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Introduction

This thesis concerns the topological conjugacy problem for diffeomorphisms on a closed
manifold M. A diffeomorphism f on M is called structurally stable if any diffeomorphism
g close to f is topologically conjugate to f. The structural stability for diffeomorphisms
are well studied by many authors. In particular, R. Mané (1987) and others proved that,
in the C! category, f is structurally stable if and only if f is an Axiom A diffeomorphism
with the strong transversality condition. On the other hand, if f has a basic set which
has a homoclinic tangency, then it is never structurally stable. So, if f has a homoclinic
tangency, then any neighborhood of f in the space of diffeomorphisms contains both
diffeomorphisms ¢ which are topologically conjugate and non-conjugate to f. Thus, we
need topological conjugacy invariants to decide whether a given g is topologically conjugate
to f or not.

A modulus m(f) for a diffeomorphism f is a topological conjugacy invariant for f,
that is, m(f) = m(g) holds for any g : M — M which is contained in a certain class
of diffeomorphisms on M and topologically conjugate to f. The aim of this thesis is to
present new moduli for diffeomorphisms of dimensions two and three.

This thesis is organized as follows.

In Chapter 1, we present definitions, notions and concepts needed in this thesis. Be-
sides, we introduce several preceding results on moduli.

In Chapter 2, we study moduli for 2-dimensional diffeomorphisms with cubic homo-
clinic tangencies (two-sided tangencies of the lowest order) under certain open conditions.
Ordinary arguments used in previous studies of conjugacy invariants associated with one-
sided tangencies do not work in the two-sided case. We present a new method which is
applicable to the two-sided case.

In Chapter 3, we investigate moduli of a 3-dimensional diffeomorphism f with a sadldle
focus p and a homoclinic quadratic tangency ¢q. It is shown there that, for most of such
diffeomorphisms, all the eigenvalues of D f(p) are moduli and the restriction of a conjugacy
homeomorphism to a local unstable manifold is a uniquely determined linear conformal
map.



Chapter 1

Basic definitions and concepts

In this chapter, we present some of definitions, notions and concepts needed in this thesis.
Refer to [De, Rol, Ro2] and so on for other standard results on dynamical systems.

1.1 Hyperbolic fixed points of diffeomorphisms

Let M be a C" (1 < r < co) manifold and Diff"(M) the space of C" diffeomorphisms on
M with C" topology. Suppose that f is an element of Diff"(M). For a point = € M, the
orbit O(x) of x for f is defined as O(x) = {f"(z); n € Z}, where f¥ is the identity map
on M, f™ is the composition of f with itself n times if n > 0 and f™ is the composition
of f~1 with itself —n times if n < 0. A point p € M is called a periodic point for f if
p = f"(p) holds for some positive integer n. The minimum of such an n is called the
period of p. A point p € M is called a fized point for f if p = f(p) holds, that is, a fixed
point is a periodic point with period one.

Suppose that p is a fixed point for f. Then the derivative D f(p) of f at p is a linear map
on the tangent space T),(M) at p. By an identification of T),(M) with R™ as vector spaces,
one can regard the linear map on T),(M) with that on R™, where m is the dimension of
M.

Definition 1.1. A fixed point p for f is called hyperbolic if the absolute value |A| of any
eigenvalue A of D f(p) is different from one. The hyperbolic fixed point p is called a sink if
the absolute value |A| of any eigenvalue A of D f(p) is less than one. The hyperbolic fixed
point p is called a source if the absolute value |A| of any eigenvalue A\ of D f(p) is greater
than one. A hyperbolic fixed point which is neither a sink nor a source is said to be a
saddle.

Figures 1.1 and 1.2 illustrate hyperbolic fixed points in the case of dim M = 2 and
dim M = 3, respectively, where all the eigenvalues of D f(p) are real.

We also consider the case that some of eigenvalues are non-real. If D f(p) have non-real
eigenvalues re*V=10 then f acts on a neighborhood of p as the combination of a rotation
and an expansion or contraction. In the case of dim M = 3, we have several phase portraits
of f near p. The hyperbolic fixed point p is a sink if D f(p) has a real eigenvalue 0 < A < 1
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Figure 1.1: The case of dim M = 2. p is a sink in (1), a source in (2) and a saddle in (3).

Figure 1.2: The case of dim M = 3. p is a sink in (1), a source in (2) and a saddle in (3).

and non-real eigenvalues retV=1 with r < 1. The hyperbolic fixed point p is a source if
Df(p) has a real eigenvalue A > 1 and non-real eigenvalues re*V=10 with r > 1. If the
hyperbolic fixed point p is neither a sink nor source, then it is called a saddle focus. See
Figure 1.3. In Section 3, we study moduli of 3-dimensional diffeomorphisms having saddle
foci with a real eigenvalue 0 < A < 1 and non-real eigenvalues retV=10 with r > 1. See
Figure 1.3 (3).

The following linearization theorem is called the Hartman-Grobman theorem. See the
Chapter 5 in [Rol] for the proof.

Theorem 1.2 (Hartman-Grobman Theorem). Let f : M — M be a C" diffeomorphism
with a hyperbolic fixed point p. Then, there exist neighborhoods U, V of p with UU f(U) C
V' and a homeomorphism h : V. — T,(M) with h(p) = 0 and such that the following

diagram is commutative.

v —1s pw)

h|Ul lh‘f(U)

(M) —— T,(M
p(M) s To(M)

By Theorem 1.2, we can call the linear map D f(p) a linearized map or linearization of
f at p. Moreover, by Taylor’s theorem, we know that the linear map D f(p) approximates



Figure 1.3: The case of dim M = 3. p is a sink in (1), a source in (2) and a saddle focus
in (3).

f near p.

1.2 Heteroclinic and homoclinic tangencies

Let f be a C" diffeomorphism on M and p € M a fixed point for f. The stable and
unstable manifolds W*(p) and W*(p) of p are defined as

Wép)={xe M; f"(x) = p (n = o0)},
Wh(p)={z e M; f"(x) = p (n— o0)}.

Moreover, we define the local stable and local unstable manifolds W} (p) and W} _(p) of p
as

Wiee(p) = {z € U(p); f"(z) € U(p) for any n € N, lim f"(z) = p},
Wiee(p) = {x € U(p); [7"(z) € U(p), for any n €N, lim f™"(z) = p},

where U(p) is a sufficiently small neighborhood of p in M.

The following theorem is called the Stable Manifold Theorem. This theorem shows that
the local stable manifold W} (p) and local unstable manifold W} _(p) are C" submanifolds
of M. See the Chapter 5 in [Rol] for the proof.

Theorem 1.3 (Stable Manifold Theorem). Let f : M — M be a diffeomorphism and
let p € M be a saddle fized point for f. Then the local stable manifold Wi (p) of p is
a C" submanifold of M tangent to the subspace of T,(M) spanned by the eigenvectors
with contracting eigenvalues. Similarly, the local unstable manifold W (p) of p is a C”
submanifold of M tangent to the subspace of T,(M) spanned by the eigenvectors with
expanding eigenvalues.

We say that the dimension of W} (p) is the stable index of p and denote it by ind®(p).
Then ind“(p) = dim M — ind®(p) is called the unstable index of p. For the definitions of
stable and unstable manifolds,

We(p) = |J £ (Wie0), Whp) = [ "W).

n>1 n>1



This implies that W*(p) and W*(p) are the images of injective C” immersions from R®
and R" to M, respectively, where s = ind®(p) and u = ind"“(p).

Let p1 and py are two distinct saddle type fixed points of a diffeomorphism f on M. A
point ¢ € M is called a heteroclinic point associated with p; and po if ¢ € W3 (p1)NW*"(p2),
ie., lim, oo f(q) = p1, limy 00 f~™(q) = p2. We say that the point ¢ is a transverse
heteroclinic point if W?*(p1) and W*"(p2) intersect transversely at g, namely, T,(M) =
To(W*(p1)) @ Ty(W"(p2)) holds. When ¢ is a non-transverse intersection point, ¢ is called
a heteroclinic tangency associated with p; and py. See Figure 1.4.

W*(p2)
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W#(p1)
Figure 1.4: ¢ is one of heteroclinic tangencies associated with p; and po.

Let p is a saddle fixed point of a diffeomorphism f on M. A point ¢ € M is
called a homoclinic point associated with p if ¢ € W*3(p) N W¥(p) \ {p}, ie., ¢ # p
and lim, o f"(q) = p and lim,_, f7"(q) = p. We say that the point ¢ is called a
transverse homoclinic point if W#(p) and W*(p) intersect transversely at q. When ¢ is a
non-transverse intersection point, ¢ is called a homoclinic tangency associated with p. See
Figure 1.5.

Let f be a C" (n < r < oo) diffeomorphism with a heteroclinic or homoclinic tangency
q. We fix a Riemannian metric on M and define the order of tangency as follows. The
tangency is of order n if the limit

wewp (p), [d(w,q)]"
w—rq

exists and is not zero, where d is the distance on M induced from this metric. If n = 2 (resp.
n = 3), then the tangency q is called quadratic (resp. cubic). If n is even, then the tangency



q is said to be one-sided. If n is odd, then the tangency q is two-sided. See Figures 1.5 and
1.6. Homoclinic tangencies have been studied by Newhouse, Palis and Takens and so on
since the seventies. For example, see [dM, dMP, dMvS, KS1, KS2, NPT, Ni, Pa, Po, PT].

rpom / T W)
A

(1) (2)

Figure 1.5: The case of ind®(p) = ind“(p) = 1. ¢ is a homoclinic quadratic tangency in
(1) and a homoclinic cubic tangency in (2).

Figure 1.6: The case of ind*(p) = 1 and ind“(p) = 2. p is a saddle point and ¢ is a
homoclinic quadratic tangency associated with p.

Now, we define hyperbolic invariant sets for a diffeomotphism f. A subset S of M is
said to be positively invariant if f(x) € S for all x € S, i.e., f(S) C S. On the other hand,
a subset S of M is said to be negatively invariant if f~1(S) C S. Such an S is said to
be an invariant set of f if f(S) = S. Notice that any periodic orbit and the orbit of a
heteroclinic or a homoclinic point are typical examples of invariant sets for f. We denote



by || - ||z the norm on the tangent space T, (M) at x € M induced from the Riemannian
metric on M. A closed invariant set A for f is said to be hyperbolic if it satisfies the
following conditions.

(1) At each point z € A, the tangent space to M splits as the direct sum of subspaces
EY and EZ, ie., T,(M) = E! ® ES.

(2) The splitting is invariant under the action of the derivative map, i.e., Df,(E¥%) =
EY ., and Df,(E3) = E5 .

(3) There exist 0 < A < 1 and C > 0 independent of x such that, for all n > 0,

D (%) || () < CA™[|[v* || for v* € EX,
IDfy ™ (0") || f=n(zy < CA™|[v"||, for v" € EY

hold.

Notice that the closure of the orbit of a transverse heteroclinic or homoclinic point is a
simple example of a hyperbolic invariant set for f. For a Morse-Smale diffeomorphism,
the set Per(f) of all periodic points is a finite hyperbolic invariant set. For an Anosov
diffeomorphism, e.g. the toral Anosov automorphisms, the ambient manifold M itself is
a hyperbolic invariant set. We have many curious examples of hyperbolic invariant sets
other than them, e.g. horseshoes, the Plykin attractor, the solenoid, or some invariant sets
of Hénon-like maps. For example, see [De, Ro2].

As in the case of hyperbolic fixed points, we can define the stable and unstable man-
ifolds for a hyperbolic invariant set as follows. Let A be a hyperbolic invariant set for f.
The stable and unstable manifolds W*(z) and W*(x) of « € A are defined as

Wi(@) = {y € M lim d(f"(x), f"(y)) =0},
W) = {y € M; lim d(f"(2), f"(y)) = 0}.
The unions
W A) = | Wi), W) =] W)
zEA zEA

are called the stable and unstable manifolds for A, respectively. For € > 0, we identify
the neighborhoods of each point z € A in M with U.(z) = E2(e) x E¥(¢), where E3(¢) =
{veE}; ||v]z <e}and E¥(e) = {v € EY; ||v|ls < €}. We define the local stable and local
unstable manifolds W2(x) and W (z) of x € A of size € as

We(e) = {y € Uele)s (y) € V(1 (@) for j >0},
Wi(z) = {y e U(x); f(y) € U(f(x)) for j> o}.

Now, we extend Stable Manifold Theorem to the case of hyperbolic invariant sets. See the
Chapter 8 in [Rol] for the proof.
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Theorem 1.4 (Stable Manifold Theorem for hyperbolic invariant sets). Let f be a C" (1 <
r < o0) diffeomorphism on M and let A be a compact hyperbolic invariant set for f. Then
there is an € > 0 such that, for each x € A, there are two C" embedded disks W2 (z) and
W (z) which are tangent to ES and EY, respectively, and satisfy the following conditions.

o W2(x) is represented by the graph of a C function o3 : E3(e) — El(e) with 03(0,) =
0, and Do3(0) = 0:

W2 (@) = {(03(v),0); v € E3(2) }.

Besides, the function o} and its derivatives vary continuously on x. Similarly, there
is a C" function o¥ : E%(e) — E2(e) with 6%(0;) = 0, and Do¥(0) = 0:

W) = {(w,0k(w); u € EX(e)}.
The function o and its derivatives also vary continuously on x.

o There exist 0 < A <1 and C > 1 such that

W2(@) € {y € Uel@): d(f7 (@), () < CNd(a.y) for j >0},

W(z) C {y € Ue(): d(f7(x), f 7 (y)) < CNd(z,y) for j> 0}.
By Theorem 1.4, we have

= J e @), whe) = J Ve @),

n>0 n>0

Notice that W#(z) and W"(z) are just the images of injective C" immersions from R and
R" to M but not necessarily the images of embeddings, where s = dimE? and v = dim EY.
Horseshoes or toral Anosov automorphisms are typical examples of such diffeomorphisms.
See the Chapter 8 in [Rol].

1.3 Topological conjugacy and structural stability

For two diffeomorphisms f and g, if the orbits for f one-to-one correspond to those for ¢
with the same behavior, then we regard that f and g have essentially the same dynamical
systems. For example, mutually conjugate linear maps satisfy the property. For classifying
such diffeomorphisms, we introduce the notion of topological conjugacy.

Definition 1.5. We say that two diffeomorphisms f and g on a C"(1 < r < 0o) manifold
M are topologically conjugate to each other if there exists a homeomorphism h : M — M
with ho f = goh. This homeomorphism h is called a topological conjugacy between f and
g.

11



Let p be a periodic point for f with period n and set p’ = h(p). Then p’ satisfies
g"(p') = g"(h(p)) = h(f™(p)) = h(p) = p’. Thus, the point p’ is also a periodic point for
g with the same period n.

A subset D of M is called a fundamental domain of f if any non-periodic orbit of
f intersects D exactly in one point. Fundamental domains are often used to construct
topological conjugacies between diffeomorphisms. For example, let f be a linear map
on R? with real contracting eigenvalues and ¢ another linear map on R? with non-real
contacting eigenvalues. Take a unit circle C' on R?, then one can have a pair of annuli A ¥
and Ay in R™ bounded by C'U f(C) and C' U g(C), respectively. See Figure 1.7. Then
Al = Ap \ f(C) and Ay = Ay \ g(C) are fundamental domains for f and g, respectively.

There exists a homeomorphism h:A r — Ay with

o>

Figure 1.7: Fundamental domains A’ of f and Ay of g.

(L.1) h(f(x)) = g(h(z))

for any z € C. Extend h to the map h : R2 — R? defined by

h(z) = g~ (h(f"(x)))

for z € R?\ {0} and h(0) = 0 for 0 € R?, where n(z) is a uniquely determined integer with
@) (z) e A’f. By (1.1), h is a well defined homeomorphism on R?, which is a topological
conjugacy between f and g.

For a given diffeomorphism f, we are interested in the topological conjugacy class
constructed by diffeomorphisms close to f. Thus we introduce the notion of the structural
stability for diffeomorphisms. A diffeomorphism f € Diff" (M) is called structurally stable
if there exists a neighborhood N C Diff" (M) of f such that, for any g € N, f and g are
topologically conjugate.

Remark 1.6. In this definition of structural stability, the condition that A is a homeomor-
phism is crucial. We suppose that h is a diffeomorphism. Then h is called a C" (1 < r < 00)
conjugacy between f and g. If f has a fixed point p, then, by the chain rule of compo-
sition maps, Dh(p)D f(p) = Dg(h(p))Dh(p) holds. This shows that Df(p) and Dg(h(p))

12



are similar matrices via the matrix Dh(p). Thus they have the same eigenvalues. On the
other hand, for any f € Diff"(M) and any fixed point p of f, there exists g € Diff" (M)
arbitrarily C" close to f such that the eigenvalues of Dg(p') are different from those of
Df(p), where p' is the fixed point of g corresponding to p. Namely, any neighborhood of
f € Diff"(M) contains an element which is not C” conjugate to f. Thus, any diffeomor-
phism with a fixed point is not structurally stable with respect to C” conjugacy.

1.4 (" convergence of unstable manifolds

Let p be a hyperbolic fixed point of a diffeomorphism f on M and U(p) a sufficiently
small neighborhood of p in M. Take a disk D embedded in M of dimension ind"(p) which
intersects transversely the local stable manifold Wy (p) at a single point zy. For any n € N,
let D,, be the component of f"(D) N U(p) containing f™(z9). Then, D,, uniformly C"
converges to Wi _(p) as n — oo. Figure 1.8 illustrates the cases of ind*(p) = ind“(p) =1
and ind®(p) = 1, ind“(p) = 2. More precisely, we have the following theorem called
Inclination Lemma. See the Chapter 5 in [Rol] for the proof.

quéc (p ) b

Figure 1.8: (1) The case of ind*(p) = ind“(p) = 1. (2) The case of ind*(p) = 1 and
ind“(p) = 2.

Theorem 1.7 (Inclination Lemma). Let f be a C" (1 < r < o0) diffeomorphism on
M and p € M a saddle fized point. Assume that M has a coordinate neighborhood of
p such that W (p) C R® x {0} and W .(p) C {0} x R*, where s = ind*(p) and u =
ind“(p), if necessary by changing the coordinates suitably. Then, for any C" submanifold
D with dim(D) = u intersecting Wi .(p) transversely at zo = (x9,0) € W} (p) x {0}, the
component Dy, of f*(D)NU(p) containing f™(z0) uniformly C* converges to W (p) as
n — oo.

13



We consider the case that a diffeomorphism f has a homoclinic tangency r associated
with a saddle fixed point p. First, suppose that dim M = 2 and r is either a quadratic
or cubic homoclinic tangency. It is not hard to show that W*(p) and W#(p) have a
transverse intersection point z in a neighborhood of r under suitable open conditions of f.
For example, see [GS1, GS2] if r is a quadratic tangency and Lemma 1.2 in [KS1] if r is a
cubic tangency. Figure 1.9 illustrates the situations. Take an arc D" in W*(p) such that
the interior of D" contains z. Then there exists an integer N such that f(z) € U(p).
Let DY be the connected component of f¥(D%) N U(p) containing fV(z). Let D¥ be the
component of fN*t7(D%) N U(p) containing f¥*"(z). By Inclination Lemma (Theorem
1.7), D}t C" converges to W (p) as n — oo.

Next, we consider the case that dim M = 3 and ind®(p) = 1, ind“(p) = 2. By [Ni],
under certain open conditions of f, there exists a transverse intersection point z of W* (p)
and W?(p) near r. As in the case of dim M = 2, there exists a disk D* in W"(p) such that
the interior of D" contains z. Again by Inclination Lemma, we can take the disk Dy C”
converging to Wi (p) as n — oo. The sequences {D}!} and {D}:} are crucial in arguments
of Chapters 2 and 3, respectively.

Figure 1.9: (1) ris a homoclinic quadratic tangency. (2) r is a homoclinic cubic tangency.

1.5 Motivation and preceding results

Structurally stable diffeomorphisms have no heteroclinic or homoclinic tangencies. On
the other hand, diffeomorphisms with heteroclinic or homoclinic tangencies are typical
examples of structurally unstable diffeomorphisms. For such a diffeomorphism f, we need
topological conjugacy invariants to dicide whether a given diffeomorphism g is topological
conjugate to f or not. See Figure 1.10. Such topological conjugacy invariants are called
modulus.

Definition 1.8. For a subspace N of the diffeomorphism space Diff" (M) with r > 1, we

14



Diff” (M) Diff” (M)

N N
e g
fe f
topologically conjugate elements topologically conjugate elements
(1) (2)

Figure 1.10: (1) The case that f is a structurally stable diffecomorphism. (2) The case that
f is structurally unstable diffeomorphism.

say that a value m(f) determined by f € Diff"(M) is a modulus in N if m(g) = m(f)
holds for any g € N topologically conjugate to f.

The topological classification of structurally unstable diffeomorphisms on a manifold
M is an important subject in the study of dynamical systems. Palis [Pa] suggested that
moduli play important roles in such a classification. The research of dynamical systems
with moduli have been originated by Palis, de Melo and Takens. Subsequently, Posthumus,
van Strien and others have studied enthusiastically this subject. See [dM, dMP, dMvS,
GPvS, NPT, Pa, PT, Ta]. Our study in this thesis is based on results of Palis [Pa], de
Melo [dM] and Posthumus [Po].

We will finish this section by introducing their results. First, we consider the case of
dim M = 2. Suppose that f; (i = 0,1) are elements of Diff*(M) with two saddle fixed
points p;, g; such that W*(p;) and W*(q;) have a quadratic heteroclinic tangency r; and
there exists a homeomorphism h : M — M with f; = ho fooh™!, h(po) = p1, h(q) = @1
and h(rg) = r1. See Figure 1.11 (1). Then, under some moderate conditions, Palis [Pa]
log [Ao|  log ||
log |po|  log ||

the expanding eigenvalue of D f(g;). This means that m(f;) =

proved that , where )\; is the contracting eigenvalue of D f(p;) and y; is

1 ,
08 |\i is one of moduli.
log | i

Following his result, de Melo [dM] studied the moduli of the stability of two-dimensional
diffeomorphisms f, that is, a minimal set of moduli which parametrizes the topological
conjugacy classes of f in Diff"(M). He detected moduli of stability for some classes
of two-dimensional diffeomorphisms. In [dM], he also showed that the restrictions of
the conjugacy homeomorphism h on each W*(pg) \ {po} and W*(qo) \ {qo} are local
log [ Aol

diffeomorphisms if is irrational.

log |10
Subsequently, Posthumus [Po] proved that the homoclinic version of Palis and de Melo’s

results. In fact, he proved that, if f; (i = 0, 1) has a saddle fixed point p; with a homoclinic

15



W*(po)

Aoy W*(po)
. "o W (po)
AV
W*(qo)
. Mo
G| ho  We(g) o
) N

(1) (2)

Figure 1.11: (1) The situation in Palis’ case. (2) The situation in Posthumus’ case.

log [Ao|  log|Ay]
log |po| - log |p1]
and expanding eigenvalues of D f(p;), respectively. See Figure 1.11 (2). Moreover, if
log | Ao|
log | o]

For 2-dimensional diffeomorphisms, various results related to moduli concerning eigen-
values are obtained by some authors; see for example [dMP, dMvS, GPvS, PT]. However,
in all of these results, the assumption that the tangency is quadratic or one-sided is crucial.
In fact, some of their arguments do not work in the case that ¢ is a two-sided tangency,
see Remark 2.9 for the reason.

quadratic tangency r;, then holds, where \; and p; are the contracting

is irrational, then the eigenvalues are also moduli, that is, \g = A1 and pg = p1.
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Chapter 2

Moduli of surface diffeomorphisms
with cubic tangencies

In this chapter, we study conjugacy invariants for 2-dimensional diffeomorphisms with
cubic homoclinic tangencies (two-sided tangencies of the lowest order) under certain open
conditions. Some of arguments used in previous works of conjugacy invariants associated
with one-sided tangencies do not work in the two-sided case. We present a new method
which is applicable to the two-sided case.

2.1 Moduli of surface diffeomorphisms with cubic tangen-
cies

The following is the main result in this chapter.

Theorem 2.1. Suppose that M is a closed surface with Riemannian metric. Let f; (i =
0,1) be elements of Diff3(M) each of which has a saddle fized point p; and a homoclinic
cubic tangency q; associated with p; and satisfies the following conditions.

(A1) Fori=0,1, there exists a neighborhood U(p;) of p; in M such that f|y(p,) is linear.

(A2) fo is topologically conjugate to fi by a homeomorphism h : M — M with h(py) = p1
and h(qo) = q1.

(A3) FEach f; (i = 0,1) satisfies the small expanding condition and one of the adaptable
conditions with respect to (pi,q;) in Section 2.8.

Then (M1) and (M2) hold, where \;, p; are the eigenvalues of D fo(p;) with 0 < |N;| <
1< [pql-

(M1

log |Ao| _ log|Ai
log [po|  log |p]

log [ Ao
log o]

(M2) Moreover, if is irrational, then ug = u1 and Ag = A1.
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Here we say that fy satisfies the small expanding condition at pg if |puo| = 1 + & with
0 < € < gq for the constant ¢y given in Lemma 2.6. Note that this condition depends
on local expressions of fy such as (2.2) near py and (2.5) near f)"(gop). In Section 2.2,
we present a codimension two submanifold C of Diff3(M) such that any element of C
sufficiently close to fp also satisfies (A3). In the case that f is of class C°°, we know from
Sternberg [St] and Takens [Ta] that (A1) is an open dense condition in Diff>(M).

Though we only consider the case of cubic tangencies, we believe that our method still
works in the case of two-sided tangencies of higher order. So we propose the following
question.

Question 2.2. Is it possible to generalize our theorem to the case where diffeomorphisms
have two-sided homoclinic tangencies of higher order ?

We will finish the introduction by outlining the proof of the main theorem. Let f; be
a diffeomorphism satisfying the conditions of Theorem 2.1. We may assume that gg and
ro = ¢(qo) are contained in Wi (po) and W (po) respectively, where ¢ = fi™ for some
positive integer mg. For the proof of Theorem 2.1, we need to find out a useful connection
between the eigenvalues p; and A; for ¢ = 0,1. By applying Inclination Lemma (Lemma
1.7), we have a sequence {oj:} of arcs in W*(po) which meet W}J (po) transversely at single
points 2o\ and C? converge to a sub-arc of W% (po). See Figure 2.5. Then ¢(a¥) contains
an S-shaped arc ’y(’m framed by the rectangle S, as illustrated in Figure 2.1. We note that

Wi (Po)

To

Ao
Z[)/\g 4
\ )
< Wit (Po)

Figure 2.1: 'y(’)m is an S-shaped arc. 77 and 7 are compressed S-shaped arcs near qg
induced from 7y ,,.

such arcs ’y{m are subtle and vanish eventually as n — oco. See Figures 2.6 and 2.13. Since
h is not supposed to be smooth, one can not expect that h sends 7(/),71 to an S-shaped curve
in W*"(p1). However Intersection Lemma (Lemma 2.7) shows that it actually holds, which
is a key lemma in our argument. For the proof, we send 76,71 to a curve 7; in a small
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neighborhood of g by f;° for some ug € N and pull it back near 9 by ¢. Repeating this
process many times, one can amplify 4; and finally have a compressed S-shaped curve 7
near g the diameter of which is substantial so that it can be distinguished by h. From
this fact, we know that h(7)) intersects a compressed S-shaped curve 7; in W*(py). It
follows that there exists a sequence {r,} with r, € vy, as illustrated in Figure 2.1 such
that 7, = h(r,) is contained in the corresponding S-shaped curve 75, in W*(p1). We
note that the images of r,, 7, by the orthogonal projections to the first coordinates are
represented as azoA{ + o(A7), aZoA] + o(A]) respectively for some non-zero constants a,

a. One can take subsequences {n(k)}, {m(k)} of N such that fg)n(k) (Tn(k)) converges to
a point g € W (po). Then f{n(k) (Tn(k)) also converges to h(zo) € Wil (p1). By using
m(k)  logXg m(k)  log\

- _ = — . This
n(k) log 1o n(k) log i1
proves the assertion (M1). The assertion (M2) is proved by (M1) together with standard
arguments in [dM, Po].

this fact, we will show that limy_,

and limy,_,

2.2 Preliminaries

a
Let {a,}, {bn} be sequences with non-zero entries. Then a,, ~ b, means that b—n — 1 as

n
n — oo, and a, ~ b, means that there exist constants C' and C’ independent of n with
a
0 < C" <1< C and satisfying C" < b—n < C for any n. Suppose next that {a,}, {b,} are

n
sequences with non-negative entries. If there exists a constant ¢’ > 0 independent of n

and satisfying a,, < C’b,, for any n, then we denote the property by a, 3 by.

~

Throughout the remainder of this chapter, we suppose that M is a closed connected
surface and f : M — M is a C? diffeomorphism with a saddle fixed point p. Let u, A be
the eigenvalues of D f(p) with

(2.1) 0< A\ <1<|pl

Suppose moreover that f is C3 linearizable in a neighborhood U(p) of p in M. Then there
exists a C3 coordinate (z,y) on U(p) satisfying the following condition:

(2.2) f(z,y) = (pz, Ay)

for any (z,y) € U(p). In particular, this implies that p = (0,0), Wt .(p) := {(z,y) €
U(p); y = 0} € W*(p) and Wig.(p) := {(z,y) € U(p); z = 0} C W*(p).

Let C be the subspace of Diff3(M) consisting of elements f € Diff3(M) satisfying the
following conditions (C1)—(C3).

(C1) f has a saddle periodic point p.
(C2) There exists a homoclinic cubic tangency ¢ associated with p.

(C3) f satisfies the adaptable conditions in the sense of Section 2.8 with respect to p, q.
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Note that C is a codimension two submanifold of Diff*(M).

Let ¢ be a cubic tangency of W"(p) and W*(p). We assume that ¢ is contained in
Wit .(p) C U(p) if necessary replacing ¢ by f~"(q) with sufficiently large n € N. For the
point ¢, there exists my € N such that r := f™0(q) € W _(p) C U(p). Then one can
rearrange the linearizing coordinate on U(p) so that ¢ = (1,0), » = (0,1). Moreover, we
may suppose that

U(p) = [_2’2] X [_2’ 2]7 MZC(p) = [_272] X {O}v VVlic(p) = {0} X [_272]'

Let U(q), U(r) be sufficiently small neighborhoods of ¢, r in U(p) respectively. Then the
component L*(q) of W#(p) NU(q) containing q is represented as

L*(q) = {(z +1,y) € Ulq); y = v(x)},

where v is a C? function satisfying

(2.3) v(0) =2 (0) =2"(0) =0 and v"(0) #0.

Similarly, the component L*(r) of W*(p) N U(r) containing r is represented as
LY(r) ={(z,y + 1) € U(r); x = w(y)},

where w is a C? function satisfying

(2.4) w(0) = w'(0) =w”"(0) =0 and w"(0) #0,

see Figure 2.2

Figure 2.2: ¢ and r are homoclinic cubic tangencies associated with p.

Recall that ¢ = (1,0), 7 = (0,1) are cubic tangencies between W*(p) and W*(p) and
f™(q) = r for some my € N. We set f™ = ¢ for short. By (2.3) and (2.4), ¢ is
represented in U(q) as follows for some constants a, b, ¢, d, e.

(2.5) @z +1,y) = (ay + bry + ca® + Hi(x + 1,y), 1 + dz + ey + Ha(z + 1,y)),
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where Hy, Ho are C? functions satisfying the following conditions.

Hi(1,0) = 0,H1(1,0) = 0y H1(1,0) = 04, H1(1,0) = 05y H:1(1,0)
H(1,0) = 0,H>(1,0) = 0, H>(1,0) = 0.
Since ¢ is a diffeomorphism,
a,d #0.

The fact that ¢ is a cubic tangency implies
c# 0.
Here we put the following extra open condition.
(2.7) b#0.
By (2.5) and (2.6), the Jacobian matrix of ¢ at (z + 1,y) is given as follows.

by + 3cx? + O, Hi(z + 1,y) a+ bz + 0yHy(x + 1,y)]

Dp(z+1,y) = [ d+ 8, Ho(z + 1,y) e+ 0, Hy(x + 1,y)

(28) by +3ca? + o(2?) + o(y) + O(zy) a+bx+o(z) + O(y)

- [ d+O(x) + O(y) e+ O(z) + O(y) ] '

Here we only consider the case satisfying the following condition, which belongs to Case
114+ in Section 2.8.

(2.9) O<A<lLiu>1,a>0,b<0,¢>0,d<0.

See Figure 2.3 for the situation of Wi _(p) and W _(p) in the case of (2.9). Note that (2.9)
implies the extra condition (2.7).
One can set = 1 + ¢ for some ¢ > 0. We only consider the case that ¢ is sufficiently

small.
Consider the rectangle R. = [1 +¢, (1 +¢)3] x [0,€%] in U(q). By (2.5),

©(14¢,0) = (ce® + 0(e?),1 4 de + o(¢)),
o(1+¢,6%) = ((a+c)e® + 0(e?),1 4 de + o(¢)),
(2.10)
o((1+¢)3,0) = (27ce® 4 0(e?), 1 + 3de + o(¢)),
o((1+¢)3,e%) = ((a+27¢)e® + 0(3), 1 + 3de + o(e)).

Let pr, : U(p) — Wi (p) and pr, : U(p) — Wy .(p) be the orthogonal projections with
respect to the linearizing coordinate on U(p). Then there exist constants 79, 71 with
0 < 19 < 71 independent of € and satisfying

(2.11) pr,(¢(R.)) C [roe?, m?).
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Wlic (p)
L
AY \\
h P Z q Wloc (p)
A l

Figure 2.3: The case of I1 .

Since d < 0 by (2.9), it follows from (2.10) that
(2.12) pr,(p(Re)) C [L+3.5de, 1+ 0.5de] C [1 + 4de, 1.

For any « € R, let ug = wug(x) be a uniquely determined positive integer such
that fi(p(x)) € U(p) for i = 1,...,up and pr (f*(¢(x))) C (1 + €)%, (1 +¢)?]. Since
pr, (f* (p(x))) = p"opr,(p(x)),

1< (1+4¢)% < p“pr,(o(x)) < Tpuoss.
Since pr, (¢(x)) < 1 by (2.12), it follows that

pr, (f*(p(x))) = A*pr, (p(x)) < A™.
Consider the following conditions for ¢ > 0:
(2.13) m<e ! and (1+¢)?2 = pe < AL
If these conditions are satisfied, then the following inequalities
(2.14) 1 <14e<p“pr,(p(x)) < mpoed < ptog?
hold. This implies that

br, (£ (@) = Npr, (p(a)) < A < =30 < %

Thus the positive integer ug(x) satisfies
(2.15) Fo@ (p(@)) € R.

for all x € R.. See Figure 2.4.
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. FO@ (o) g
R,
%Ra F@ (o(R,)) i/ /
l+e (1+4¢)? (1+¢)3

R
P TN Wit (p)

1+e (1+¢)? (1+¢)3

Figure 2.4: The rectangles R. and f“(®)(p(R,)) for = € R..

2.3 Sequence of Rectangles

Let f : M — M be a C? diffeomorphism given in Section 2.2. In particular, f satisfies
the linearizing condition (2.2) on U(p). As is seen in Subsection 1.4, W*(p) and W*#(p)
have a transverse intersection point other than p. Let 0" be a segment in W} (p) with
Inté* O {p,q}. Then, by Inclination Lemma (Theorem 1.7), there exists a sequence
{a¥}% , of arcs in W¥(p) C? converging to §* and satisfying the following conditions:

o of meets W (p) transversely in a single point 2o = (0, 2o).

e Each af contains f™(z¢) = (0,20A"), and the intersection & = a¥ NU(q) is an arc
meeting L®(q) transversely in a single point ¢, for any sufficiently large n > 0.

See Figure 2.5. Note that «f is represented by the graph of a C3-function 1o : 6% — R,

L*(q)
\ u
20 \ g
\\
Zo/\n ha Y a

Cn,
=T "
P c\ J

Figure 2.5: A sequence {a%}2° , C3-converging to J%.

that is, off = {(z,yo(z)); z € ¢"}. Then each o is represented by the graph of the
function ¥, : 0% — Ry with

(2.16) Yn(x) = N'yo(p "x) for =€ "
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We parametrise &% in [(1+¢)73, (1 +¢)3] by an(t) = (t + 1,9,(t)) with (1 +¢)72 -1 <
t < (1+¢)3—1, where ,(t) = yo(t + 1). By (2.5) and (2.8),

(2.17) (an(t)) = (agin(t) + btjn(t) + ct® + h.o.t., 1 + dt + efn(t) + h.o.t.),
(218)  Dgplan(®)(@h(0) = (ag(t) + bin(t) + BFp(1) + 3t + hout.
d + eg,, (t) + h.o.t.),

where the primes represent the derivative on ¢t and ‘h.o.t.” denotes the sum of the higher
order terms on t. By (2.16),

|9 ()] = lyn(t+ 1) = X6 yo(n™" (£ + 1))].
Suppose that o is the maximum of |y} (z)| on §*. Then
G ()] = lyn(t+ DI = X"u"yo(n " (t+ 1)) < XN'u™"o
for any n € N. This implies that
(2.19) |G ()] 3 X "
Suppose that d,, 4 (o, (t)) is vertical at ¢ = ¢,. Then lim,, , t, = 0 and, by (2.18),
bijn(tn) + (@ + bty) T, (tn) ~ —3ct2.
Since 7, (t) = A"2¢ and |7,,(t)] 2 A\*u~™, this condition is equivalent to
(2.20) 3ct? & —bijy(tn) = —bA" 2.
It follows that, for all sufficiently large n, dpq,, ) (v, (t)) is vertical at two points ¢, 4+ with

—bZ(]
3c

NE

Az2.

(2.21) b ~ +

Let £, + be the elements of [(1 +¢)™2 —1,(1 +¢)3 — 1] with £, — <ty _, tn+ < Iy .+ such
that (au(fy,4)) is the intersection point of p(ay,(t)) and the vertical line Ly, + tangent to
o(an(t)) at @(an(ty)). Let Sy, be the smallest orthogonal rectangle in U(r) containing
the four points ¢(an (tn,—)), @(an(tn-)), @(an(tn+)), @lan(tn+)). See Figure 2.6.

Now we will estimate the size of S,,. Let D,, be the distance between S,, and W} _(p).

Then
Dn ~ agn(tn,Jr) + btn#r:'jn(tnﬂr) + Ct?z,—f—
bzg [ —bz

—bzg | 3
Asn _ 220
3c T 3V e

By (2.5), the width Wy ,, of S), is represented as

(2.22)

~ azoA\" + bzo A2" AP

Won = (a?jn(tn,—) + btn,—gn(tn,—) + Cti,—) - (agn(tnd-) + btn,-l-gn(tn,-k) + Ct%,-{-)
= a(Jn(tn,—) = Intn+)) + b(tn,~Gn(tn,—) — tn+Gn(tn+)) + C(ti,— - ti,—i—)'
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WOA n

play) PR
o(an(tn,—)) —----
D, —
; Sn
@(6%) K o(an(tn,-))
\ Sn HO,n
' |M W(a'rL(trL7+))
lan(in )
Wise(p)

L'IL,— Ln.,+

Figure 2.6: The smallest orthogonal rectangle S,,.

It follows from Mean Value Theorem together with (2.19) that

G (tn=) = Gn (b )| 3N b= — o] ~ A2

Moreover, by (2.21), we have

_bgn(tn —) _bgn(tn —l—)
C( n,— n,+) c ( ) < 3c > + < 3¢

b _ ~
= _g(tn,—yn(tn,—) - tn,+yn(tnv+))'

Since

tn,—gn(tn,—) - tn,+gn(tn,+) = (tn - —tn +)Zjn(tn,—) + tn,+(gn(tn,—) - yn(tn,+))

~ —y/ bzox 2\ 4+ O (A% -)\%”u—”> ~ AR

2b
(2.23) Won ~ O(A2"u™™) + 5

Next we estimate the height Hy, of S,. For that, we estimate WOn again by usmg
tn + and t, 4 instead of ¢, — and ¢, 4. Since tn + > tn 4, one can set tn + =thy + pn)\Q
for some p, > 0.

Won = a(?jn(fnd—) - gn(tn,-i-)) + b(fn,-l-gn({n,-i-) - tn,-l-gn(tn,-i-)) + C(fi’_’_ - t?m,—)
= (@ V) nFnct) = Gan2) + e = b Dl + el — 83

we have

~ ~ 3
(tn,fyn(tn,f) - tn,+yn(tn,+)) ~ A2
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Again by Mean Value Theorem together with (2.19),

n

~ 7 ~ _ n 3 —
‘yn(tn,-‘r) - yn(tn,+)| ST ppAZ = pp A2
Moreover, we have
~ - n 3
(tn+ — tn 4 )Un(tn,4) ~ puA2 - A" = ppA2"
and

n 3
by = o = 30p N b + 3pp 2ty L+ pOAS"

~ <3pn\/ “be b pi) PuAE".
3¢ c

—bz 3bz
Won ~ (au_" + bzp + 3pn 0 _ TO + pi) pn)\%".

This shows that

)

Since Wy, ~ )\%", it follows that p, ~ 1 and hence t~n7+ ~ 2. Similarly —t~n,_ ~ A2.
This implies that

(2.24) Tnt| ~ A2,
Therefore we have
Hopn = (1+dty— + efn(tn-)) — (1 + dtn+ + efn(tn+))
= d(fn,~ — fn4) + e(n(fn,-) = Gulin 1)) ~ AF +OAT"u™") ~ A3,

In particular, {S,} is a sequence of rectangles converging to the cubic tangency r.

(2.25)

2.4 Slope Lemma

Let v = [ZL] € Tx(M) be a tangent vector at € U(p) with u # 0. Then we say that
lvu~1| is the (absolute) slope of v and denote it by Slope(v).

Consider any tangent vector vg = €Ty (M) at € = (z+1,y) € R. with |§] < ez

1
J
We set v, = Do(z + 1,y)(vo) and v1 = D f*(¢o(z + 1,y))(vg). By (2.8),
d + e

Sl t z‘i
ope(vo) |3cx? 4 ad|
Since ¢ < x and |0| < 5%7

d+ ed d| + |ed d| + |ec?

Slope(vy) ~ | ;l—e| < | ]2+|e] < | |+‘€52‘5
3cx? + ad|  [3ca?| = [ad] T |3ce2| — |ae3|

\d| + lee3| _, || +]es3| 1 _s
=i = ———71¢€2-¢ 2
|3¢c| — |ae?]| |3¢c| — |ae? |
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By taking e; > 0 sufficiently small, for any 0 < € < €1, we have

1 |3d| 1
€2 - 2 < —¢2
|3¢c| — |aez| |2¢]

Then,by (2.13) and (2.14), we have

_ I+ et

[Sfe
[Nl

Slope(vy) e <1673,

ol

Slope(v1) = Slope(vj)A“p~"0 < 5*%)\“‘)#7“0 < afg;f%“‘) <e 3P =e3.

Thus we get the following lemma. See Figure 2.7.

\

T

©
V1 -
JRICIEY) \
£ (p(Re) |R£ ——
U 1+e (14 ¢)? (1+¢)3

Figure 2.7: The tangent vectors v, v( and v;.

Lemma 2.3 (Slope Lemma I). Suppose that f satisfies the conditions (2.13). Then there
exists a constant €1 > 0 such that, if € € (0,e1], then

N

(2.26) Slope(v() < e3  and Slope(vy) < e

ot

for any tangent vector vy € Ty (M) at x = (x + 1,y) € R. with Slope(vg) < e2.

Fix a sufficiently small s > 0 and set pr,(S,) = [s,,,s,] for n € N. If n is sufficiently
large, then [s,,, s;] C (0,s]. Let B%(s) be the component of ¢(a%)Npr;1((0,s]) containing
o(an([tn—,tn+])). For any z € BY(s), let j,(x) be a positive integer such that f7(z) €
U(p) for j =1,...,jn(x) and pr (f»® (x)) € [1 +¢, (1 + ¢)?]. For any € > 0, one can
take s so that pr,(f7(®)(x)) € R, for any x € 8%(s). Let v(x) be a unit vector tangent
to B¥(s) at .

The following result is applied to f; in the proof of Theorem 2.1.

Lemma 2.4 (Slope Lemma II). Let 1 be the constant given in Lemma 2.3. For any
e € (0,e1], there exist s > 0 and ng € N such that

N

Slope(D f(®) (z)(v(2))) < ¢
ifn>mno and © € 5(s) \ Sp.
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Proof. We only consider the case where x is an element of 8%(s) \ S, with pr,(z) > s;.
Then t > #, 4 holds if p(ay,(t)) = . The proof in the case of pr (z) < s, is done quite
similarly. Since p, ~ 1 and fn7+ =tn4+ + pn)\%, t—tn 4+ > fn,+ —tn4 ~ Az. This implies
that

(2.27) 2 —tp  ~ DA

In fact, if t =t > &, then t? —t2 | = (t—tn 4 )(t+tn ) > % and hence (2.27) holds. On
the other hand, if t — ¢,y < §, then ¢t < 2¢, 4 and so t ~ A2, Tt follows that t +t, 4 ~ A2
and ¢t —t, 4 ~ A2. Then t*> —¢2 | ~ A" ~ t2. Thus (2.27) holds.

)

We set &n(t) = pr,(z) = pry(p(an(t))). By (2.17),

En(t) = afn(t) + btjn(t) + ct® + hoo.t.,

(2.28) , - ~ i 9
En(t) = ag, (t) + byn(t) + bty, (t) + 3ct” + h.o.t..

From the definition of j,(x),
g (1) = 1, () = pr, (P (@) € 142, (1+ ]

This implies that p/»(®)¢,, () ~ 1. We note that &, (t,+) = 0. By Mean Value Theorem,
Un(t) = Gn(tn+) = Jn(c)(t — ty+) for some t, y < ¢ < t. From this fact together with
(2.16), (2.19), (2.27) and (2.28), we know that

€(1) = E4(0) — €t s) ~ 2 — 2, o 12,
By (2.18), Slope(v(z)) ~ t~2. Hence we have

(2.29) Slope(D f77®) (x)(v(x))) = Slope(v(x)) ~ 2N @) (1),

Now we need to consider the following two cases.
Case 1. ct® < afin(t). By (2.28), &u(t) ~ A" Since t72 < A™™ by t = A%, it follows from
(2.29) that

Slope(D f77®) (z)(v(x))) I AN @)\ = \in(@),

Case 2. ct3 > afj,(t). Again by (2.28), we have &,(t) ~ t3. Then, by (2.29),
Slope(D f77(®) (x)(v(x))) ~ t 2N @3 = (AIn(@) < \in(@),

Let ng(s) be the minimum positive integer with S:O () <5 Since no(s) goes to infinity

as s — 40, one can take s = s(¢) > 0 such that our desired inequality holds for any
x € [r(s)\ Sn- O
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2.5 Sequence of rectangle-like boxes

Now we will define a sequence { By, };2, of rectangle-like boxes and estimate the sizes of
them.

Recall that pr,(S,) = [s;,,s;}]. Let i, be the positive integer with (1 + €)% < pins <
(1 +¢)3. By (2.15), f»(S,) is contained in R. for any sufficiently large n. We set
fi(S,) = B1, = By for short. Since s;7 ~ A" by (2.22) and (2.23), we have

(2.30) P A" ~ 1.

We denote the width and height of By and the distance between B; and W} (p) by
Win = Wi, Hi,, = Hy and Ly, = Lp respectively. It follows from (2.22), (2.23) and
(2.25) that

(231) Wl,n ~ )\%nuln ~ )\%7 Hl,n ~ A%+in7 len ~ )\in_

Note that, for any sufficiently large n, Hy < L; < Wj. Consider a closed interval 7 in
Wit (p) which is a small neighborhood of pr,(By).

Let 1)2(1), e (i = 0,1,2,3) be the vertices and edges of Bj as illustrated in Figure

)

2.8 (a). We consider the image ¢(Bj). By Lemma 2.3, for i =0, 2,

‘P(”;l))
p(es) / P(B1)
1
w8 X o))
B/
' p(vs")
) —
99(60 ) (1)
wler’)
»(d1)
o(vi”)
m (1)
v§1> 6(1) )
2
AN B, o
" eél) A
Vg LJ /u§l) .,
61 C W (p) 1 1 Wi (p)
W 2

Figure 2.8: The rectangle By and the parallelogram-like box Bj.

Wl
|3

diam (pr, (ip(ef)))) £ e3W1 ~ e3AE.
On the other hand, for i =1, 3,

diam (pr, (¢(ef"))) 3 Hy ~ AETin,

)
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5
2

Since A"e~2 can be supposed to be arbitrarily small for all sufficiently large n,

&
+=
|
8
=
Y
™
)
=
|
S
>
N
+
3
~—
2
™
ol
>
0|3
|
)
—
>
B
<
s
~—

2.32 in
( ) —e3)3 <1 — o )> ~E3NE,

where ajs_l) = prx(¢(v§1))) and 2z = prx(cp(vél))), see Figure 2.8(b). Let Bj be the
intersection pr;l([$g),x$)]) N ¢(B1). Any compact region in U(p) like B is called a
parallelogram-like box.

Let u; be the positive integer with (1+¢)? < ,u“lxsrl) < (1+¢)3. By (2.15), f“1(BY)) is
contained in R, for any sufficiently large n. We denote f"*(B]) by B2. We call that any
compact region in U(p) like By is a rectangle-like boz.

Let B be either a parallelogram-like or rectangle-like box. The horizontal width of B
is the diameter of the interval pr,(B). The wvertical height of B is the maximum of the
lengths of n(zg) with xo € pr,(B), where n(x) is the intersection of B and the vertical
line © = xy. See Figure 2.9 in the case of B = Bf. Suppose that B is a rectangle-like

(o)

Bj >(

©(d1)

Wlléc (p)

Figure 2.9: A vertical segment 7(zo) connecting the opposite pair of edges of the
parallelogram-like box Bj.

box and ¢ is an almost horizontal arc in U(q) with BN = () and pr,(B) C pr,(d). Then
the vertical distance between B and 0 is the maximum of o(x;) with z; € pr,(B), where
o(x1) is the length of the shortest segment in the vertical line x = x; connecting B with
J.

Let 62 be a sub-arc of f*(p(d1)) C W*(p) such that pr,(d2) is a small neighborhood of
pr,(B2) in W% (p). See Figure 2.10. We denote the horizontal width and vertical height
of By and the vertical distance between B and do by Wa, Ho and Lo respectively. By
(2.14), (2.31) and (2.32),

(2.33) Wy = (m(ﬁ - a:(_l)),uul z sg)\%,u“l > 8_%Tf1)\% ~ eI W,

30



For any x¢ with :c(_l) <z < :c(+1), n(xo) is a vertical segment connecting go(egl)) with

cp(egl)). By this fact together with (2.26), one can show the vertical height H{ of Bj
satisfies H| 3 Hie 3. Tt follows from (2.13) and (2.14) that

(2.34) Hy = XN"Hj 3 M_%uléi_gf-h < (62)%5_31—[1 —e2H,.

Let Lo be the vertical distance between Bs and d2. By using an argument similar to that
for the estimation (2.34), we have

(235) L2 j 8%_[/1.
The following lemma is obtained immediately from (2.33), (2.34) and (2.35).

Lemma 2.5. Lete; > 0 be the constant given in Lemma 2.3. Then there exists a constant
g0 € (0,e1] such that, for any € € (0,20), the inequalities

Wo > 10Wy, Hy <107'H, and Ly <107'L4
hold.

If y =1+eforane € (0,g9), then we say that f satisfies the small expanding conditions
at p.
We repeat the process as above. Let Bj be the subset of ¢(Bz) cobounded by the

vertical lines = = 2% and 2 = xf) passing through two of the four vertices of ¢(Bs) and

satisfying [m@,xf)] C Int(pr,(¢(B2))). Let up be the positive integer with (1 + £)? <
/ﬂ‘?xf) < (1+¢) and f“2(Bb) C R. for sufficient large n € N. Set B3 = f“2(B%). Let d3
be a sub-arc of f“2(¢(d2)) such that pr,(d3) is a small neighborhood of pr,(B3) in W} (p).
We denote the horizontal width and vertical height of Bs and the vertical distance between
Bs and 03 by W3, Hs and L3 respectively.

The objects By, ug, Bit1, 0k, Wit1, Hiy1, L1 (k= 3,4,5,...) are defined induc-
tively if
(2.36) Bj C R,
for j=1,2,... k.

The top and bottom sides of the rectangle By are horizontal and vy = By N W¥(p)
consists of three proper arcs in B;. By Slope Lemma I (Lemma 2.3), for k = 2,3,---,
the top and bottom sides of the rectangle-like box Bj are almost horizontal and v, =

B, N W*(p) consists of three proper arcs in By. See Figure 2.12. Thus we have the
following lemma.

Lemma 2.6. Let €9 > 0 be the constant given in Lemma 2.5. For any € € (0,eq], there
exists the mazximum integer ko = ko(g,n) satisfying (2.36). Moreover,

(2.37) Wig1 > 10Wy, Hpy <107'H, and Ly <1070,
hold for any k=1,2,..., ko.

See Figure 2.10 for the situation of Lemma 2.6. We note that, since Wi = Wy, ~ A2
by (2.31), lim,,_,« ko(e,n) = oo for a fixed € with 0 < € < &.
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Figure 2.10: The pairs of the rectangle-like box By and the sub-arc §; of W"(p) for
k=1,2,... k +1.

2.6 Intersection Lemma

Recall that C is the codimension two submanifold of Diff®(M) defined in Section 2.2. Let
fo, f1 be elements of C satisfying the conditions (A1)—(A3) in Theorem 2.1. In particular,
e > 0 is taken so that Slope Lemmas I and II (Lemmas 2.3 and 2.4) hold. Moreover, we
suppose that fy, fi satisfy the condition (2.9), which is one of the adaptable cases given
in Section 2.8.

From now on, we set fy = f and use the notations in Sections 2.2-2.5. Here the
subscription ‘0’ is omitted from the notations. For example, \g = A\, pug = i, po = p,
go = q and so on. We also set f; = f and represent the notations for f by adding bars to
the corresponding notations for f, e.g. \, 71, P, g, Mo, Sn, Br, W and so on.

Let h : M — M be a homeomorphism with f = ho f o h=!. Here we note that h(r)
is not necessarily equal to 7. In fact, h(r) = 7 if and only if mo = T or equivalently
% =hoypoh ', We may assume that mg < T if necessary replacing f and f. Then
h(fmo—mo(r)) = 7. Since the constants appeared in (2.5) depend on the coordinate on
U(p), one can not replace the coordinates on U(p) or U(p) so as to satisfy h(r) =T.

For any C! arc a in U(p), the union of the end points of a is denoted by da. When
any vector tangent to a is not vertical, the maximum Slope(«) of Slope(v(x)) for vectors
v(x) tangent to o at € « is well defined.

If s > 0 is small enough, then 767,1 = [(s) NS, is equal to aft NS, for any sufficiently
large n € N.

The following is a key lemma for the proof of Theorem 2.1.

Lemma 2.7 (Intersection Lemma). Let vy, = B,,(s) NS, and 7, = Bn(3)N'S,. Then
there exists an ng € N such that, for any n > ng,

(2.38) h(f™7"(Y0,0)) N Fo .0 # 0.

Proof. We suppose that, for any ng € N, there would exist n > ng such that
’yé)jkn N 76,11 = @,

where g%, = ho f07"0(~g ), and introduce a contradiction.
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Recall that i, € N satisfies (1+¢)% < fin(s}) < (1+¢)? and f(S,) C R.. For short,
we set

N =m="(0,) and A =71, = h(n).

Then v = fzni(mofmo)(’ya:n). Since h(q) = gand f = hofoh™!, we have h(1) = 1, h(1+
e)=1+¢, h((14+e)?)=1+2)?2 h((1+e)?) =(1+2)and 1+ <pr,(7]) < (1+8)>
Strictly, 7] may slightly exceed Rs. Then we may rearrange our argument so that Lemmas
2.3 and 2.4 for f still hold if 4} is contained in a sufficiently small neighborhood of Rs.
Then, by applying Lemma 2.4 to f, one can show that 4} is a sub-arc almost parallel to
51 C Wt.(p) and Slope(vf) < 23 for any sufficiently large n.

The intersection 7] = ¢(y1) N B} consists of mutually disjoint three arcs connecting
the vertical sides of Bf. See Figure 2.11. We set v2 = f“1(v}) and 75 = h(y2). Note that

A

Y2
o By
:'%. s
—
01
B

7

Figure 2.11: 74 is a disjoint union of arcs connecting the vertical sides of B} and 2 is a
disjoint union of three proper arcs connecting the vartical sides of Bs.

~2 is a disjoint union of three proper arcs in Bs connecting the vertical sides of By. Let
75 be the smallest arc in W%(p) containing 75. By applying Lemma 2.4 to f, we have
Slope(75) < z2. In particular, 73 is almost parallel to d2. Repeating the same argument,
one can have sequences {~;} satisfying the following conditions.

e FEach v is a disjoint union of three proper arcs in By connecting the vertical sides of
By,.

e For each v} = h(vx), the smallest arc 7} in W*(p) containing v} is almost parallel to dy.

See Figure 2.12.

Take x € ~y, arbitrarily and set * = h(x) € 7;. Since h is uniformly continuous on Rk,
for any [ > 0, there exists [ > 0 independent of = such that ho f0~™0(Ny(x)) C Ny(x*),
where N;(z) is the [-neighborhood of & and N;(z*) is the [-neighborhood of * in M. If n is
sufficiently large, then N;(x) must intersect the three arcs of 7. However, N;(z*) intersects
only one arc of ;. This gives a contradiction. Thus (2.38) holds for all sufficiently large
n. U
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Figure 2.12: Nj(x) intersects the three arcs of v, but N;(x*) intersects only one arc of
Vi

2.7 Proof of Theorem 2.1

Now we are ready to prove Theorem 2.1. The proof is done by using our Intersection
Lemma (Lemma 2.7) together with arguments in [dM, Pa, Po] and so on. We only consider
the case where both f and f satisfy the condition (2.9), which belongs to Case Il | in
Section 2.8, and the small expanding condition at p and p respectively. The proof of any
other adaptable case is done similarly.

Proof of (M1) of Theorem 2.1. By Intersection Lemma (Lemma 2.7), one can take 7,, €
Yo Mo [0 (4 ). Since T, converges to T as n — 00, 1, = (ho f07m0) (7, ) € 4f
converges to r as n — oco. See Figure 2.13.

®
g

ho fmo—mo

>
>

?n

/

\héfm"m‘) (70 )

!/

7o \n

Figure 2.13: For 7, € 7, Nho 070 (g ), my = (ho f7070) "1 (T,) € 7, converges
to r as n — oo.

Let Wi ,(p) be the component of Wy (p) \ {p} containing ¢. Take a fundamental
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domain D for f in Wy. , (p). Then there exist subsequences {r,} C {rn}, {m(k)} of N
and xy € D satisfying the following conditions.

® (k) converges to r as k — oo.
° T, = fm(k)(rn(k)) converges to &g = (x0,0) as k — oo.
® Qi) = gp_l(rn(k)) converges to g as k — oo.

Then
= i = li m(k)
zo = lim Py (T ()) Jim Py (T (i) )

— lim az ( AR 4 O A%nw))) L)

k—o0

= lim azpA™®) k),
k—o0

It follows that limj_,eo A" mk) = To

0 < Cp < (7 and such that

Then there exist constants Cy and Cy with
azo

Co < AME) k) « oy
for any k. Taking the logarithms of this inequalities, we have
log Cy - logA  m(k) - log Cy
n(k)logp ~logp — n(k) ~ n(k)logu

k log A _
This shows that lim m(k) - 9% . By applying a similar argument to f, one can prove
k—oo n(k) log 1t

lim A™(R) (k)= (mo—mo) — h(zo)

k—oo azp
— (Mo — log A 1 log A
and hence lim m(k) = lim m(k) = (7o = mo) = - ogi\. Consequently, 08 A = og{\
k—oo n(k)  k—oo n(k) log i logp  logh
holds. ]

log A

Lemma 2.8. If is irrational, then the restriction h’Wﬂp) is locally C* diffeomorphic,

log p
where W1 (p) is the component of W*(p) \ {p} containing q.

Proof. Let s,, be the real number with pr,(r,) = p~*». Since pr,(ry,) ~ azy <)\” + O()\%"))
by (2.17) and (2.21), we have

1= pry(r)i™ ~azo (A" + O(AF") ) ™ =~ azoA"p.

Thus ¢, = azp\"u®" satisfies lim,,_, o, ¢, = 1. Moreover,

_logen, log(azp) B nlogA

2. n = .
(2.39) 7 Tog u log log
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. log A
Since —
log 11

is irrational, the set

1 1
{— og(az0) —nOg)\ mod 1; n:1,2,...}

log log

is dense in the interval [0, 1].
1,2,...} is also dense in [0, 1].

Take a point g of [1~1, 1] arbitrarily, and let o € [0, 1] be the real number with =7 =

xo. Since [p~1, 1] is a fundamental domain for f in W e+ (p), it follows from the density of

S that there exist subsequences {n(k)}, {m(k)} of N such that limy ;o (s,x) —m(k)) = 0.
Then

Since lim,,_o logc, = 0, the set S = {s, mod 1;n =

v = p~7 = lim o = g pr (o )™

= lim azp ()\"(k) + O()\%"(k))) ™) = lim azgA" k) mk),
k—o0 k—o0

Thus we have lim \"(F) (k) — Sy
. k—o00 azo -
Since f is conjugate to f via h, prx(Fn(k))ﬂm(k)_(mo_mo) converges to h(zp). As above,
we have
lim X°(8) gm0 —(mo—mo) _ h(@o)
k—00 azo
logii  log A _ T
If we set 7 = Iog = log ' then g = 7 and A = \7. It follows that
1
.'Eg — h(a:o)/jio—n’m.
a’ zg azo

Thus h’WféC N0 is a C! diffeomorphism represented as

azp -
)

h e
(‘r) ang im0 =m0
where Wi (p) is the component of Wy (p)\{p} containing g. Since W (p) = U,y " (Wi, . (p))

and both f and f are C? diffeomorphisms, h|W1(p) is locally C! diffeomorphic. This com-
pletes the proof. O

Proof of (M2) of Theorem 2.1. Take a sequence {g;} on Wlﬁc7+(p) converging to ¢q and set
t;j = ¢(gj). See Figure 2.14. Let t; be the image of ¢; by the horizontal projection to
W .(p). Obviously, both t; and t;- converge to 7 as k — oo. There exist subsequences

t; k of {t; s (K of N and a point X1 of W D with lim fl(k) t: k)) = T1. Then the
]( ) J loc ]( )
k—o0

following approximations

1 ~ pry(tig)p ™ ~ [d(t;(k),r)]SHl(k) ~ [d(gjr), )P '™
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Wi.(p)

< > W
T D G q*\ loc,+(p)

Figure 2.14: The case of I, .

hold. Tt follows that ') ~ [d(qj()> q)]?. Similarly, we have it k) +mo—mo) [d(Tr)> DI,
where @) = h(g;k)). Since h|W1(p) is locally C!-diffeomorphic by Lemma 2.8,

d(Gky» @) ~ d(q5()» Q)

—N\ —l(k = =\ 3
(N) (k) N (d(Qj(k)7Q)> ﬂ—(ﬁo—mo) o1
@ d(qj(k)» 9)
This implies that 4 = fi. By (M1), we also have A = \. This completes the proof of the
part (M2). O

Thus

Remark 2.9. Some arguments used in the case that the tangency between W#(p) and
W(p) is one-sided (for example [dM, Pa, Po]) can not be applicable to the two-sided case.
Here we explain the reason.

Suppose that a homoclinic tangency qq is one-sided, say a quadratic tangency. Take an
arc v in U(qo) meeting W (po) orthogonally at gg. Let {w;} be a sequence in  converging
to qo from above. Then

(2.40) d(wi, W*(po)) = d(wi, Wi (po))
holds. On the other hand, their images by the conjugacy homeomorphism A satisfy
(2.41) d(h(wi), W*(p1)) < d(h(w;), Wige(p1))-

log A1 < log Ao
log 1 ~ log o

See Figure 2.15 (a). By using (2.40) and (2.41), one can show that By
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W*(po)
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(b)

W w
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Figure 2.15: (a) The case of quadratic tangencies. (b) The case of cubic tangencies.

log A log A log A
applying the same argument to h~!, we also have 08 A1 > 8 0, and hence o8 _
log 1 — log o log 111
log )\0
log 1o

Now we consider the case of two-sided tangencies, say cubic tangencies, and {w;} is
a sequence as above. Then the approximation (2.40) still holds. However, the inequality
(2.41) would not hold as is suggested in Figure 2.15 (b). So it might be difficult to get the
log )\1 log )\0

‘ 0g i1 log o .
in the study of moduli associated with two-sided homoclinic tangencies.

inequality —— only by arguments in [dM, Pa, Po|. Thus we need another idea

2.8 Adaptable conditions

In this section, we will present conditions on the signs of a, bc, A and p under which any
arguments presented throughout the previous sections are valid.
Recall that we have set

U(p) = [_272] X [_27 2]7 ‘/Vféc(p) = [_272] X {0}7 VVlf)c(p) = {0} X [_272]‘

The union W (p) U W (p) divides U(p) to four components. The closures of these
components containing (1,1), (—1,1), (—=1,—1) and (1,—1) are called the first, second,
third and fourth quadrants of U(p) and denoted by Q1, Q2, Q3 and Qy4, respectively. In
our argument it is required that ¢(R.) or some substitution is in Q1. If R, lies in Q2,
then we may use

R: =1+~ 1+~ x [0,€]]

instead of R.. Then ¢(RZ ) isin Q1. See Figure 2.16. Thus one can arrange the placement
of p(R.) suitably under any conditions on the signs of a, bc, A and pu.
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Figure 2.16: (1) p(R:) is in Q1. (2) ¢(R7) is in Q.

Definition 2.10 (Adaptable condition). f satisfies the adaptable condition with respect
to (p,q) if, for all sufficiently large positive integers n (or positive even or odd integers),
there exists a rectangle S,, defined as in Section 2.3 and either S,, or its image f(.S,) lies

in Ql-

As was seen in Section 2.3, .S, exists if and only if there exists ¢,, satisfying the condition
(2.20°) 3ct? ~ —bA"z

which corresponds to (2.20). Here 2 is the positive constant as illustrated in Figure 2.5.

Now we will see that the existence of S,, and the placements of S, and f(S,) are
strictly determined by the signs of a, bc, A and p, which are classified to the sixteen cases
as in Table 2.1

First we suppose that A > 0. Then there exists t, satisfying (2.20’) if and only if
bc < 0. Moreover, if a > 0, then S, is in @1, which belongs to Case II;. See Figure
2.17(1). If a < 0, then S, is in Q2. Hence f(S,) is Q1 if p < 0, which is in Case IV _.
See Figure 2.17 (2).

\Tt Dy(q)(v) Dy(4)(v) (
Sn

oL R

Y
Y

(1) (2)

Figure 2.17: (1) The case of II; or II_. (2) The case of IV4_ or IV__.
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II

III+ III++ 4+ | +
11T 111, — — | + -
- |

v,

v

Iv_

Table 2.1: The shaded cells are the cases in which f satisfies the adaptable conditions.

Next we suppose that A < 0. Then there exists ¢,, satisfying (2.20’) if and only if either
(i) be < 0 and n is even or (ii) be > 0 and n is odd. In the case (i), Sy, is in Q; if a > 0,
which belongs to Case II_. See Figure 2.17(1). If a < 0 and p < 0, then f(S,) is in @1,
which belongs to Case IV__. See Figure 2.17(2). On the other hand, in the case (ii), S,
is in @ if @ < 0, which belongs to Case III_. See Figure 2.18 (1). If a > 0 and p < 0,
then f(Sy,) is in @1, which belongs to Case I__. See Figure 2.18 (2).
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Dw(qxw\\, K | ém((z)(m

Y

(1) (2)

Figure 2.18: (1) The case of III_. (2) The case of I__.

Thus we have the following proposition.

Proposition 2.11. If one of Cases I__, II, II1_, IV, _ and IV__ holds, then f satisfies
the adaptable condition with respect to (p, q).

It follows from the proposition that f satisfies the adaptable condition in nine of the
sixteen cases in Table 2.1.
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Chapter 3

Moduli of 3-dimensional
diffeomorphisms with saddle foci

In this chapter, we investigate moduli of a 3-dimensional diffeomorphism f with a sadldle
focus p and a homoclinic quadratic tangency ¢ associated with p. We show that, for most
of such diffeomorphisms, all the eigenvalues of D f(p) are moduli and the restriction of a
conjugacy homeomorphism to a local unstable manifold is a uniquely determined linear
conformal map.

3.1 Moduli of 3-dimensional diffeomorphisms with saddle
foci

First, we prove the following theorem.

Theorem 3.1. Let M be a 3-manifold and f; (j = 0,1) elements of Diff" (M) for some r >
3 which have hyperbolic fized points p; and homoclinic quadratic tangencies q; positively
associated with p; and satisfy the following conditions.

e For j = 0,1, there exists a neighborhood U(p;) of pj in M such that fj|yp,) is linear

and D f;(p;) has non-real eigenvalues rjeiﬁgf and a real eigenvalue \; with r; > 1,
0; #0 mod 7 and 0 < \; < 1.

e fo is topologically conjugate to fi by a homeomorphism h : M — M with h(py) = p1
and h(qo) = q1.

Then the following (D1) and (D2) hold.

D1 = .
(D1) logrg  logr;
(D2) Either 6y = 6, or 0y = —0; mod 27.

log Ao log A\

Here we say that a homoclinic quadratic tangency qg is positively associated with pg
if both f§'(qo) and f; " () lie in the same component of U(pg) \ Wi .(po) for a sufficiently
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large n € N and any small curve a in W*(pg) containing ¢o. Theorem 3.1 holds also in
the case when 0y = 0 mod 7 or —1 < A\; < 0 except for some rare case, see Remark 3.4
for details.

Remark 3.2. Assertion (D1) of Theorem 3.1 is implied in the case (D) of Theorem 1.1
in [NPT, Chapter III]. Assertion (D2) is also proved by Dufraine [Du2] under weaker
assumptions. The author used non-spiral curves in W% (p) emanating from p. On the
other hand, we employ unstable bent disks defined in Section 3.2 which are originally
introduced by Nishizawa [Ni]. By using such disks, we construct a convergent sequence
of mutually parallel straight segments in W}* (p) which are mapped to straight segments
in W (h(p)) by h, see Figure 3.9. An advantage of our proof is that these sequences are
applicable to prove our main theorem, Theorem 3.3 below.

Results corresponding to Theorem 3.1 for 3-dimensional flows with Shilnikov cycles
are obtained by Togawa [To], Carvalho-Rodrigues [CR] and for those with connections of
saddle-foci by Bonatti-Dufraine [BD], Dufraine [Dul]|, Rodrigues [Rod] and so on. See
the Section 2 in [Rod] for details. Moreover Carvalho-Rodrigues [CR] present results on
moduli of 3-dimensional flows with Bykov cycles.

The following theorem is the main theorem in this chapter.

Theorem 3.3. Under the assumptions in Theorem 3.1, suppose moreover that 0y/2m is
wrrational. Then the following conditions hold.

(El) )\0 = )\1 and ro=1"T1.

(E2) The restriction hlwu py) @ Wige(po) = Wie.(p1) is a uniquely determined linear
conformal map.

In contrast to Posthumus’ results for 2-dimensional diffeomorphisms, the eigenvalues

logho . . .
is irrational.

Ao and rqg are proved to be moduli without the assumption that log 7

The restriction h|W1§‘,C(P0) is said to be a linear conformal map if h|W[1)’éc(P0) is represented
as hlwu_(po)(2) = peV=lvz (2 € Wit.(po)) for some p € R\ {0} and w € R under the
natural identification of W} _(po), W}.(p1) with neighborhoods of the origin in C via their
linearizing coordinates.

For any r; > 1 and §; € R (j = 0,1), let ¢; : C — C be the map defined by ¢;(z) =
rj eV~=10 ;. Then there are many choices of conjugacy homeomorphisms on C for g and 1.
For example, we take two-sided Jordan curves I'; in C with ¢;(I';) NT'; = () and bounding
disks in C containing the origin arbitrarily. Then there exists a conjugacy homeomorphism
h : C — C for ¢g and ¢; with h(I'g) = I';. On the other hand, Theorem 3.3 (E2)
implies that we have severe constraints in the choice of conjugacy homeomorphisms for
3-dimensional diffeomorphisms as above. Intuitively, it says that only a homeomorphism
h with h‘Wﬂéc (p) linear and conformal can be a candidate for a conjugacy between fp and
f1. As an application of the linearity and conformality of hlwe_(p), we will present a new
modulus for fy other than 6y, Ao, 79, see Corollary 3.9 in Section 3.5.
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3.2 Front curves and folding curves

For j = 0,1, let f; be a diffeomorphism and ¢; a quadratic tangency associated with a
hyperbolic fixed point p; satisfying the conditions of Theorem 3.1. We will define in this
section front curves in W*"(p;) and folding curves in W} (p;) and show in the next section
that these curves converge to straight segments which are preserved by any conjugacy
homeomorphism between fy and fi.

We set fo = f, po =p, g0 =¢q, 10 =71, g = 6 and A\g = X for short. Similarly, let
h=f.m=p,qa=4q¢,mn=r,0 =60 and \y = XN. Suppose that (z2,t) = (z,y,t)
with z = = + /—1y is a coordinate around p with respect to which f is linear. For a
small a > 0, let D,(p) be the disk {z € C;|z| < a}. We may assume that ¢ is contained
in the interior of D,(p) x {0} C Wi (p) and § = fN(g) is in the interior of the upper
half Wt (p) = {0} x [0,a] of W (p) for some N € N. See Figure 3.1. Let U,(p) be

loc

Figure 3.1: A saddle-focus p and a homoclinic quadratic tangency ¢ in D,(p).

the circular column in the coordinate neighborhood defined by U,(p) = D.(p) x [0,q]
and V3 a small neighborhood of g in U,(p). Suppose that U,(p) has the Euclidean metric
induced from the linearizing coordinate on U,(p). By choosing the coordinate suitably and
replacing ¢ by —0 if necessary, we may assume that the restriction f|p,(, is represented
as reV=1; for z € C with |z| < a. Similarly, one can suppose that f’| D,/ (p') 1S represented
as r'eV=1%z for some o’ > 0. The orthogonal projection pr : Uy(p) — Dqu(p) is defined by
pr(w,y,t) = (z,9). .

In this section, we construct an unstable bent disk Hy in W*(p) N U,(p), the front
curve 7y in Hy and the folding curves 7 in U, (p). We also define the sequence of unstable
bent disks H,, in W*(p) N Uy (p) converging to Hy, which will be used in the next section
to construct the sequence of front curves converging to 7g.
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3.2.1 Construction of unstable bent disks, front curves and folding curves

We set ¢ = (0,%). Let H be the component of W¥(p) N V5 containing g. One can retake
the linearizing coordinate on C if necessary so that the hne in V5 passing through g and

parallel to the z-axis in U,(p) meets H transversely. Then H is represented as the graph
of a C" function = = ¢(y,t) with

2

0y 0%p
(31) @(OatO) = 07 a(ovtO) =0 and 8t2 (0 tO) 7& 0.

By the implicit function theorem, there exists a C"~! function ¢ = 7(y) defined in a small
neighborhood V' of 0 in the y-axis and satisfying 1(0) = to and dp(y,n(y))/0t = 0. Then
the curve 7 in Vz parametrized by (go(y, n(y)),y, n(y)) divides H into two components and

v =pr() is a C"! curve embedded in Dq(p). Let H* (resp. H™) be the closure of the
upper (resp. lower) component of H \ 7. For a sufficiently large ng € N, the component
Hy of fm0(H) N U,(p) containing go = f"°(q) is an unstable bent disk in U,(p) such that
8H0 is a simple closed C" curve in OgigeUq(p), where

OsidelUa(p) = {(z,1) € Cx R[] =a,0 <t < a} C OUVa(p).

See Figure 3.2. We set 79 = f"(7) N H, fNISF = fr(HT) N Hy, ﬁ(j = f™(H™) N Hy,
Hy = pr(H+) = pr(H, _) and vo = pr(7p). Then 7y is called the front curve of Hy and o
is the folding curve of Hy.

asid.e Ua (p)

Figure 3.2: The front curve 7y divides PNIO into the two sheets ITIO+ and ITI(; . The folding
curve yg of Hy is the orthogonal image of ~g.

We note that Nishizawa [Ni] has studied unstable bent disks similar to Hy as above
in a different situation. In fact, he considered a 3-dimensional diffeomorphism g which
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has a saddle fixed point s such that all the eigenvalues of Dg(s) are real and ‘has a
homoclinic quadratic tangency associated with s. Here we consider the component Hj,,, of

fY(Hy ) NUgq(p) containing f*(qo) for u € N. Since the homoclinic tangency g is positively
associated with p, one can show that there exists f[o_,u which meets W#(p) transversely at
a point z near g by using an argument similar to that in [Ni, Lemma 4.4]. See Figure 3.3.
To show the claim, the assumption of §y % 0 mod 7 in Theorem 3.1 is crucial. In fact,

fu(i())

Figure 3.3: The half disk H, 0, meets W# (p) transversely at two points near g, one of which
is Z.

the condition implies that the following property:

(P) There exists an arbitrarily large u such that the interior of Ho,, = pr(H,,) in Dq(p)
contains q.

Remark 3.4. (1) We here suppose § =0 mod 7. Even in this case, if f has the property
(P), then the component of W#*(p) containing ¢ and W*"(p) have a homoclinic transverse
intersection point. Then Theorems 3.1 and 3.3 will be proved quite similarly. Since § =0
mod m, all f%(vp) are tangent to a unique straight segment v, in Dy(p) at p. Thus the
property (P) is satisfied if 7o, does not pass through q.

(2) Even in the case of —1 < A < 0, one can show that f has the property (P) similarly by
using f? instead of f if 20 # 0 mod 7. Moreover, since either ¢ or f(g) is a homoclinic
tangency positively associated with p, Theorems 3.1 and 3.3 hold without the assumption
that ¢ is positively associated with p.

3.2.2 Construction of convergent sequence of unstable bent disks

Take v € N such that Zp = f*(%) is a point (O,tA) contained in U,(p), where Z is the
transverse intersection point of Hy,, and W*(p) given in the previous subsection. Let D
be a small disk in W*(p) N U,(p) whose interior contains zy. The absolute slope o(v) of a
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vector v = (v, v2,v3) in Uy(p) with (v1,v2) # (0,0) is given as

|vs]
\/v% +v§'

The mazimum absolute slope o(D) of D is defined by

o(v) =

o(D) = max{o(v); unit vectors v in U,(p) tangent to D}.

Fix mo € N such that, for any m € N U {0}, the component D,,, of f™+™(D) N U(p)
containing f™0t(Zy) is a properly embedded disk in U,(p) with 0D,, C dsiqeUa(p). Note
that D, intersects W} (p) transversely at (0, \"'tp), where tg = A™°t. See Figure 3.4.

aside U, (1)) D // aside Ua (1))

Hy

Figure 3.4: Trip from ﬁo_ to Hyp,: f““’(ﬁo_) D D, f™(D) D Dy, f™(Do) D Dy, and
fN+10(D,) D H,y,, where N, ng are the positive integers with f~(¢) = g and f(q) = qo.
The dotted line passing through ¢ represents a straight segment tangent to p at q.

The maximum absolute slope of D,,, satisfies
(3.2) o(Dp) < oo™,

where o9 = o(D)\™0r~"™0. Consider a short straight segment p in U,(p) meeting Hy
orthogonally at go. Then p= f~(V+70)(p) is a C" curve meeting D, (p) transversely at g,
where N, ng are the positive integers given as above. One can choose mg € N so that,
for any m € NU {0}, p meets D,, transversely at a single point w,, = (zm, $m). Then
(3.2) implies that [toA™ — sp| < acpA™r™"™, where a = sup,,>o{|zm|} < oco. It follows
that s, = toA™ + O(A™r~"™). Since p has a tangency of order at least two with a straight
segment at q,

(3.3) dist(wpm, q) = toA™ + O(N™™) + O(XP™) = teA™ + o(\™)

for some constant ¢y > 0. By the inclination lemma, D,, uniformly C" converges to
D,(p). A short curve in W*(p) containing ¢ as an interior point meets D,,, transversely in
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two points for all sufficiently large m. Let H,, be the component of fN+10(D,,) N Uy, (p)
containing fN*t7 (w,,). Then H,, C" converges to Hy as m — oo. By (3.1), there
exist C" functions ¢, (y,t) C" converging to ¢ and representing H,, as the graph of
T = ¢©m(y,t). Then the front curve 7,, in fIm is defined as the front curve 7 in fIQ. Since
Opm(y,t)/0t CT—! converges to dp(y,t)/0t, Fm also C"~1 converges to ¥p. Note that 7,
divides H,, into the upper surface fITJ[L and the lower surface }NI,; with v, = flfg N fI;l and
H,, = pr(Hy,) = pr(H}) = pr(H;,). The image vy, = pr(3m) is called the folding curve
of H,,.

3.3 Limit straight segments

A curve v in Dg4(p) is called a straight segment if v is a segment with respect to the
Euclidean metric on D, (p). In this section, we will construct a proper straight segment

'yg in D,(p) with p ¢ fyg which is mapped to a straight segment in Uy (p’) by h.

3.3.1 Sequences of folding curves converging to straight segments

Let a be an oriented C"~! curve in D,(p) of bounded length. Since r — 1 > 2, there exists
the maximum absolute curvature k(«) of a. If a passes near the center 0 of D,(p) and
satisfies k(o) < 1/a, then a has a unique point z(a) with dist(0, z(a)) = dist(0, ). In
fact, if o had two points z; (i = 1,2) with dist(0, z;) = dist(0, ), then for a point z3 in «
with the maximum dist(0, z3) between z; and zg, the curvature of « at z3 is not less than
1/dist(0, z3) > 1/a, a contradiction. We denote by ¥(«) mod 27 the angle between & and
the positive direction of the z-axis at 0, where & is the oriented curve in D,(p) obtained
from « by the parallel translation taking z(«) to 0.
By (3.3), there exists a constant do > 0 such that

(3.4) dist(Jm, the t-axis) = do(foA™ 4+ 0(A™)) 4+ o(A") = dotoA™ + o(A™).
Since v, C"~! converges to 7o, k(Vm) also converges to k(7o) as m — co. This shows that
(3.5) synp{m(ym)} = Ko < 00.
It follows that, for all sufficiently large m, there exists a unique point ¢, of 7, with
dist (¢, 0) = dist(ym, 0) = dist(¢,, the t-axis) = dist(F,,, the t-axis),

where ¢, is the point of 7,, with pr(¢,,) = cm.

Fix w with 0 < w < a/2 arbitrarily. For any n € N, let m(n) be the minimum positive
integer such that f"(¢p,) is contained in D,,(p) for any m > m(n). Then lim,,_,. m(n) =
oo holds. For any m > m(n), the component ﬁmn of f”(ﬁ[m) NUq(p) containing ¢, ,, =
f"(¢m) is a proper disk in U,(p) with aﬁm,n C OsideUa(p). Then Yy = f"(m) N ﬁmn
is the front curve of ﬁ[m,n and Y, n = Pr(Ym,n) is the folding curve of Hy,, = pr(ﬁ[mm).
Then ¢y, n = pr(Cm,n) is a unique point of v, ,, closest to 0. Here we orient 7, = Ym0 so
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that J,0 C™! converges as oriented curves to 5y as m — oo. Suppose that 7, ,, has the
orientation induced from that on 7, via pro f". In particular, it follows that

(3.6) im 9 (vm,0) = 9(10)-

m—r00

We set dp,,n, = dist(cmpn,0). By (3.4),
(3.7) i = 7™ (dotoA™ + 0(A™)).
There exist subsequences {m;}, {n;} of N and wA/2 < wy < w such that

(3.8) lim dotoA™ 1™ = wy.
J—00

If necessary taking subsequences of {m;} and {n;} simultaneously, we may also assume
that ¥(ym;n;) has a limit 0%. Since f(z) = re¥Y~1z on D,(p), by (3.5) we have

K(Ymyn;) <17 K(Ym;0) S 77K = 0 as j — oo.
Thus the following lemma is obtained immediately.

Lemma 3.5. The sequence v, n; uniformly converges as oriented curves to an oriented

straight segment 'yg in Do (p) with 19(78) = 60" and dist(’yg, 0) = wp.

We say that 'yg is the limit straight segment of Y, n;-

3.3.2 Limit straight segments preserved by the conjugacy

Let Uy (p'), Uy (p') be the circular columns defined as U,(p) for some 0 < o’ < b’ which
are contained in a coordinate neighborhood around p’ with respect to which f’ is linear.
One can retake a > 0 and choose such @', b’ so that Uy (p") C h(Ua(p)) C Uy (P').

Let f[,/nn be the component of h(Hy, ,)NUgy (p') defined as H,, ,, and pr(ﬁ;,m) =H),,.
One can define the front and folding curves ¥y, ,,, ¥y, , in ﬁ,’nn and H), ,, 3 Yim,n, Ym,n in
I’—VImyn and H,, ,, respectively. See Figure 3.5.

Since h is only supposed to be a homeomorphism, h(¥y, ) NUy (p') would not be equal
to ;.- We will show that this equality holds in the limit. For the sequences {m;}, {n;}

given in Section 3.3, we set ﬁmj,nj = Hjy, Hmym, = Hey, Hy o = I;'éj) and Hy, . =
H(’j) for simplicity. Similarly, suppose that I;TE].) is the component of W*(p') N Uy (p')

containing H Ej) and 7y, ., is the front curve of H'... The distance between x, ¥ in Uy (p)
is denoted by d(z,y) and that between @', y' in Uy (p') by d'(z',y'). _

The path metric on Hjy is denoted by dﬁ(j)' ThatNis, for any x, y € Hy), dﬁm(m,y)
is the length of a shortest piecewise smooth curve in H ;) connecting & with y. The path

metrics d 1

7/ N 7/ ..
‘- on H ) and dg, on H, (j) are defined similarly.

(4)
Lemma 3.6. (i) For any e > 0, there ezists a constant n() > 0 independent of j € N
and satisfying the following conditions.
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wWit(p) Wt (')

loc

Ua (])) ;y\;nj,n] ) 5;71_]',717'

Ymjn;

/ / /
Tmjm; () a fymj M 0 a b

Figure 3.5: The image h(ﬁ (j)) is contained in H Ej)’ but h(ﬁ (j;)) is not necessarily contained
ST =
in H(j).
e lim. ,on(e) =0.
e Let x, y be any points of I;T(j) both of which are contained in one of ﬁ(?) and
Hey. If d(xz,y) < n(e), then dﬁ(j)(w,y) <e.

(ii) For any e > 0, there exists a constant 6(¢) > 0 independent of j € N and satisfying
the following conditions.

[ 11m€_>0 (5(5) - 0
e Let x, y be any points of ];T(j) both of which are contained in one of ITI(';) and
ﬁ(;). If dﬁ(l)(a:,y) < d(e) and ' = h(x) and y' = h(y) are contained in fI(’j),
J
then dg, (x',y’) <e.
()
One can take these constants 7(¢), d(¢) so that they work also for dj, and dp, .
(4) )
Proof. (i) The assertion is proved immediately from the fact that H (j;) uniformly converges
to a disk H? in Dgy(p) such that d(x,y) = dys(x,y) for any x,y € H".
(ii) Suppose that @,y € H (J;.). First we consider the case that both ' and y’ are contained
in one of H'" and H'-,

() )
that d'(«’,y’) > n(e). Since h is uniformly continuous on U,(p), there exists a constant
n

91(e) > 0 with lim.,0d1(¢) = 0 and d(x,y) > d1(¢). Hence, in particular, dﬁ(_)(x,y) >
J
d1(¢). Thus dﬁ(_)(:c,y) < d1(e) implies dg, (x',y’) <e.
J (4)

, say ]?Ig) If dg, (2,y') > ¢, then it follows from the assertion (i)
()

Next we suppose that o’ € H 6”) and y' € ﬁéj_) Consider a shortest curve « in ﬁ(j)

connecting  and y. Since o/ = h(w) is contained in H, éj), o intersects 7y, . non-trivially.
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I/VS+ (p) Ws+ (p/)

loc

ey
H;

/—

' and y' € fl(j)

Figure 3.6: The case of z,y € Ht , 2’ € .FNI(])

()

Let z be one of the intersection points of o with hil(ﬁy\;%nj). See Figure 3.6. Suppose
that dfl(j) (z,y) < 01(g/2). Since dﬁm(m, y) = dﬁ(j)(a:, z)+ dﬁ(j)(z, Y),

dg(j)(a:,z) < 01(¢/2) and dﬁ(j)(z,y) < 01(g/2).

Since ', 2’ € ﬁéj) and 2/, y’ € I;TE]_), by the result in the previous case we have d5, (', 2') <
(4)
e/2 and dg, (2',y') < /2, and hence
(©)]
dg, (@', y) = dg, (@', y) <e.
(4) ()
Thus 0(g) := d1(e/2) satisfies the conditions of (ii). O

The following result is a key of this section.

Lemma 3.7. For any € > 0, there exists jo € N such that, for any j > jo,

1(Fimg ;) OV Hy © Ne(n, g Hij),
where N&(:y;nj,nj7ﬁzj)) is the e-neighborhood of :ﬁnj’nj in f]éj).
Figure 3.7 illustrates the situation of Lemma 3.7.

Proof. For o = 4, we will show that h_l(ﬁg) \Ne(Vin; my I;TE]))) C ﬁ(‘y) for all sufficiently
large j. Since h_1|Ua/(p’) is uniformly continuous, there exists v(g) > 0 such that, for
any x',y" € Uy(p') with d'(z',y') < v(e), the inequality d(zx,y) < n(d(¢)) holds, where

x =h"1(z'), y = h~(y’). Since both sz) and HE;) uniformly converge to the same half

disk H"® in D,(p'), there exists jo € N such that, for any j > jo and any ' € ﬁéj") \
./\fa(ﬁfj), f:;’éj)), d'(x',y’) is less than v(e), where y' is the element of ﬁé;)" with pr(z’) =

g

pr(y’). Then we have d(z,y) < n(d(¢)). If both  and y were contained in one of ﬁ(j)
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WS+ (p) Ws+ (p/)

loc

h(%mj,nj) N HE]

Figure 3.7: The shaded region represents Nz (7, . » H Ej))'

and H( > then by Lemma 3.6 (i) dﬁ(‘)(:c, y) < d(¢). Then, by Lemma 3.6 (i), dg, (z',y’)
J )

would be less than . This contradicts that ' € I?E;’) \Ng(%wnj,f[gj)) and y' € Itjéj_)”

See Figure 3.8. Thus, if y is contained in fI("j), then x is not in ﬁ(‘]) In particular, x is

~ o '+
'/\/—5 (fY;n_, njo HE])) x H(J)

—
H

Tmj,n;

Figure 3.8: The situation which does not actually oceur. dy := dist(a’,y/) < v(e), dy =
distgm(m,y) < d(e) and d3 := dist g, (z,y) < e
’ (5)

not, contained in 7y, n; = H( )ﬁH(J), and $0 Y, n, VA~ ( \./\/ (T (j))) = (). Since

(H"’ \ N E]))) is connected, it follows that h~ (Hé]“) \ NV ('j))) C fI(‘J)
for 0 = +, and hence hil(./\/;(%%nj,fléj))) D Ymyn; N hil(ﬁéj)). This completes the
proof. ]

From the proof of Lemma 3.7, we know that there exists a simple curve in h(F; n,) N
/

H (’j) connecting the two components of OH éj) NON: (Vm ey 7H (])). The following corollary
says that the images of certain straight segments in D, (p ) by the homeomorphism h are
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naturally straight segments in D,/ (p').

Corollary 3.8. For the limit straight segment 78 of Ymjn; h(’yg) N Dy (p') is the limit
straight segment of vy, o, . i.e. h(fyg) N Dy (p) = »y(’)h.

Proof. Since ’yg is the limit straight segment of %y, », and h is uniformity continuous,

h(’yg)ﬂDa, (p') is the limit of 2(Y, n; )ﬂﬁéj). It follows from Lemma 3.7 that h(*yg)ﬂDa, )
is also the limit of pr(Yp,, n,) = Vi, n, that is, h(’yg) N Dy (p') is equal to the limit straight
segment of vy, ., . O

For any straight segment [ in D, (p) such that h(l) is also a straight segment in Dy (p’),

we denote h(l) N Dy (p') simply by h(l). In particular, Corollary 3.8 implies that h(”yg) =
/4

Yo -

3.4 Proof of Theorem 3.1

Suppose that St,(p) is the set of oriented proper straight segments in D,(p) passing
through 0, that is, each element of St,(p) is an oriented diameter of the disk D,(p).
For any | € Stq(p) and n € N, the component of f"(I) N U,(p) containing 0 is also an
element of St,(p). We denote the element simply by f"(l).

Since f"|p,(p) preserves angles on Dy(p), by (3.6), for any k,n € N,

ﬁ(Vm,n) - 19(/Ym+k,n) = 79('7771,0) - 19('7m+k,0) — ﬂ(’VO) - 19(’70) =0

as m — 0o. Moreover it follows from (3.7) that lim; e i, 1k, = wo*. By these facts
together with Lemma 3.5, one can show that 7y, 1k n; uniformly converges as m — oo to

a straight segment 'y,i in Uy (p) with
(3.9) 19(72) =6 and d(O,’yi) = wo*.

Thus we have obtained the parallel family {’y,i} of oriented straight segments in D, (p). See
Figure 3.9. By Corollary 3.8, {y,;u} with 'y,/gu = h(’y,i) is also a parallel family of oriented
straight segments in D/ (p'). Since 7,/5 is the limit of 'y;nj thn, 85 J — 00, we have the
equations

(3.10) I = 0" and  d(0,7") = wp'™.
corresponding to (3.9) for some 6% and w), > 0. Let v € Sta(p) (resp. 753 € St (p)) be
the limit of ’y,i (resp. 'y,’ch).

Proof of Theorem 3.1. By Lemma 3.5 and (3.7), wo = lim;j_,« c?oivo)\mf r™ . This implies
that

j 1
lim (mjlog/\ —|—logr> = lim —logfu—g =0
Jj—oo \ Ny J—oo 1y dOtO
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Figure 3.9: The images of the parallel straight segments ’y,i in D,(p) by h.

j 1
and hence lim;_, My _ _log:. Applying the same argument to %,Ejmj, we also have
n; og
. 1 /
lim; o0 M- 28 T/. This shows the part (D1) of Theorem 3.1.
n; log A

Now we will prove the part (D2). For any n € NU {0}, we set f”(vgo) = 'ygo,n and

f/n(%gg) = ’Yég,n. By Corollary 3.8,

(3.11) h(Vi ) = h(f" (%) = ™ (h(45)) = FM(W62) = ik .

We identify St,(p) with the unit circle S* = {z € C; |z| = 1} by corresponding [ € St,(p)
to eV ~11)_ Then the action of f on Stq(p) is equal to the f-rotation Ry on S* defined by
Ro(2) = eV ™12,

If 6/2m = v/u for coprime positive integers u, v with 0 < v < u. Since h('ygo) = 743, we
have f/k(fyég) £~y3fork=1,...,u—1and f’“(fyég) = ~23. This implies that 0'/2m = v Ju
for some v" € N with 0 < o' < u. Since h|p, ) : Da(p) = Dy (p') is a homeomorphism with
the correspondence h(RE (%EO)) = Rf, ('yého) (k=0,1,...,u—1), there exists an orientation-
preserving homeomorphism ng : S1 — S with ng(eV 1O +k0) — VIO R for | =
0,1,...,u—1. Weset T'={eV 100 k. —0,1,...,u—1} and T = {eV/~1O"+k0); f —
0,1,...,u—1}. Then [eﬁoh,eﬁ(ahw)) NI consists of v points, where [a,b) denotes
the positively oriented half-open interval in S* for a,b € S! with a # b. Since moreover
no([eﬁeh,em(ohw)) NTr) = [eﬁalh,eﬁ(w*a/)) NI’ consists of v/ points, it follows
that v = v/, and hence 6 = ¢'.

Next we suppose that /27 is irrational. Then, for any [ € St,(p), there exists a

subsequence {ny} of N such that the sequence 'ygomk uniformly converges to [ as kK — co.

By (3.11), ’yéﬂmk uniformly converges to I’ = h(l). Since fyégmk € Sty (p'), ' is also
an element of Sty (p’). Thus we have a homeomorphism 1 : S* — S with respect to
which Ry and Ry are conjugate. Since the rotation number is invariant under topological

conjugations, #/2r = #'/2r mod 1 holds. This completes the proof of the part (D2). O
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3.5 Proof of Theorem 3.3

In this section, we will prove Theorem 3.3. Suppose that f, f’ are elements of Diff" (M)
satisfying the conditions of Theorems 3.1 and /27 is irrational.
Since # = ¢’ mod 2w, for any k,j € N,

(3.12) I ) =90 ) = 901 ) —9(v5 ) = (k= )8 mod 2r.

Let I; (j = 1,2) be any elements of Stq(p). As in the proof of Theorem 3.1, there exist
subsequences {n;}, {n;} of N such that the sequencers {yio,nk}, {7&07nj} uniformly con-

verge to [y and Iy respectively. Then, {vthmk}, {'yégmj} also uniformly converge to the
elements I} = h(l1) and I, = h(l2) of Sty (p') respectively. Then, by (3.12),

(3.13) I(l2) — (1) = 9(15) —9(l}) mod 2.
For the proof of Theorem 3.3, we need another family of straight segments in D,(p).

Fix an integer a¢ with
log(2r) log(2r")
log(A~1) " log(N-1) |

ag > max{
For any k > 0, we consider the straight segment :f,i = fk(’yiok) N Dy (p). By (3.9),
(3.14) D(E) —D(E) =k mod 27 and  d(0,£1) = weAWFrF < 2 Fayg.
Y 1y gy - . . / .
Similarly, by (3.10), " = h(&}) is a straight segment in D, (p) with
(3.15) D(ED) —9(EH) = kO mod 21 and  d(0,£,7) = whNOkrF < 2Ryl

Proof of Theorem 3.3. Let « be the element of St,(p) with 19(58) —J(a) =m/2 and o =
h(a) € Sty (p'). We will show that 0, = 9( (’)h) — ¥(a’) is also equal to /2 mod 27.
See Figure 3.10. In fact, since 6/27 is irrational, by (3.14) there exists a subsequence

D,(p) Dqr(p')

«
A o
l

¢ < \x = / '

l/

14
0

Figure 3.10: Correspondence of straight segments via h.
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f,ij uniformly converges to a. Since h|p, () is uniformly continuous, f;f also uniformly
converges to o’. On the other hand, since ﬁ({,hcj) —J(a) = kjf+7/2 mod 27 and ¥( ;CE) -
¥(a') = k;0 + 0, mod 2,

7T /h

ga’ - 5 = (79< kj) - 19(0/)) _ (19(52]) — 19((1)) -0 mod 27

as j — oo. Thus we have 6, = 7/2 mod 2.

We denote by z(x) € C the entry of * € D,(p) with respect to the linearizing coor-
dinate on D, (p). Similarly, the entry of @’ € Dy/(p') is denoted by 2/(z’). Let xo be the
intersection point of a and 53, and let @), = h(xp). One can set z(xg) = poeY 1“0 and
2 (xp) = p’oeﬁwé for some pg > 0, pf, > 0 and wy, wj € R. We define the new linearizing
coordinate on D,/ (p’) by using the linear conformal map such that, for any ' € D,/ (p'),
21V () = poppy eV~ Hwo—w0) /(). Then z(xo) = 2/"% () holds.

For any x € 50, there exists | € St,(p) with {z} = 58 N1l. Then &’ = h(x) is the
intersection of §6u and I = h(l). By (3.13), ¥(1) = ¥(a) = ¥(I') —9(e/) mod 27 and hence
z(x) = 2"V (a’). We say the property that h is identical on {8. Since /27 is irrational,
there exists k. € N satisfying

s 7T
3 S (fk*) 9(&) < 5 mod 2.

Then fk meets 50 at a single point &, in Dy(p). For ap, = f*(a) and oy, = h(ag,), we

have ﬁ({k ) — (ak*) ({ 1) —¥(ay,,) = m/2. Since h is identical at x,, h is proved to

be identical on f %, Dy an argument as above. Then one can show inductively that, for any

n € N, h is identical on £, . See Figure 3.11. By (3.14), lim,_,00 d(0,¢%, ) = 0. Since

Da(p) ¢ 1 Dy (p")
Ak, 4k .
» »
. h ‘\‘
n 15%* p h(zy.) ] v S
- ~ § & ~
-~ . “ ‘o }l ~s~ “ ‘o‘
_—
b
* h “‘ ~~* /h
£2k'* p 2k

Figure 3.11: Correspondence via h with respect to the new coordinate on D/ (p').

moreover k.0/2r is irrational, | J; 1§ k18 equal to Dy (p). This shows that h is identical
on Dy(p). In particular, this implies that h|p,(,) is a linear conformal map with respect

to the original coordinates. We write z(q) = ple\/_il‘”1 and 2/(¢') = ple¥V 1. It follows
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from the assumption of h(q) = ¢’ in our theorems that h(z) = p'lpl_leﬁ(“’if“’l)z for any
z € C with [z] < a. In particular, this implies that hlyu () is a linear conformal map. Let

h be any other conjugacy homeomorphism between f and f! satisfying the conditions in
Theorems 3.1 and 3.3. In particular, h(p) = p’ and h(q) = ¢’ hold. Since z(q) = preV 1w
and 2/(¢) = ple¥V~1“1, one can show as above that h(z) = php7 ey I@i=w1) 2 for any
z € C with |z| < a and hence E!Da(p) = h|p,(p)- This shows the assertion (E2) of Theorem
3.3 and r = /. Then, by the assertion (D1) of Theorem 3.1, we also have A = X’. This
completes the proof. O

Let z be the homoclinic transverse point of W"(p) and W#(p) given in Subsection
3.2.1. Fix a sufficiently large n € N with s = f~"(2) € Dp(a). Then s’ = h(s) is contained
in Dy (p"). The following corollary shows that z(s)/z(¢) is a modulus for f. Recall that
z(x) € C is the entry of & with respect to the complex linearizing coordinate on D,(a).
The complex number 2/(z’) is defined similarly for &’ € D,/ (p').

Corollary 3.9. Let f, f' be elements of Diff" (M) satisfying the conditions of Theorems
3.1 and 3.3, and let h be a conjugacy homeomorphism between f and f' with h(p) = p’ and
hq) = q'. If hlwp_(p) is orientation-preserving, then z(s)/z(q) = 2'(s')/2'(¢'). Otherwise,

z(s)/2(q) = #'(s')/2'(¢")-

Proof. Here we only consider the case that h is orientation-preserving. Since h|p, () is a
linear conformal map, the triangle with vertices 0, z(q), z(s) is similar to that with vertices
0,2'(¢"), 2'(s") with respect to Euclidean geometry. This shows z(s)/z(q) = 2/(s')/2'(¢')-

]
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