1120 Qax DX — 426°% 00 f0s] — MEV ()] (3.5.16)

where we have introduced the vacuum expectation value (x), = xo = const.

The action (3.5.16) is still in a Jordan frame, so that the wrong sign of the kinetic
term of the field y is not necessarily a problem. The Weyl transformation with the
parameter h(x) to the Einstein frame is given by

Gap = ei2h.§aﬁ> h = 2(X - XO) . (3517)

It implies
g =egoh J—g=eM/—7 , (3.5.18)
and

R = ¢ [R +6§°PV,Vh — 6g°‘50ah85h] . (3.5.19)

Accordingly, the action (3.5.16) gets transformed to

N Mgetxo ~ » N
SalGas, i x] = 82 d4l’\/—g4{R—12g 7 0ax0sx
~af e\ 2 [ —2
—429"0,f0sf — (5 ) M [V(f)—Ze X] , (3.5.20)

with the physical signs in front of all the kinetic terms. This also fixes the four-
dimensional (reduced) Planck mass as

Mp = k™2 = Mie™ (3.5.21)
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Therefore, we have
. M3
S4[ga57 f7 X] Pl d4 Ty — |: — 129 'Baaxaﬁx
- 42gaﬁaaf05f — et (V) =20 (3.5.22)

Similarly, applying the compactification ansatz (3.5.10) to the 4-form action
(3.5.8) in 8 dimensions yields

. Mg
SS,F[gABvF] = - 2 /d4x\/ /d4y gy e —ix galbl T a4b4Fa1 a4Fb1 by -
(3.5.23)
After defining the (dimensionless) fluz parameter £ as
/ d*y/Gy g - g Fyy 0y Fyy by = Mg *F? = const. (3.5.24)
and using the Weyl transformation (3.5.17), the action (3.5.23) reduces to
R M2etxo ex \ B
Sar(gas, x| = — 82 /d4$\/ —g <e§) e XMIF*
4
_ _M82€4X0 /d4x “Ge i (ﬁ) o SX N[22
2 exo
M4
= —Tpl/d“:c —ge (3.5.25)

The total action in 4 dimensions is given by a sum of equations. (3.5.22) and
(3.5.25),

. M3 .
Silgas, X, fl = —H /d4$\/ [ — 1290‘58axé?gx
—42§°“53af3/3f — Mg, <6‘4X‘7(f) —2e” % — e‘”XFQH . (3.5.26)
The canonical scalar fields y and f are thus given by

v =2V3Mpy and f=A42Mpf , (3.5.27)
and the two-scalar potential in four dimensions reads
MV (x, f) = [a_2(1 - B_Gf)% + 2/~\86_Sf] e — 2e7O p 2713 (3.5.28)
This compactification results in the following D = 4 action :
Mg, :
Salgas, x, f] = == /d4x\/—g [R — 12§*7 04 x0sx

—425°%0,, fOs f — M3, <e*4><f/( ) — 27— e’ux}ﬂﬂ . (3.5.29)
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of three fields: a metric jog(z), the scalaron f(z) and the S* (volume) modulus
x(x), with the scalar potential depending upon the parameters (a, Ag) and the 4-
form gauge field strength fluz F' defined by the integration

/ d'y\/Gy g g Py 0y Foy by = Mg P F? (3.5.30)
over the S*. The full two-scalar potential in D = 4 thus reads
My'V(x, f) = [a’Q(l — e )i + 2/186*”] e~ — 270X . 271 (3.5.31)

We have restored the reduced Planck scale Mp; in equations. (3.5.29) and (3.5.31)
for reader’s convenience.

3.5.2 The study of scalar potential

In this section we investigate the scalar potential (3.5.28) in four dimensions. It

depends upon two fields, the inflaton f and the modulus x, and has three parameters
(a2, F?, Ag) originating from eight dimensions.

The potential (3.5.28) has a Minkowski vacuum ( fo, xo) defined by the equations

ov oV

of f=fo Ix

The solution to these three equations is given by

= Vg e =0 (3.5.32)

X=X0

80 =1+ (20ga?)® and %0 = 2F? (3.5.33)
together with a condition of the parameters,
9 1 1/3
N = ———— 3.5.34
378 (16F2 — 25618> ’ ( )

where we have used the third relation (3.5.7) between 45 and a.
The second derivatives of the scalar potential (3.5.28) at the critical point (3.5.33)
determine the masses of the canonically normalized scalars (3.5.27) as

2 2 2
m2 = 2V L _ My <F——16) : (3.5.35)

fo 9f?|,_, 42M3  56F? \ g
and O*V 1 M3
2 Pl

2 _ = 3.5.36

"o T 9| 1eME T FE (3:5.36)

where we have used (3.5.34) also. Equations (3.5.34) and (3.5.35) imply the same

condition )

F
78
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for both the existence of a Minkowski vacuum and its stability, respectively.
At the onset of inflation (f = +o00), the scalar potential of the modulus x is
given by
MV (x) = a %e X — 2¢7 %% 4 2712 (3.5.38)

that only depends upon two (free) parameters (a2, F?).
The critical points of the potential (3.5.38) are determined by the condition

a~? — 3e*Xe 4+ 3F?e X = () (3.5.39)

that has the form of the depressed quartic equation

A rgz4+r=0 (3.5.40)
in terms of ] ]
— ,2Xxc _ _
z=e X , q—ﬁ<0, T—m>0 (3541)
The quartic discriminant is given by
Ay
= (r/3)* — (qg/4)* 3.5.42

while writing down an explicit solution to (3.5.40) depends upon the sign of Ay.
By using the auxiliary (Ferrari’s) resolvent cubic equation

m® —rm—¢*/8=0 , (3.5.43)

we can factorize the left-hand-side of the quartic equation (3.5.40) as

<z2+m+@z—ﬁ) (22+m—\/%z+#12_m)20. (3.5.44)

Because each term in the first factor is positive in our case, we get a quadratic
equation from the vanishing second factor whose two roots are given by

2 = \/g [1 THpY A \/%} . (3.5.45)

m

These two roots precisely correspond to the existence of a local (meta-stable) min-
imum and a local maximum of the potential (3.5.38), with —00 < Xmin, < Xmax, <
+00.
The cubic discriminant Az = 4r3 — 27(¢?/8)? of the depressed cubic equation
(3.5.43) is simply related to Ay as

A;

5 P!
o7 = (r/3) = (¢/4)

C27.256

(3.5.46)
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When Az > 0, three real solutions to the cubic equation (3.5.43) are given by
the Vieté formula
my = 2y/r/3cos by k=0,1,2, (3.5.47)

where ) 202 ok
q T
1 3¢ L 5.4
Oy, 7 rccos (16r\/3/7“) 3 (3.5.48)
while we should choose the highest (positive) root. The condition As4 > 0 implies

2

F
— >27 . (3.5.49)
8

When Az4 < 0 or, equivalently, F?/3s < 27, the angle (3.5.48) does not exist.
Instead, we should use the Vieté’s substitution in Ferrari’s equation with

-
= — >0 3.5.50
m=w+ 50 r , ( )

that yields a quadratic equation for w?,

¢ 3
(w?)? — gw3 +3==0, (3.5.51)
whose roots are
(r/3)
wiQ = (q/4)2 14+4/1— (/| (3.5.52)

Going back to the critical condition (3.5.39) in the form
2 _ 6 L 99
F? = e™Xe [1 —ga e XC} ) (3.5.53)

and inserting it into the potential (3.5.38) yields the height of the inflationary po-
tential Vplatean at the onset of inflation,

2
MPT14V£>1ateau = ¢ Oxe [ga_Zezxc — 1} . (3554)

Demanding its positivity, Vplatean > 0, gives us the restriction (3.5.37) again.
The second derivative of the potential (3.5.38) at the critical point (3.5.39) is
given by

0?V
v =8¢0 (9 — da?e?Xe) | (3.5.55)
X X=Xc
Its positivity (stability) implies
F2
— <54 . (3.5.56)
78
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Taken together with (3.5.37) and (3.5.49), this implies that the values of the ratio
F? /35 have to be restricted as follows:

F2

16<~—§27, A3,4§0,
8
F2

W< <54, NAgu>0 .
8

(3.5.57)

Because of 1 < F?/(167s) = 1+ 0 < (2)?, it is instructive to investigate the case
of 0 < § < 1 describing the strong stabilization of the modulus y. In this case,
(3.5.33) and (3.5.53) give rise to

1

leading to a single-field inflation driven by inflaton (scalaron) f indeed.
The physical hierarchy of scales reads

m, <m < M <M, . (3.5.59)

The KK scale in our case is given by Mgk ~ e X°Mp;, where the presence of the
warp factor is dictated by the compactification ansatz (3.5.10).
The condition M < M implies

2F? > 1 (3.5.60)

because of (3.5.33). The condition my, < M implies

F2> /2 (3.5.61)

that is slightly stronger than (3.5.60). Both conditions can be easily satisfied by
taking F? > 1.

The remaining condition m. <m 1mplies F? /35 < 72 that is already satisfied
under the conditions (3.5.57). However it is not possible to get m, < me here. It
has a stable Minkowski vacuum and a plateau with a positive helght prov1ded that

1< F2/(16%) = 1+ 6 < (2)3 , (3.5.62)

where the inequality on the right hand side is also needed to ensure a positive mass
squared of the modulus x at the onset of inflation — see equation (3.5.56).

For generic values of § in equation (3.5.62) one gets a two-field inflation. However,
the modulus y is strongly stabilized when § < 1 that implies only a small shift of
the minimum of y during inflation, from x. to xo, as

1
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V£, x)

Figure 3.4: The profile of the scalar potential (3.5.31) for the numerical input F? =
108, 4% = 6-10* and Ag ~ 0.0174. The bottom line shows the inflationary trajectory.

and results in a single-field inflation driven by the inflaton (scalaron) f in D = 4.
A profile of the scalar potential in D = 4 is given in Figure 3.4. It should be
mentioned that the cosmological constant in D = 8 is given by equation (3.5.34)

that implies
y §-1/3
AS = 2q2

where we have used equation (3.5.7) also. In particular, it means that § cannot
vanish.

(3.5.64)

3.5.3 Towards supergravity embedding of our model

In this Subsection we explore a possibility of embedding our 8-dimensional model
(3.5.3) into a D = 8 supergravity. First, supergravity may be the natural origin
of the p-form field because higher-dimensional supergravities usually include such
fields. Second, the supergravity extensions of modified gravity certainly exist in
D = 4 [42,43], and they should also exist in higher dimensions D < 11.
Unfortunately, to the best of our knowledge, no fully supersymmetric extension
of any (R + R*) gravity in higher (8 < D < 11) dimensions was ever derived, so
that our investigation in this Subsection cannot be fully consistent and compelling,
unlike that in the previous Subsections. Moreover, any standard (two-derivative)
supergravity theory does not allow a positive cosmological constant in its action
(it would break supersymmetry), so that the origin of the cosmological constant in
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D = 8 can only be either due to a spontaneous supersymmetry breaking or/and
some nonperturbative effects. So, this Section ends up with a conjecture.

A good starting point of this investigation is the maximally supersymmetric
D = 11 supergravity, because of its uniqueness. It can be modified by the quartic
scalar curvature term and then compactified down to D = 8 on a compact manifold
(3-sphere S®) — see Appendix A for details. Moreover, the SO(3) non-abelian
isometries of the S3 can be gauged, thus producing the non-abelian gauge fields and
a scalar potential in D = 8. Taken together, it leads to the bosonic part of the
(modified and gauged) D = 8 supergravity action, having the form (A.14 ),

sz/d%ilm+ﬁ8WR%—ﬁéwFamw—2#@@w¢—vaj—RMPW

212 pa
~2 3
_Lemog porp _ o quer K cigmemsg G Bl
9 I3 12 nvp 432 M1 pha TS 48 ’

(3.5.65)

in terms of the following D = 8 fields: a metric g,,, dilaton ¢, the SO(3) gauge
field strength FJ,, the vector fields F;, the 4-form gauge field strength G, and
(5+ 1) scalars (7, B) whose scalar potential is

xdTy—ﬁieﬁwuvT”—lT% (3.5.66)

4R? N 27 o

The supergravity (3.5.65) has the required quartic scalar curvature term and the
gauge 3-form kinetic term given by the gauge field strength 4-form squared, while
the abelian vector fields P,;; are merely the spectators here. Hence, (3.5.65) could
be the supersymmetric extension of our action (3.5.3) provided that (i) the dilaton
¢ is stabilized, and (ii) a positive cosmological constant is generated. One usu-
ally assumes in the literature that the dilaton potential is generated by quantum
non-perturbative corrections beyond the supergravity level. And the cosmological
constant may be generated by the non-perturbative vacuum expectation value

(R OF i) = 2As . (3.5.67)

purs o

Unfortunately, we do not have means to compute the dilaton vacuum expectation
value and the gluon condensate (3.5.67) in D = 8.

3.5.4 Inflation

Once the modulus x is strongly stabilized, the inflaton potential (3.5.31) takes the
form (Mp] = 1)

4
eGPV (f) = (1= e 8)F 4 e — M1+ A%) 75 (3.5.68)
with A = 2a2Ag = §~1/3. This potential has the absolute minimum at

hz%mu+ﬁ), (3.5.69)
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where it vanishes in the Minkowski vacuum. A profile of the scalar potential (3.5.68)
is given in Figure 3.5.
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Figure 3.5: The profile of the scalar potential (3.5.68) for A = 1 (green), A = 2 (red)
and A = 2.88 (blue).

During inflationary slow roll along the plateau, the scalar potential (3.5.68) can
be approximated as

V(g) =Vo—Vie | (3.5.70)
with
L (3.5.71)
=1/z - 5.

This value of o determines the key observational parameter r related to primordial
gravity waves and known as the tensor-to-scalar ratio,

8 28
r= 042—]\[82 = 3—]\[82 . (3.5.72)
The Planck data [33] sets the upper bound on 7 (with 95% of CL) as r < 0.064.
Our result (3.5.72) is clearly below this bound.
As regards the other CMB spectral tilts (the inflationary observables), the scalar
spectral index ng and its running dn,/dInk, their values derived from the potential
(3.5.70) are

~1 2 d dng,  (1-mng)? = 2
D A T 2 N2

(3.5.73)

i.e. they are the same as in the Starobinsky model (in Subsection 3.3.3).
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The microscopic parameters of our model can be easily tuned to get the same
inflaton mass M, so that our effective inflationary model obtained from the higher
(D = 8) dimensions is almost indistinguishable from the original Starobinsky model
having o, = /2/3.

When a conventional matter action is added to our gravity model, Weyl rescaling
of the metric result in the universal couplings (via the GR covariant derivatives) of
inflaton f to all matter fields with powers of exp (—ak4f). The value (3.5.71) of
a derived from D = 8 is only slightly different from the Starobinsky value o, =

2/3, while all the matter couplings to the scalaron are suppressed by the Planck
mass. Therefore, the impact of higher dimensions on the inflationary observables
and reheating is very small in our approach.

3.5.5 Summary of Section 3.5

We used the Starobinsky inflationary model of the (R + R?) gravity in four di-
mensions as the prototype for deriving the new inflationary models from higher
dimensions. Among the advantages of this approach are (i) its geometrical nature,
as only gravitational interactions are used, (ii) consistency with the current astro-
nomical observations of CMB, (iii) the clear physical nature of inflaton (scalaron)
as the spin-0 part of metric. In this section we focused on D = 8 dimensions only.
In our scenario, the Universe was born multi-dimensional, and then four spacetime
dimensions became infinite, while the others curled up by some unknown mechanism
before inflation.

In higher-dimensions, it turned out to be necessary to include a cosmological con-
stant and a gauge (form) field, with the strong conditions on the higher dimension,
the power n of the scalar curvature and the rank of the form, see equations (3.5.1)
and (3.5.2). The moduli stabilization and the scale hierarchy are also possible to
achieve, while both are non-trivial in the present context. It may also be possible
to embed our D = 8 modified gravity model into the modified D = 8 supergravity
and, ultimately, into the modified D = 11 supergravity.

As regards the observational predictions of our model, it leads to the certain
sharp value (3.5.72) of the CMB tensor-to-scalar ratio that is, however, only slightly
different from that of the original Starobinsky model.
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Conclusion

In this thesis, our aim was to construct an inflationary model from a higher di-
mensional theory. To that end, it was necessary to (i) describe extra dimensions in
Kaluza-Klein field theory and Randall-Sundrum brane-world, (ii) derive the sponta-
neous compactification of extra dimensions and stabilize the extra dimensions, (iii)
describe slow-roll inflation in modified gravity.

In Chapter 2, we reviewed Randall-Sundrum brane-world and investigated the
Randall-Sundrum brane-world model modified by Starobinsky gravity.

The impact of the R* modified gravity on the RSI model can be simply de-
scribed in terms of a single dynamical scalar field with the particular scalar potential
(2.5.15). It is clear from our construction that this scalar has the gravitational origin
as spin-0 part of five-dimensional spacetime metric. We found that the value of the
RSI parameter £ is determined by dynamics of that scalar in the fifth dimension.

It makes sense to analyze stability of the RS brane-world against possible mod-
ifications of gravity, as well as against quantum gravity corrections. We did a small
step in this direction by proving stability of the RSI model against the simplest mod-
ification of the higher-dimensional gravity described by adding the scalar curvature
squared term in five dimensions. However, this model cannot include the slow-roll
inflation on the brane.

In Chapter 3, we reviewed the standard cosmology and modified gravity as a
model of inflation, and investigated the Starobinsky-type inflationary model from
the D-dimensional (D > 4) modified gravity (R + yR™ — 2A). There are two steps
in our construction of the consistent inflationary model.

First, in Section 3.4, we derived the inflaton scalar potential from higher (D > 4)
dimensions, in the context of the D-dimensional (R + yR™ — 2A) gravity, by using
the Starobinsky model of chaotic large-field inflation in D = 4 as a prototype. We
assumed that a compactification of the extra dimensions took place before inflation.
We found that this requires a positive cosmological constant and n = D/2. We
calculated the corresponding scalar potential and the values of its parameters for
any D, and specified our results to the two special cases, D = 8 and D = 12.

Our scalar potentials in their slow-roll part fall into the class of the inflationary
plateau-type potentials describing chaotic large-field inflation and having the form
(3.5.70) with

a=4/=—= (3.5.74)



because of equation (3.4.31). In particular, we have ay = a5, = /2/3, ag = /6/7

and ajp = /10/11.

According to equation (3.4.49), we find 74 = ]1[—32, ry = %, and 79 = 54N4§' All
those values are in agreement with current observations, and give the sharp (though
very close) predictions for future measurements of r. However, since dynamics of the
extra dimensions was ignored, their size was not under control, so that stabilization
of extra dimensions was still needed.

Second, in Section 3.5, we investigated the D=8, (R +yR" — 2A) gravity and its
D=4 spontaneous compactification with modulus stabilization. In our scenario, the
Universe was born multi-dimensional, and then four spacetime dimensions became
infinite, while the others curled up by some unknown mechanism before inflation.
The inflation happened after the compactification and the moduli stabilization.

In higher-dimensions, it turned out to be necessary to include a cosmological
constant and a gauge (form) field, with the strong conditions on the higher dimen-
sion, the power n of the scalar curvature and the rank of the form as p =n = D/2.
The moduli stabilization and the scale hierarchy are also possible to achieve, while
both are non-trivial in the present context. It may also be possible to embed our
D = 8 modified gravity model into the modified D = 8 supergravity and, ultimately,
into the modified D = 11 supergravity.

As regards the observational predictions of our model, it leads to the certain value
(3.4.49) of the CMB tensor-to-scalar ratio that is, however, only slightly different
from that of the original Starobinsky model.

Our results may be used for studying inflation and moduli stabilization in more
general frameworks, such as unification of fields and forces, KK theories of gravity,
supergravity and superstrings, and braneworld.
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Appendix A : D =8 gauged
supergravity

The D = 8 supergravity (with 16 supercharges) received relatively little attention in
the literature versus the supergravities in D = 10 and D = 11. For our purposes, we
need a D = 8 supergravity modified by the quartic scalar curvature term and having
a scalar potential. In this Appendix we recall the SU(2) gauged N = 2 supergravity
in D = 8, which was derived by Salam and Sezgin [44] by using the Scherk-Schwarz-
type dimensional reduction [45] of the 11-dimensional supergravity [46].

The 11-dimensional supergravity [46] is unique, so that it is the good point to
start with. Its standard action is well known, while its existence can be related to
the existence of the 11-dimensional supermultiplet containing the 11-dimensional
spacetime scalar curvature Z among its field components. Therefore, there is little
doubt that the (Z + %Z*) supergravity action in D = 11 also exist, though (to the
best of our knowledge) it was never constructed in the literature. So, assuming its
existence, we write down the relevant part of its bosonic terms as

112 LGasl V.
(A1)
where we have simply added the quartic curvature term (with the coupling constant
4) to the standard bosonic action of the 11-dimensional supergravity. Of course,
adding the #* term also requires adding its supersymmetric completion that is
going to result in more bosonic terms in the action. However, because all extra
terms are going to be the higher-derivative couplings of the bosonic 3-form field,
also non-minimally coupled to gravity, we assume that these extra couplings are
irrelevant for the scalar sector of the theory (see below). !
As regards our notation, we denote E = det Ej* in terms of an elfbein Ey* in
D = 11. Here we denote the 11-dimensional Lorentz indices by early capital latin
letters as A, B, C, ..., while the middle capital latin letters M, N, P, ... are used for
the 11-dimensional Einstein (curved) indices. The & is the gravitational constant in

E =2
Sll — /dllX— (%+:Y<@4 o %GABCDGABCD +

2K?

'Tt is worth mentioning that our approach is apparently different from M-theory, because we
treat the #* term nonperturbatively, so that its presence leads to the new physical degrees of
freedom in D = 11, which are absent in the standard D = 11 supergravity, similarly to the
(R + R*) gravity in lower dimensions.
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D = 11. The scalar curvature & is defined in terms of the spin connection

1 1

1
+§WBE(E2*4E,]X — EYE)ouER (A.2)

as
R = wapcwP +waw? — 2B 0y (EEM qw?) | (A.3)

where wy = nP%wpea and n4p is Minkowski metric in D = 11. The 4-form field
strength G ogcp is defined in terms of the 3-form gauge potential Vo as

Gapcp = 404Viep) + 12was"Vons - (A4)

To dimensionally reduce the modified D = 11 supergravity to eight dimensions
on a sphere S®, we use the ansatz [44]

—Ro[3ea 0 Rof3pn  _ofeRt/3en Ao
A € ¢ v [€FPe refo/3e
EM - (2R62R¢/3A§L; e2l~€¢/3LL) ) E A — ( 0 6_2R¢/3IZX 'u> s (A5>

where we have introduced the 8-dimensional Lorentz indices a,b,c,... and the 8-
dimensional Einstein indices p, v, p, ..., as well as the 3-dimensional (compact) Lorentz
and Einstein indices, ¢, 7, k, ... and «, 3,7, ..., respectively. The dilaton ¢ represents
the volume modulus of the 3-sphere, the e}, is an 8-dimensional achtbein, the L
is the unimodular matrix (det L}, = 1) having 5 scalars, and the A7 is a set of
8-dimensional vectors.

The Scherk-Schwarz dimensional reduction is used to gauge symmetries of a
compact manifold in the reduced theory by allowing the fields to depend on the
compact coordinates [45]. Let us denote the non-compact coordinates by {z}, and
the compact coordinates by {y}, and then factorize the y-dependence as

epl,y) = ei(r) . Af(r,y) = U %(yAL) . Li(z,y) = U’ (y)Li(x) , (A.6)

where U,”(y) are elements of the gauge group SU(2) in our case. The SU(2) struc-
ture constants

_ 118 g
gﬁ = an ' UB ' (aﬁ/Uaﬂ - 60/[]5/7) - _ﬁgawg(w <A'7)

are y-independent, where we have introduced the SU(2) gauge coupling constant g
and the 3-dimensional Levi-Civita tensor €, .
Substituting the ansatz (A.5) into (A.2) reduces the spin connection components
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as [44]
ROIS(  _ Lx L
Wabe = € (Wabc - gfinabac¢ + gfﬂ?acabﬁb) )
Wabi = R€4R¢/3Fabi )
Waij = 6%/3@2(1@ )
Wiab = _Re4k¢/3Fabi )

- 2
Wija = €3 (Pyij + glzé%‘aa(?) ;
g

—2R0/3 ! ! I
Wik = — =€ BTy + el — e Tit')

where we have used the notation
F, = 0,A% — 0,A% + geap, ALA
Pm'j + Qlﬂj = L?((Sg@u — gsa’BVAZ)L/Bj N (Ag)
T9 = L, L1457

with P,;; representing the symmetric part of the r.h.s. of (A.9), and @,;; represent-
ing the antisymmetric part. The fields L? are subject to the relations [44]

L;Lf;‘j(sij = Gup; L;L;gaﬁ = 0¥ (A.10)

where gos is the metric of the compact manifold (S?).
As regards Vapc and G apcp, their relevant components are

Casy B = €Ly Ly L Vi, (A.11)
Eaﬁ’YaﬂB = 65R¢/362L2L2L5ijk ) '
where B is another scalar field.
Equations (A.5), (A.8), and (A.11) allow us to rewrite the 11-dimensional action
(A1) as

prt a

S = / dexd’y U(y)%[}% + 7R RY — RO pHv
~92 92 2R TER
— 2K 8M¢8“¢ — me (TijTJ — §T )

1 i ~2
_ Pm-quzj _ 5/%2674'{@58”38“3 _ %62N¢ijpaG,uupcr
~3

K> _
_ Ee 1€u1...MSGMWMG%”.MSB] + ...,

(A.12)
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where U(y) = det U, (y), T = T, R is the 8-dimensional scalar curvature and the
dots stand for irrelevant terms. Since the only y-dependent function is U(y), one
can perform y-integration with

/ ByU(y) =V | (A.13)

defining the invariant volume Vj of the compact manifold (S3). With the gravita-
tional coupling kK = £/+/Vj in D = 8, rescaling dilaton as ¢ — ¢/+/V; (and similarly
for the other fields Af;, B and V,,,,) and rescaling the gauge coupling as g — gv/Vo
leads to the action

purt a

€ ~ 2K K o v ij
Ss = / PR+ ¥R — R2HOFL, P — 260,006 — V(T) = Py P

1 P 3
K¢ 0, BB - f—QeW’GWGW” - %e’ls“l'“”BG,“,“MG%“#SB] .
(A.14)
whose scalar poitential is given by [44]
92 9 . 1 9
V(T) = 13¢ "(Ty T — 57 ). (A.15)

The vacuum expectation value of the dilaton ¢ is supposed to be determined by
non-perturbative effects in superstring theory, whereas the vacuum expectation value
of the scalar potential V(7T') vanishes. Therefore, the only possibility of generating
a positive cosmological constant in the action (A.14 ) is via a formation of the non-
perturbative SU(2) gluon condensate in D = 8 dimensions, see Subsection (3.5.3).
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