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ABSTRACT. In this thesis, we consider stationary drift-diffusion equations us-
ing energy methods. More precisely, we consider divergence form elliptic equa-
tions with drift terms —div (AVu) +b - Vu = p in a domain Q C R™ (n > 3).
First, we give Harnack type inequalities. Next, we give global and local weak-
type L1 — Ln/(n=2),00 egtimates and also give pointwise potential estimate
iterating local version of L' — L"/(7=2):%° estimates. Moreover, we derive a
pointwise lower bound of non-negative supersolutions. These estimates have
many applications. For example, the pointwise estimate immediately gives a
necessary and sufficient condition for continuity of solutions, and also, we can
prove Wiener’s criterion using these estimate.
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CHAPTER 1

Introduction

In this thesis, we consider pointwise behavior of weak solutions to divergence
form stationary linear drift-diffusion equations with force terms

(1) Lu = —div (A(x)Vu) +b(x) - Vu=p in £,

where €2 is an open set in R™ with n > 3. Our assumption on A is standard. The
matrix valued function A = A(z) belongs to (L*°(£2))"*™ and there is a positive
constant v > 0 such that

(A(x)€) - € > v[E]? VEER™, z€Q.

We assume that the right-hand side u is expressed as y = 4 — p— each of which is
a finite non-negative Radon measure in H~1(Q) = (H}(Q))*. If p € L*/ ("+2)(Q),
then p is immediately decomposed as above. The aim of this thesis is to give quan-
titative regularity estimates for weak solutions to (1) under appropriate conditions
on b. Throughout the thesis, we assume that vector field b belongs to (L2 (€)™,
but we give stronger conditions for b depending on situations. Roughly speaking,
we will assume that |b|(x) = O(]z|~!) in the sense of integral average and it satisfies
a geometric condition or a smallness condition. We assume that b is expressed as

b =bg + b,

and

divby =0
in the sense of distributions and by is sufficiently ‘small” with respect to the min-
imum eigenvalue of A. Under these assumptions (see assumptions (21), (38) and
(56) for the precise meaning of this smallness conditions), we will derive the two-
sided pointwise Riesz potential type estimate, which is one of the main results of
this thesis,
(2) él’z‘(xo,R) <wu(zg) <C (g?ﬁ;r}zf)u +I§‘(xo,2R)>
for nonnegative solution to Lu = p > 0 in B(zo, 2R), where I5 (2, R) is a truncated
version of Riesz potential of u. Later, we will see that its meaning is different
respectively when deriving estimates type of (4), (2). Once these estimates have
been obtained, we get (2) immediately by combining these estimates. If b = 0,
more generally, if divb = 0, then b; = 0 and it is small in any senses, thus, we
can prove the two-sided pointwise potential bounds (2). However, it is necessary
again to treat equations directly when we prove each estimate. Each of one is not
automatically derived from the previous one. In this thesis, we derive (2) using a
method of nonlinear potential theory. This method has two advantages. First, by
using energy methods, we can use the divergence-free structure of drifts naturally.
Secondly, this method does not rely on the existence of Green’s function, so, our
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6 1. INTRODUCTION

method can apply to elliptic equation with strongly singular drifts directly. In
the proof, we give new global and local weak-type L' — L"/("=2):%° estimates. See,
Theorem 50, Theorem 53 and Theorem 64. The local weak-type estimate (Theorem
53) seems new even in the case of b = 0 whenever A # I (see, [31] and [8]). Also,
using one of these estimates, we give a shorter proof of the estimate in [5, 36].

To think about why the divergence-free condition is effective, we shall recall
the following flow independent energy estimate for solutions to Lu = p with homo-
geneous Dirichlet boundary data:

IVullL2 ) < Cllplla-1@)-
If divb = 0, then we can take C' = v. Indeed, testing the equation by u, we have

/AVU-Vudx—l—/(b-Vu)udm: (1) (1-1(0),H1 ()
Q Q

However, the second term in the left-hand side vanishes by integration by parts, so,
we can get the desired flow-independent estimate. Such a cancellation is often used
in analysis of equations related with fluid dynamics. In recent years, Berestycki,
Hamel, and Nadirashvili [4] proved a uniform flow-independent lower bound of the
first Dirichlet eigenvalue. In recent years, Berestycki, Kiselev, Novikov and Ryzhik
proved flow-independent global LP — L (p > n/2) bounds, and applied them to
semilinear problems [5, 36]. For other usages of the divergence-free condition, see
also [71, 4, 59, 44, 42]. There are related results for parabolic equations. For
example, Carlen and Loss [9] gave an on-diagonal heat kernel estimate with the op-
timal constant, and applied them to two dimension Navier-Stokes equations. Osada
[65] introduced consideration of generalized divergence form and gave an Aronson
type estimate for parabolic equation with divergence-free drifts. He rewrote the
parabolic equations with divergence free drifts dyu + b - Vu — Au = 0 as

0w — div (I +V)Vu) =0

using an anti-symmetric matrix valued function V(x) = (V;;(z)) € (L (Q))™*"

which satisfies b(z) = (b;(z)) = (Z?Zl 0;Vij (x)) Note that the same idea is often
found in the different context by many authors. After years, Liskevich and Zhang
[52] gave an Aronson-type estimates for weak fundamental solutions to parabolic
equations with singular drifts. Their assumptions on drifts are closely related to
our assumption (38). See also [43, 67]. Nazarov and Ural’tseva [64] gave parabolic
Harnack inequality for equations with divergence-free space-time singular drifts
using Morrey spaces. Friedlander and Vicol [23] and Seregin, Silvestre, Sversk and
Zlatos [68] gave parabolic Harnack inequality for equations with divergence-free
L (BMO™1) drifts.

We briefly discuss the history and the background of the subject on quantitative
properties of weak solutions to divergence form elliptic equations. First of all, we
recall the basics of weak solutions of divergence form linear elliptic equations with
bounded measurable coefficients

(3) —div (A(z)Vu) = 0.
From theory of functional analysis and calculus of variation, existence theorems
of weak solutions of these equations are not difficult, but its regularity estimates

had been an important problem in the first half of last century since Hilbert’s 19th
problem. In 1957, De Giorgi [17] proved Holder continuity of weak solutions. Moser



1. INTRODUCTION 7

[62, 63] gave a new proof of De Giorgi’s theorem using Harnack’s inequality. He
proved the following: If u is a nonnegative weak solution to (3) in €2, then

(4) esssup u < C essinf u
B(zo,R/2) B(z0,R/2)

whenever B(zo,2R) C {2, where C is a constant depending only on n, v and
| Al| oo (). De Giorgi’s theorem follows from this inequality and an iteration argu-
ment directly. Note that their proofs do not depend on the modulus of continuity
of A(x) neither.

After few years, Littman, Stampacchia and Weinberger [53] considered Green’s
function of linear elliptic equations (3) with the homogeneous Dirichlet boundary
condition. In other words, they construct a solution G(x,y) to the Dirichlet prob-
lem with measure data —div (AVG(z,y)) = d,, where ¢, is Dirac’s delta measure
centered at y € (). They used De Giorgi-Moser’s uniform estimates and solutions of
perturbed equations. They also proved that pointwise behavior of G(x,y) is equiv-
alent to that of the Laplace equation. From the representation formula of Green’s
function of the Laplace equation, they established the Riesz potential estimates

(5) G(z,y) < Clz -y~
and
1 2_ . 1 .
(6) G(z,y) > 5|$ —y*™" if |z —y| < Edlst(y,(?Q).

They also gave Wiener’s boundary regularity criterion using the equivalence of
the Green functions. Their proof of Wiener’s criterion was not quantitative, but,
Maz'ya [56] gave a modulus of continuity of solutions of near boundary at about
the same time. Griiter and Widman [28] introduced a mollified version of Green’s
function and gave another definition of Green’s function. More precisely, they
considered a sequence of functions {G, ,},>0 C H} () (y € Q, p > 0) such that
each of which satisfies

. 1 :
—div (AVGP,U) = mlB(y’p) m Q,

moreover, defined Green’s function as the limit G(z,y) = lim,0 G, ,(x) using
uniform estimates

(7) G,y

and

L7L/(1L72),00(Q), HVGp,y‘ Ln/(nfl),oo(Q) S C(n)

/ IVG,,?dx < C(n)R"* VR > 0.
O\B(y,R)

Their construction methods of Green’s function are frequently used at present.
They also gave estimates (5) and (6) directly. Moreover, they gave a Maz'ya-type
estimate using Green’s function. For further results about Wiener’s critrion, see
also [19, 21, 22, 15, 61].

De Girogi and Moser’s arguments do not depend on the linearity of equations,
S0, their estimates were immediately extended to solutions to quasilinear equations

(8) —div A(z, Vu) =0,
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where A : Q x R™ — R"™ is a Carathéodory function which satisfies
|A(z, 2)| < LI[P~,
Az, 2) -z > v|z|?,
(A(x,29) — A(z,21)) - (22 —21) >0
Ve € Q,Vz,21 # 20 € R"

for some constants 1 < p < oo and 0 < v < L < oo. For example, if A(z,z) =
|2|P=22, then these conditions are fulfilled, and (8) becomes the p-Laplacian equa-
tion. Existence theorems of weak solutions to these equations follows from theory
of monotone operators. For such weak solutions, we can show Harnack’s inequality
and Holder continuity: see standard textbooks [51, 41, 47, 25, 26, 33, 55] and
the references therein.

Since these equations are nonlinear, the concept of Green’s function is not
available. However, we can get an analog of (7) using truncated test functions.
By using these estimates and weak convergence methods, we reach the concept of
equation with measure data such as —div A(z, Vu) = d,; see e.g. [6, 37, 3, 7,
16]. Unfortunately, uniqueness of such generalized solutions is not clear in general.
Thus, an appropriate definition of a class of very weak solutions to quasilinear
equations has been treated by many authors. On the other hand, Maz'ya [57] gave
a sufficient condition of the Wiener boundary regularity for quasilinear equations
(8). Necessity of this condition was considered by Lindqvist and Martio [50]. After
years, Kilpeldinen and Maly [37, 38] proved the following two-sided pointwise
estimate: if w is a non-negative solution to the equation —div A(x, Vu) = x> 0 in
Q, then,

9) EWG0 ) < ulan) € ([ int et Wh(ao.2m) )
whenever B(zg,2R) C 2, where C' is a constant depending only on n, v and L, and
WE(xo, R) is the Wolff potential of y which defined by

ds

R
Wg(ir(h R) B ~/0 (sp_nM(B(moa s)))l/(pil) S

Note that if p = 2, then the Wolff potential is a truncated version of Riesz potential.
They proved necessity of Maz'ya’s condition using the second inequality of (9).
Conversely, sufficiency follows from the first inequality. Trudinger and Wang [70]
gave another proof of (9) for more general equations. For other proofs of this
pointwise estimate, see also [45, 31]. For related results and topics of this estimate,
see textbooks of nonlinear potential theory [33, 55].

Another extension of equations (3) is an equation with lower order terms. This
problem is taken up by quite many authors including Morrey [60]. Quasilinear
equations with lower order terms can also be considered, in fact, the above references
treated such equations. We will focus on linear equations with drift terms. From
standard results, if b € (LP(Q))™ with p > n then solutions to the equation (1) are
Holder continuous and Harnack’s inequality holds for nonnegative solutions. Note
that it is not necessary to prove Harnack-type estimates. Indeed, Stampacchia [69]
proved Harnack’s inequality for elliptic equation with small L™(£2) drifts. Recently,
Nazarov and Ural’tseva [64] gave a similar estimate for arbitrary L™ () drifts using
Safonov’s technique [66]. For equations with more general drifts, see also [68, 64,
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29]. Stampacchia also gave existence of Green’s function for elliptic equations with
LP(Q) (p > n) drifts. For Green’s function for elliptic equation with drift terms,
see also [14, 35, 40, 42].

Organization of the thesis In Chapter 3, we derive basic properties of super-
solutions and subsolutions to the homogeneous equation Lu = 0. We also give Har-
nack’s inequality for nonnegative solutions. See Theorem 47. In Chapter 4, we prove
a global flow-independent estimate. Moreover, we prove the local L' — L™/ (n—2),00
estimate and the potential upper bound (2). See Theorem 53 and Theorem 55.
In Chapter 5, we prove the potential bound of (2). See Theorem 71. Moreover,
we discuss the continuity of solutions and Wiener’s criterion as application of the
potential bounds.
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CHAPTER 2

Preliminaries

1. Notation

We use the following notation in this thesis. Let U and U’ be open sets in
R™. For a Banach space X, we denote by X™* the dual of X. Here, esssup, f and
essinf 4 f are the essential supremum and essential infimum of f on A.

B(zo, R) := {z € R™; |z — x| < R}.

CA:=R"\ A.

dist(z, A) :=inf{|z —y| : y € A}.

diam A := sup{|z — y| : =,y € A}.

|A| := the Lebesgue measure of a measurable set A.
fAfdx::ﬁfAfdzr.

14(z) := the indicator function of A.

ft = max{f,0}, f- := max{—f,0}

oscy f :=esssupy f —essinf4 f.

U €U :< U c U and U is compact.

C(U) := the set of all infinitely-differentiable functions with compact
support in U.

o Vf=(2L, 2L divF =Y 5 Afi=div(VS) = Y1, %

The Sobolev space H!(() is the set of all weakly differentiable functions f such
that || f|| g1 (q) is finite, where

11 ) = 720y + IV FIIZ2(0)-

The space HE(Q) is the closure of C2°(Q) in H*(Q). We say that a function f
belongs to Hi () if || f||gr1(py < oo for all D € Q. We write (Hg(Q2))* as H™ ().
Moreover, we introduce the Dirichlet space D!?(2) as follows:

D(Q) = {u € Hoe(Q); Vu € (L*(Q))"}.
The space Dy*(Q) is the completion of C2°(2) with respect to the norm ||V - lz2(0)-
From the Poincaré inequality, if € is bounded, then DS’Z(Q) = H}(Q). Below,
when  is bounded, we write Dy?(€2) as HL(Q). We write the duality pairing
on (Dy(Q))* x Dy?(Q) as (-,-)q. Throughout this article, the letters C' denote

positive constants whose values may be different at different instances. When the
value of a constant in significant, it will be clearly stated.

2. Sobolev spaces
First, we recall some properties of Sobolev spaces:

LEMMA 1 ([33, p.18]). Suppose that ¢ € C*(R), ¢’ is bounded, and u € H' ().
If pou e L3(Q), then pou € HY(Q).

11



12 2. PRELIMINARIES

LEMMA 2 ([33, p.20]). Ifu andv belong to H*(Q), then max{u,v} and min{u,v}
belong to H'(Q). Moreover,

) >

V max{u,v}(z) = Vule) zfu(x) -

Vo(z) if u(z) <

and
CIIOR N
In particular, if u € HE _(Q) and k € R, then
Vu=0 ae on{xeQ; ulx)=k}
LEMMA 3 ([33, p.21]). Suppose that u and v belong to HY(Q) N L>(Q). Then
(1) ww € HY(Q) N L>(Q) and
V(uwv) = vVu+ uVo.
(2) If, in addition, uw € H}(Q) N L>®(Q), then uv € H(Q) N L>®().

3. Riesz potentials and the capacity
Next, we recall properties of Riesz potentials. See also [1, 25, 33, 58, 46].

DEFINITION 4. Let p be a non-negative Radon measure in Q. For z¢ € Q and
0 < R < dist(xg, 02), we define
R
_n ds
1Y (xo,R) = / 52 u(B(xo,s))?.
0

Since ffo ol st=mds = (n—2)71(|zg — z|>~™ — R?>~"), by Fubini’s thereom, we

R
IIQL($07R) = / Slin (/ 1{\x0—x|<s} dﬂ(l’)) ds
0 B(zo,R)

R
:/ (/ 517”1{\wo—$|<s} d5> d/L(fE)
B(zo,R) \Jo

1 / 2— 2—
= (Jwo —2[*7" = R7") dp(x).
n—2 B(wo,R)

have

Thus, if u is the solution to the Dirichlet problem

—Au=p in B(zg, R)
u=0 on dB(zg,R),

then u(xg) = (n — 2)7115 (20, R) (see e.g. [34, p.19]). In particular, for any 0 <
R < o0,
1 dp(z)
15 (zo, R) < I5(zg,00) = / —
? ? " =2 Jpao,r) |To — 2|2
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LEMMA 5. Let R, = 27™R for m = 0,1,.... Then there is a constant C,
depending only on n and p, such that
1 — o
Gl (w0, B) < 3 R u(B(o, Ron))
m=0

Z RZ " u(B(x0, Rim)) < CT4(x0,2R).

PROOF. We only prove the latter inequality. Since p is a non-negative measure,
we have

2R 0 2R
ds m ds
2—n B — 2—n B
A S M( (Z‘Q,S)) s m§_0 . s :u( (330,3)) S

By a similar calculation, we can get the first inequality. O

Next, we recall the definition of capacity:

DEFINITION 6. Let 2 be an open set in R™. For a compact set K C €2, we take

«cap(K,Q) = inf{/ [Vol?da; ¢ € C°(2), ¢ > 1on K}.
Q

Moreover, for E C €2, we define

cap(E,Q) := inf sup .cap(K,Q).

ECUCQ geU
U; open

The number cap(FE, Q) is called the capacity of the condenser (E, ().

LEMMA 7. The set function E — cap(E,Q), E C Q, satisfies the following
properties:

(1) If Ey C E», then
cap(FE1, Q) < cap(Es, Q).
(2) If Q1 C Qo and E C Qq, then
cap(FE,Qs) < cap(F, Q).
(3) If E=;2o B CQ, then
cap(E, Q) < icap(Ei, Q).
i=0

DEFINITION 8. We say that a property holds quasieverywhere, abbreviated q.e.,
if it holds except on a set of capacity zero.



14 2. PRELIMINARIES

DEFINITION 9. Let 2 be an open set in R™. A function u : Q — [—00,00] is a
quasicontinuous function in 2 if for every e > 0, there is an open set V' such that
C3(V) < € and the restriction of u to '\ V is finite and continuous, where Cy(V)
is the Sobolev capacity of V' which defined by

Cy(V) = inf {/ lul? + |Vu|* dz; v € H'(R"), u>1 ae. in V} .
Rn
If u € H'(Q), then the limit

lim u(z) de = u(zg)
R—0 B(zo,R)

exists and defines u quasieverywhere in 2. Moreover, we have the following:

LEMMA 10 ([33, pp.89-90]). Suppose that u € H*(Q). Then there exists a
quasicontinuous function v such that w = v a.e. in Q. Moreover, a function u €
HY(Q) belongs to H () if and only if there is a quasicontinuous function v in R™
such that v =v a.e. in Q and v =0 g.e. in CQ.

4. Lorentz spaces and embedding theorems
Next, we recall the definition of the Lorentz spaces LP'9(12).

DEFINITION 11. For 0 < p < o0 and 0 < r < oo, we take
LP7(Q) := {f : @ — R measurable; || f||pr.r () < 00},

1 £llrr) = (p / " (e e @ 1@ = 1) O}f)

[£llnoe ) = supt |z € 2 |f(@)] = 1)1/

where
1/r

and

The space LP>° is also called the weak-LP space. By definition,

1A 2oy = 1A gy

The quantity || - ||r.c (o) does not satisfy the triangle inequality, in general. How-
ever, it satisfies the quasi triangle inequality

I1f + gllroo @) < Cp (1 fll e (@) + gl Lre)) -

Moreover, it satisfies the following Fatou-type property (see [27, p.14]); for any
measurable function sequence {f;}32;, we have

(10) | timinf ;1120 (o) < Cplimint ;25 .
The following Holder-type inequality is well-known:
LEMMA 12 ([27, p.52]). Let 1 < p,p’ < oo and 1/p+1/p' =1. Then

(1) ‘ | s9as

By using Lorentz spaces, the usual Sobolev’s inequality

£l z2n /-2 .2y < SV fllz2@n),  Vf € Dy*(R™)

is improved as follows:

< fllzer@ gl zor e @) -
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LEMMA 13 ([2]). Let n > 2. Then, the embedding into Lorentz space

||f||L2n/(nf2),2(Rn) < SQHVfHLz(Rn), Vf S D(1)72(Rn)
holds, where

2
Sy = S2(n) = |B(0, 1)|71/nm-

Here, |B(0,1)] is the Lebesque measure of the unit ball in R™.
Recently, the best constant of the following embedding was obtained:

LEMMA 14 ([11]). Let n > 2. Then, the embedding into Lorentz space

1£1l £2n/n-2).00 () < SoclVfllz2@ny,  Vf € Dy (R™)
holds, where
1 \/2
Sy = B0 (15)

n—2

REMARK 15. Since LP C LP** (see [27]), from the usual Sobolev inequality,
the embedding Dy ?(R™) < L27/(n=2).(R") is well-known. Nevertheless, we cite
Lemma 14, because this sharp embedding is useful for our argument. For the ex-
tremal functions of this inequality, see Theorem 2 in [11]. For details, see Theorem
64. On the other hand, as arguments in [54], if Lemma 14 holds, then we can show
the embedding Dy *(R") < L2/ (7=2).2(R"),

Let us recall the following Marcinkiewicz interpolation theorem:

LEMMA 16 ([27, p.56]). Let 0 <7 <00, 0 <pg <p1 < oo and 0 < qo < ¢1 <
o0o. Let T be a linear operator defined on the set of simple functions on Q. Assume
that for My, My < oo the following restricted weak type estimates hold:

[T(14)| a0 0y < Mo| Ao,

IT(14) || por ooy < M| A[MPr,
for all A C Q with |A| < 0. Fiz 0 <0 <1 and let

1 1-0 0 1 1-46 0
= +— and - = +—.
q q0 q1 p Po p1

Then there exists a constant M, which depends on K, po, p1, qo, q1, Mo, M1, T
and 0, such that for all functions f in the domain of T and in LP" () we have

1T zar@) < M| fllper©)-
LEMMA 17 ([27, p.63]). Let 1 < p,q,r < oo satisfy
1 1 1
S+l=>+73,
q p r
and let 0 < s < oo. Then for all f € LY"*(R™) and g € L™ (R"),

||f *g”Lq"“(R") < C(p,q,r,s)\|g| f”Lq’S(R")?

where (f % g)(x) = [p. f(z —y)g(y) dy.

Lo (R™)
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5. Miscellaneous facts

LEMMA 18 ([25, p.166]). Let Q be a conver domain, and let f € WH1(Q).
Suppose that there is a constant M such that

/ \Vflde < Myt
QNB(y,r)

for all balls B(y,r) C Q. Then, there exist positive constants oy and C depending
only on n such that

/ exp(~=|u — ug|) dr < C(diam )"
0 M

whenever o < 0o/ (diam ).

LEMMA 19 ([26, p.220]). Let {Up }50_, be a sequence of non-negative numbers.

Assume that
Uni1 < COTUNT

for all m >0, where C >0, b > 1 and a > 0. Assume also that
UO < C—l/ab—l/oﬁ.
Then U, — 0 as m — cc.

LEMMA 20 ([26, p.191]). Let 0 < p < R. Let Z(t) be a bounded non-negative
function in the interval [p, R]. Assume that for p <t < s < R we have

Z(t) < A(s—t)"* +0Z(s)
with A >0, « >0 and 0 € (0,1). Then,
Z(p) < Cla, )A(R — p)~*.



CHAPTER 3

Energy estimates and related results

In this chapter, we introduce weak solutions to the equations Lu = p in ) using
the divergence structure of equations:

(Lu, @) =/AVU~V¢+(b~VU)<pdx= (1, 0)
Q

where A and b satisfy
(12) A(z) € (LZ(@Q)™", (A()§) - £ 2 vIEl* VEER", z€Q
and
b=by+by, divby=0.
If the bilinear form (Lu,v) is bounded and coercive, i.e. if

[(€u,0)| < OVl Vo2,
1
FIVuls < (cu,u),

then, from the Lax-Milgram theorem, this operator gives a one-to-one relation
between HE () solutions and H~1(£2) data. Therefore, we can get uniqueness and
existence of weak solutions to Dirichlet problems. Moreover, in the same condition,
we can show Caccioppoli type estimates. Consequently, we obtain some estimates
from De Giorgi-Moser theory. In particular we will prove a Holder estimate of
solutions (Theorem 44) and a Harnack estimate for nonnegetive solutions (Theorem
47). Our framework allows that b = O(|x|~1). It include equations

(13) Lu=—Nut P Vu=0 inQ=B01),
T

where g € R. From Hardy’s inequality

|ul? 2 2/ 2
Ll B <=
/R” P dz < — [Vul® dz

the bilinear form (Lu,v) is bounded on H{ (). Moreover, if 8 < (n—2)/2, then by
using the best constant of Hardy’s inequality and integrating by parts, we can show
the coercivity of (Lu,v). Thus, uniqueness of weak solutions to Dirichlet problems
follows. On the other hand, this equation has a classical solution

( )7 C‘x|2in+ﬁ 5%%—2
= clog || B=n-—2

(14)

in R™"\{0}. If 8 > (n—2)/2, then this solution is a weak solution because u € H'(Q).
Therefore, uniqueness of weak solutions to the Dirichlet problem does not hold.
Thus, an appropriate smallness assumption is necessary. For further properties of
this operator, see also [48]. Throughout this chapter, we assume the conditions

17
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(17) and (21) on the drift b, which will be explained precisely in Section 1 and
Section 2.
1. Definition of weak solutions

Let us state a first assumption on drift b. Let b € (L% _(2))". We say that
|b|? belongs to the class of admissible measures im};? if there is a constant C' > 0
which satisfies

[P as<c? [ Vel
Q Q
for all p € C°(Q). For b € (L2 ()" with |b|? € 93?3_’2, we define

Jo Ib[2e? da:
Jo IVe]? da
From Theorem 1 in [58, p.189], there is a constant C such that

1 1 , 1/2
= |lIblllq < — b|“d < C|||bllg-
gvlla s s (g [ pPac) < cpbil,

From this characterization (or by using a bump function), we have

. 1/2
Sup ( n—2/ |b2dx> < C|[blllg-
B(y,2r)CQ T B(y,r)

On the other hand, from a result in [20] (see also [13] and [12]), for any € > 0,
there is a constant C' = C(n, €) such that

. 1/2(1+¢)
bl|g. <C  sup 7/ b2+ dz :
H‘ H‘R B(y.r)CRn (rnQ(lJre) Bly.r)

(15 b, := inf { C' > 0; <C* VpeC®(Q) p#0,.
Q

Other sufficient conditions are as follows: According to Lemma 13, we have

/Q 262 A < 2] oo ey |0 0201

= [IbllZn (@) 121120 00220 < S3IBITn.c0 0 VPl T2 ()
Thus, if b € (L™°(£2))", then the quantity ||b]|, is finite:
Iblllg, < Saf[blr.oe (g)-

In particular, if [b(z)| < C/|z — x|, then [|[b|||, < co. On the other hand, if 2 is
a Lipschitz domain, then we have Hardy’s inequality

|ol? / 2
————dz < C [ |Vy|*dz.
/Q dist(x, 09Q)? v= Q Vel da
Therefore, if |b(z)| < Cdist(z,02)~!, then ||b||, < oo. This vector field b need
not belong to (L™ (2))™ in general, because it may be strongly singular near the
boundary.
If |||b]||, is finite, then, by using Cauchy-Schwarz inequality, we have

1/2 1/2
/ b Vuvdz| < (/ |b|2v? das) (/ |Vu|2dx>
Q o o

< bl Vull L2 @) Vol L2
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for all u € D2(Q) and v € Dy*(R2). Thus, the bilinear form
(16) (Lu,v) = / AVu-Vv+ (b-Vu)vde
Q

is bounded on D} (Q):
[{(Lu, )] < ([All Lo ) + [Ibll) Vull 2@ IV ][ 22 (0)-

For more sharp sufficient (and necessary) conditions for boundedness of (16), see
[59].
Hereafter, for simplicity of notation, we write

(17) B = [|AllLe ) + [Pollg,  B* =B+ |[buflg

and assume that B* is finite. Under these boundedness conditions, let us define
weak solutions to Lu = p as follows:

DEFINITION 21. Let u € D~52(Q2). We say that a function u € HL_(Q) is a
weak solution to the equation Lu = p in € if

(18) /QAVu~V<p+ (b-Vu)pdr = (1, ©)a

for all ¢ € C°(Q2). We say that a function v € H{ () is a weak supersolution to
the equation Lu = p in Q if

(19) /Q AVu- Vo + (b- Va)pdz > (1 oo

for all p € C°(Q), » > 0. Moreover, we say that a function u € H]} _(Q2) is a
weak subsolution to the equation Lu = p in € if —u is a weak supersolution to the
equation Lu = p in Q.

When u € DV2(€2), from density of C2°(Q2) in Dy*(Q), (19) holds for all ¢ €
Dy2(Q), ¢ > 0. Similarly, (19) holds if ¢ € Dy? () has a compact support. From
this fact, if w is a supersolution and a subsolution to the equation Lu = p in €,
then u is a solution to the same equation because

/AVu-ch+(b~Vu)cpdx:/AVu~ch++(b-Vu)go+dx
Q Q

- / AVu-Veo_ 4+ (b-Vu)p_dz
Q

= (1) — () = (11, 9).

Conversely, if u is a solution to Lu = p in €2, then u is a supersolution and a
subsolution to the same equation.
If u € HL () is a supersolution to Lu = 0 in €2, then the distribution

CX(Q)3p— / AVu-Vo+ (b Vu)pdr
Q
is non-negative. Thus, there is a unique non-negative Radon measure p such that
(20) /(pdu:/AVu-Vga—l-(b-Vu)gpdx Vo € CZ(Q).
Q Q

The measure p = pfu] is called the Riesz measure (or Riesz mass) of u. From the
definition and boundedness of (Lu,v), for any supsersolution u, ulu] € D~42(D)
whenever D € (.
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DEFINITION 22. Suppose that u € H () is a supersolution to Lu = 0 in €.
We say that a non-negative Radon measure 1 = pfu] is the Riesz measure of u if
(20) holds.

From the assumption on A, we have the following Kato type inequality. Note
that this lemma holds without the coercivity of the bilinear form (Lu,v).

LEMMA 23. Suppose that u is a subsolution to Lu = p in ), where p is the
measure in H=(2). then uy is a subsolution to the equation Luy = plgy>o} in 2.
In particular,

(1) If u is a subsolution to the equation Lu = 0 in ), then for any k € R,
(u— k)4 is a subsolution to the equation Lu =0 in Q.

(2) If u is a supersolution to the equation Lu = 0 in ), then for any k € R,
(u—k)_ is a supersolution to the equation Lu =0 in .

PROOF. For k > 0, we take Hy,(t) = £ Ty (t), where Ty(t) = min{max{t, —k}, k}.
Note that for any ¢t > 0, Hi(t) — 1 as k — 0. Fix any non-negative function
© € C(Q). Testing the equation by Hj(uy )y, we have

/ AVu - V(Hy (s )g) + (b V) (Hi(ug )g) di < / (i (1)) dp.
Q Q

Therefore,

/AVU~VHk(u+)<pdx+/ {AVu; - Vo + (b-Vuy)p} Hi(uy)dz
Q Q

< /Q (i (1)) dp.

Let £ — 0. Since the first term in the left-hand side is non-negative, the Lebesgue
dominated convergence theorem yields

/ AVuy -Vo+ (b-Vuy)pdr < / 1iusoyedp.
Q Q
This implies the desired assertion. (I

The following logarithmic Caccioppoli inequality also holds without the coer-
civity of (Lu,v):

LEMMA 24. Let uw > € > 0 be a positive weak supersolution to Lu = 0 in
Q. Then, there exists a constant C depending only on B*/v such that for any
ne (),

/ |V log u|*n* dz < 0/ |Vn|? d.
Q Q
PROOF. Let us choose a test function u~'n?. Then we have
0< / AVu - V(u=tn?) dz + / (b-Vu) (u"'n?)dx.
Q Q
Therefore,
/ AVu - Vuu™?n* dz < 2/ AVu - Viu™tndr + / (b Vu)u'n*dx.

Q Q Q

Since Vlogu = Vuu~!, we have

/AVlogu-Vlogunde§2/AVlogu-Vnndx—l—/(b-Vlogu)n2dx.
Q Q Q
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From the Cauchy-Schwarz inequality,

1/2 1/2
V/ |Vlogu|2772 dz < 2||Al[ L () (/ |V77|2daj) (/ |V10gu|2n2 dJC)
Q Q Q

2

1/2 1/
+ ( |b|*n? da:) (/ |V log u|*n? dx) .
Q Q

*\2
/Q|V10gu2772d:13<4(8) /Q\Vn|2dx.

v2

This implies that

We arrived at the desired inequality. O

2. The comparison principle and existence theorems

In general, even if ||bl||, is finite, the bilinear form (16) need not be coercive on
D% (). However, if [|[b]||o, < v, then the bilinear form (16) is coercive on Dy ()
since

(Lu,u) = / AVu-Vu+ (b-Vu)udx
)

:/AVu-VudJ:—i—/(bo-Vu)udx—l—/(bl~Vu)udx
Q Q

Q
> (v = Ibulllg) IVulZaq).
In particular, when

(21) bl <

14
a0

[\]

the bilinear form (16) is coercive on Dy*(9):
v
(L) > 2|Vl )
For simplicity, hereafter we assume (21).

LEMMA 25. Let Q be a bounded open set. Let u,v € H'()). Suppose that
Lv — Lu is a non-negative measure in H=1(Q) and (v —v)y € HE(Q). Then

(22) u(z) <wv(z) for a.e x el
PROOF. Testing the equation by (u —v)y € HZ(£2), we have
0 < ((Lv = Lu), (u—v)1)a

= /QAV’U V(u—0v)y+ (b-Vou)(lu—v);de

- / AVu-V(u—v)y + (b-Vu)(u —v)4 dz,
Q
hence

/ AV(u—v)-V(u—v)pde < — / (b-V(u—v))(u—0v)yde.

Q Q

If (u—wv)y(x) # 0, then (u —v)(z) = (u— v)4(x). Therefore, from assumption
(21), this implies that

(V - g) /Q IV(u—v)y[*de <0.
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Since (u —v)4+ € H}(Q), we have u < v a.e. in Q as required. O

From the theory of variational inequality ([41]), we have the following existence
theorem for obstacle problems:

LEMMA 26. Let 2 be a open set. For any measurable function g : 0 — [—00, 0]
and 6 € DV2(Q), we define
(23) Kg0(Q):={ueD"?(Q);u>gae, u—0ecHQ)}.
Let € D~12(Q). Then, the variational inequality

/QAV’LL V(w—u)+ (b-Vu)(v—u)dz > (u, (v —u))a Yv e K,;q(Q)

has a unique solution u € K4 9(2) whenever kg 9(Q2) # 0.

PROOF. This theorem follows from a general theorem in [41, pp24-26,32]. How-
ever, we give a (concrete) full proof for completeness.

Step 1. First of all, we reduce the problem to a simple variational inequality
with parameter. Take

K = (=0)+ Ky C Dy*(2)
and
f=pn—LO.

From the assumption on Ky 4, the set K is closed and convex. Moreover, we de-
compose bilinear form (Lu, v) as follows:

ag(u,v) = % ((Lu,v) + (Lv,u)),
Vi v) = 5 (o) — {Lo,u)

For t € [0,1], we take
a(u,v) = ap(u,v) + tV(u,v).
Since (Lu,u) > aHVuH%Z(Q) with o = v/2,
a(u,u) > aHquiz(Q)
for all t. Fix ¢ € [0,1]. Let us show existence of a function u € K such that
(24) ac(u, (v —uw)) > (f,(v—u)) YveK,

where f is any functional in D~12(2). If it is proved that (24) has a solution with
t = 1, then the proof of lemma is complete.
Step 2. We first prove the case of ¢ = 0. Let us consider the minimizing problem

(25) (d:=) inf_I(u),
where )
I(u) = iao(u,u) —{f,u).

Since

=~
£
\Y

@]
§||VUH2L2(Q) = [ fllpr2) = IVull 2 ()

L2
2 *%Hf”(pw(g))*,
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we have d is bounded from below. Choose {u;}?2; C K so that
d<I(uj)<d+j "
Then from the parallelogram law ||z — y||? = 2||z||* + 2||y||* — ||z + y||*,

al| V(s —ui)ll72(q) < ao(u; — ui,uj —u;)

1 1
= 2a0(uy; uj) + 2a0(us, ug) = dao (5 (uj +ui), 5 (uj + i)
1
=41 (u;) + 41 (u;) — 8](§(uj + u;))
<A ).
Thus, {u;}32; is a Cauchy sequence in K. Let u = lim; o u;. Then u € K and
I(u) = d. For any v € K and € € [0, 1], we have u + ¢(v — u) € K, Since
— Iu+e(v—u)) >0,
de|._,

it follows that u satisfies (24). Thus, the minimizing problem (25) had a solution
in K. Next we show the uniqueness. Let u; and us be solutions to the same data
f- Then, since

ar(u1, (ur — uz2)) < (f, (u1 — uz))
and

ar(uz, (u1 —uz)) 2 (f, (u1 — u2)),
we have

al|V(ur = u2)||72(q) < ar((u1 — ug), (1 — ug)) < 0.

Thus, the solution is unique.
Step 3. To treat general cases, we use a method of continuity. Assume that
(24) is solvable with ¢ = 7. Let

M = sup{|V (u,0)]; u,v € Dy*(Q), [|Vullzeoy, [Vollz2e) <1}

and fix 79 > 7 such that 0 < (2 — 1) < «/M. Let us define the mapping
T : Dy*(Q) — K by u = Tuw if

ar, (u,v —u) > (F(w), (v—u)) YveK,
where F(w) is a bounded linear functional on Dy*(Q) defined by
(F(w),9) = {fo9) = (2 =)V (w,9) Yy € Dy*(Q).

Let w; € Dy*(Q) (i = 1,2) and u; = T(w;). Then, since

ay(u1, (ur = ug)) < (F(ws), (ur — ug))
and

ar(uz, (w1 — u2)) > (F(w2), (w1 — u2)),
we have

1
||VU1 — VUQHLZ(Q) S E(TQ — Tl)M”le — V'LUQHL2(Q)

with a=%(t —7)M < 1. Thus, T is a contraction mapping on K. Therefore, there
is a unique function w such that

ar (u,v —u) > (f, (v —u)) = (12 —71)V(u,v) VveK.
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Therefore, (24) is solvable with ¢ = 75. Iterating this argument, we arrive at the
desired assertion. ([

REMARK 27. If A is symmetric and divb = 0, then ag(u,v) = [, AVu-Vodz
and V(u,v) = [o(b- Vu)vdaz.

COROLLARY 28. Suppose that §) is a bounded open set. Let u € H=1(Q), and
let 6 € HY(Q2). Then the Dirichlet problem

Lu=p in
{ u==0 on 9.

has a unique weak solution u € 6 + H}(Q).

DEFINITION 29. Assume that ICg () # 0, where KCj () is the set defined
by (23). A function u € 0 + H}(Q) is called a solution to the obstacle problem in
Kq,0() if

/ AVu-V(v—u)+(b-Vu)(v —u)dz >0 Y e K,9(Q).
Q
If u is a solution to the obstacle problem in K, ¢(€2), then u is a supersolution

to the equation Lu = 0 in Q. Conversely, if u is a supersolution to the equation
Lu = 01n Q, then u is a solution to the obstacle problem in /C,, ,, (D) for any D € .

LEMMA 30. Suppose that u is a solution to the obstacle problem in K4 9(€2).
Letv € HY(Q2) be a supersolution to the equation Lv = 0 in Q such that min{u, v} €
Kg0(Q). Then v > u a.e. in .

PrOOF. Note that u — min{u,v} = (u —v); > 0. From the assumptions, we
have

0< / (AVv) - V(u — min{u, v}) + (b - Vo) (u — min{u, v}) dz
Q
- / (AVu) - V(u — min{u,v}) + (b - Vu)(u — min{u, v}) dz,
Q
hence
0> / AV(u—v)-V(u—v)pdz+ / (b-V(u—v))(u—v)yde.
Q Q
This implies that
0> / AV(u—v); - V(u—v)ydz + / (b-V(u—v)1)(u—v)yde
Q Q
v 2
> — [ |V(u—v)q|*de.
2 Ja
Therefore, [{z € Q; (u —v)(z) > 0}| = 0. O
LEMMA 31. A function v € HY(Q) is a solution to the obstacle problem in

Kg..() if and only if u is a solution to the obstacle problem in K, (D) whenever
D C Q is open.
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PRrROOF. Assume that u is a solution to the solution to the obstacle problem in
Kg..(2). For any v € Ky (D), the function

- v in D,
v =
U otherwise
belongs to Ky, (£2). Thus, we have

/ AVu-V(v—u)+ (b-Vu)(v —u)dx
D

:/AVu~V(’Dfu)+(b~Vu)(f)fu)dx
Q

> (p, (0 —u))a = (1, (v —u))p.

Therefore, u is a solution to the solution to the obstacle problem in /Cg ., (D). The
converse follows by taking D = Q. O

LEMMA 32. Suppose that u € H'(2) is a solution to the obstacle problem in
Kg.0(Q), and that D C Q is open. If there is a subsolution v to the equation Lv =0
i D with g <v <wu a.e. in D, then u is a solution to the equation Lu =0 in D.
In particular, if there is a constant ¢ such that g < ¢ < u in D, then then u is a
solution to the equation Lu =0 in D.

PROOF. Let h € u+ H} (D) be the solution to the equation £h = 0 in D. From
the comparison principle, ¢ < v < h < w in D. From Lemma 31, u is a solution
to the obstacle problem in ICy ., (D). Since h € Ky (D), it follows from Lemma 30
that v < h in D. Therefore, u = h a.e. in D. O

Next, we introduce the Poisson modification of supersolutions and £-equilibrium
potentials.

DEFINITION 33. Suppose that u is a supersolution to the equation Lu = 0 in
Q. For D € , we define

P(u, D) up in D,
u? = .
U otherwise,

where up € u + H}(D) is the solution to the Dirichlet problem Lu =0 in D.

Take D @ D’ @ Q. Then, from Lemma 32, v is the solution to the obstacle
problem in 4, (D’), where

_J oo in D,
9= u otherwise.

Therefore, we have the following:

LEMMA 34. Suppose that u is a supersolution to the equation Lu = 0 and
v = P(u, D) is the Poisson modification of u in D. Then,

(1) v is a solution to the equation Lu =0 in D.
(2) v is a supersolution to the equation Lu =0 in .
(3) v<uin Q.
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DEFINITION 35. Let  be a bounded open set, and let E be a closed set (in R™)
which is contained in 2. We say that a function u is the £-equilibrium potential of
(E,Q) if u is the solution to the obstacle problem in Kq, ¢(€2) with respect to L.
Moreover, we denote

u=R(E,Q) =RE,QL).

If u=R(E,Q), then v = min{u,1} = 1 q.e. on E. Hence, u satisfies the
boundary condition v = 1 on OF in Sobolev’s sense. However, in general, it does
not satisfy the boundary condition in the classical sense.

3. Caccioppoli’s inequality and related results

Under (21), we also get the following local version of energy estimate. This
estimate is also called Caccioppoli’s inequality.

LEMMA 36. Let u be a weak subsolution to Lu = 0 in ). Then, there exists a
constant C'gy depending only on B/v such that for any n € C°(Q),

/|Vu+|2772dm§CE/ui|Vn|2dx.
Q Q

ProOOF. For k > 0, we take & = min{u, k}. Let us choose the test function
@iyn?. Then we have

0> /QAVU - V(ayn?) de + /Q (b - Vu) (ayn?) da.
Note that if @4 (z) # 0, then Vu(z) = Vuy (x). Therefore,
0> /QAVU+ -V(ayn?)de + /Q (b - Vuy) (ayn?®)de,
and hence

/ AVu, - Vign*de < —2/ AVuy - Vnuynde — / (b - V) iy n?dz
- / (by - Vuy)ain*da.
Q

We shall estimate the third term of the right-hand side in (26). By Young’s in-
equality ab < Sa? + 5-b%, for any €; > 0,

€1 1 _
5 / [V [*n? dz + S, / by [*(ayn)? dz
Q €1 Jq

IN

/ (by - Vuy)ayn?dz
Q

IN

€ 1 _
D[ Fusa e s [ 9GP s
Q €1 Q

From Jensen’s inequality, for any a,b > 0 and 6 € (0, 1), we have

0 1 2 0 1 2 9 2
2 _ a b a\? / b\ e b
(a+5) (/0 9*/9 1-9) —/0 (5) + o \1-6) ~ 8 T1e

Therefore, taking 6 = (1 + €2) ™2 with €3 > 0, we get

_ _ 1+e)? /,
2 4, < 2 2, 2 ( 2 Q.
/Q|V(u+n)| de < (1+e) /Q\Vu+| n®dx + CETSEE Qqu|V77| dx
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Taking €; = (1 + €2) " *||[b1]||, and combining these inequalities, we obtain

/ (by - Vuy) tyn? da
Q

< (1 +e)lbalg / Vs PP de

27) (1+e2)

_ (+e) .
2{(1+eg)2—1}”|b1Q/QU+|V77| dz.

Next we shall estimate the second term of the right-hand side in (26). We have

+

/(bo-Vu+)ﬂ+n2 dx:/(b0~va+)a+n2 dx+/(b0-v(u—k)+)ﬂ+n2 dz.
Q Q Q

Note that

[ 09w 1)) a o
Q

< ([ ok dx)m ([ 1v0=0p dx)m
< bollo ( v<a+n>|2dx)l/2 ([ 190= 22 dz)m.

Thus, since div by = 0, by integrating by parts, we have

/ (by - Vuy)ayn*de = —/ (bo - V) a3 ndz + o(1).
Q Q

On the other hand, for any €3 > 0, we have

1
[ o0 Fnatnae < 2 [ ipoPan? e oo [ @95Pa
Q 2 Ja 2e3 Jo

IN

A

€3 _ 1 _
< S bl / IV (@) dz + / a2 |Vnl? de.
2 Q 2e3 Jo

Therefore, taking e3 = 64/|||b0|||?2, we get

/(bo-Vqu)ﬂy]?dx §e4/ |Vuy [*n? da
Q Q

@) [bolll? 2 o2
+ e+ E /u+|V77| dz + o(1).
€4 Q

2
Finally, we estimate the first term of the right-hand side in (26). By Young’s
inequality, for any €5 > 0, we have

1

€5

(29) —2/@AVu+-Vna+ndx§65/Q\Vu+|2n2dx—l— ||A\|%M(Q)Aui\Vn|2dx.

Let e = 1/2, ¢4 = v/8 and €5 = v/16. Combining (26)-(29) and taking the limit
k — 400, we obtain

62
(30) /Q Vg [*n*de < C (1/2 + 1) /QuﬂV?ﬂde.
We arrived at the desired inequality. (I

The following two lemmas are direct consequences of Caccioppoli’s inequality.
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LEMMA 37. Let E be a closed subset of Q, and let w = R(F,Q). Suppose that

K is a compact subset of 2. Then,
p[u](K) < B*(Cg)Y? cap(EN K, Q).

where Cg is the constant as in Lemma 36.

PROOF. Since u is a solution to the equation Lu =0 in Q\ E, it follows that

plul(K\ E) < plu](Q\ E) =0,
SO
plu](K) = plu](ENK).

Take n € C2°(€2) such that n =1 on £ N K. Then we have

plul(ENK) < /9772 dpfu] < /QAVU -Vn? + (b - Vu)n? da

1/2 1/2
<lAllmey ([ 9 ac) ([ 19ulopar)
Q Q
1/2 1/2
+ (/ |b|*n? dx) (/ |Vu|?n? dx)
Q Q

1/2 1/2

< B* (/ |V77|2d33> (/ |Vu|*n? dx) .
Q Q

Since 0 < u < 1, it follows from Lemma 36 that
() < B"(Ce)' [ |V da.
Q
Taking the infimum with respect to 7, we arrive at the desired inequality. O

LEMMA 38. Let {u; }J“;l be a non-decreasing sequence of supersolutions to Lu =
0 in Q which converges to a function u almost everywhere. Suppose that one of the
following conditions is fulfilled:

(1) uwe LZ.(9Q).
(2) u € Hy (Q).
Then, u € H () and u is a supersolution to Lu = 0 in Q. Moreover, there exists

a sequence of bounded supersolutions {v;}32; such that ulv;] — plu] weakly.

Proor. (1). Fix D’ € D € Q and choose n € C°(D) such that n =1 in D’.
Let k = esssuppu < 0o, and let v; = (k — u;). Then {v;}32, is a nonincreasing
sequence of subsolutions. According to Caccioppoli’s inequality, we have a constant
C such that

/ |Vv;|? de < CE/ vf\Vn|2 dz < C.
D’ Q

Therefore, taking a subsequence, we may assume that {Vu; }‘;‘;1 converges weakly
in L*(D"). Moreover, from the monotonicity of {u;}32,, this subsequence converges
weakly to Vu in L?(D'). Using the diagonal argument with respect to D’ and D,
we can choose a subsequence {Vu;}52, such that Vu; — Vu weakly in L2 ().
Therefore, u € H{ (). Moreover, since b € (L2 ()", we have

loc

/AVu-Vga—i—(b-Vu)godm: lim /AVuj-ch+(b-Vuj)<pdx20
Q Q

J—00
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for any ¢ € C°(Q)) with ¢ > 0. This implies that u is a supersolution to Lu = 0
in @ and plu;] = pfu] weakly.

(2). For any fixed [ € R, {min{u;,[}}32, is an increasing sequence of superso-
lutions. Therefore, from the previous result, min{u,{} is a supersolution. By using
Lebesgue’s dominated convergence theorem, we have

/ AVu-Vo+ (b-Vu)pdz
Q

= lim [ AVmin{u,{}- Ve + (b Vmin{u,l})pdz >0

l—o0 Q

for any ¢ € C°(Q2), ¢ > 0. Thus, u is a supersolution in  and p[min{u,l}] — plu]
weakly. ([l

REMARK 39. In the proof, {Vu;}32, converges weakly in L2 _(Q). However, in

loc
general, it need not converges weakly in L?(€2). For instance, consider the functions

uj = min{j(1 —[x[*),1} € Hy(B(0,1)).
Then, {u; };";1 is a monotone increasing sequence of supersolutions to —Au = 0

and u; — 1 as j — co. However, 1 ¢ H}(B(0,1)). In this case, the Riesz measures
{ulus]}32, concentrate on 9B(0,1).

4. Harnack-type inequalities and Holder estimates

In this section, we establish Harnack-type inequalities. Moreover, we give in-
terior and boundary Hoélder estimates using a weak Harnack inequality. First, we
give a local L? — L> (or LP — L) estimate using De Giorgi’s iteration methods.
For another proof of this estimate (Moser’s methods), see also [33, pp.63-66].

THEOREM 40. Let u be a subsolution to Lu = 0 in Q. Then, for any v > 0,
there exists a constant Cp depending only on n, B/v and v such that

c 1/v
B

esssup Uy < ——F——— ][ ul dx )
B(z0,AR) M (1- A)"M ( B(zo,R) "
whenever B(xg, R) C Q.

PROOF. First, we prove the case of v =2. Let 0 <1 < h < oo. From Lemma
12, we have

/Q ((u = By dz <[(( = h) 72| ooy

x |{z € Q; u(z) > h} Nsuppny[>/™.

By using Lemma 14 and Lemma 36, we have
(e = B) 117 (20 ) (n—2) 00y @) < S [ [V ((w—h)yn)|*dz
Q

<SL(Ce+1) [ (u= B3 |VoP da.
Q

Here, S, is the constant as in Lemma 14. On the other hand, from Chebyshev’s
inequality, we have

1
[{z € Q; u(z) > h} Nsuppn| < (h—l)Q/ (u— l)i dz.
supp 7
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Combining the two inequalities, we get

OHVWHQOO (/ ) )1+2/n
w—h)yn)?de < L= u—1)%dz .
J (e menar < GEEE (] -

For m=0,1,..., set
1
and take 7, € C°(B,,) such that
m—+1

1- MR

Let k£ > 0 be a constant to be chosen later. Taking k,,, = (1— %)k and substituting

h =kp+1, | =k, and n = n,,, we obtain
1 C 1 1+2/n
- —k 2d <741+2/nm 7][ —k 2d )
g, ke < Eom @ (G ekt s

Let a = 2/n, b= 4'*2/" and

Nm+1 = 1 on Bm+17 |V77m| <

m

Un

Then this inequality is rewritten as Up,+1 < C(1—X)"2b™ULT*. Thus, from Lemma

19, choosing
C 1/« ,
2 _ 1/a 2
= (asap) P, e

we have U,, — 0 as m — oo. This implies that

ess sup u? < k2.
B(Io,)\R)

If v > 2, then the assertion follows from the Hélder’s inequality. For v < 2, we use
a rescaling argument. Let 0 < A < 1 and 0 < r < R. Take § = 2/~.

- 1/2
esssup u < 7]3”][ (esssupuy)® Tul dz
B(zg,AT) (1 - )‘) B(zo,r) B(zo,r)

2 1/~
= (esssupu ) 71/P 73][ u) dz
B(zo,r) * (1 - )\)n B(xo,r) M

From Young’s inequality ab < ea? 4+ C(e)b?’, we get

1/8

1/~
1 2
esssup u < —(esssupuy) + 0(77)0?][ ul dx .
B(zo,Ar) 2 B(xo,r) (1 - /\) ' B(xzo,r)

Let p = Ar, h(p) = esssupp(y, ,) v and

1/~
A= sup (C(W)C%][ u” d:r) .
0<r<R B(xzo,r)

Then this inequality is rewritten as

hp) < Ghir) + Alr—p) "/,
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50, it follows from Lemma 20 that h(p) < CA(R — p)~"/7. This implies that

1/~
esssup ug < ¢ ][ ul dx
. — .
B(z0,\R) (1 =2 \JB@or)

We arrived at the desired estimate. O

LEMMA 41. Let u be a weak supersolution to Lu = 0 in Q. Suppose that xg € §)
is a Lebesgue point of u. Then

u(zo) = lim udz = lim essinf w.
R—0 B(Eo,R) R—>OB(LE0,R)

In particular, u is lower semicontinuous after redefinition in a set of measure zero.

ProOOF. We follow the method in [49, pp.82-83]. Since u(zg) — u is a weak
subsolution to Lu = 0 in Q, by using Theorem 40, we have

ess sup(u(zo) — u) < cB]l (ul(wo) — u) 4 da
B(zo,R) B(z0,2R)

< CB][ lu(zo) — uldz
B($0,2R)

for any 0 < R < dist(xg, 9)/2. The right-hand side goes to 0 as R — 0 since xg
is a Lebesgue point of u. Therefore,

u(zo) < lim essinf u < lim udz = u(zg).
R—0 B(zo,R) R—0 B(zo,R)
This completes the proof. (I

Combining Theorem 40, Lemma 24 and Lemma 18, we obtain the following
weak Harnack inequality. For another proof of this inequality, see also [63, 26, 64,
18].

THEOREM 42. Let u be a non-negative weak supersolution to Lu = 0 in €.
Then, there exist constants v > 0 and Cy depending only on n and B/v such that

1/
][ u” do < Cw essinf wu,
B(zo,R) B(zo,2/2)
whenever B(xg,2R) C Q.

PROOF. Let € > 0 and v = log(u + €). Then from Lemma 24 we have

2
<][ [V dx) S][ |Vo]?dz < Or—2
B(y,r) B(y,r)

for any y € B(zo, R) and 0 < r < R. Fix any positive constant 0 < v < o(n)/C/?,
where o(n) is the constant as in Lemma 18. Then, it follows from Lemma 18 that

/ exp(v|v — ¢|])dx < CR",
B(fro,R)
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where ¢ = fB( vdz. Since

IU,R)

(u—|—e)'ydx-/ (u+e€) 7 dx
B(zo,R)

/ exp(vyv) dz - / exp(—yv) da
B(fI,'(),R) B("I"OvR)

/B(IO,R) exp(y(v —¢))dz- / exp(—y(v — ¢)) dx,

B(xzo,R)

B(zo,R)

we have

1/v -1/
(31) (f (u+e) dx) <cC (][ (u+e) dx) .
B(zo,R) B(wo,R)

On the other hand, testing the equation by (u + €)~7/2~1¢ with non-negative ¢ €
C (), we get

/QAWu +6) - V((ut )2 ) + (b V(u+e)((u+e) o) de > 0.
Therefore,

% (/ AV(u+€) ™% .Vo+(b- V(u—i—e)_'ym)(pda:)
- Q
>(1+ %>/QAV<u+e> V(u+te€) (ute)*Ppdr > 0.

Since (u+¢)~7/2 € H} (), this implies that (u-+¢) /2 is a subsolution to Lu = 0.

Therefore, from Theorem 40, we get

1/2
esssup (u+€)/2 < Cp <][ (ut¢€)™7 dx) ,

B(wo,R/2) B(zo,R)
hence
) —1/y
32 essinf (u-+¢€) > ][ u+e) Tdx .
(32) B(aco,R/Q)( ) 0123/7 < B(IU,R)( ) )

Combining (31) and (32), we arrive at

1/~
][ (u+e€)7 dz < Cw essinf (u—+e).
B(zo,R) B(wo,R/2)

Taking the limit ¢ — 0, we complete the proof. O

COROLLARY 43. Let Q be a connected open set, and let u be a lower semicon-
tinuous weak supersolution to Lu = 0 in Q. If u has an interior minimum point,
then u is constant in §Q

PROOF. Let @ = u — essinfq u. From the lower semicontinuity of 4, F = {x €
Q; a(x) = 0} is a closed subset of 2. On the other hand, if 29 € E, then for
sufficiently small R > 0, we have

1/~
][ u” dx < Cw essinf u=0.
B(zo,R) B(zo,R/2)
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Therefore, E is a open subset of ). Since () is connected, this implies £ = Q. O

THEOREM 44. Let u be a (bounded) weak solution to Lu =0 in Q. Then, u is
locally Holder continuous in ). Moreover, there exist constants C and [ depending
only onn and B/v such that

B
osc u<C (—) osc U,
B(x0,p) R/ B(xz,2R)

whenever B(zg,2R) C Q. Moreover, for any v > 0, there exist a constant C
depending only on n, B/v and -y such that

1/~
PP
osc u<(C (*) ][ lul" dz )
B(zo,p) R B(0,4R)

whenever B(xg,4R) C Q.

PROOF. Let

M(R) = esssupu, m(R)= essinf u
(8) B(mo,RI; ®) B(zo,R)

and w(R) = M(R) — m(R). Since u is a solution to Lu = 0 in B(xzo,2R), applying
Theorem 42 for v — m(2R) and M (2R) — u, we get

1/~
<][ (u—m(2R))? dx) < Cw (m(R/2) — m(2R))
B(zo,R)
and

1/~
<][ (M(2R) — ) d:c) < Cyw (M(2R) — m(R/2)).
B(zo,R)

On the other hand, from the quasi-triangle inequality, we have

C()
w(2R) < Blag, R (IM(2R) = ull o (B(wo,R)) + 1u = 1(2R) | L2 (B (w0, R))) -
Therefore, combining these inequalities, we obtain

w(2R) < C(w(2R) — w(R/2)),

hence
-1

C

w(R/2) < W(2R).

Tterating this estimate, we arrive at

P\B
osc u<(C (—) 0osC U,
B(zo,p) R/ B(xz02R)

where 8 = —log,(“5%). This completes the proof. O

THEOREM 45. Let D € Q, and let § € HY(D) N C(D). Let u €  + HY(D) be
the weak solution to Lu = 0 in D. Assume that D satisfies the following volume
density condition at xo € OD: There exist positive constants o € (0,1) and Ry > 0
such that

(33) |B(x0, R) \ D| = a|B(zo, R)|
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for all0 < R < Ry. Then u is continuous at xg. Moreover, there exist constants C
and B € (0,1) depending only on n, B/v and a such that

w(p) <C (E)B w(2R) + wy(2R)

R
for any 0 < R < min{ Ry, dist(zq, 0Q)/2}, where
w(R)= osc u, wp(R)= osc 0.
DNB(xo,R) 8DNB(x0,R)

PRrROOF. For simplicity of notation, we let
M(R)= esssup u, m(R)= essinf u, w(R)=M(R)— m(R)

DNB(zo,R) DNB(zo,R)
and
My(R) = sup 0, my(R)= inf 0, wy(R) = My(R) —my(R).
B = w0 maR) = a0, () = Ma(F) —ma(R)

Since 0D is compact, from the maximum principle, these quantities are finite. For
fixed R > 0, we consider the function

_ min{u, mg(2R)} in D,
mg(2R) in B(zo,2R) \ D.

Let ¥ be the solution to the obstacle problem in I, ,(B(zo,2R)). Since 0 is a
solution to the obstacle problem in /C, (D N B(xzo,2R)) (Lemma 31) and v is a
supersolution in D N B(xg,2R), we see that © = v a.e. in D N B(xp,2R) (Lemma
32). Applying Theorem 42 for & — m(2R) in B(zg,2R), we get

1/~
o —m(2R))" dz < Cw essinf (0 —m(2R)).
(J{B(l'oﬂ)( 2H) ) = B(xo,R/2>( 2R)

It follows from (33) and the definition of v that

|MmﬂﬂD0W

mmm—mmmd”<WWM—mmm(|mmR>

|

1/~
][ (0 —m(2R))” dx> .
B(zo,R)

Therefore, we get
mg(2R) —m(2R) < C(m(R/2) —m(2R)),
where C' = o /7Cyy. From a similar argument, we can show that
M(2R) — My(2R) < C(M(2R) — M(R/2)).
Combining the two inequalities, we obtain
w(2R) —wy(2R) < C(w(2R) — w(R/2)),

hence

C-1 1

Tterating this estimate, we arrive at the assertion. (I

w(R/2) <
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REMARK 46. We say that a bounded open set D has an (exterior) corkscrew
at xg € 9D if there are constants A € (0,1) and Ry > 0 such that the ball B(zg, R)
contains a ball B(y, A\R) € 0D whenever 0 < R < Ry. Also, we say that D has
an exterior cone at xo € 9D, if there is a truncated cone in CD with vertex at zg.
From the definition,

xo has an exterior cone = xz has a corkscrew = z satisfies (33).
In particular, if D has a Lipschitz boundary, then (33) holds for any z¢ € 9D.

Combining Theorem 40 and Theorem 42, we get the following Harnack’s in-
equality.
THEOREM 47. Let u be a non-negative weak solution to Lu = 0 in Q. Then,
there exists a constant Cg depending only on n and B/v such that
esssup u < Cpy essinf w,
B(z0,R/2) B(zo,R/2)
whenever B(xg,2R) C Q. Moreover, if D @ Q is connected, then, there exists a
constant C' depending only on n, B/v, D and ) such that

esssupu < Cessinf u.
D D

PROOF. The first assertion immediately follows from Theorem 40 and Theorem
42. Let R = dist(D,99Q)/2. Since D is connected and D is compact, we can cover
D by a chain of balls {B,,}¥_, such that each radius is R/2 and B,, N B,,41 # ()

m=1

for m=1,... M — 1. Then, it follows from Theorem 47 that

esssupu < (C’H)M ess inf u.
D D

This completes the proof. O

The following Harnack’s convergence theorem and a one-sided Liouville-type
theorem are standard consequences of Harnack’s inequality.

COROLLARY 48. Let {u;}52, be a non-decreasing sequence of continuous weak
solutions to Lu = 0 in Q. Assume that there is a point xo € Q such that {u;(z0)}52,
converges a finite value. Then, u is a continuous function belonging to H{ () and
u 15 a weak solution to Lu =0 in (.

PrOOF. Fix D € (2 such that o € D. Since {u;}32; is a non-decreasing
sequence, we have u; —u; > 0 for any ¢ > j. By Theorem 47,
esssup(u; — uj) < Cessinf(u; — u; ).
D D
From the assumption, the right-hand side is a Cauchy sequence. Hence, {u; };”:1
converges locally uniformly and u € C(Q2) C L$.(2). From Lemma 38, u belongs
to Hi () and satisfies the equation Lu = 0 in Q. O

loc

COROLLARY 49. Let u be a weak solution to Lu = 0 in R™. If u is bounded
from below (or above) in R™, then u is a constant.

ProoF. Applying Harnack’s inequality for v = u — essinfgn u, we get

esssup v < Cpgy essinf v -0 as R— 0.
B(z0,R/2) B(zo,R/2)

Therefore, u = essinfr u in R™. [l






CHAPTER 4

Potential upper bounds

If w is a superharmonic function in B(zg, R) = 2, then, from the Riesz decom-
position theorem (see, [34, p.159)),

u() = /Q Galz,y) du(y) + h(x),

where G (-, -) is the Green function for Q and h is the greatest harmonic minorant
of uw on Q. If h = 0, in other words, if u = 0 on 052, then, from the upper pointwise
estimate of Green’s function

1
(34) GQ (fE, y) S

(n —2)n|B(0,1)]

|1' - y|2in7
we have the weak-type estimate

(35) 1l s n=2.00 () < C'(n)p(€2).
On the other hand, for any = € B(xg, R/2), we have the upper bound

h(r) < sup h= sup h< sup ][ hdz
B(z0,3R/4) 90B(z0,3R/4) y€dB(x0,3R/4)J B(y,R/4)

< C(n)][ hdz < C(n)][ uy dz
B(zo,R)\B(z0,R/2) B(zo,R)\B(z0,R/2)

from the comparison principle and the mean value property. Thus, generally, we
have the local pointwise bound

(36) uy(xg) <C ][ uy dz + I (20, 2R)
B(wo,R)\B(z0,R/2)

and the local weak-type estimate

R* 7™Mt /0200 (B (g, R /2))

<c ][ uy dz + R u(B(zo, R) )
B(zo,R)\B(z0,R/2)

From the results in [53] and [28], the existence of Green’s function and the pointwise
estimate of Green’s function (34) also hold for equations (3). Therefore, a similar
decomposition argument also works for equations

—div (AVu) = > 0.

(37)

Moreover, using the De Giorgi and Moser local boundedness estimate (Theorem
40) we can obtain local estimates. Unfortunately, due to the effects of drift, we can
not use this argument for (1). Under condition (21), the estimate (34) does not
holds in general. The condition (21) is a sufficient condition to relate solutions and

37
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H~' data, However, this condition is not sufficient to relate solutions and measure
data. Moreover, even if (38) holds, the existence of Green’s function is not clear.

In this chapter, considering about the relation between the upper bounds of
solutions and the measure data, we establish the global weak-type estimate (35),
the local weak-type estimate (36) and the potential upper bound (37) under the
assumption (21) and the additional assumption (38). Our method differs from the
Green function method. We first prove (35) using a truncation function and energy
method. Next, we consider its local version (37). Finally, iterating (37), we get
(36). These arguments are based on the nonlinear potential theory.

1. Global weak-type estimates

Hereafter, we assume that

. v
(38) [(divD) ][ nr2a0) < 152

in addition to (21). Under these conditions, we have the following global L' —
L/ (n=2):% estimate:

THEOREM 50. Let pu be a finite Radon measure in (Dy*())*, and let u €
DL2(Q) be a weak solution to Lu = p in Q. Then

452

(39) el Ln/n=2).00 () < ” 1] (),
48,
(40) [Vull Ln/on-1.000) < Tw\ul(ﬁ)
and
9 4k

(1) 19Tl < - 1l (®)
for all k > 0.

PRrROOF. First, we prove (39). Taking the test function T} (u), we get
/ Ti(u)dp = / AVu - VTi(u) + (b - Vu)Ty(u) dz
Q Q

= | AVu-VTi(u) — (b VTi(w) u — divbu Ty (u) dz.
If VT, (u)(z) # 0, then g}k(u)(a:) = u(x). Therefore,

/Q Ti(w) dp = /Q AVTy(u) - VTi(w) — (b - VTi(u) Ty (u) — div b u Ty (u) dz.
This implies that

V/QWTk(u)de <k <|ﬂ|(Q)+/ﬂ(diVb)+|u|dx> +/Qbo-V(%Tk(u)2)dx

+</Qb1|2Tk(u)2dx)l/2 </Q|VTk(u)|2dm>l/2.

By using integration by parts, the second term in the right-hand side is zero. Thus,
from (21), we have

2 [ vzRas <k (1@ + [ @vb)dulas).
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From Lemma 14, we get

2
K2 {x € Q; Ju(z)] > k}|("=2/m < 257°°k (IuI(Q) + / (divb)[ul dx) :
Q

Dividing by k£ and taking the supremum over k > 0, we get

2
o)

v
From (38), this implies (39). Since

4k
/ Vado = [ (9T do < 5 Jul(©)
{zeQ; |u(x)|<k} Q v

||U||L"/<"f2)v°o(sz) < (|M|(Q) + [[(div b)+||L"/211+(Q)||UHL”/(7L*2>’°°(Q)> :

for any k > 0, we have (41). By Chebyshev’s inequality we have
4k
Plw € 9 [Vu(a)| > L and fu@)] < k)| < 2o |u|(@).

Since

n/(n—2
4S§o|u|<ﬂ>> /(n=2)

o€ 0 u)] 2 1) < (2=l

we have
o €0 V)| 2 1)1 < 26y ¢ (ASDARYT
Therefore, choosing
k= S/ <4|“|V(Q)) YO e,

we obtain

o< 9 2 1y < szt (DAY oo
This implies that
2 ()

We arrived at the desired estimate (40). O

[Vl o000y = sp € 2 V()| 2 1)~/ <
>

REMARK 51. It is necessary to add the condition (38) to lead Theorem 50.
Consider the case of A = I, b = ex/|z|?> and Q = B(0, R). For sufficiently small
positive € > 0, (21) holds; however (38) does not hold. Let us consider functions

u,(z) = min{|z|>~"Te P27} 1,

Then w, are supersolutions to Lu = 0, moreover, their Riesz measures are repre-

sented by
n—2—ce n
/ deﬂ[ur] - ( n—1l—e )/ SDdrH 1
Q r 8B(0,r)

for all p € C°(2), ¢ > 0, where H" ! is the (n — 1) dimension Hausdorff measure.
Then u, — |z[>7"*¢ — 1 and plu,] — 0 as r — 0. Therefore, under (21), the
estimates (39), (40) and (41) do not hold in general.
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REMARK 52. More generally, if u € H} () is the weak solution to the equation
Lu+c-Vu=—div(AVu)+ (b+¢c)-Vu=p
with y
lellzn @) < 85

then we have

[l 2900 () < 8SZ |1l (2)
and
IVl /=100 () < 80|l (2)-

Indeed, from (40), we have

45
[Vul L/ (n=1),00 () < — (||c : VUHLl(Q) + |ﬂ\(9))
45 48
< Voc el na @IVl n/e-1).0 @) + TOOM(Q)-
From the assumption on c, this implies that
8500
VUl prson-1),00 () < T|M|(Q)-
Consequently, we have
452
[ull Lrren2.00 (@) < =3 (lle - Vaullr ) + |1l(2))
4852, 482, 852
< 222 el g o |l om0y + 2 I(R) < T2 (),

2. Local L! — ["/(n=2),< egtimates and potential upper bounds

When b = 0, the previous global weak-type L' — L™/ ("=2):%° estimate is well-
known. However, its local version is not known valid even if b = 0. Below, we give
a local weak-type estimate using the Poisson modification technique based on the
method in Trudinger and Wang [70]. For an analog for p-Laplacian equations, see
[31].

THEOREM b53. Let u be a weak solution to Lu = py — p— in Q. Then, for any
~v > 0, there exist constants Cy depending only on n, B/v and v and Cs depending
only on n such that

1/~
R27H‘|u:‘:||L"/("*2)v°°(B(:c0,R/2)) < Cl <][ ’Ug: dx)
B(zo,R)\B(z0,R/2)

Cs

+ SR (Blao, ),

whenever B(xg, R) € Q.

PROOF. We prove only the estimate on uy. Set D = B(xg, R) \ B(zo, R/2)
and B, = B(xg,3R/4). By definition, 0B, € D. We divide the proof into several
steps:

Step 1. First, we take a comparison function v € HL () as follows:

Lv=0—p_ in D,
{ v=u in Q\ D.
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By Lemma 28, this function v can be defined. From the comparison principle, we
have
v(z) <u(z) for ae. z € D.

Step 2. Next, we shall estimate the size of fB—* d(Lv)+ (see (42)). For k > 0, we
take Hy(t) = +Tx(t), where Ty () = min{max{t, —k}, k}. Note that for any ¢ > 0,
Hi(t) — 1 as k — 0. Choose ¢ € H}(B,) such that 0 < < 1, and consider the
non-negative function ¢ = ) Hy(u — v). This function belongs to H}(D) N L>(D),
because Hy(u —v) € HY(D) N L*(D) and v € H*(D) N L*(D). By using this
function, we have

0 < {pt,0)p = ((Lu—Lv),9)p

:/DAVU'V(1/)Hk(u7v))+(b'Vu)wHk(ufv)dx
*/DAVU'V(ZZJH]C(U*’U))+(b'V’U)1/)Hk(U*U)d£L'
:/D{(AVwVw—f—(b-Vu)w)—(AVU~V1/J+(b-Vv)w)}Hk(u—v)dm

—|—/ (AVu — AVv) - (VHy(u —v))y de.
D

From positivity of ¥ and uniform ellipticity of A, the second term of the right-hand
side can be estimated by

/D(AVu — AVv) - (VHi(u —v))y dx

1

= / (AVu — AVv) - V(u —v)yp dz
k Jizen; w—v)(@)<k}

< L (AVu — AVv) - V(u —v) dz.

Tk Jizen; (w—v)@)<k}
Since ((Lu — Lv), v)p = (4, ) p, taking ¢ = Ti(u — v), we get

/ (AVu — AVv) - V(u —v) dz
{zeD; (u—v)(x)<k}

<k <u+(D)+/Q(divb)+(u—v)dx> +/Db0-V(%Tk(u—v)2)dx

+(/D|b1|2Tk(u—v)2dx>l/2 (/D|VTk(u—v)|2da:>l/2

This implies that
1

k »/{'ZEED; (u—v)(z)<k}
< p(D) + [(divD) | rrza pylu = vl r/in-2).00 (D)

1
+ 2 ol p VT (w ~ Iz (0)-

It follows from Theorem 50 ((39) and (41)) that
1

k /{xED; (u—v)(z)<k}

(AVu — AVv) - V(u —v)dx

(AVu — AV) - V(u —v)da < 4p4 (D).
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Therefore, we get

/D {(AVv - V¢ + (b - Vu)y) — (AVu - V¢ + (b - Vu))} Hi(u — v) dz < 4p4 (D).
Let £ — 0. By the Lebesgue dominated convergence theorem, we then obtain

/A {(AVv - V¢ + (b- Vo)) — (AVu -V + (b - Vu)y)} do < 4py (D).

Since v =wu in Q\ D and D C B(zg, R), it follows that
/B( " {(AVv - V¢ + (b Vu)y) — (AVu - Vi + (b Vu)i)} dz < 4y (B(wo, R)).
o,
On the other hand, since B, C B(zo, R), we have
f ATV (b Ve = )5 < e (B D)

Consequently, we obtain

(42) sup / AVv -V + (b- Vo) dr < 5uy (B(xg, R)).
HEHS(By) Y B(zo,R)
0<4<1
Step 3. Next, we shall estimate the upper part of u, or the effect of external
force. Note that v = u in B(xg, R/2). Let

I =supvy :=inf{l €R; (vy — 1) € H}(B.)}.

*

Since v is a subsolution to Lv = 0 in D, it follows from Theorem 40 that

1/~
vl dw) < 00.

(13) 0<1<Cm)Cs (][

D

Using this I, we consider the function

¢ = Hi((v+ —1)4) (k>0).
Then, it follows from (42) that
AVv -V — (b-Viy)vde — / divbvy de < 5uq (B(xo, R)).
B. B.
Therefore, from (21),

o [ IV min{(vy — 1)1k} da
2k Jp.

< 5p (B@o, ) + I(divb)-cl| o 2 g s osco . (5.
From Lemma 14, this implies that

1082, ———
Ln/=nee () S T p+(B(zo, R))

252
+ TH(dIV b)+||L"/2-,1(B*)

(v = D)+
(44)

V4 ||Ln/(n—2),oc(B*)-
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Step 4. Finally, we estimate the lower part of u, or the effect of value around.
Since 0 < vy < (v — )4 + 1, we have
||U+||L”/("*2)v°°(B*) < (v =D+ + ZHL"/("*z%OO(B*)
< g = 1) llpnsn-2roe (g, + 1B 7277,

Therefore, combining this inequality, (43) and (44), we obtain

1/~
||U+HLTL/(n—2)‘oo(B*) S C(n)RniQCB (][D 1}1 dﬂ?)
1052 _—
+ ==, (Blao, B))
252 .
+ TH(leb)JrHLn/?J(B*)

’U+||Ln/(n—2),oc(B*).

It follows from (38) that

1/~
[ 03/ n-2) .00 (B (w0, R/2)) < 2C(R)R™*Cy (]{3 v} dx)
2082,  ———
+ — =+ (B(zo, B)).

Since v = u in B(xp, R/2) and v < w in D, replacing v by u, we arrive at the desired
estimate. [l

REMARK 54. If p > 0, then we can give a simpler proof. Indeed, the following
claim holds: Suppose that u is a supersolution to Lu = 0 in Q and D € €. Then
the Poisson modification v = P(u, D) of u in D satisfies

plol(D) < 2p[u](D).

To prove this, let us choose a function n € C°(Q) such that n = 1 on D and
0 <n < 1. Since u = v on supp V7, we have

/ndu[u]:/AVU~V7)—(b~V17)u—divbundx
Q Q

:/AVU-Vn—(b~Vn)U—divbm7dx—/divb(u—v)nda:
Q Q

:/Qndu[v]—/ﬂdivb(u—v)dx.

Note that v < u from the comparison principle. Therefore, it follows from Theorem
50 that

p](D) < plu](D) + 1(divb) | sz (pylle = vl Lr/n-2. (D)
< 2u[u](D).
Therefore, replacing Step 2 by this estimate, we can get the same estimate.

Using Theorem 53 and an iteration argument, we reach the truncated Riesz
potential estimates. The concept of our iteration method is due to Kilpeldinen and
Maly [38]. The following modified version of iteration method is in [30, 31].
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THEOREM b5. Let u be a weak solution to Lu = uy — p— in Q. Suppose that

xg s a Lebesque point of u. Then there exists a constant Cy depending only on n,
B/v such that

1/y
1
uy(z9) < Cuy ][ u} dz + —I4*(20,2R)
B(xo,R)\B(z0,R/2) v

whenever B(xg,2R) C Q

PROOF. We prove the estimate only of ui. Let § € (0,1) be a sufficiently
small constant to be chosen later. For m = 0,1,..., we take R,, = 27 ™R, B,, =
B(xg, R,,) and

1
lO = 07 lm—i—l = lm + (9|Bm+1|)(n_2)/" ||(U - lm)+||Ln/(n—2),<x;(Bm+1).

From the definition of [,,, for any m > 1,
(45) (= ln1) |l /=200 (5,) = (b = ln—1) (6] B )2/
holds. Assume that I, > [,,_1. Then we have
{2 € Bm; u(@) = ln}| = {z € Bm; (w(@) = lm—1)+ = by = lm—1}| < 0B

Therefore, by using Lemma 12, we get

| )i de < COIa € B o) = L}/ = L)l oo s,
B’VYI,

< C(n)(O1Bnl)* ™ (= L)+ [l pr/ -2 (5,05
This implies that

" 1
ot e < OO0 0 = )l e
= P gy = L) |
= n |Bm‘("_2)/" U—bm—1)+ Ln/(n=2),00(B,,)-
On the other hand, applying Theorem 53 for v — l,,, with v = 1, we have

1
Dot |07 |

(u —lm)+]

L'n./(n72),oo(Bm/+1) S Cl][ (u—lm)+ dx
Bm,\B7n+1

C B _
+ 723%1 "4 (Bm).-
Combining the two inequalities, we get

C(n)

(b1 = bm) < C)CH ™ (b~ bn—1) + 577

Ry g (Bo).

On the other hand, if I, = l,,—1, then l,,, 41 = L, by (45). Therefore, this inequality
holds for any m > 1. Choose 6 > 0 such that C(n)C16%/™ < 1/2. Summing over
m=1,2,... M, we get

1 Cn,0) < .,  —
1 — L < EZM + TmZ:lRm Lt (Brm).
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Taking the limit M — oo, we then obtain

1 1 C(n,0) = o n o
iloo =3 lim lMﬁll—F(V)mz_:lRQ tog(Bm)-

m
M—o00

On the other hand, by Theorem 53, we have

1
b= im0,

1 Se
< gn—2)/n Ch (J[B = u} dx) + TQR(%*”M(BO)
0 1

Therefore, we get

1/v o
1 o
lo <C(n,0 ][ ul dz + = R*"u, (B,
(n.0) <BO\31+ ) LS R (B

By Lemma 5, the right-hand side may be assumed to be finite; therefore, (I, —
l;m—1) = 0 as m — oo. Thus, it follows from Lemma 12 that

][ (u—1Im)+de <CM)0(ly —lm—1) = 0 asm — oco.
Bm

Hence
. _ < T _ < 1 _ _o
mlgnoO Bm(u loo)dx < W}gnoo Bm(u loo)+ da < "}gnoo Bm(u Im)rde=0
Therefore,
u(zo) = lim udr <l

Consequently, we arrive at

1/~
1
u(zo) < C(n, ) ][ ul dx + —I5" (20, 2R)
B(z0,R)\B(z0,R/2) v

This completes the proof. Il

COROLLARY 56. Let u be a weak solution to Lu = pu > 0 in Q. Let xg be a
Lebesgue point of u. Then there exists a constant Cyr depending only onn and B/v
such that

1
u(zo) < Cy (essinf u+ I‘Q‘(wo,?R)) ,
B(zo,R) v

whenever B(xg,2R) C Q.

Proor. Combine Theorem 42 and Theorem 55. O
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3. Applications of upper bounds
Using Theorem 55, we can give some sufficient conditions of interior regularity.

COROLLARY b7. Let u be a weak solution to Lu = py — p— in .
(1) Assume that

lim  sup Ig“‘(xo,R) =0
R—=02eB(z0,R)

for some xg € Q. Then u is continuous at xg. Moreover, if

lim sup I)'!(zo, R) = 0
Hm, sup 1 (z0, R)

for D € Q, then u is continuous in D.
(2) If p € L"*Y(Q), then u € C(Q).

loc

(3) If u € LPT(Q) with

loc

qg D
and 0 < r < oo, then u € LET(Q).

loc

Proor. Without loss of generality, we may assume that xg is a Lebesgue point
of u. From Theorem 55,

Jux) — u(zp)] < C (ﬁ oy [0 0 o ilg‘(wﬁ)) .

Taking the supremum for z € B(xg, R), we get

1
esssup |u — u(zg)| < C ][ |u —u(zo)|dr +  sup *I|2M|(.T, R)|.
B(zo,R) B(z0,2R) z€B(zo,R) V

The first term of the right-hand side goes to 0 as R — 0. From the assumption on
14, we obtain

lim esssup |u — u(xo)| = 0.
R—0 B(zo,R)

The second assertion follows from the first assertion. The third assertion is a
consequence of Lemma 17. O

COROLLARY 58. Let u be a weak solution to Lu = p > 0 in Q. If there are
constants K and € > 0 such that

u(B(z,R)) < KR"**¢
for all x € Q, Then there exists constants C1, Co and 8 > 0 depending only on n
and B/v such that

B C
osc u<(Cq (ﬁ) osc u-+ —QKRG,
B(zo,p) R/ B(z0,5R) v

whenever B(xg,5R) C Q.
PROOF. Let

M(R) = esssupu, m(R)= essinf v, w(R)= M(R)—m(R).
B(EQ,R) B(:E[),R)
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From Corollary 56 and the assumption on u, we have

M(R) —m(5R) = B(supR)(u —m(5R))

1
<  su Cyr | inf (u—m(5R)) + =I5 x,4R>
Lo Co (it (0= miR) + T 4

1
< Cyr inf (u—m(5R))+— sup I§(z,4R
v <B(1’07R)( ( )) V zeB(xo,R) 2( )

< Cy/(m(R) —m(5R)) + CU/@KRE.
Since M(5R) — M(R) < Cy/(M(5R) — M(R)), combining the two inequality, we
obtain

C
w(bR) < Cy/(w(bR) —w(R)) + C’Ulglﬂ?e7
hence o o
r—1
w(R) < 2Y w(bR) + ﬂKRG.
Cy: v
Tterating this estimate, we get the desired inequality. ([l

From the method in [39], we can estimate the growth order of non-negative
subsolutions:

COROLLARY 59. Let u be a non-negative solution to Lu = p < 0 in Q. Then
there exist constants C and 0 < X\ < 1 depending only on n, v and B such that

esssup u < 2u(zo) + ¢ (I§(z0, 2R) + R* " u(B(z0,2R))) ,
B(zo0,\R) v
whenever B(zg,2R) C Q.

PRrROOF. Choose a natural number M such that
20y \ M 200 \M
— <20 L | — )
2Cy — 1 2Cy — 1

and take A = 2= . We divide the proof two cases.
Case 1. Assume that for allm=1,... M,

sup u < (W> sup U
B(z0,2-™R) 2Cy B(zo,21—-™R) '
Then,

1
sup u< —— Ssup u.
B(z0,2~MR) 2CH B(zo,R)

Let h be the solution to the Dirichlet problem
Lh =0 in B(zo,2R)
h=wu on 0B(xy,2R),

and let k = (2Cx) ™" supp(,, ) u- By the comparison principle, h > 0 in B(xo, 2R).
It follows from Theorem 47,

1 1
inf- h>— sup h=— sup u=2k.
B(o,R) CH B(zo,R) CH B(zo,R)
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Thus, from the assumption on u,

inf (h—wu)>2k—k=kF.
B(Io,AR)

Consider the function w = min{h — u, k}. Then from Lemma 14,

E2C(n)(AR)"2 < k?|{z € B(x0,2R); w(zx) > k}|»=2/"

< Sgo/ |Vwl|? dz.
B(z0,2R)
On the other hand, from Theorem 50 we have
4k
/ |Vw|? dz < —u(B(zo,2R)).
B(w0,2R) v
Therefore,

C(n)

14

k< (AR)* " u(B(x0,2R)).

This implies that

2M(n72)
(46) sup w < (COCHTT ) b (B, 2R)).
B(zo0,R) v

Case 2. Otherwise, there is a natural number m € [1, M] such that
(QCU - 1>
sup  u> | —=— sup  u.
B(z0,2-™R) 2Cu ) B(zo,2-mR)
Then we have

1
(C’U — ) sup u < Cy sup  u.
B(z0,2'~™R) B(z0,2~™R)

Let us consider the function sup gy, 21-m gy v — u. Then, we have

Cy inf sup u—u| =Cy sup U — sup  w
B(x0,27™R) \ B(z¢,21-™R) B(z0,21-™R) B(z0,2-™R)

1
< - sup Uu.
2 B(zo,2'-mR)

Thus, applying Corollary 56 for sup gy, o1-m ) 4 — u, we get

1 C
sup  u—u(wg) <= sup  u+ —2Th(z0,2 ™ R).
B(z0,2!~™R) B(z0,21-™R) v
Therefore,
CU M 1-m
(47) sup u < 2u(xg) + 2—14 (w0, 2" " R).
v

B(z0,2'~™R)
Thus, combining (46) and (47), for any case, we have
C
sup  u < 2u(zo) + — (I5 (20, 2R) + R*~"u(B(wo,2R))) .
B(z,2~MR) v

We arrived at the desired inequality. [

Next, we give a necessary condition of for the solvability of the Dirichlet prob-
lem.
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DEFINITION 60. Let 2 be a open set, and let E be a closed subset of 2. We
say that F is thin at xg with respect to L if xg is not a limit point of E or there is
a quasicontinuous supersolution to Lu = 0 in a neighborhood of xg such that

liminfu > u(zg) | = lim][ udz | .
“oek 20 Bao.R)

THEOREM 61. Let E be a closed subset of ), and let xo be a limit point of E.
Suppose that

Ro - ds
(48) / s27" cap(E N B(xg, s), B(x,25))— < 00
0 S

for some Ry > 0. Then E is thin at xq with respect to L.

PROOF. Let 0 < R < min{Ry/2, dist(zg, 92)} be a constant to be chosen later.
Let

u=R(E N B(xo, R), B(zo,2R)).

From Theorem 50, we have

][ udzx < C(n)RQ_nHu||Ln/(n—2),oo(B(E’R))
B(wo,R)

Cn) o p
< 9 e ) Bz 2R)
olC) I —
= €0 o) (B, )
Combining this inequality and Theorem 55, we get

1
u(zo) < Cy ][ udx + 71’2‘[“] (x0,2R)
B(zo,R) v

< GulCl) +1) /2R sz*”u[U](B(fﬂo’s))ﬁ'
0 S

v

From Lemma 37, we have
plu](B(wo, s)) < B*(Cp)"/? cap(E N B(xo, 5), B(wo,2R))
< B*(Cp)Y? cap(E N B(xo, 5), B(xo, 25)).

Therefore,

S

2R
[ B )
B

2R
—_— d
< C’(n,—)/ 82_"cap(EﬂB(J:o,s),B(aco,Qs))—S.
v’ Jo s
From assumption, we can take the right-hand side less than 1/2 by choosing R

sufficiently small. On the other hand, from definition, v = 1 q.e. on E. Therefore,

1ixrg%3nfu:1>72 lim udz.
IEEO 2 R—0 B(Qfg,R)

Since u is a supersolution to Lu = 0 in B(xg,2R), E is thin at zy with respect to
L. O
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EXAMPLE 62. Let us recall Lebesgue’s spine:
D ={x = (r1,79,23) €ER? |2| <1 and wu(z)< 2},

where

! sds
u(z) = 2 2 2’
0 V/(z1—8)2+a3 +a3

Then, CD is thin at 2 = 0 with respect to —A, and (48) holds at xg = 0 (see [34,
pp.144-145) and Corollary 77). Thus, (D is thin at = = 0 with respect to L.

4. Divergence-free drifts

In this section, we give further remarks for equations with divergence-free drifts.
Since we do not need the perturbation arguments, we can obtain the optimal con-
stants for some estimates (see, (49), (50), (52) and the first term in (54)).

THEOREM 63. Assume that divb = 0. Let u be a supersolution to Lu = 0 in
Q, and let D € Q. Then the Poisson modification v = P(u, D) of u in D satisfies
the charge conservation

(49) plol(D) = plu](D).
Conversely, assume that
A(z) € (CHQ)™™", b e (L"(Q)"

and (49) holds for any Poisson modification. Then divb = 0 in the sense of
distributions.

PROOF. Choose a function 7 € C2°(Q) such that =1 on D and 0 < 7 < 1.
Since u = v on supp V7, we have

/Qndu[u]:/QAVUVU—(b-vn)udz
:/QAVU~V777(b~V7])vdx:/Qnd,u[v].

Hence (49) holds We show the converse. Since b/ — 0 as || — 0, replacing
Q by a sufficiently small subdomain €', we can assume that [|bl||, is sufficiently
small. Thus, without loss of generality, we may assume that (Lu, v) is coercive. Fix
any ¢ € C°(Q) and take an open set D € 2 such that supp ¢ C D. Then, since

f=Lo=—div(AVp) + b Vp € L/ ("2 (D),
we can take functions wy, w., € Hg(D) such that
Lw, = fy and Lw, =f- in D.

Then ¢ = w, — wy,. Let u € HI(Q) be the solution to the Dirichlet problem
Lu = fy in Q and let v = P(u, D). Choose a sequence of smooth functions {;}72,

such that each of which satisfies n; =1 on D, 0 < n; <1 and n; | 155 as j — oo.
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Then, for each j,

[ st = [ st

= [ AVu-Vn; — (b-an)udx—/ AVv-Vn; — (b-Vn;)vde
Q Q

+ / b-V((u—v)n,;)dz
Q
:/ b V(u—v)dz.
Q
Therefore, from assumption,

0= lim </Q17jdu[u]/ﬂ77jd,u[v]> :/Qb-V(u—v)dx:/Qb~prdo:.

Applying the same argument for w,,, we can show that

/b~chdx:/b~prdx7/b~Vwmdx:OfO:0.
Q Q Q

Therefore, divb = 0 in the sense of distributions. ([

THEOREM 64. Assume that divb = 0. Let p be a finite Radon measure in
H=Y(Q), and let u € HE(Q) be a weak solution to Lu = p in Q. Then

S3
(50) 1wl Ln/n2).00 () < 7|M|(Q)a
Soo
(51) [Vl pn/m-1).00 ) < 7|M|(Q)
and
k
(52) VT (w)[|72 (0 < ~lul(€)

for all k > 0. Here, Sy is the constant as in Lemma 14.

REMARK 65. The constant S2 /v in (50) is sharp. We note that the sharpness
of (50) has been mentioned in [10] in the case of £L = —A. For 0 < r < R, consider
the superharmonic functions

uy g(2) = min{|z|>~",r?""} — R*™™ ¢ H}(B(0, R)).
Then, its Riesz measure p, p = plu,, g) satisfies
prr(B(0, R)) = (n — 2)n|B(0,1)].
Since
rllinoonmen = s o B0, 1A/,
’ SO e Remasso (B R2T)

the functions u, r are archive the sharp constant when R — oo or 7 — 0. Let
us consider an example of equations with nontrivial drift. For smooth function

¢ : R — R, we take
_ (99(=]) 99(lzl) ’
b¢($> = < 81'2 s T 8331 ,0,...,0) .
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By definition, divbg = 0. Moreover, since
b¢ . VUT)R =0.
we have
_AunR + b¢ ’ VUT,R = _AUT‘,R = Mr,R-
REMARK 66. By using a parabolic equation, we can give another proof of (50).
Let us consider the parabolic problem
Ou+b-Vu—div(AVu) =0 in, u=0 on 0.

Then, from a method in [9], we have

1
(53) [u(, T)l|zoe () < Qe [[u( 0)][L1(0)-

(47T

Moreover, testing the equation by Hy(u) and taking the limit & — 0, we can show
the maximum principle

[u(, T)llzr ) < llu 0)llzr o)

Since U(z) = [, u(x,T)dT satisfies the equation LU = ug, by using an interpola-
tion argument (see e.g [24]), we can reach the desired estimate.

By using (50), (51) and a duality argument, we can give another proof of the
estimate in [5]; see also [36].
COROLLARY 67. Assume thatdivb = 0. Let f € L™/?Y(Q) and F € (L™*(Q))".
Let u € HY(Q) be a weak solution to
Lu=f+divF in Q.
Then u is bounded. Moreover, we have the estimate
S2 Seo
(54) [ull oo () < 7Hf||Ln/2,1(Q) + 7||F|
PROOF. Let L* be the formal adjoint operator of L:
L*v = —div (AT Vv + bv) = —div (AT Vv) — b - V.

Here, AT is the transpose of A. We note that £* satisfies the assumptions in Lemma,
64. Fix any function g € H=1(Q) N LY(Q), g > 0. Take v € H}(£2) such that

L'v=g in .

Lm1(Q)-

By the definition of v
/ ugda = (u, L v)q = (Lu,v)q = / fv—F - -Vovdz.
Q Q

Therefore, by using (50) and (51), we get

/ug dz
Q

This implies that

< fllnrea@llollr/m-2.00 ) + [ FllLna @) [Vl Lrso-1).00 ()

v

S?2 Seo
< (=1 hernsior + Pl ) ol

52 S
esssupt < == fllznrz1iq) + T FIF L)

According to the same argument, we can estimate essinfq u. [
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Using Lemma 16 we get the following estimates:

COROLLARY 68. Assume that divb = 0. Suppose that
1 1 2 n
= T T pe(la 7)
qg p n 2
and 0 <7 < oco. Let p € H-Y(Q)NLP"(Q) and let u € HE(Q) be a weak solution
to Lu = p in Q. Then
C(n,p,r)

> il om0

ullLar () <






CHAPTER 5

Potential lower bounds

In the previous chapter, we established potential upper bounds of solutions.
Next, we shall derive a potential lower bound of non-negative supersolutions. If u
is a non-negative superharmonic functions in B(xg,2R) = . Then, from the Riesz
decomposition theorem, we have the lower bound

/Ggacy)du )+ h(z /GQJ;yd,u)

Recall the pointwise lower estimate of Green’s functions
1
Ga(z,y) 2 7l - y[*" V€ By, dist(y,09)/2).

Combining the two lower bounds, we arrive at

1 dp() "

(55) u(zo) > c /B(%R) PR (JI (w0, R).

From results in [53] and [28], existence of the Green function and the estimate (55)
also holds for equations of type (3) except for the difference of constant. Unfortu-
nately, even under condition (38), the lower bound does not holds in general. In
this chapter, considering about the relation between the lower bounds of solutions
and the measure data, we establish the potential lower bound (55) under the as-
sumptions (21), (38) and the additional assumption (56). More precisely, we derive
Corollary 72. This two-sided estimate yields a necessary and sufficient condition of
boundary regularity.

1. The lower potential estimate

For further properties of supersolutions, we assume that

(56) [(divb)_[[Ln/2, 1) < m

in addition to (21) and (38), where Cy is the constant as in Theorem 47 and « is
a geometric constant to be chosen later (see (62)). Since C'y depends on B/v, this
assumption depends also on B/v. Under these conditions, we have the following:

LEMMA 69. Let u be a lower semicontinuous supersolution to Lu = p > 0 in
Q. Then there exists a constant C depending only on n and B/v such that

R "u(B(wo, R) < B*C( inf u— inf
pu(B(xo, R)) < (3(2273)u B(a}:?,zR)u>’

whenever B(xg,2R) C Q.

55



56 5. POTENTIAL LOWER BOUNDS
PRrROOF. Take n € C°(B(zg,5R/4)) such that 0 < n < 1 and n = 1 on
B(xg, R). Let w € H}(B(zo,2R)) be the solution to the Dirichlet problem
Lw=nu in B(xg,2R).
By the minimum principle, w > 0 in B(zg,2R). Let

M := esssup w, m:= essinf w.
O0B(z0,3R/2) 90B(z0,3R/2)

Since Lw = 0 in B(x,2R) \ B(zg,5R/4), these quantities are well-defined. From
the maximum principle,

0<w<M in B(w,2R)\ B(xo,3R/2).
Notice that according to the Harnack inequality, we have
(57) M < (Cu)*m,
where « is a constant depending only on n. Let us consider the function
w := min{w, M }.

From the minimum principle, w > m in B(zg,3R/2). Choose ¢ € C°(B(xg,2R))
such that

6=1 in Blro,3R/2), |Vo|< %.
Then, since w¢p? > m in B(xg,3R/2) D B(xg,5R/4), we have
m(nu)(B(zo, 2R))

< wo?) d

(58) < /B (m,,m)(wd)) (nw)

g/ AVw-V(qubQ)dx—i—/ (b - Vw)(w¢?) da.
B(z0,2R) B(z0,2R)

Since supp V¢ C B(xg,2R) \ B(zg,3R/2), it follows that if V(w$?)(z) # 0, then
w(x) = w(z). Therefore, by using Young’s inequality, we get

/ AVw - V(w¢?) dz
B(.’EO ,QR)

< C||Al|p=(0) / \vw|2¢2dx+M2/ |Vo|?dx | .
B(x0,2R) B(z0,2R)

Likewise, since

/ (b-Vw) (w¢?) d
B(z0,2R)

=- / (b V(w¢?)) wdx — / (div b)wwe? dz
B(z0,2R)

B(z0,2R)

(59)

= —/ (b - V)we? dz — 2/ (b-V¢)w?¢de
B(z0,2R)

B(I0,2R)
— / divbwwe? dz,
B(.’Eo,QR)
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using (21), we get

/ (b V) (6% da
B(z0,2R)

60 -
6 <oy, ( [ wapeasear [ e dx)
B(x0,2R) B(x0,2R)

+ MI[(divb)_|[ n/2.14 ) [W] L/ 2000 (B(wo,2R)) -
The second term of the right-hand side can be estimated by (39):

452,
[l Lnren2).00 (B 2my)) < = (11) (B(20, 2R)).

Since (M —w)4 = M —w is a subsolution to Lu = 0 in B(x,2R), Lemma 36 yields
(61) / |V |2¢? de < CEM2/ |Vo|* d.
B(x0,2R) B(z0,2R)

Combining these inequalities (57)-(61), we get
m(np)(B(zo,2R)) < B* (CCE(Cy)**) m*R" 2

2

+ () =@ b)) ) mlm)(Bloo. 20,

Therefore, if (divb)_ is small enough such that

. 14
(62) [(divb)_[|pn/21(0) < 8SZ (Cr)™’

then we have
m(nu)(B(z0,2R)) < B*Cm*R"2,

where C' is a constant depending only on n and B/v. If m = 0, then, from the
strong minimum principle, (nu) = 0. Thus,

R*~"(np)(B(xo,2R)) < BCm.
On the other hand, from the comparison principle, we have

w<u— inf wu in B(zg,2R).
B(Io,QR)

Therefore,

m< inf (u

< — inf wu)<
B(z0,3R/2) B(z0,2R)

inf .
< plof v

— inf
B(z0,2R)
Consequently,

2—n < RB* : o : )
R*"(nu)(B(wo,2R)) < B*C (B&rffm” s U)

From the definition of 7, we obtain

21, Bl R < B* . ~inf .
R*™"u(B(zg, R)) < B*C (B(IngR)u B(;?QR) u)

We arrived at the desired estimate. O
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REMARK 70. It is necessary to add the condition (56) to lead Lemma 69.
Consider the case of A = I, b = —ex/|z|?, @ = B(0,2). For sufficiently small
positive € > 0, the conditions (21) and (38) hold, but (56) does not hold. For
0 < r < 1, let us consider the non-negative functions

UT-(I’) = min{|z|2*n*6’ ,’,2777,75} o 22,”’76'

Then, w, are supersolutions to Lu = 0 in B(0,2), moreover, their Riesz measures
pluy] satisfy

plur](B(0,1)) = (n =24 €)n[B(0,1)|r™*.
In particular, u[u,](B(0,1)) = oo as 7 — 0. On the other hand, we have

inf w, — inf w,=1-—22"""°¢
B(0,1) B(0,2)

Therefore, under (21) and (38), this lower bound does not hold in general.

Iterating Lemma 69, we arrive at the following pointwise lower bound estimate
of non-negative supersolutions.

THEOREM 71. Let u be a lower semicontinuous non-negative supersolution to
Lu=p >0 1in Q. Then there exists a constant Cp, depending only on n and B/v
such that

1
u(zo) > MIQ(xO,R),

whenever B(xg,2R) C Q.

PrOOF. For k = —1,0,1,..., take Ry = 27%*R and By = B(xo, Ry). Then,
from Lemma 69, for all £ > 0, we obtain

R "u(By) < B*C <i§fu — inf u> .

Br_1
By summing over all £k = 0,1, ..., we get
1 (oo}
= lim essinfu > R27"u(By).
u(xo) Jim_essinfu > B*C; v H(DB)
We arrived at the desired estimate. O

Combining Corollary 56 and Corollary 71, we obtain the following two-sided
bound:

COROLLARY 72. Let u be a non-negative solution to Lu = pu > 0 in Q. Then
there exists a constant C' depending only on n and B/v such that

1 1
WIS(Q?Q,R) <wu(zo) <C (g?gscolr}l%f)u + VIQL(.IQ,QR)) ,

whenever xo is a Lebesgue point of u and B(xg,2R) C Q.
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2. Applications of the potential lower bound

From Theorem 71, we obtain estimates of the Riesz measure of supersolutions
to the equation Lu = 0 in

COROLLARY 73. Let u be a lower semicontinuous supersolution to Lu = 0 in
Q, and let v be its Riesz measure.

(1) If u is finite at xg € K2, then, there exists a constant R > 0 such that
I} (20, R) < o0.
Moreover, if u is bounded in D € €2, then, there exists a constant R > 0

such that

sup I5(zo, R) < oc.
xoED

(2) If u is continuous at xo € Q, then
lim sup I5(zo,R) =0.
R—=0 3eB(x0,R)
Moreover, if u is continuous in D € €2, then
lim sup I5(zg, R) = 0.
R—0 zo€ED
(3) Assume that there exist constants K and § > 0 such that

lu(zo) — u(z)| < K|z — x|

for any x € B(xg,2R) C Q). Then there exists a constant C such that for
any 0 <r <R,

w(B(xo,7)) < CKr"=2+P,

PRrROOF. (1) Take a small ball such that B(zg,2R) C Q. Since u is lower
semicontinuous, infp(,,,2r)u > —oo. Applying Theorem 71 for u — infp(,, 2r) u,
we get the first assertion. (2) Since u is continuous at zq, for any ¢ > 0, we can
choose a positive number r > 0 such that

€
2B*C|,
for any « € B(xo,3r), where B* and Cp, is the same constant as in Theorem 71.
Then, for any x € B(xg,r), we have
14 < B*C — inf
{(@r) < B'Cuul@) = inf )

< B°C(Ju(w) — u(wo)| + u(zo) — inf u)

|u(z) = ulzo)| <

6 —
2BC,
(3) Fix 0 < r < R. According Theorem 71, we have

<B*CL2

€.

Y24 (Blao, ) < C(n) / ' pz-"mB(xo,p))%

< C(n)B*Cy, (u(zo) - B(il;’fzr) u)
< C(n)B*CLKrP.

This completes the proof. [
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Next, we give a growth order estimate of non-negative subsolutions to Lu =0
in 2. This is an analog of Nevanlinna’s theorem in higher dimensional Euclidean
spaces (see [32]).

COROLLARY 74. Let u be a non-negative solution to Lu = u < 0 in B(xo, R).
Assume that u(xg) = limpg_o fB(IO R) udx = 0. Then there exist constants C and

0 < XA < 1 depending only onn and B/v such that
! 15 (29, AR/2) < esssup u < CI“(x R)
v 0 < < — 0, 11).
B+C™? B(z0,\R) v 2
PRrROOF. The latter inequality was proved in Corollary 59. Applying Theorem
71 for sup (o ag) ¢ — v in B(zo, AR), we get
=15 (20, AR/2) < esssup (u — u(zg)) = esssup u.
B*C B(z0,AR) B(z0,AR)
This completes the proof. (Il

ExAMPLE 75. To understand the above theorem, we recall examples of entire
non-negative subharmonic functions.

(1) Let u = max{1—|z|>~",0} and g = Au. Then, I5(0,R) =0for0 < R < 1
and

% = om -

R
15(0, R) :/ s27"(n — 2)n|B(0,1)
1
for R > 1.
(2) If u = max{xy,0} and pu = Au, then,

R
14(0, R) :/ 2| B0, 1)|s”*1% — Cn)R.
0

(3) If u = |z|? and u = Au = 2n, then,

R
d
I5(0,R) = / s onsn S = C(n)R?.
0 S

3. Wiener’s criterion

From Lemma 69, we can give a sufficient condition of boundary regularity of
solutions. This method is due to Maz'ya [57]. See also [33].

LEMMA 76. Assume that D € Q and xg € 0D. Let 0 < R < dist(xg,9)/2
and

u=1-R(CD N B(zo, R), (B(z0,2R)).
Then for any 0 < p < R,

1 [ —_— ds
u < exp(—a / s>~ cap(CD N B(xo, s), B(zo, 25))?)
P

in B(zg, p), where C >0 is a constant depending only on n and B/v.
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PrROOF. For m =0,1,2,..., we take R,;, = 27™R and B,, = B(zq, R). Let
vm =R(CDNB,,,2B,).
Then, from Lemma 69, we have
R%" ] (Bp) < B*Cinf v,,.

m

On the other hand, it follows from Theorem 50 that
ap(8D 1 Byn,2Byn) < VT (0 3o

< S lonl(2Bn) = Splon (B,

Therefore,
R%2 ™™ cap(CD N B,,,2B,,) < Cinfu,,.

m

Let
am = R% " cap(CD N B,,,2B,,).

Then, since e’ > 1 + ¢, we have

1 1
U, 2 oom >1- exp(—aam) in B,

hence )
11—, < exp(—éam) in B,,.

Since u = 1 — vg, we have
1
< - in By.
u < exp( C,ao) in By
This implies that
1 1
u < exp(—aao) =exp(——=aop)(1 —v1) on 0B;.

C

On the other hand, from definition, u = 0 q.e. on 0D N By. Therefore, combining
two estimates and using the comparison principle, we get

u < exp(—éao)(l —wv1) in DN By.
Hence,
u < exp(—%ao)(l —v1) in Bj.
From the estimate for vy,

1 1
u < exp(—aao) exp(—aal) in Bj.

Choose an integer M such that 2-(M+DR < p < 2™ R, By induction, we get

M 1 | M
u < exp(——=am;,) = exp(——= am) in By D B(xg, p)-
_g) p(=5am) = exp( CmZ::o ) M D Blzo, p)
By a simple calculation, we can show that
M 1 B —_— ds
Z O > ——— s " cap(CD N B(zo, s), B(xg,25))—.
= C(n) J, s

This completes the proof. (I
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THEOREM 77. Suppose that D € Q, o € D and § € H (D) N C(D). Let
u € 0+ HY(D) be the weak solution to Lu =0 in D. Then, there exists a constant
C depending only on n and B/v such that for any 0 < p < R < dist(zg,00)/2,

1B — d
w(p) <w(2R) exp(—a 527" cap(CD N B(xo, s), B(wo, 23))?8)
P
+ ws(2R),
where
w(R)= osc u, wy(R)= osc 0.
DNB(xo,R) dDNB(xo,R)
In particular, if
B oan B ds
s*~"cap(CD N B(wo, s), B(wg, 25))— = 400,
0 S

then u is continuous at xg.

PrOOF. Without loss of generality, we may assume that 6(z¢) = 0. For fixed
R > 0, we consider the function

U= sup u(l—R(CDnNB(xg,R),B(x0,2R))) + max 6.
B(zo,2R) ODNB(z0,2R)

Note that max, Dnmﬂ > 0. Therefore, from the comparison principle

U> sup u>u on DNIB(xg,2R).
B(z0,2R)
On the other hand,

U > max 60 >u ondDN B(xg,2R).
dDNB(z0,2R)

Hence,
U >u on d(DN B(xg,2R)).
From the comparison principle,
U >wu in DN B(xg,2R).

From a similar argument, if

U= inf wu(l—-9RCDnNB(xg,R), B(z0,2R))) + min 6,

B(z0,2R) dDNB(z0,2R)
then
U<wu in DN B(xg,2R).
Therefore,
osc < sup U— inf U.
B(zo,p) B(z0,p) B(zo,p)
From Lemma 76, the assertion follows. O

COROLLARY 78. Let D € Q, and let § € HY(D)NC (D). Letu € 0+ Hg(D) be
the weak solution to Lu = 0 in D. Assume that D satisfies the following capacity
density condition at xo € 0D: There exist positive constants o € (0,1) and Ry > 0
such that

cap(CD N B(xg, R), B(xo,2R)) S

(63) —
cap(B(zo, R), B(xo,2R))
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for all0 < R < Ry. Then u is continuous at xg. Moreover, there exist constants C
and B € (0,1) depending only on n, B/v and a such that

wlp) < C (2 w(2R) + wo(2R)
for any 0 < p < R < min{Ry, dist(xg, 08)/2}.
REMARK 79. The volume density condition (33) yields the capacity density
condition (63). Indeed, by taking
u=R(B(zg, R)\ D, B(zg,2R); =),
it follows from Theorem 50 and Lemma 37 that
|B(zo, R) \ D|"~2/" < 1wl Ln/ =200 (B(0,2R))
< S5n[u](B(zo,2R))
< C(n) cap(CD N B(xo, R), B(xo,2R)).
The converse does not hold. Indeed,
D = B(0,1)\ {(z,y,0); >0, y c R} C R?
satisfies (63) at 0 € OD. However, (33) does not hold at 0.
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