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Abstract

Quantum chromodynamics (QCD) describes the physics of the strong inter-
action between quarks and gluons. QCD has a characteristic feature called
“asymptotic freedom”, and this feature leads to non-perturbative phenom-
ena. How the non-perturbative effects in QCD are evaluated is one of the
important issue in the elementary particle physics.

It is blindly believed that a non-trivial vacuum structure in QCD is the
quantum mechanical superposition of an infinite number of vacua. The QCD
instanton solution is a classical solution to Yang-Mills theory in Euclidean
space-time, and is believed to describe the transition between the vacua.
Although this object is very interesting and contributes to developments of
mathematical and theoretical physics, its signature has not been discovered
in any experiment yet. The verification of the non-trivial vacuum structure
or the QCD instanton effects is important to comprehend the phenomena in
the non-perturbative region in QCD.

We discuss the constraint on the size of the QCD instanton effects in a
low-energy effective theory. Among various instanton effects in meson mass
spectrum and dynamics, we concentrate on the instanton-induced masses of
light quarks, namely up, down and strange quark. The famous instanton-
induced six-quark interaction, the so-called 't Hooft vertex, could give non-
perturbative quantum corrections to light quark masses. Many works have
already been done to constrain the mass corrections in the light meson sys-
tem, namely in the system of w, K, n and 7, and we know the fact that the
instanton-induced mass of up-quark is too small to realize the solution of the
strong CP problem because of vanishing current mass of up-quark.

In this thesis we give a constraint on the instanton-induced mass correc-
tion to light quarks from the mass spectrum of heavy mesons, B*, B°, B,
and their anti-particles. To accomplish this, the complete second order chiral
symmetry breaking terms are identified in the heavy meson effective theory.

We find that the strength of the constraint from heavy meson masses is at



the same level as that from light mesons, and it would be made even stronger

by more precise data from future B factories and lattice calculations.
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Chapter 1
Introduction

The aim of elementary particle physics is to find a fundamental principle
which governs all the phenomena in the real world. The principle is believed
to be simple and the fundamental theory is expected to be universal. It is im-
portant that experiments and theories should be complementarily developed
in physics. To discover how the real world is, a lot of collider experiments
and observations as well as theoretical investigations have been done in the
past. For now, the standard model of elementary particles is the most reliable
theory.

The standard model of elementary particles is composed by SU(3)¢ gauge
symmetry of the strong interaction and SU(2)p,xU(1)y gauge symmetry of
the electroweak interaction [1, 2, 3]. The standard model provides the most
successful description of the physics in the energy scale which we can cur-
rently reach with particle accelerators. Especially, the discovery of Higgs
particle [4, 5], which is associated with the spontaneously electroweak sym-
metry breaking, is one of the glorious achievements in the Large Hadron
Collider [6].

Despite its successes, many open questions remain in the standard model.
One of the theoretical problems is that the gravitational interaction is not
contained in the standard model. There are a lot of unpredicted parameters
associated with the flavor sector of the standard model. This mystery, which
would be related with the origin of electroweak symmetry breaking, implies

an existence of fundamental physics behind the standard model. Further-



more, in view of cosmological observations, dark matter and dark energy are
also left unexplained.

There are a great deal of challenges to explain above issues with many
different types of the new physics beyond the standard model (for exam-
ple, supersymmetric models, models with extra dimensions, composite Higgs
models and so on). It is highly important to investigate which new physics is
the most suitable scenario to describe nature. However, no signature of the
new physics has been discovered in the experiments and observations in the
past yet.

On the basis of these circumstances, deep understanding of the standard
model is more important than verifying the physics beyond the standard
model. Quantum chromodynamics (QCD) is known as the system with the
asymptotic freedom which the coupling constant of QCD, namely the strong
coupling constant, becomes small in process with large momentum transfer
[7,8]. On the other hand, the coupling constant becomes large in process with
small momentum transfer, corresponding to interactions at large distance
scales. This characteristic feature leads to non-perturbative phenomena such
as the confinement of quarks and gluons. How the non-perturbative effects
are evaluated is one of the most challenging subject in understanding the
standard model deeper than now.

The non-trivial vacuum structure in QCD, which is the quantum mechan-
ical superposition of an infinite number of vacua, has not been discovered.
The transition from one vacuum to another vacuum in the vacuum structure
would be described by an instanton solution (or an instanton configuration)
which are classical solutions to the non-Abelian gauge field equation defined
in Euclidean space-time [9]. This tunneling effect is referred to as an “instan-
ton effect”. The verification of existences of the non-trivial vacuum structure
and the QCD instanton effect is an important topic which is related to un-
derstanding of non-perturbative effects in the QCD sector. In this thesis,
we give a possibility to verify the instanton effect in the non-trivial QCD
vacuum in the low energy effective theory.

In the limit in which up, down and strange quark masses vanish, the QCD
Lagrangian has a chiral symmetry which is an invariance under the indepen-

dent phase transformation of the left-handed and right-handed fermions. The



chiral symmetry is spontaneously broken due to the quark condensate and
the Nambu-Goldstone bosons are expected. The light mesons, 7, K and 7
are identified as the Nambu-Goldstone bosons. However, it is known that
the physical 1" mass is much larger than the theoretical prediction [10]. A
possibility to solve this problem, so-called U(1), problem, by using the in-
stanton effect has been pointed out in [11]. The statement is that as a result
of the axial anomaly [12, 13] and the non-trivial vacuum structure, there is no
Nambu-Goldstone boson coupled to the physical U(1)s current. Therefore,
1’ would be heavy.

On the other hand, there are some indications which suggest that the
instanton effect may not necessarily give a solution of this problem. The
problem could be understood within the 1/N, expansion [14, 15, 16]. There
is also an indication of inconsistency between the Ward-Takahashi identity for
the U(1)4 current and the quark condensate in the instanton configuration
[17]. In addition, the instanton effect has not been directly confirmed by
experiments yet.

If we believe the existence of the non-trivial vacuum structure, the instan-
ton effect provides the so-called O-term which gives CP violation in QCD.
Then the O-term should be strongly suppressed by some reasons because
such a CP violating process is not observed in QCD. In fact, from the CPT
theorem, CP violation leads T violation and the observed scale of T violation
in physics demands © < 107° [18]. This is called strong CP problem. The
Peccei-Quinn mechanism [19] is a possibility to solve this problem. The pre-
dicted new particle, called “axion”, which is a Nambu-Goldstone boson with
the spontaneous breaking of the Peccei-Quinn symmetry, has not been dis-
covered yet. The verification of the instanton effect in the real world remains
to be achieved.

It is highly important to directly observe instanton-induced effects in ex-
periments. The instanton effect gives a six-quark interaction, which violates
the U(1) 4 symmetry in QCD, known as 't Hooft vertex [20]. The contribution
of instanton-induced effects in deep inelastic scattering is investigated with
instanton perturbation theory [21] and the direct searches have been made
at the electron-proton collider HERA [22, 23, 24]. No signal is observed, and

it gives a constraint on the cross section by the instanton-induced processes.



This is one of the quantitative result of the direct search for instanton effects.

The six-quark interaction also induces a quantum correction to light quark
masses. This quantum correction is proportional to the product of different
quark flavor masses. An “effective up-quark mass” of the form has been
first considered in connection with the instanton effect in [25, 26]. Since
the instanton effect could generate a non-zero effective up-quark mass even
when m, = 0, the strong CP phase could be unphysical, and there could
be no strong CP problem. Here, m, is a bare or current quark mass, and
m, = 0 means the existence of chiral symmetry for up quark. A hidden sym-
metry under the so-called instanton transformation, which is related to the
instanton-induced quark mass correction, is discovered in the low-energy light
meson effective theory with next-to-leading order terms in chiral Lagrangian
[27]. The instanton effect on the second order coupling constant has been
discussed in [28]. This attempt is one of the other quantitative result of the
indirect search for the instanton effect in the light meson system.

The precise data on B meson masses, namely b-flavored pseudoscalar
mesons BT, B?, B, and their anti-particles, are obtained by various experi-
ments. The purpose of this thesis is to give another quantitative result from
heavy meson system. We consider a heavy meson system with the heavy
meson effective theory. In order to discuss the constraint on the size of the
instanton effect, the chiral symmetry breaking terms in next-to-leading or-
der effective Lagrangian are systematically investigated. We find a hidden
symmetry under the instanton transformation in the heavy meson effective
theory. We estimate the upper bound of the correction to light quark masses
from the instanton-induced effect under some assumptions and also discuss
whether or not the instanton-induced effective mass is large enough to resolve
strong CP problem by m, = 0.

In the future the B-factories, such as LHCb and Super-KEKB, will give
more precise data on the mass spectrum and the decay constants in the B
meson system. In addition, the development of lattice calculation on heavy
quarks gives useful information. These knowledge would provide more strict
constraints on the instanton-induced effects.

This thesis is developed as follows. Chapters 1 to 4 represent a review of

essential theory whereas chaper 4 and 5 contain the original results. In the



next chapter, we review the fundamental properties of symmetries and the
spontaneous symmetry breaking. We also introduce the general formulation
of a low energy effective theory with spontaneous symmetry breaking. In
chapter 3, the tunneling effect in quantum mechanics is briefly reviewed. The
QCD instanton effects are introduced as tunneling effects between non-trivial
vacua in QCD which are classified with integers n. We see that the instanton
effects induce an quark effective interaction. In chapter 4, the effective theory
which describes the interactions of pseudo Nambu-Goldstone bosons at low
energies is introduced. The dynamical meaning of instanton transformation,
which is related to instanton-induced mass correction, is discussed. The light
meson mass formulae of next-to-leading order in chiral expansion are derived.
We extract the value of couplings which are sensitive to the instanton effect
using the formulae, and the constraint on the quark mass correction given by
the instanton effect is discussed. In chapter 5, we discuss the instanton effect
in the heavy meson effective theory. The effective Lagrangian which includes
the next-to-leading order of chiral symmetry breaking terms is constructed.
We show the invariance under the instanton transformation even in the heavy
meson effective theory. The mass formulae of pseudoscalar B mesons and the
formulae of their mass differences are given. The constraint on the instanton-
induced effect are obtained in the B system. Chapter 6 is devoted to the

conclusion.



Chapter 2
Symmetry

In the elementary particle physics, the concept of symmetry plays an impor-
tant role in classifying the particles spectra and in relating the interactions
between them. When the Lagrangian of a system is invariant under trans-
formations, the symmetries of the transformations realize in the system.

In certain cases, though the Lagrangian of a system is invariant under
the transformation of a symmetry group G, the ground state is not necessar-
ily invariant under the transformation of symmetry G but invariant under
the transformation of symmetry subgroup H. This phenomenon is called
“spontaneously symmetry breaking”.

The spontaneously symmetry breaking occurs in cases, for example, the
acquiring of vacuum expectation values by one scalar field in the theory as
in the breaking of local SU(2),xU(1)y gauge invariance by Higgs field in
the electroweak interactions. Even in the absence of scalar fields, quantum
effects can lead to the dynamical breaking of a symmetry as in the case of
chiral symmetry breaking by quark condensate in the strong interaction.

We give the formulation for realization of symmetries and its sponta-
neously breaking in this chapter. The treatment in this chapter will be used

for construction of the chiral effective theory as we will see later.



2.1 Noether current and charge

Let us assume that the Lagrangian (density) is a functional of fields ¢ and

its derivative as
L= L(p,0up). (2.1)

The symmetry is represented as the invariance of Lagrangian £. The dy-
namical variables are the fields, and symmetries describe invariance under
transformations of the fields. We consider a continuous infinitesimal trans-

formation of the field as

p(r) — () = (x) + 0°(0p)", (2.2)

where 6% is a transformation parameter and a is the index of the transfor-
mation. Under the transformation of eq.(2.2), the Lagrangian is transformed

asS
L(p,0,0) — L(¢',0,¢") = L(p, Duip) + 0°(0L)". (2.3)

When the Lagrangian has the symmetry of the transformation, the deviation

of Lagrangian vanishes so that

oL oL

(B0 = G001 + 55 (00,5)"
~ O 50 =0 2.4)

with Euler-Lagrange equation, and the Lagrangian is invariant under the
transformation of eq.(2.2).
We define the Noether current as

(0p) (2.5)
and the corresponding charge as

Q" = —/d%]{f(m). (2.6)
When the Lagrangian has the symmetry, the divergence of current vanishes,

oI =0, (2.7)



and we find that the charge is time-independent
d a 3,.90 7a 3.9t 70
%Q =— | dxd"Ji =— [ dxd"'J? =0 (2.8)

under an assumption that the field and its derivative converge at the bound-
ary. In the canonical quantization, the charge becomes the operator which
generates the transformation of fields:

[iQ, o] = (6¢)", (2.9)

where Q“ is the quantized operator.

2.2 Spontaneous symmetry breaking

In case that the Lagrangian of a system is invariant under the transformation
of a symmetry group, there are two situations called by the Wigner phase or

the Nambu-Goldstone phase. The situations are symbolically described by

Q]0) =0 Wigner phase,
Q]0) # 0 Nambu-Goldstone phase, (2.10)

where () is the generator of the symmetry and the vacuum state is defined
by annihilation operators in the asymptotic fields of the theory.

In the Wigner phase the charge @ is well-defined from eq.(2.6). Since @
and the vacuum state are invariant under space and time translations, the

quantity
01Q|0) = — / & (0]jo(2)[0)
— —(0ljs(0)0) / i (2.11)

converges only in the case of (0]70(0)|0) = 0, that is to say, @|0) = 0.
The same argument does not apply in the Nambu-Goldstone phase. The
charge @ is not well-defined since the volume integral in eq.(2.11) diverges.

Therefore, the phenomenon of spontaneous symmetry breaking is defined in



terms of the condition that there exists at least one operator ® satisfying the

commutation relation
10 8() = =i [ dljsfz). 2(y)) = 50(s) 212
with the finite vacuum expectation value
(0]0®|0) # 0. (2.13)

The Nambu-Goldstone theorem states that massless bosons, the Nambu-
Goldstone bosons, appear and are coupled to the currents in the system with
spontaneously broken symmetry. We show the consequences of the theorem

in the following. Define a correlation function as

/ At (O[T, (2)B(0)[0), (2.14)

where T is a time ordered product. This correlation function is related to

the vacuum expectation value of eq.(2.12) in the soft limit ¢, — 0,

[ dseran oy, @e0)0) = 0.0, (215)

from the current conservation. When the theory is in the Nambu-Goldstone
phase, the correlation function becomes finite. The correlation function can

be also expressed as
/ d*re" 9" (0| T, (x)®(0)]0) = —ig" / d4er'$(0|TjM(x)<1>(0)|0>
= F, 2.1
ZZ G m2 + i€’ (2.16)
where we use the completeness of the theory
d’ pn
1=3 [ sl o)l .17

Here F,, and (G,, are defined as

(01 (@) (pn)) = ipuFre™"*, (2.18)
(0] (2)n(pn)) = Gre™™, (2.19)

10



with F}, # 0 and GG, # 0 when n corresponds to the Nambu-Goldstone mode.
Namely, since we identify eq.(2.18) with the current sandwiching between the

vacuum and the one Nambu-Goldstone boson state |7%),
(Ol @)l (0) = i6°p, fre™ P (2:20)
where f, is the pion decay constant, the current can be expressed as
Jole) = —fu 0 (@) + - (2.21)

where the dots stand for the continuous spectrum parts. The current con-
servation implies the masslessness of the Nambu-Goldstone boson 7. In
the soft limit eq.(2.16) requires the existence of massless Nambu-Goldstone
bosons coupled to the current j, (the Goldstone theorem [29]). We can easily
find that the number of the independent Nambu-Goldstone bosons is given

by the number of independent broken generators.

2.3 Nonlinear realization

In a system realizing the symmetry G which is spontaneously broken down
to the subgroup H, we show the procedure for constructing a low energy
effective Lagrangian, the CCWZ Lagrangian, which has been introduced in
[30] (and see ref.[31] for review). The effective Lagrangian is constructed
in terms of the nonlinearly transforming Nambu-Goldstone bosons and the
terms of the lowest order in derivatives on the Nambu-Goldstone bosons are
uniquely determined without any parameter.

We consider the case that the symmetry group G is spontaneously broken
down to the subgroup H. Here we assume that G and H are compact simple
groups.

The set of the generators T4 of G is divided into the generators S € H
of the unbroken subgroup H and the rest X € G — H as

{T*} = {S* e H, X" € G —H}. (2.22)
We employ the normalization and orthogonality of generators as

tr(T4TP) = éaAB, tr(S*X*) = 0, (2.23)

11



where the second equation implies
tr(S°[SP, X)) = tr([S*, SP]X*) = 0, (2.24)
so that the element [S¢, X*] always lies in G — H,
H,G—H|CG—H. (2.25)

The Nambu-Goldstone bosons 7(z), whose number is equal to the dimen-
sion of the (right) coset space G/H, dim G — dim H, are transformed under
H, so that m(x) can be identified with the coordinates in coset space G/H.
The Nambu-Goldstone bosons are not linearly transformed under G. To
construct a G-invariant nonlinear Lagrangian with such Nambu-Goldstone
bosons, we see the non-trivial transformation property of m(z). Let &(7)
be “representatives” of the coset space G/H, which is parameterized by the

Nambu-Goldstone bosons 7(z) as
E(m) = ™D n(z) = Z 7 (x) X, (2.26)
acG—H

where f is a scale parameter or the decay constant at the tree level with
a mass dimension. An element g&(m) yielded by the left multiplication of
g € G is in G. There exists the representative {(n’) corresponding to the
element g&(m) (see Fig.(2.1)). We find that the element can be decomposed

into the coset part and unbroken part as

g&(m) = &(x")h(m,g), h(m g) € H. (2.27)

Note that this element h depends on 7(z) as well as on g. Therefore, we
define the transformation of the Nambu-Goldstone bosons 7(x) under the

G-transformation as
E(r') = g&(m)h~ (7. 9), g €G. (2.28)
As we expected, the transformation becomes linear as
E(n') = h&(m)hH(m, h), = 7'(x) = hw(z)h™', h € H, (2.29)

when the left multiplication is an element A belonging to subgroup H in
eq.(2.28).

12



(’fT)H = {5(’/T)h;h € H}

Figure 2.1: Image of the decomposition of the element g¢(7). A box implies a
set of elements of G and the bottom of box (shaded area) is a set of elements

of G/H. The two carves represent the equivalence classes &(m)H.

We now consider the case when G is a simple group. We introduce a

1-form as
a(r) = %5‘%[5, ¢eG/H, (2.30)
or more explicitly as
o) = € ()t = o) = 1€ (281)

which is well-known as the Maurer-Cartan 1-form. Since the 1-form a() be-
longs to the Lie algebra G and can be expanded with its generators {T4} =
{S* € H,X* € G—H}, we can define the parallel and perpendicular com-

ponents of c,(7) to H as

) (m) = ag(m)S* = 2tr(S%a,(m)) - S* € H,
a1 (m) = aj(m) X = 2tr(X (7)) - X" € G —H. (2.32)

From eq.(2.28), we find that the transformation law of o, () is

(1) = (') = h(m, g)au(m)h ™ (, g) + %h(ﬂ', 9)0,hH(m, g). (2.33)

13



The second term in the above equation comes from the transformation of the
parallel component of a,,(7), since h(m, g)0,h~*(, g) is in H. That is to say,

each component is transformed under the G-transformation as

() = a (1) = h(m, g)ay, (m)h~ (T, g) + %h(ﬂ,g)@uhl(ﬂ,g)
(%) = 1 () = h(m, Y (1), ). (231

We see that only the perpendicular component «,; transforms homoge-
neously, and the G-invariant Lagrangian can be constructed in terms of
tr(cy,. (m))?. The most general Lagrangian with the lowest order in deriva-

tives is given by
L= ftr(a,, (m))? (2.35)

where the square of a factor f is multiplied in order to normalize the kinetic
terms of the 7(x) fields.

In QCD, the Lagrangian has the approximate symmetry, the chiral sym-
metry, which is the global U(N¢)xU(N¢) symmetry with the number of the
quark flavors N¢. The chiral symmetry is spontaneously broken by the quark
condensate. Therefore, we can construct the chiral effective theory using the

procedure for constructing CCWZ Lagrangian.

14



Chapter 3

Non-trivial vacuum structure

in QCD

It is widely believed that a non-trivial vacuum structure exists in QCD.
The non-trivial vacuum structure is described by the quantum mechanical
superposition of equivalent vacua classified by an integer called “a winding
number”. In the quantum mechanics, tunneling effects are transitions from
one vacuum to another vacuum. The effects can be described by the classical
solutions to the equation of motion in the semi-classical approximation and
the classical solutions are called “instanton solutions”. Tunneling effects
in QCD could be described by the instanton solutions which are classical
solutions (or often referred to as gauge field configurations) formulated in
Euclidean space-time.

In QCD, the axial current, which is related to the chiral symmetry, is
not conserved at the quantum level and this is known as the chiral anomaly
[12, 13]. It could be interpreted that the tunneling effect, namely instanton
effect, causes non-conserving of the chiral charges. An effective interaction,
the so-called 't Hooft vertex, is induced by the instanton effect, which changes
the axial charge by twice of the number of flavors in QCD.

In this chapter, we start by introducing the path integral in Euclidean
space-time and discuss a tunneling effect in a system with a double-well
potential. Then, we overview the non-trivial vacuum structure and the in-
stanton effect in QCD, which induce the 't Hooft vertex.

15



3.1 Instanton solutions in quantum mechan-
ics

Before we discuss QCD, let us review tunneling effects in quantum mechanics

using the method of pass integral as a simple example. We consider the theory

of a particle with mass m moving in a one-dimensional potential V'(z) in

Minkowski space-time. The action and Lagrangian are

S = /dtL, L= % (%)2 —V(x). (3.1)

The Hamiltonian is

dx p? m (dz\?

with canonical momentum
P=— =m—. (3.3)

The transition amplitude from x = z; at t = =T/2 to v = xy at t = T/2 is
given by

(2 p|eTT/| ;) :N/Dxeis/h (3.4)

in the path integral representation. On the left-hand side, |z;) and |zf) are
the position eigenstates. On the right-hand side, A/ is a normalization factor
and Dz donotes integration over all functions z(t), satisfying the boundary
conditions, x(—1/2) = z; and z(T/2) = ;.
The action in Euclidean space-time is given by the analytic continuation
in the time coordinate. Euclidean coordinates are denoted as
oh = (2!, 2%, 2%, 2%) = (21, 2%, 2%, —ia®), (3.5)

and the metric is

g, = diag(—1,—1,—1,-1). (3.6)

16



Figure 3.1: Integration along the path C.

We take a closed path C' in the complex-plane shown as Fig.3.1, and decom-

pose the integral into four parts of the path as

T/2 iT)2
j{dtL:/ dtL—l—/ dtL+/ dtL—l—/ dtL. (3.7)
c 1 Cy —-T/2 —iT)2

Assuming that there are no singularities inside the closed path and that the
contribution from two integrals on the contours C and C5 vanish in the limit

T — oo, we have
T/2 iT/2
S = / dtL = —/ dtL
~T/2 —iT/2
T/2 1 dx)2
= — dr | —=(— ) —Vi(x
/—T/2 < 2 (dT (@)

T/2
T/2

17



where 7 = —i2° and the Lagrangian in Euclidean space-time is

Ly % (%)2 +V(2). (3.9)

We can naively see that the Euclidean action is defined as —i times the
Minkowskian action. Since we consider QCD in Euclidean space-time later,
we use a subscript E.

The Hamiltonian is

dz m (dx\’
Hy=pg——Lg=—|—| —V(z)=-H 3.10
E = PE ar E 9 (d7_> (2) t:z‘7—7 ( )
where the canonical momentum in Euclidean space-time is
oL d
E__ (3.11)

be = (dx/dr) dr

The amplitude of transition from z = z; at 7= —T/2 tox = zpat 7 =T/2
is given by
(asle™ M ay) = (wgle” DM,
= (wsle” /0|,
:N/Dxe—SE/ﬁ (3.12)
in the path integral representation. If we expand the left-hand side in a

complete set of energy eigenstates,
Hgln) = E,|n), (3.13)
then

(gl Mgy =y " e BT Mg |n) (nlzy). (3.14)

The leading term in this expression for large 7' is saturated by the energy
and the wave-function of the lowest-lying energy eigenstate.
On the right-hand side of eq.(3.12), the integration parameter can be

written as

2(7) = 2%(7) + ) enn(7), (3.15)

18



where (1) is the classical solution to the equation of motion

d2xcl B dV ([BC])
dr? dx

m

=0, (3.16)

and x, are a complete set of real orthonormal function satisfying the bound-

ary conditions,

T/2
/ A2, (T) 20 (T) = O,

—T/2

xo(T==£T/2) = 0. (3.17)

The measure is defined by

dey,
Dr=]] 26 . (3.18)

3

n

We can readily evaluate the path integral in eq.(3.12). The Lagrangian be-

comes

Lg=— o’ + V(2
E7 9 \ar
1 & PV(2)
- e S . (31
+ 5 ;;cncmxm < mo + 72 ) x, + O(h) (3.19)

Choosing z,, to be the eigenfunctions of the second derivative of Sg at ¢,

PV (zY)
7\ = 2
( mo + e ) Tp = A (T), (3.20)

we obtain

L 2+V( Cl)+122 Ay +O(R).  (3.21)
BEE Ir T 5 a CrnCinTmAnTn . .

n

We can carry out the integral of the action

1
Sp = Sp(z) + 3 ; AN, + O(h), (3.22)
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Figure 3.2: The shape of the potential as a simple example.

and the amplitude is

m\»—t

(xs]e”HoT/M ) = o Se(@)/h (H)‘ ) (1+ O(h))

VI

_ Ne—Se@/n [det( mdd_z + V" (z° )>]_ (1+0(h),

(3.23)

where the prime denotes differentiation with respect to x. We find that the
transition amplitude is proportional to exp(—Sg(z?)/h). When Sg is much
greater than h, this expansion on £ is a good approximation. The expansion
is known as a semi-classical approximation or the WKB approximation.

As a simple example of applying a semi-classical approximation, consider
the parabola potential shown in Fig.(3.2) with the boundary condition that
both the initial and final states are at the origin, namely z; = x; = 0. We
expect that the vacuum energy of the system is that of a harmonic oscillator.

The only solution to the classical equation of motion is

:L‘Cl(T) =0, =0, SE(md) =0. (3.24)



The transition amplitude from the initial state to the final state after (Eu-

clidean) time 7T is
H & =
(0]e~HeT/h 0y = N [det (—mﬁ + mw2>] : (3.25)

where

2 _ V"(0)

m

(3.26)

w

To calculate the determinant, we consider the equation

d2
(—m— + mw2> fo=Xofn, n=1,23---, (3.27)

dr?

where the eigenfunctions f,(7) satisfies the conditions

P () o o

The eigenfunctions can be taken both symmetric and anti-symmetric function

as

Iz‘}’m = COS ((2]{7_{_1)77%) , ]{/’:O,]_,Q’-.. ,

:nti—sym — sin <2]{77T%> , k — 17 27 3’ SN (329)

with each of the eigenvalues

2k + 1
m{u}+mw27 k:0’172’...’

T
2%k
m{%}erw?, k=123, (3.30)
This results in
2
An:m{(%ﬂ) +w2}, n=123,--, (3.31)
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and

det (—mj—; + mw2> = ﬁm{(%f +w2}

n=1

= Indet (—m(j—; +mw2> = lnﬁm{<n%r>2 +w2}

it nm\ 2 sinh wT
—1 (-) 1 , 3.39
n H m 7 +1In ( )
where we used the formula

{1+ e} =5 (8:53)

n=1

in the last equality. Therefore, we obtain

d? 9 — mm? ,\ sinhwT
det (—mp + mw > = (H T2 T (3.34)

n=1

and the transition amplitude

(Ofe~ =T/ 0) = A (ﬁ m n) VaT(simhwT) (14 O(h)

[e's) 2 _%
— N (H ﬂ#) VowTe 172, (3.35)

n=1
for large T'. We immediately find that the exponential behavior in this equa-

tion gives vacuum energy

1

which coincides with the energy of a harmonic oscillator.

On the other hand, eq.(3.35) can be represented as

(Ole™"=T/Mj0) = (0]e™H=T/" S " |n) (n]0)
— e BT/h(0|n = 0|2, (3.37)
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Figure 3.3: The shape of double-well potential.

for large T. Here the coefficient [(Ojn = 0)|? is the probability that the

particle stays at the origin in the ground state and we find

1
m(,d)i

(O = 0} = (=

Therefore, we can determine the normalization factor

o0 5 \ 2
N:M¥%<H@Z%). (3.39)
1

(3.38)

To see a system with the tunneling effect, we consider the double-well
potential (see Fig.3.3) given by

2
mw<

2 (%> —a®)? a>0, (3.40)

V(z) =

where an w is corresponding to the height of the barrier between minimum
points, x = +a and we consider in the case of a large w. We can find that
29 = +a can be classical solutions to the equation of motion (3.16) since the

potential is a downward convex around x = +a so that

Pz mw? | mw?

- dr? 2 o 2a2

(z)? = 0. (3.41)
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Figure 3.4: A shape of classical solution with positive sign in eq.(3.44) (left-
side panel). A shape of the solution which is contained a single instanton

and a single anti-instanton (right-side panel).

The transition amplitude from z; = a in the initial state to y = a in the
final state or from z; = —a in the initial state to y = —a in the final state

after time 7' is given by
20 = (a|le HET/Mq)y = (—ale HET/h| — a),, (3.42)

where the index 0 stands for a number of instantons and its approximate
energy of the ground state is

in the limit w — oco. This coincides with the energy of harmonic oscillator.
As we see later, the energy decreases due to the tunneling effect which is a

transition effect between the two minimum points.
Actually

2°(7) = tatanh —w(7'2— )

is also the solution to the equation of motion (3.16). Here the constant of

(3.44)

integration 7y is a position of the solution. The solution with its signature
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+ in eq.(3.44) is called an “instanton” solution and the other is called an
“anti-instanton” solution because these solutions describe the instantaneous
transition at 7 = 7y (see the left-side panel in Fig.3.4). This solution rep-
resents the transition from r = —a at 7 = —oco to © = a at 7 = oo. The
instanton solution would be interpreted as the tunneling effect in quantum
dynamics.
We define the contribution from instanton or anti-instanton as

2 _ (ale™™TM —a), _ (—ale”"*T/"a),
20 (alem T T Ma)y — (ale FeT/a),

In the following, we employ a “dilute gas approximation” where instantons

K =

(3.45)

and anti-instantons are sufficiently apart from each other and each instanton

independently contributes to the amplitude. At first, we consider a process

contained a single instanton and a single anti-instanton shown as the right-

hand panel in Fig.(3.4). This transition is described by the solution

w(T — 7o) w(T —70)
2 2

for large w. Dividing instanton and anti-instanton by 7 = 7, with 75 < 7 <

tanh

2°(7) = +atanh (3.46)

Ty, the amplitude is

2 = (ale™™Ma)y, (= (—ale =" — a),)
N <a|@_HE(T/2 T /h| . CL> <_a|6—HE(T/2+Tl)/h|a>1 (347>
for large T'. On the other hand, we obtain

. { (—a|e=He(T/2=m)/h| _ g)o(—q|e~He(T/24m)/h| _ ¢),
20

<a|e—HE(T/2—T1)/ﬁ|a>0<a|e—HE(T/2+Tl)/h|a>0 )

(3.48)

N <a]e_HE (T/2—71 /h‘ > <_a|e—HE(T/2+n /h‘ - >0
1 <—a’6_HE(T/2 7'1 /h| . > < a‘e Hg(T/2471) /h| > )

for large T'. Therefore eq.(3.47) can be represented as
29 — <a‘€HE (T/2— Tl)/h| > <—CL’€_HE(T/2+TI)/E‘CL>1

<_a|€—HE(T/2—n /hl _ a>0<_a|e—HE(T/2+n)/h| _ a>0

20

=4 = K2 (3.49)
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Note that the integral over the location of instantons is given by
T/2 T 1 T/2
dTo/ d7_'0 = —/ dT0d7_'0, (350)
—1/2 —T1/2 2 ) 1/

and the amplitude for transition from a to a with a single instanton and
a single anti-instanton can be written in terms of the amplitude without

mstantons as

1
29 — 57}(220. (3.51)

It is easy that the amplitude is extended to
1 2n
Zon — —K 20, (352)
n!

which is the amplitude with 2n transitions. The amplitude with all the gen-
eral classical solutions is given by summation for even number of instantons

and anti-instantons as
(a|le”HET/Nq) = Z Zon = (cosh K) zg. (3.53)
n=0

Now we consider the calculation of the Van Vleck determinant

N

d? a
det (| —m—— + V" (2%) : (3.54)
dr?
Since the instanton solution is time-dependent, time derivative of eq.(3.16)

{—m£;+V%fﬂid:O (3.55)
supply zero eigenvalues (or zero-eigenmode) and the Van Vleck determinant
divergences (zero-mode problem). For large T, what x¢ is translated on 7
becomes also a solution and the value of the action does not change for the
time-translated solutions. The integral over ¢y which is the zero eigenvalue
for Ay = 0 is not Gaussian integral in the formula of determinant. We
should remove this zero eigenvalue in the definition of the determinant by

the treatment shown as follows.

26



The eigenfunction in eq.(3.20) for zero eigenvalue is given by

[ m  dz®

/ 7 o = 1, (3.57)

—T/2

dx [ 2V
=4/ E— .
dr m (3.:58)

for large T'. The relation between integration measure dcg and d7 is given by
da! m  dz?

dr =d =d —_— 3.59
T dr = degzo = deo, | So(a) dr (3.59)

dcy Sg(z)
= dr. 3.60
vV 2rh 2mrhm T ( )

We can remove zero eigenvalue from the Gaussian integral as

and we can find

where we use the formula

so that

/H den exp L Z CnCn. —md—2 + V" ) z,
- vV 2rh 2h o dr?
/2 Sg(x) de 1 d?
— d E n o O | —m— 1", .cl .
/_T/2 AV - /};[O 77 &P zh;c c < mo + V' (z )) T

S (z9)
2mhm

1
2

T [det’ (—mdd—; + V”(xd))] : (3.61)

where det’ means that zero eigenvalue is not included in the integral measure.

Eq.(3.45) can be represented as

Se(29) det’ (—mj—jz + V”(xd))

2whm det (—m% + moﬂ)

K = ¢ SsD/p (3.62)
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Substituting this result for (ale#57/"|a) gives the energy of the ground state

1
a | det/ <—md—22 + V" (g9 ) :
B, = 19 seweymn, [PSE(E) i )N (3.63)
2 2mm det (—m# + mwz)

This consequence states that the energy of system decreases due to the in-

as

stanton effect, namely the tunneling effect.
We give the representation of the polar coordinates in Euclidean space-
time. The transformation from the cartesian coordinates to the polar coor-

dinates in Euclidean space-time is

! =rcosay,
2 o .
x° = rsin oy cos as,
2% = rsin aq sin as cos Qs,

z* = rsin a; sin ay sin as, (3.64)

with 0 <r <o00,0<a; <m0<aa<mO0<as; <21 and r? =

(%)% + (x)? = |zg|?. From the Jacobian

0
(1, T2, T3, T4) = ¥ sin? oy, (3.65)

8(7“, a1, Oy, Oés)

the volume element is obtained as
d*rg = r®sin® oy sin apdrdog dasdas = r2drds, (3.66)

where df2 is the solid angle in the polar coordinates with

/ 40 = 2. (3.67)

The surface element do,, is
o
do, = |rg[?dQ—- (3.68)

|7E|

on the hypersphere with the radius r.
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We give a remark on the validity of analytic continuation. For example,

in the free theory the 2-point function is

d4k i —ik(x—
(2m)* k2 —m? + e -, (3:69)

OTo(@)ow)0) = [

and no singularities in the area enclosed by the integral path ensure that
the analytic continuation is well-defined. However, the validity of analytic
continuation becomes non-trivial because there are no assurance in the case
that the mass has some correction in the full theory. In the following we will

discuss under the assumption that the analytic continuation can be done.

3.2 QCD instantons

The Lagrangian of SU(/N) Yang-Mills theory with the fermions is represented
by

1 _
L= —ZtrF‘“’FW + (i) — m)y, (3.70)
where the gauge field and the field strength are
I .
A, = AlL?, F,., =0,A, —0,A, —ig[A,, A, (3.71)

and T“%s are the generators associated with the SU(N) gauge group and

satisfies the normalization as
TeTh 1
tr [——] = (3.72)

and 1 denote fermions. The gauge field A,(x) is transformed under the

SU(N) gauge transformation as
A (@) = Q) A (2)Qa) + éQ(m)@uQ(x)T, (3.73)
where a unitary matrix

Q(z) = 0" @12 (3.74)
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is an element of SU(NN). The Yang-Mills action is

1
SYM = /d4$E |:—§TI'FW,F#V:| (375)
and the field equation is
D,F,, =0,F,, —iglA,, F.]=0 (3.76)

in Euclidean space-time. Here, A, = 0, which leads F},,, = 0, is the trivial

solution. The trivial solution is transformed into “pure gauge” as
Au(@) = “Q(2)9,9(z)" (3.77)
g

and it also leads to F),, = 0 and satisfies the field equation (3.76).

It is convenient to study the theory in the gauge A4 = 0. In this gauge
we can choose the gauge transformation as a time independent, so that the
spatial pure gauge fields are

A(@) = L0091 (@), (3.78)
g
The gauge fields are required to vanish at spatial infinity. This can be ac-

complished by a restriction as
Q) — 1, for |Z] — oo. (3.79)

QCD is the SU(3) Yang-Mills theory. For simplicity, we concentrate on
the SU(2) subgroup in QCD. Any elements of SU(2) can be represented as

Qz) = a(z) +ib(z) - 7,
Q)2(x) = a(z)’ + (b(x))* = 1. (3.80)

This means that the elements are identified with a unit hypersphere, S?, in
a four-dimensional space spanned by linear combination of a and g, namely,
topologically SU(2) is S®. We can define an integer n called “winding num-
ber”, which measures the number of windings of S® on the gauge space. The
winding number can be represented in terms of an integral over the gauge
fields as

-3
"=, /d Ty [A (T)A; ( ¥)A," (7)), (3.81)
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where the gauge fields are

()

A () — E%Qn(f)ai@;(f). (3.82)

We can construct the representative for €2,,. The representatives of gauge

transformations giving n = 1 is
=N 2\T- &
0 (%) = 3.83
1(7) PN UL N v (3.83)
with A > 0. Indeed, the insertion of the gauge fields Agl)(:?) with Q(Z) into

the formula of winding number gives unity. Then, we consider the gauge

transformation of the pure gauge fields as
AD 5 0,400 + L0,0,01
g
= (éQ@Q{) Qf + éﬁlﬂlﬂlaﬁi
= —}0,(@)
9
= A% (3.84)

with Q5 = (€)% Again the insertion of the gauge fields Agz) (%) into the
formula of winding number gives

. 3 B . .
‘9 / PR Ty BQ%&-(Q%)TéQfﬁj(Qf)TéQfak(Qf)q

~ 24n2
— 2. (3.85)

/ AT Ty [iglaimfglajmfglakm} X 2
g g g

We can immediately find that substituting the gauge fields Agn)(f) with
(@) = (u ()" (3.86)

for eq.(3.81) gives the winding number n.

A “vacuum state” associated with each of the gauge configurations is
classified by the winding number. To introduce vacuum states, so-called “n-
vacua”, we consider the path integral quantization. The gauge fields can be

decomposed as

n _ Acl(n A(n
AP (z) = AS (z) + AP (), (3.87)
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Figure 3.5: The n-vacua are described as a periodic potential by analogy
with the Bloch potential.

where A5 () is the classical solution to the field equation and A (z) is the
fluctuation around the classical solution. In the procedure of path integral
quantization, fluctuations are treated as the measures in the path integral

(see eq.(3.18)). The vacuum states on each of the gauge fields are defined as
AP (z)[n) = 0. (3.88)

Actually, the “true vacuum state” of QCD cannot be any one of n-vacua

because state |n) transforms under the gauge transformation as
Qin) = |n+ 1). (3.89)

The tunneling effect from the state |n) to |[n+1) is described by the instanton
solution. As we will see, the Pontryagin index is given by the difference in the
winding numbers between 7 = —oo and 7 = 00, and the transition amplitude
is proportional to exp(—872/g%). We see that the instanton effect is a non-
perturbative effect. Due to the tunneling effect, the situation is similar to
the one in which a particle is in a periodic potential as shown in Fig.3.5.
There is an analogy between the n-vacua and the Bloch potential. We must
define the “true vacuum state” as the superposition of the n-vacua, called

the ©-vacuum,

|©) = Z e "On), (3.90)

ne’l
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which is clearly gauge invariant up to a phase, namely

M[0) =) e+ 1) =°|0). (3.91)

Interestingly, each value of © represents a different theory. To see that,
let us consider the transition amplitude by a gauge invariant operator O.

Since the amplitude

(m|Oln) = (m|2}2,09]|n)
— (m+1|Oln +1) = F(») (3.92)

only depends upon the difference v = m — n in the winding number, we find
(©1010) =) > ™" (m|O|n)
_ i i ei(n+u)®’e4n@F(U>

= 2;5(2)’ —0)e"®F(v). (3.93)

This implies that the state |©) cannot be changed to another state |©') by
gauge invariant operators.

A path integral of the vacuum to vacuum transition amplitude with
sources is given by integrating over the all field configurations weighted by
the action (3.75) with source terms. The gauge field configurations in the
path integral cause the transition of changing the winding number. The net
charge in the winding number between 7 = oo and 7 = —o0 is given by v
which is related to an integral over all space-time of F, WFW. We see it as
follows.

First, we introduce the dual of F},, as

~ 1

ij = éeﬂVPUFPU" (394)
where €,,,, is an antisymmetric tensor with €934 = €' = —1. From the
formula

€CuvpoCuve = 2(5pn50')\ - 6p)\5m7)7 (395)
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we can find

- (3.96)

F =F,. (3.97)
Therefore we have
/%ﬂﬂﬂ%z/ﬂ&ﬂﬂ%. (3.98)
This can be represented by a total divergence as
1 .
ZTrF#VF#V =0,K,, (3.99)
where , for SU(2),
1 g
KM = EIW,{)\TI éAya,{A)\ - gAuAmA)\ . (3100)
Only K, is nonvanishing for the classical solution in the A4y = 0 gauge and
we obtain
9 ik
K4 = EEJ Tl"AlA]Ak (3101)
Therefore,
g’ 4
1672 /d.CEETI" = —F /d EaﬂKH
d3 KO T=00
4772 T=—00
=ny—n_ =1, (3.102)

which is called the Pontryagin index.

Returning to the path integral, we have

CHCE ZZ OO )’
=) e {Z<"+ + 1/|n_>‘]} : (3.103)
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where the transition amplitudes (n, + v|n_) are given by a path integral
with v fixed by eq.(3.102). Hence,

2

@+|® Z we/d,uﬁelds J V_ 1gﬂ_2 /d4xETerz/Fuu)

B /du%eldseiseﬁ7 (3104)
where
2 A _
Seff = SYM + @ ]_6 D) /d xETrF#VFuV
2
d,“ﬁelds Z d,uﬁelds 1671'2 /d4$ETrFuyFuy) (3105)

with Yang-Mills action S{,; with sources.
We see that the non-trivial vacuum structure would lead the additional

term

9
075 TrFu F,, (3.106)

in the effective Lagrangian, which violates P, T and CP invariance in QCD
and is called the “O-term”.

3.3 The ’t Hooft vertex

The additional CP violating term (3.106) is related with the chiral anomaly.
To define the U(1) axial current,

Ny

- Z iy vsthi, (3.107)

=1

we consider the Lagrangian eq.(3.70) in the fermion massless limit. In this

limit, the Lagrangian is invariant under the transformations as
7 % -na A
Yy, = ePLUpy, = e'¥L exp 19L7 (0 (3.108)

) ) A2
¢R — GWRUR@Z}R = 'R exp (29%?) QﬁR (3109)

35



SL SR

uy,

UR dy,

Figure 3.6: The diagram of the effective interaction induced by the instanton

effect in the case of three flavors.

where €L and e?® are the elements of U(1);, and U(1)x and the elements
U, and Ug are in SU(N)p and SU(N)g, respectively, and A\* denotes the
generators associated with the SU(N) g. Noether currents corresponding

to U(1), and U(1)g transformations are
L' =— Z i, (3.110)
R == Y drvh (3.111)
The U(1) axial current defined as
J& = L'+ R". (3.112)

The U(1) axial current is classically conserved in QCD, in the quark massless
limit. However, there is an anomaly

2

g v Uy
oM JE = —2Ny 167r2TrFM P, (3.113)
at the quantum level.

We can redefine a conserved current as

2

Ji = i 2Nf49?m, (3.114)
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whose associated charge
Qs = — /d%JQ (3.115)

is time independent. Although Qs is a generator for the chiral U(1), trans-
formations, it is not invariant under the gauge transformations. In fact, since

under the gauge transformations the charge is transformed as

92 3 70 i 92 3 1.0
it follows that
AQs = 2Ny. (3.117)

This consequence could be understood that an effective interaction which
changes the chiral charge by 2Ny is generated in transition of changing the
winding number by the amount of v = 1. It is called the 't Hooft vertex and
is diagrammatically represented for Ny = 3 in Fig.3.6.

When fermion zero-modes, ¥° which satisfy [Dy° = 0, are exist, the action
for fermion zero-mode vanishes. Therefore the integration corresponding to
the fermion zero-modes vanishes in the path integral representation, because
the fermion integrals are the Grassmannian integrals. However, this conse-
quence contradicts the fact that the instanton effects give the finite transition
amplitudes between vacua with different winding numbers. In order for the
integral to be non-vanishing, fermion fields with a number of fermion zero-
modes must be inserted in front of exponential in the path integral. This is
equivalent to introducing an effective interaction of fermions with a number
of fermion zero-modes. This interaction is known as the 't Hooft vertex. A
number of fermion zero-modes coincides with the change of chiral charge,
AQ)s, in transition between n-vacua, and when v = 1, AQs = 2Ny with Ny
flavor in the theory.

In [26, 27], it has been pointed that this effective interaction could provide
the way to avoid the strong CP problem. When m, = 0, the strong CP phase
becomes unphysical. Although the situation with m, = 0 is apparently ruled
out by, for example, the current algebra estimation of m,/m, # 0, in fact,

m, = 0 in the sense of current algebra does not necessarily require m, = 0
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in the current mass in QCD Lagrangian. The interaction leads to the light
quark mass corrections at the loop level. Therefore, if m, = 0 in the sense
of bare mass, the effective up quark mass induced by the correction could be

large enough to satisfy the current algebra.
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Chapter 4
Light meson sector

QCD has the typical energy scale denoted as Agcp. This energy scale roughly
separates the regions of large and small coupling constant. When the coupling
is large, non-perturbative effects are dominant. When the mass of quark ¢ is
much smaller than Aqcp, ¢ is called a light quark. On the other hand, when
the mass of quark () is much larger than the scale, () is called a heavy quark.

In the light quark massless limit, m, — 0, the QCD Lagrangian has the
chiral symmetry. The chiral symmetry is defined as the invariance under
independent transformations of left- and right-handed fermions.

In this chapter, we review the construction of the light meson effective
theory with manifest chiral symmetry. We also introduce the instanton trans-
formation and constrain the size of the instanton-induced effect using the

light meson mass spectra and the meson decay constants.

4.1 Construction of light meson effective
Lagrangian
The QCD Lagrangian is given by

Laon = —%TrFWFW + D — m), (4.1)
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where the covariant derivative and field strength are
D, =0, —1gA,
F., =0,A,—0,A, —iglA,, A (4.2)

The gauge fields and fermion fields are transformed under the SU(3)¢ gauge

transformation as
Au@) = U@ A@U () + U@
(x) = U(x)i(x), (4.3)
where the unitary matrix is
U(x) = 9@ ¢ SU(3), (4.4)

in terms of the continuous parameter 6*(x) and the generator 7* of SU(3)¢
algebra.

In the system with light quarks, u, d and s, we consider the chiral limit
where the typical QCD scale Agcp is much greater than light quark masses
myg, namely m,/Aqcp — 0. The Lagrangian becomes

1 _
EQCD 0 = —§T1"FMVF“V + Q/JZDQ/J

= —%TrFWF’“’ + YLilDyr, + YrilDyg, (4.5)

where a left-handed fermion, ¢, and a right-handed, g, are defined with

vs-matrix as

The invariance arises under the independent transformations with respect to

the left- and right-handed fermions. It is so-called “chiral transformation”
) ) PN
P, — ULy, = et exp(z‘@fj?)@/}h
) ) ¢
¢R — €WDRUR¢R = ¢'¥R exp(iGﬁ;)wR, (47)

where €L and e’#® are the elements of U(1);, and U(1)g, and the elements U,

and Ug are in SU(3)p, and SU(3)g, respectively and A* denotes the Gell-Mann
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matrix. In this limit, the system has the U(3);,xU(3)g chiral symmetry. This
symmetry is not exact however, because anomaly, which is a phenomenon at
the quantum level, breaks the U(1)4 symmetry defined as U(1),—U(1)g.
The effect of quark condensate causes spontaneous breaking of chiral sym-
metry down to SU(3)yxU(1)y. We construct the effective Lagrangian fol-
lowing the procedure in chap.2 as follows. There are 8 Nambu-Goldstone
bosons and they are identified as light mesons 7, K and 7 in the real world.
We consider the case where the symmetry group G = SU(3);, x SU(3)x
is spontaneously broken down to the subgroup H = SU(3),,. An element
g € G is given by (Uy, Ugr), where Uy, € SU(3), and Ug € SU(3)y. In the

language of chap.2, the perpendicular component of 1-form is given by

s (1) = A€ (MBE(R) — E(m),E ()
= U0, (48)

where ¢ is transformed under the G-transformation as
¢ — Uréh(m, Ur, Ur)t = h(r, Ur, Ug)€UE, (4.9)
and we define a unitary matrix
U=¢?=e2m@/f (4.10)
so that the transformation property under the G-transformation is given by
U — ULUUL. (4.11)

The field 7 includes the Nambu-Goldstone bosons as

7T__|_ i Tt KTt
V2 V6
1 0 n
T=— T -4+ KO : (4.12)
V2 VARG
—0 2
K~ ——=

The effective field containing 7’ is

21
Y=Uexp|—1"). 4.13
p < 7 f,77> (4.13)
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The first order G-invariant effective Lagrangian, which includes only two
derivatives, that is to say an O(p?) term, is obtained by

2
LHO = fztr(a@aﬂﬁ ), (4.14)
and this term gives kinetic the term of the Nambu-Goldstone bosons.

Chiral symmetry is not an exact symmetry such as the color gauge sym-
metry SU(3)c but an approximate symmetry in the light quark massless
limit. To make the effective theory more realistic we perturbatively include

the effect of finite light quark masses. We introduce the chiral breaking term

m, 0 O
X = 2BoM, M - 0 mq 0 5 (415)
0 0 ms,

where By is a constant of mass dimension one, and is related to the quark
condensate. The QCD Lagrangian has an invariance under the U(3)p, xU(3)r
chiral transformation, if the mass matrix M transforms appropriately under

the chiral transformation
X — eiGAULxUL. (4.16)

This x is considered as a quantity of O(p?) in the effective Lagrangian.
Since M is just an expansion parameter in the chiral perturbation theory,

we can use

2ng

(4mf)?

instead of the original M, where M has the same transformation property

M= M+ (det MT)(MT)7! (4.17)

as that of M and w is a parameter..
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The O(p?) effective Lagrangian with quark masses is

et~ Loy Hfr )

+L1<8uZT8“E>2 + L2<8#ET8UZ><8“ET8”E>
+Ly(0,2120,210"%) + Li(0,2102 ) (x3' + T
+L5<aﬂzTaf‘2(XzT + XT2)> + L6<XET + XT2>2

2
+L7<Xzf _ X*Z> + L8<X2TX2T + XTZX*2>, (4.18)

where (A) denotes the trace of the matrix A over light flavor indices and the

low-energy coupling constants, L;, are dimensionless parameters [32].

4.2 Instanton transformation

The chiral effective Lagrangian has the following symmetries which have well-
defined dynamical meaning in QCD. The Lagrangian of eq.(4.18) is invariant

under
M =M, By =y By, (4.19)

where ~ is a multiplicative renormalization factor. This symmetry is the
consequence of the fact that the physics is independent of the scale of mul-
tiplicative renormalization of quark masses M.

The Lagrangian of eq.(4.18) is also invariant under the transformation,

which is known as the instanton transformation

X=X (e (4:20)
and
Le — Lg — ﬁa
L7 — L7 — ﬁ, (4.21)
Lg — Lg + Qﬁ.
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Note that the parameter w is invariant under the multiplicative renormaliza-
tion of quark masses. It is easy to check the invariance using the following

matrix identity
1
det M = M3 — M*trM — §M[tr(M2) — (trM)?], (4.22)

where M is any 3x3 complex matrix. This identity can be proved as follow.

A characteristic polynomial for M is given by

fu(z) = det(M — «I)

1
= —2® +trMa? - 5[(urM)2 — trM?]z + det M. (4.23)

Cayley-Hamilton theorem states that substituting M for x in this polynomial

results in a zero matrix, namely
fu (M) =0. (4.24)

We obtain the matrix identity from eq.(4.24).

The symmetry under the transformations (4.20) and (4.21) is related to
the instanton-induced quark mass corrections. The instanton-induced mass is
proportional to the product of different quark flavor masses (see Fig.4.1). The
instanton effect gives a six-quark interaction, known as the 't Hooft vertex,
which induces corrections to the light quark masses. The physics should be
independent of whether or not the instanton correction is included in y or L;
[26, 28, 33]. Notice that the couplings Lg, Ly and Lg are transformed under
the instanton transformation. We do not pay attention to Lg since we can
not extract it by meson masses (we see below that Lg enters in the same form
in each of the mass formula). We expect that particularly L7, which gives
the contribution of the type in Fig.4.1 in meson mass formulae, is produced
dominantly by the instanton dynamics, though the other couplings, Lg and
Lg, should be also sensitive to the instanton effect. We estimate the value of

the coupling L7 in the following.
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Figure 4.1: The instanton mass correction to up-quark mass by the 't Hooft

vertex.

4.3 Constraints in light meson system

From the effective Lagrangian (4.18), we have the meson mass formulae of
O(p*):

. L L
m2, = Bo(m, +my) |1+ <L6 — 74> (my +mg +mg) — f(mu + mg)
_ 2 2 2
. (mu d) m,, + my (4'25)
my, + mgq My, + mgq
My = Bo(m, +ma) |1+ (ﬁe - 7“) (M, + ma +ms)
Ly L
2 7 j;4
Mo = Bo(mg +ms) |1+ L6_? (my + mg + my)
Ls L
+ (78 - f) (md + ms) ) (427)
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Ly L
(f-f) (M 4+ my) |, (4.28)
m% _ Bomu+md+4ms
3
. L L
x |1+ <L6—?4> (mu—i-md—i-ms)—l—;(mu—i-md—l—élms)
. . —om,)? . m2 2 1 A2
T R L LY Y L L i (4.29)
My + myg + 4mg my +mg + 4dmg
2 f2
m??, - §ﬁBO(m" + mg + my)

X

)

My, + Mg + Mg

(4.30)

where ZALZ = 32ByL;/ f? and we neglect the mass mixing between neutral
mesons, 7,  and 7n’. In fact, there are the pion loop effects in the mass
formulae. However, we attempt to investigate with the heavy meson effective
theory later and need to obtain the method which is simpler than and is
consistent with the previous research [34].

The quantum electrodynamics (QED) correction to the mass squared of

the meson P is proportional to the square of its charge Qp as [35]

~

2
mp

m% + e*Q%C, (4.31)

where C'is a constant and m means the observable mass, which is measured
by experiments. If the QED correction is turned off, 7+ and 7° become
degenerate in the leading order, O(p?). Therefore the quantity e*C can
be determined to good approximation from the observed value as e?C =

To obtain the values of light quark masses at the energy scale where

the effective theory is applicable, we fit the light quark masses with the
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mass formulae of mesons in the leading order including the QED corrections
and with the value of By given by the lattice calculations under the non-

perturbative RI-MOM renormalization scheme in [36]:

My = 2.78 £ 0.19 MeV,
mg = 4.97 £ 0.34 MeV, (4.32)
ms = 100.4 + 6.8 MeV.

These results are consistent with the quark mass ratio m,,/mgy given by the
lattice calculation in [37]. The parameters are fitted order by order in a spirit
of chiral expansion theory. Once the light quark masses are determined at
the leading order, the freedom of the instanton transformation is fixed, since
the effective theory up to the leading order does not have an invariance under
the instanton transformation. The instanton corrections are included in the
next-to-leading order terms.

Now we are going to determine the values of L5, Lg, and L; in order by
using the observable masses and the decay constants. The quantity Ls/f?
can be fixed by using the formulae of decay constants in the next-to-leading
order, O(p*), as

L5 fKi - fﬂ’i 1
= _ 4.
f? frt 4(7%%@[ - mii)’ (4.33)
where
8By L 4ByL
et =f {1 + f02 (M + Mg +my) + %(mu + md)} ,
8By L 4By L
fre=f [1 + ;2 L (m + ma +my) + %(mu + ms)] o (434)

The experimental values

fre =92.440.2 MeV,
fr+ = 113.0 &£ 1.0 MeV, (4.35)

IThe quark masses are usually given in the MS renormalization scheme. In our present
work we do not need to take the MS scheme, since we do not use the values in eq.(4.32)

to compare with other determinations of the quark masses.
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are obtained from the decay processes 7t — ptvy,, ptv,y and Kt —

ptv,, pty,y, respectively [38], and we obtain

Ls _ _
= (2.54£0.1) x 1077 MeV 2. (4.36)
We can determine Lg/f? from the O(p*) relation
iy = s
D

m?,
. m%o - m%{:ﬁ: + mii - mio
— .
Mg — My, 16 L 8L . . R
as
Ls -7 -2
T = (124:0.06) x 1077 Mev™?, (4.38)
with the quantity
R="dFM 3534001 (4.39)
Mg — My,

determined at the leading order. At the next-to-leading order, we can derive
the relation
2m3. +2m3, —mi. — Bmf7

2 _ 2
my — Mo

22y + 2% — 202, + 12, — 3
- 2
0

m2 —m

8 . . . .

= F(LB + 6L7 + 3L8)(3m3r0 - m%(i - m?ro - mi(o)
2

48 (M2o — mi0)(M2s — 1ges)

- 4.40
F2708m2, — il — 2, — i, 440)
neglecting mass mixing of neutral mesons and we finally obtain
Ly -8 -2
F =(=5.1+0.3) x 107° MeV ™. (4.41)
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On the assumption, which is conservative in extracting the possible mag-
nitude of the instanton effect, that all the value of L; is produced by the

instanton dynamics, we have
Wiax = 0.4 + 0.1, (4.42)

using eq.(4.21) with the result of the lattice calculation of f = 54.1+4.0 MeV
[36]. The error of the omega parameter is mainly from the error of quark
condensate given by the lattice calculations. This conservative maximum
value of w can not reproduce the situation m, = 0 with a sufficiently large
value of m¢T in M®T in eq.(4.17), and, thus, be a solution to the strong CP

problem. In fact, the instanton effect can generate
m =1.9340.18 MeV, (4.43)

when m,, = 0 in eq.(4.17). This value differs from the value in eq.(4.32) by
about 4.7¢, and m, = 0 is not the solution to the strong CP problem.

Since Lg does not seem to directly represent the effect of the 't Hooft
vertex, the coupling Lg would not be produced dominantly by the instanton
effect. However, it is transformed under the instanton transformation, and
therefore an evaluation of the maximum omega parameter is possible with
Lg. We obtain

Wiax = 0.5 £ 0.1, (4.44)

Note that in this case we do not need to neglect neutral meson mixing which
is necessary for L7. Since Lg can have this the contribution without instan-
ton dynamics, eq.(4.44) gives a “weak constraint” on the maximum omega

parameter. The instanton-induced mass correction gives
mT =233 4+£0.20 MeV, (4.45)

when m,, = 0. This value differs from the value in eq.(4.32) by about 2.30,
and m, = 0 is not favored as a solution to the strong CP problem. We
have confirmed this known result in a simple way without the loop effects of
the pseudo-Nambu-Goldstone bosons, which could be large contributions in

chiral perturbation theory. These results [39] are consistent with the result
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Table 4.1: The results determined using two the different renormalization
schemes. The errors of results, which are determined with the MS scheme
at the energy scale 2 GeV, is larger than ones with RI-MOM scheme due to

error propagation from the conversion factor.

the coupling RI-MOM scheme MS scheme

Winax met[MeV] Winax met[MeV]
using L7 04+01 1.934+0.18 |1.7£0.3 1.80+£0.23
using Lg 0.5+0.1 2334+0.20|20£03 220+£0.27

my, [MeV] 2.78 £ 0.19 2.60 & 0.29

m./mg # 0 by Leutwyler in [34], which supports the validity of our simple
estimate. These our results indicate that the instanton effect is small.
Finally, we make a comment on the conversion from the result using the
RI-MOM renormalization scheme to the result using the MS renormalization
scheme. As we mentioned, the value of By is determined with the RI-MOM
renormalization scheme. The quantity with the MS renormalization scheme
is obtained by multiplying the conversion factor. Since the conversion factor
has an error, it propagates to the results with the MS scheme so that our

claim becomes milder as shown in Table 4.1.
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Chapter 5

Heavy meson sector

In a system with a single heavy quark and light constituents at low energy, the
properties of the system cannot be calculated analytically in a perturbative
way from the first principles because of the asymptotic freedom in QCD.
In the heavy quark mass limit My — oo, the exact symmetries arise. In
fact, these symmetries are approximate symmetries because the heavy quark
masses are finite and are much larger than the typical energy scale of strong
interaction in the system.

On the basis of a concept of the symmetries related to invariance under
the heavy quark spin and flavor transformations and of the chiral symmetry
related to the light constituents, we can construct an effective theory which
describes the heavy meson system [40, 41, 42]. In fact, the symmetries is
broken due to the finiteness of heavy quark mass.

On the other hand, the instanton-induced effect gives a correction of
next-to-leading order in the expansion in the light quark mass matrix, M.
In order to discuss the size of the instanton-induced effect as shown in the
light meson sector, we construct the effective Lagrangian up to O(p*) in the
chiral expansion in the heavy meson effective theory and we use only heavy
meson mass spectrum.

For simplicity, the subscript QCD in Agcp is sometimes omitted in the

following formulae.

o1



heavy quark

Q

light degrees
of freedom

4,49

Figure 5.1: A hadronic system containing a single heavy quark and light
degrees of freedom. Since the quark is sufficiently heavy, the heavy quark
behaves as a static source of color localized at the origin and the light quark

and gluonic degrees of freedom are distributed around the source.

5.1 Realization of heavy quark symmetry

We consider systems of hadrons contained a single heavy quark @ and light
constituents at low energy. A physical picture of the system can be ex-
pressed as the heavy quark surrounded by strongly interacting “clouds” of
light quarks, anti-quarks and gluons. These clouds are referred to as “light
degrees of freedom” (see Fig.5.1).

The typical momentum transfer between the heavy and the light degrees

of freedom are of order Aqcp. Namely,
Ap = A(MQ’U) ~ AQCD; (51)

where Ap is the transfer momentum and v is the four-velocity of the heavy

quark normalized by the on-shell condition
v, ot = 1. (5.2)

Since the heavy quark mass M is much greater than the scale Aqcp of the

strong interaction, the change of the four-velocity is small so that the heavy
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quark behaves as a static color triplet and light degrees of freedom follow the
equations of QCD with the boundary condition in the system. The strong
interaction cannot distinguish quark flavors. When the heavy quark flavor
is replaced with one another, the solutions for light degrees of freedom are
the same. Therefore, the light degrees of freedom are symmetric under an
isospin-like rotation of heavy quark flavor.

The current can be decomposed with the Gordon identity as

WWWWMﬂZQigﬂ@ﬁWf+M“+ﬂWWﬂ—pMU@% (5.3)
where u denotes the heavy quark spinor and o*” = i[y* v”]/2. In case of
Mg > Aqcp, this current becomes the spin-independent interaction since
the first term in the right-handed side of eq.(5.3) is of order 1, p' + p ~ My,
and the second term is of order of Aqep/Mg, p' — p ~ Aqep, and vanishes
in the limit. That is to say, the systems which contain heavy quark with
difference of spin are degenerate.

The heavy quark is affected by surrounding light degrees of freedom so

that the heavy quark becomes off-shell and its momentum can be expressed
Po = Mov" + k", (5.4)

where the residual momentum k* is of the order of Aqcp. The quark propa-

gator becomes

i B (Moy + § + Mg) _}i 1+9
]ﬁQ—MQiMé+2MQU'I€+k2—MQ U'/{Z 2

(5.5)

in the leading order of the 1/M( expansion. A velocity-dependent projection

operator in the propagator

1+9
—* (5.6)

projects onto the particle components of the four-component Dirac spinor in
the rest frame of the heavy quark. To obtain the Feynman rule for the heavy
quark-gluon vertex, we see the vertex sandwiched between quark propagators.
Since the propagator is proportional to (14%)/2, the factor of v, in the vertex
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can be replaced by v* as

P 1 i 14

v-k 2 9w v-k 2
AR T S R
=i igv, T —F o (5.7)

where T“s are the generators of the color gauge group. We also see the vertex

sandwiched between Dirac spinors of quarks. From Dirac equation,

(Fo — Mo)ulpo) = 0 — (F + MiQ “ulpo) =0 (5.8)
therefore,

yu(pq) = u(pq) + O(Aqen/Mg), (5.9)
namely, in the leading order, the heavy quark spinor satisfies

Y o) = u(v). (5.10)

It follows that
L+ 9

ol
igy, T TZéU(pQ)

1 : o1+
(Pg)—5 Figu, T 5 (o)
= u(pg)igu T u(pq) (5.11)
due to the factor of (1 + ¢)/2 and the case that the vertex is sandwiched

between a quark propagator and a spinor results in the same conclusion.

u(pg)igy, T u(pg) = u(pg)

I
I~

The Feynman rule for the vertex is given by
igv, T (5.12)

and for the propagator simplifies to
1
vk
since the factor of (1 + 9)/2 can be absorbed into the heavy quark spinor.
We introduce an effective field 7% (x) as

(5.13)

Y(x) = e M p @ (1) + O(Aqep/Mg) (5.14)
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and substituting it for QCD Lagrangian gives an effective Lagragian which
derives the Feynman rules as we saw above. In the leading order, the effective

Lagrangian is

L3 = b (@)™ (i — Mg)e Mo *h{) ()

= W (2)[Mo(¢ — 1) + iPlhi? () (5.15)
so that the equation of motion for the heavy quark is
[Mo(¢ — 1) +idlhi? = 0. (5.16)
In the leading order of the 1/M( expansion, the effective field satisfies
! er P g (5.17)

and then the effective Lagrangian becomes independent of heavy quark masses
Mg. Furthermore, with eq.(5.17), the effective Lagrangian can be reduced

to

- 1 1
[,f)ﬂ - thQ)(x)ﬂiD“%%%h(Q)v(x)

2
_ 1 1
- hff’?)( ) —— 7. iD"v,, ;L?Ah(Q)U(ZE)
= Q6D - 0)h @ (). (5.18)

We can verify that this effective Lagrangian reproduces the Feynman rules
eq.(5.12) and eq.(5.13). If there is more than one heavy quark flavor, the
effective Lagrangian at the leading order in Aqep/Mg is

Zh@ )(iD - v)h (), (5.19)

where Ny is the number of heavy quark flavors and the heavy quarks have
the same four-velocity v. The effective Lagrangian in (5.19) is independent of

the masses and spins of the heavy quark, that is, has a spin-flavor symmetry.

5.2 Construction of heavy meson effective
Lagrangian

The total angular momentum of the hadron J is conserved. In the heavy

quark mass limit, since the spin of heavy quark Sq is conserved, the spin of
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the light degrees of freedom defined by

is also conserved when the orbital angular momentum L = 0. The total spin
of light degrees of freedom is good quantum number in heavy hadrons. We
define the quantum numbers j, sg and s; as the eigenvalues j(j+1), sg(sg+1)
and s;(s; + 1) for J?, 83, and S} in the heavy hadron state, respectively. In
the heavy Qg meson systems, the light degrees of freedom must have the
quantum numbers of a single quark ¢. Since the ground state mesons consist
of a heavy quark with sg = 1/2 and light degrees of freedom with s; = 1/2,

they come in doublets with spin

1 1
= -=001 5.21
J 2®2 @1, (5.21)

which have negative parity because the @) and g have opposite intrinsic parity.
The states with j = 0 are pseudoscalar mesons and those with j = 1 are
vector mesons. These doublets are degenerate in the heavy quark mass limit.
When Q is an anti-charm quark, these states are D and D* mesons, and when
@ is an anti-bottom quark, these states are B and B* mesons.

In the heavy meson effective theory, a formalism is employed, in which
the entire multiplet of degenerate states is treated as a single object, H,,
that transforms linearly under the heavy quark spin-flavor symmetry. Heavy

mesons are described by the effective field

1+ . :
H,(x) = Tﬁ[Pw(x)y" +iP,(x)vs), (5.22)
where v, is the velocity of the heavy meson, and H, has mass dimension 3/2.
With two heavy flavors, ¢ and b, and three light flavors, u, d and s, the fields

P’ and P, include six heavy-light vector and six heavy-light pseudoscalar

P5*>:<D%*j Dg(l*i DE;) (5.23)
Bu Bd BS

1mesons

The fields B,, By and B, correspond to the mesons BT, B and BY, re-
spectively. The field H, is transformed under the spin-flavor SU(4) transfor-
mation, which can be decomposed by spin SU(2)s and heavy flavor SU(2);
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transformations, as
H,— SH,, (5.24)
Hv — ZHHM (525)

where S € SU(2)s act on the spinor index and zy € SU(2)f act on the heavy
flavor index. The field is also transformed under the chiral SU(3),xSU(3)g %

U(1) 4 transformation as
H, — H,h(II1, Vg, Vg)'. (5.26)
The parity transformation and charge conjugation are defined as follows,

PH,(2)P' =+°H,, (xp)"°, (5.27)
CH,(z)C" = C(H_,(x))"CT, (5.28)

where vp = (v°, —v), xp = (2%, —x) and C = iv?7°. We need to introduce

M) =@ (o) adwen () 61

to describe chiral symmetry breaking by the masses of light quarks and it is

transformed
M (z) — h(I1, Vi, VR)M (2)h(IL, V, V) (5.30)

under the chiral transformation, if light quark masses transform appropri-
ately. This is also transformed under the parity transformation and charge

conjugation as
PM(2)Pt = M(zp), (5.31)
CM(z)C" = M* (). (5.32)
The effective Lagrangian can be obtained by imposing the chiral symme-
try, spin-flavor symmetry, and invariance under the parity transformation,

charge conjugation and Hermite conjugation. The effect of spin-flavor sym-

metry breaking is included by introducing the matrix

! 0
1 M
_ ¢ , 5.33
M, . 1 (5.33)
M,
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where M, and M, are charm and bottom quark masses, respectively. Since
we consider the situation that the heavy quark masses are much larger than
the typical QCD scale, A, the effective Lagrangian is expanded in powers of
A/Mg. We do not consider the terms which includes derivatives on H,, since
we are going to analyse only the masses of heavy mesons. We write down
non-derivative part of the effective Lagrangian up to O(A/Mg) in the A/M

expansion and O((m,/A)?) in the chiral expansion

£ = AulHLHL) + L + L0 + Cinm + e
A 2
+0 ((%) ) : (5.34)

mass A _ A "
(v = R/A<tr[HymHv]> + fiA<tr[Hv%0poHvap . (535

where

oty = (lH L] (M o+ M) + 2 Ul LM + M), (5.36)

(A/M)(m/A) = %<tr[H”MAQH”]><M + MT> + %<tr[H”MAQHU](M i MT)>

A
Mg

by

+K<tr[}_[v Hvop"]><M + MT>

by A Y T
+K<tr[Hv%amHvo (M + M )>, (5.37)
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and
= ) )

7 {(utaeamnn) () + (it o) or))
(i

5; tr[H,H,) MMT> + <tr[HvHU]MTM>}
+%<tr >{<MM+MTMT>}

+%<tr >{< Y+ Q) (MT) )

K- _ )
= {<tr[HvHv]MM> + <tr[HvHU]MT M >} . (5.38)
Here 07 = i[y*,7°]/2 and the couplings «', k, Xxi, @i, b; and the seven

couplings K; are dimensionless parameters. A possible term

Ko

- <tr[H H }><M*M + MMT> (5.39)

can be absorbed into the first term in £'*° due to unitarity of £. The terms
with coupling K; in E?}\a/% . gives a complete collection of terms of O(p?)
without derivatives [39], though some of the terms have already been given
by [43]. The order (A/Mg)? terms, which could give the contribution of the
same order of O(p?) terms, are irrelevant to our present analysis, since we
are not going to consider the mass differences between heavy pseudoscalar
mesons and heavy vector mesons.

The heavy meson effective Lagrangian has also the invariance under the

instanton transformation of eq.(4.20) with

K4 — K4 + %w,
X1+ X2
K5—>K5——2 w, (540)

K¢ — Kg + xow,
K7 — K7 — XoW.
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This invariance can be shown by using eq.(4.22). The terms with couplings
K4, K5, K¢ and K, break U(1) 4 symmetry, because M is transformed under
the U(1) 4 axial transformation (note that in eq.(5.29) 7’ transforms as ' —
7 4+ V6f'0,/2 and x is invariant since it is essentially the mass matrix).
Remember that the instanton effect breaks U(1)4 symmetry, and in fact,
these couplings are sensitive to the instanton transformation. On the other
hand, the other terms of Kj, K, and K3 are invariant under U(1),4 axial
transformation, and they are insensitive to the instanton transformation.

In the following, we fit a combination of couplings, K3+ K, which is sen-
sitive to the instanton correction using the well-known masses of pseudoscalar

B mesons only.

5.3 Constraints in heavy meson system

We obtain the pseudoscalar B meson mass formulae from eq.(5.34)

A A
ME = M1+ —<S242(K +6K) —
B, = Mb{ (4 65)
A A\ Bym, +mg+ mg
— b
+8(X1+G1Mb+6 le) A A
B§ (my, + mg + my)? Bi mZ +mj +m?
+8 (K7 + 2K5) 2 A2 + 16 K,— A2 A2

28 (ot as e ) B
M, X2 azM 2Mb A

32 u S
116 (K + Kg) o e e T }%

A2 A A

+O ((AZ)Q) (5.41)

where ¢ is the light flavor index, u,d and s [39]. In this heavy meson mass

A B2 m?
16 (K K _0_
o UGS K B

formulae, we see that the couplings K5 and Kjg describe the direct contri-
bution of the instanton-induced mass like Fig.4.1, though the couplings K4

and K should be also sensitive to the instanton transformation. This is the

60



same argument as that on Lg, Ly and Lg in previous chapter. We can fit

A Mg, — Mp,
= ——— ¢ = (.065 £+ 0.004 5.42
X2 4 m%(i —_ mii ) ( )

at O(p?). Up to O(p*) the meson mass differences are obtained as follows

Bo(ms — my) A
Mg, — Mg, = ————= |4 4 24by)—
B, By A X2 + (4az + 2)Mb
Bo(my, + mg + mg Bo(mgs +m
+8<K2+K6) 0( A2 d ) +8(K3+K7)¥ )
(5.43)
and
Bo(mg —my,) A
Mg, — Mg, = —————= |4 4 24by)—
By Bu A X2 + (4ag + 24by) M,
By(my, + mg + ms Bo(mg + my,
+ 8(Ks + Kg) ol 2 d ) 4 8(K;3 + m)%
(5.44)
Therefore, we can extract only one combination
K3+ K5
_ A? MBS — MBd B MBd — MBu + (MBu — MBd)EM
S(méo - mzro) m%—(i - m?ri mio - mKi “I’ mii - m?_{_()
X2 A2 m%(() - méi + mfri - mio mg + My, 1
2 2. + 1k, — M2y 2, mg —my, ’
(5.45)

where we have considered the QED correction to the masses of the charged

mesons. Substituting
(MBu - MBd)EM = 2.09 £+ 0.18 1\/18\[7 (546)

which is given by a theoretical calculation in [44], and the observed value of

the mass differences in [38], we obtain

K3+ K7 = —0.013 £ 0.007, (5.47)
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Since K7 does not seem to describe direct the contribution of the instan-
ton effect in the mass formulae of eq.(5.41), and since K3 does not transform
under the instanton transformation, we are going to discuss the “weak con-
straint” on the possible maximal value of the parameter w. This should be
equivalent what we have obtained from Lg in the previous chapter. It can be

obtained as
Wmax = 0.2 £ 0.1, (5.48)

by using egs.(5.40) and (5.42) and by assuming that all the values in eq.(5.47)
are produced by the instanton dynamics.

The constraint on the possible maximal value of the omega parameter can
be also evaluated in the heavy meson system. It is found that the constraint
on the instanton effect in the heavy meson system is as strong as that in the
light meson system. In this case, the instanton-induced effective up-quark

mass is given as
meT = 1.06 4+ 0.50 MeV, (5.49)

when m, = 0 by eq.(4.17). This value differs from the value in eq.(4.32)
by about 3.40 and the solution to the strong CP problem by m, = 0 is
disfavored [39]. Note that, if the sign of non-instanton K3 is opposite of
the sign of K7, we are overconstraining the instanton effect. To avoid this,
we must determine the value of K3, which should be future work. The
quantitative investigation of the contribution of instanton effects to K7 is a
future task. We believe that the value of K3 and K7 will be independently
extracted from the data by future experiments. Also note that, there would
be room for improvement to take into account some possible loop effects of the
pseudo-Nambu-Goldstone bosons as we have noted in previous chapter. Our
analysis using the heavy meson effective theory indicates that the instanton-
induced mass correction does not seem to be large enough to solve the U(1) 4

problem.
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Chapter 6
Conclusion

We have investigated the light meson effective Lagrangian of the system
with pseudo Nambu-Goldstone bosons at low energies up to O(p?), and we
have confirmed that the effective Lagrangian is invariant under the instan-
ton transformation. This symmetry is the consequence of the fact that the
physics is independent of whether the instanton correction is included in y
or Lg, Ly and Lg. We have evaluated the value of the coupling L;, which is
expected to be dominantly produced by the instanton dynamics. The maxi-
mum value of the omega parameter given in eq.(4.42) was calculated under
the assumption that the whole value of L; is produced by the instanton dy-
namics. The result wy.x = 0.4 £ 0.1 cannot create the situation that m, =0
could be a solution to the strong CP problem. In other words, the instanton
corrections to quark masses are too small to explain the strong CP problem.
The “weakly constrained” maximum omega parameter has been also calcu-
lated with the coupling Lg though the coupling might have the contribution
from the other non-instanton dynamics in QCD. The result in this case also
indicates that the instanton effect is small. We have confirmed this known
result in a simple way.

We have shown that the same analysis is possible for the heavy me-
son systems in Sec.5. We have constructed the heavy meson effective La-
grangian with chiral symmetry breaking up to O(p?) in the chiral expansion
(eq.(5.38)). This effective Lagrangian also is invariant under the instanton

transformation and we have identified the couplings which are non-trivially
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transformed under the instanton transformation. The bottomed pseudoscalar
meson mass formulae up to O(p*) have been derived in eq.(eq:heavymassformulae).
This was possible because their masses have already been measured well by
experiments and A/M, expansion is more reliable than A/M, expansion in
the heavy meson effective theory. Although we could only determine a combi-
nation of K3+ K, (K3 is insensitive and K7 is sensitive to the instanton trans-
formation), the possible maximal value (“weak constraint”) wp.x = 0.24+0.1
is obtained from the meson mass differences. It has been found that the con-
straint on the instanton parameter in the heavy meson system is as strong as
that in the light meson system. The development of the lattice calculations
is going to give a more precise omega parameter, since the error of the omega
parameter is mainly from the error of quark condensate given by the lattice
calculations.

Our results are obtained following the procedure based on a spirit of
the chiral expansion theory, where the parameters are fitted order by order.
When the light quark masses are fitted in the leading order, the freedom
of the instanton transformation is fixed. The instanton corrections are in-
cluded in the higher order terms. The instanton correction can be absorbed
into the leading order quark masses with a special instanton transformation
by which higher order couplings vanish under a conservative assumption of
dominance of the instanton contributions to the higher order couplings. The

value of wy,.x corresponds to such an instanton transformation, and it can be
eff

a measure of the magnitude of the instanton effect as well as m:".

The non-trivial vacuum structure in QCD is in the theory not in Minkowski
space-time but in Euclidean space-time. Whether the analytic continuation
can be done or not is an assumption. The proof of the validity seems to
be difficult. On the other hand, there are some attempts to investigate the
phenomenon induced by the non-trivial vacuum structure. No attempt has
succeeded in supporting the existence of the non-trivial vacuum structure in
QCD. Our analysis using heavy meson effective theory is not in favor of the
existence by showing that the instanton-induced effect cannot produce the
sufficiently large value of m< to solve the strong CP problem.

In the following, we point out the problems and future subjects of our

present analysis in order.
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We note that both the results in the light and heavy meson systems were
obtained under the assumption that the whole values of the corresponding
couplings were generated by the instanton dynamics only. If the contribution
of the non-instanton dynamics in QCD to the couplings in the effective theory
is large, especially if it cancels the contribution of the instanton dynamics,
our constraints do not apply.

In order to make the constraint more precise for heavy meson system, we
must determine the value of K3 independently. In the future, the informa-
tion of b-flavored vector meson masses given by experiments will enable us
to fit the couplings K; more precisely and systematically. When we consider
the mass differences between the vector mesons and pseudoscalar mesons,
we need to include the O((A/M;)?) terms in the heavy meson effective La-
grangian.

As a first step of the analysis, we have neglected, for simplicity, the chiral
symmetry breaking terms in the leading order in derivative of H,, (tr(Hv -
O0H))(M) and (tr(Hv-0H)M), which require the field redefinitions, and the
mass formulae should obtain corrections. Again, we hope that the results of
the future B factory experiments will enable us to include these terms.

We also have neglected the loop effects of the pseudo-Nambu-Goldstone
bosons in chiral perturbation theory, because we have attempted to investi-
gate with the heavy meson and have needed to obtain the consistent method
which is simpler than [34]. We leave this problem as a future work.

According to [44], the masses of B, and B, are almost degenerate as a
result of the cancellation of two sources of isospin breaking: mass difference
of up- and down-quarks and the QED effect. This situation is very different
from that in light mesons or charmed mesons, 7w, K and D. The phenomena
should be studied more to obtain more precise input of the theoretical QED
effect.

In this thesis a new quantitative constraint on the instanton effect in the
heavy meson system has been given. We hope that future development of

this approach will help to verify the instanton effect experimentally.
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