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GEOMETRIC PROPERTIES OF ORBITS OF COMMUTATIVE

HERMANN ACTIONS

SHINJI OHNO

Abstract. In this thesis, we study geometric properties of orbits of commu-
tative Hermann actions. A Hermann action is a generalization of isotropy
actions of compact symmetric spaces.
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1. Introduction

In Riemannian geometry, often submanifolds appear with special properties.
For example, minimal submanifolds have been studied by many mathematicians.
In spacial cases of minimal submanifolds, there are austere submanifolds and to-
tally geodesic submanifolds. Austere submanifolds are associated with special La-
grangian submanifolds in the cotangent bundle of the hypersphere. In addition, har-
monic maps and biharmonic maps are interesting submanifolds. Geometric proper-
ties listed above are described by the local structure of submanifolds. A reflectivity
and a weakly reflectivity are geometric properties which require a global structure
of submanifolds. Reflective submanifolds and weakly reflective submanifolds are
totally geodesic and austere, respectively.

To understand these geometric properties, it is an important problem which
constructs an example. One method for constructing examples is a method using
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2 SHINJI OHNO

Lie group actions. W. Hsiang and H. B. Lawson constructed many examples of
minimal hypersurfaces in the hypersphere using cohomogeneity one action on the
hypersphere. This method can be applied to other geometric properties.

The author have studied Lie group actions on Riemannian symmetric spaces,
such as isotropy representations and isotropy actions of compact symmetric spaces.
The second fundamental form of orbits of such actions are expressed by root system.
O. Ikawa ([I]) introduced the notion of symmetric triad as a generalization of the
notion of irreducible root system to study orbits of commutative Hermann actions.
O. Ikawa expressed orbit spaces of Hermann actions by using symmetric triads,
and gave a characterization of the minimal, austere and totally geodesic orbits of
Hermann actions in terms of symmetric triads.

In this thesis, we consider commutative Hermann actions and associated ac-
tions on compact Lie groups, and express the minimal, austere, weakly reflective,
biharmonic properties of orbits of these actions in terms of symmetric triads.

In Section 2, we review the notion of root systems and symmetric triads. In
particular, a minimal point, an austere point and a totally geodesic point are dis-
cussed.

In Section 3, we recall the definition of weakly reflective submanifolds, and their
fundamental properties, and we gave sufficient conditions for orbits of these actions
to be weakly reflective. Using the sufficient conditions, we obtain many examples
of weakly reflective submanifolds in compact symmetric spaces.

In Section 4, we give a characterization of biharmonic orbits of commutative
Hermann actions and associated actions on Lie groups in terms of symmetric tri-
ads. Using the characterization, we give examples of biharmonic submanifolds in
compact symmetric spaces which is not necessarily hypersurfaces. The contents of
this section is based on joint work with T. Sakai and H. Urakawa.

The author would like to express his deepest gratitude to his advisor, Professor
Takashi Sakai. The author is also very grateful to Professor Osamu Ikawa, Professor
Hiroyuki Tasaki, Professor Hiroshi Tamaru and Professor Hajime Urakawa for their
discussions, valuable comments.

2. Hermann actions and symmetric triads

2.1. Symmetric triads. O. Ikawa ([I]) introduced the notion of symmetric triad as
a generalization of the notion of irreducible root system to study orbits of Hermann
actions. Ikawa expressed orbit spaces of Hermann actions by using symmetric
triads, and gave a characterization of the minimal, austere and totally geodesic
orbits of Hermann actions in terms of symmetric triads. We recall the notions of
root system and symmetric triad. See [I] for details.

Let (a, ⟨·, ·⟩) be a finite dimensional inner product space over R. For each α ∈ a,
we define an orthogonal transformation sα : a → a by

sα(H) = H − 2⟨α, H⟩
⟨α,α⟩ α (H ∈ a),

namely sα is the reflection with respect to the hyperplane {H ∈ a | ⟨α, H⟩ = 0}.

Definition 2.1. A finite subset Σ of a \ {0} is a root system of a, if it satisfies the
following three conditions:
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(1) Span(Σ) = a.
(2) If α,β ∈ Σ, then sα(β) ∈ Σ.
(3) 2⟨α,β⟩/⟨α,α⟩ ∈ Z (α,β ∈ Σ).

A root system of a is said to be irreducible if it cannot be decomposed into two
disjoint nonempty orthogonal subsets.

Let Σ be a root system of a. The Weyl group W (Σ) of Σ is the finite subgroup
of the orthogonal group O(a) of a generated by {sα | α ∈ Σ}.

Definition 2.2 ([I] Definition 2.2). A triple (Σ̃,Σ,W ) of finite subsets of a \ {0}
is a symmetric triad of a, if it satisfies the following six conditions:

(1) Σ̃ is an irreducible root system of a.
(2) Σ is a root system of a.
(3) (−1)W = W, Σ̃ = Σ ∪W .
(4) Σ ∩W is a nonempty subset. If we put l := max{∥α∥ | α ∈ Σ ∩W}, then

Σ ∩W = {α ∈ Σ̃ | ∥α∥ ≤ l}.
(5) For α ∈ W and λ ∈ Σ \W ,

2
⟨α,λ⟩
⟨α,α⟩ is odd if and only if sα(λ) ∈ W \ Σ.

(6) For α ∈ W and λ ∈ W \ Σ,

2
⟨α,λ⟩
⟨α,α⟩ is odd if and only if sα(λ) ∈ Σ \W.

Let (Σ̃,Σ,W ) be a symmetric triad of a. We set

Γ ={H ∈ a | ⟨λ, H⟩ ∈ (π/2)Z (λ ∈ Σ̃)},
ΓΣ∩W ={H ∈ a | ⟨λ, H⟩ ∈ (π/2)Z (λ ∈ Σ ∩W )}.

A point in Γ is called a totally geodesic point. It is known that Γ = ΓΣ∩W . We
define an open subset ar of a by

ar =
⋂

λ∈Σ,α∈W

{
H ∈ a

∣∣∣ ⟨λ, H⟩ ̸∈ πZ, ⟨α, H⟩ ̸∈ π

2
+ πZ

}
.

A point in ar is called a regular point, and a point in the complement of ar in a is
called a singular point. A connected component of ar is called a cell. The affine
Weyl group W̃ (Σ̃,Σ,W ) of (Σ̃,Σ,W ) is a subgroup of the affine group of a, which
defined by the semidirect product O(a)! a, generated by

{(
sλ,

2nπ

⟨λ,λ⟩λ
) ∣∣∣∣ λ ∈ Σ, n ∈ Z

}
∪
{(

sα,
(2n+ 1)π

⟨α,α⟩ α

) ∣∣∣∣ α ∈ W,n ∈ Z
}
.

The action of (sλ, (2nπ/⟨λ,λ⟩)λ) on a is the reflection with respect to the hyperplane
{H ∈ a | ⟨λ, H⟩ = nπ}, and the action of (sα, ((2n+ 1)π/⟨α,α⟩)α) on a is the
reflection with respect to the hyperplane {H ∈ a | ⟨α, H⟩ = (n+1/2)π}. The affine
Weyl group W̃ (Σ̃,Σ,W ) acts transitively on the set of all cells. More precisely, for
each cell P , it holds that

a =
⋃

s∈W̃ (Σ̃,Σ,W )

sP .
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We take a fundamental system Π̃ of Σ̃. We denote by Σ̃+ the set of positive
roots in Σ̃. Set Σ+ = Σ̃+ ∩ Σ and W+ = Σ̃+ ∩W . Denote by Π the set of simple
roots of Σ. We set

W0 = {α ∈ W+ | α+ λ ̸∈ W (λ ∈ Π)}.

From the classification of symmetric triads, we have that W0 consists of the only
one element, denoted by α̃. We define an open subset P0 of a by

(2.1) P0 =
{
H ∈ a

∣∣∣ ⟨α̃, H⟩ < π

2
, ⟨λ, H⟩ > 0 (λ ∈ Π)

}
.

Then P0 is a cell. For an nonempty subset ∆ ⊂ Π ∪ {α̃}, set

P∆
0 =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

H ∈ P 0 ⟨λ, H⟩ > 0 (λ ∈ ∆ ∩Π)
⟨µ,H⟩ = 0 (µ ∈ Π \∆)

⟨α̃, H⟩
{
< (π/2) (if α̃ ∈ ∆)

= (π/2) (if α̃ ̸∈ ∆)

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭
,

then

P 0 =
⋃

∆⊂Π∪{α̃}

P∆
0 (disjoint union).

Definition 2.3 ([I] Definition 2.13). Let (Σ̃,Σ,W ) be a symmetric triad of a.
Consider two mappings m and n from Σ̃ to R≥0 := {a ∈ R | a ≥ 0} which satisfy
the following four conditions:

(1) For any λ ∈ Σ̃,
(1-1) m(λ) = m(−λ), n(λ) = n(−λ),
(1-2) m(λ) > 0 if and only if λ ∈ Σ,
(1-3) n(λ) > 0 if and only if λ ∈ W .

(2) When λ ∈ Σ, α ∈ W, s ∈ W (Σ), then m(λ) = m(s(λ)), n(α) = n(s(α)).
(3) When λ ∈ Σ̃, σ ∈ W (Σ̃), then m(λ) + n(λ) = m(σ(λ)) + n(σ(λ)).
(4) Let λ ∈ Σ ∩W , α ∈ W . If 2⟨α,λ⟩/⟨α,α⟩ is even, then m(λ) = m(sα(λ)).

If 2⟨α,λ⟩/⟨α,α⟩ is odd, then m(λ) = n(sα(λ)).

We call m(λ) and n(α) the multiplicities of λ and α, respectively.

Let (Σ̃,Σ,W ) be a symmetric triad of a with multiplicities m and n. For H ∈ a,
we set

mH = −
∑

λ∈Σ+

⟨λ,H⟩̸∈πZ

m(λ) cot⟨λ, H⟩λ+
∑

α∈W+

⟨α,H⟩̸∈(π/2)+πZ

n(α) tan⟨α, H⟩α.

The vector mH is called the mean curvature vector at H. A vector H ∈ a is a
minimal point if mH = 0.

Proposition 2.4 ([I] Theorem 2.14 ). Let (Σ̃,Σ,W ) be a symmetric triad of a with
multiplicities. For H ∈ a and σ = (s,X) ∈ W̃ (Σ̃,Σ,W ), set H ′ = σH ∈ a, then

mH′ = s(mH).

Theorem 2.5 ([I] Theorem 2.24 ). For any nonempty subset ∆ ⊂ Π ∪ {α̃}, there
exists a unique minimal point H ∈ P∆

0 .
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A vector H ∈ a is an austere point if the subset of a with multiplicities defined
by

{− cot⟨λ, H⟩λ (multiplicity= m(λ)) | λ ∈ Σ+, ⟨λ, H⟩ ̸∈ πZ}
∪ {tan⟨α, H⟩α (multiplicity= n(α)) | α ∈ W+, ⟨α, H⟩ ̸∈ (π/2) + πZ}

is invariant with multiplicities under the multiplication by −1. An austere point is
a minimal point.

Proposition 2.6 ([I] Theorem 2.18). A point H ∈ a is austere if and only if the
following three conditions holds:

(1) ⟨λ, H⟩ ∈ (π/2)Z for any λ ∈ (Σ \W ) ∪ (W \ Σ).
(2) 2H ∈ ΓΣ∩W .
(3) m(λ) = n(λ) for any λ ∈ Σ ∩W with ⟨λ, H⟩ ∈ (π/4) + (π/2)Z.

Ikawa gave the classification of symmetric triad and determined austere points
for symmetric triads with multiplicities.

2.2. Minimal orbits and austere orbits. In this section, we consider Hermann
actions and associated actions on Lie groups which are hyperpolar actions on com-
pact symmetric spaces. A. Kollross ([Kol]) classified the hyperpolar actions on
compact irreducible symmetric spaces. By the classification, we can see that a
hyperpolar action on a compact symmetric space whose cohomogeneity is two or
greater, is orbit-equivalent to some Hermann action.

Let G be a compact, connected, semisimple Lie group, and K1,K2 be closed
subgroups of G. For each i = 1, 2, assume that there exists an involutive automor-
phism θi of G which satisfies (Gθi)0 ⊂ Ki ⊂ Gθi , where Gθi is the set of fixed points
of θi and (Gi)0 is the identity component of Gθi . Then the triple (G,K1,K2) is
called a compact symmetric triad. The pair (G,Ki) is a compact symmetric pair for
i = 1, 2. We denote the Lie algebras of G,K1 and K2 by g, k1 and k2, respectively.
The involutive automorphism of g induced from θi will be also denoted by θi. Take
an Ad(G)-invariant inner product ⟨·, ·⟩ on g. Then the inner product ⟨·, ·⟩ induces
a bi-invariant Riemannian metric on G and G-invariant Riemannian metrics on
the coset manifolds M1 := G/K1 and M2 := K2\G. We denote these Riemannian
metrics on G,M1 and M2 by the same symbol ⟨·, ·⟩. These Riemannian manifolds
G,M1 and M2 are Riemannian symmetric spaces with respect to ⟨·, ·⟩. We denote
by πi the natural projection from G to Mi (i = 1, 2), and consider the following
three Lie group actions:

• (K2 ×K1) ! G : (k2, k1)g = k2gk
−1
1 ((k2, k1) ∈ K2 ×K1),

• K2 ! M1 : k2π1(g) = π1(k2g) (k2 ∈ K2),
• K1 ! M2 : k1π2(g) = π2(gk

−1
1 ) (k1 ∈ K1),

for g ∈ G. The three actions have the same orbit space, and in fact, the following
diagram is commutative:

G
π2−−−−→ M2

π1

⏐⏐"
⏐⏐"π̃1

M1 −−−−→
π̃2

K2\G/K1,

where π̃i is the natural projection from Mi to the orbit space K2\G/K1. Ikawa
computed the second fundamental form of orbits of Hermann actions in the case
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θ1θ2 = θ2θ1. We can apply Ikawa’s method to the geometry of orbits of the (K2 ×
K1)-action. For g ∈ G, we denote the left (resp. right) transformation of G by Lg

(resp. Rg). The isometry on M1 (resp. M2) induced by Lg (resp. Rg) will be also
denoted by the same symbol Lg (resp. Rg).

For i = 1, 2, we set
mi = {X ∈ g | θi(X) = −X}.

Then we have an orthogonal direct sum decomposition of g that is the canonical
decomposition:

g = ki ⊕mi.

The tangent space Tπi(e)Mi of Mi at the origin πi(e) is identified with mi in a
natural way. We define a closed subgroup G12 of G by

G12 = {g ∈ G | θ1(g) = θ2(g)}.

Hence ((G12)0,K12) is a compact symmetric pair, where K12 is a closed subgroup
of (G12)0 defined by

K12 = {k ∈ (G12)0 | θ1(k) = k}.
The canonical decomposition of ((G12)0,K12) is given by

g12 = (k1 ∩ k2)⊕ (m1 ∩m2).

Fix a maximal abelian subspace a in m1 ∩ m2. Then exp(a) is a torus subgroup
in (G12)0. Then exp(a), π1(exp(a)) and π2(exp(a)) are sections of the (K2 ×K1)-
action, the K2-action and the K1-action, respectively. To investigate the orbit
spaces of the three actions, we consider a equivalent relation ∼ on a defined as
follows: For H1, H2 ∈ a, H1 ∼ H2 if K2 exp(H1)K1 = K2 exp(H2)K1. Clearly,
we have H1 ∼ H2 if and only if K2π1(exp(H1)) = K2π1(exp(H2)), and similarly,
H1 ∼ H2 if and only if K1π2(exp(H1)) = K1π2(exp(H2)). Then we have a/∼=
K2\G/K1. For each subgroup L of G, we define

NL(a) = {k ∈ L | Ad(k)a = a},
ZL(a) = {k ∈ L | Ad(k)H = H (H ∈ a)}.

Then ZL(a) is a normal subgroup of NL(a). We define a group J̃ by

J̃ = {([s], Y ) ∈ NK2(a)/ZK1∩K2(a)! a | exp(−Y )s ∈ K1}.

The group J̃ naturally acts on a by the following:

([s], Y )H = Ad(s)H + Y (([s], Y ) ∈ J̃ , H ∈ a).

Matsuki ([M]) proved that

K2\G/K1
∼= a/J̃.

Hereafter, we suppose θ1θ2 = θ2θ1. Then we have an orthogonal direct sum decom-
position of g:

g = (k1 ∩ k2)⊕ (m1 ∩m2)⊕ (k1 ∩m2)⊕ (m1 ∩ k2).

We define subspaces of g as follows:

k0 = {X ∈ k1 ∩ k2 | [a, X] = {0}},
V (k1 ∩m2) = {X ∈ k1 ∩m2 | [a, X] = {0}},
V (m1 ∩ k2) = {X ∈ m1 ∩ k2 | [a, X] = {0}}.
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For λ ∈ a,

kλ = {X ∈ k1 ∩ k2 | [H, [H,X]] = −⟨λ, H⟩2X (H ∈ a)},
mλ = {X ∈ m1 ∩m2 | [H, [H,X]] = −⟨λ, H⟩2X (H ∈ a)},

V ⊥
λ (k1 ∩m2) = {X ∈ k1 ∩m2 | [H, [H,X]] = −⟨λ, H⟩2X (H ∈ a)},

V ⊥
λ (m1 ∩ k2) = {X ∈ m1 ∩ k2 | [H, [H,X]] = −⟨λ, H⟩2X (H ∈ a)}.

We set

Σ = {λ ∈ a \ {0} | kλ ̸= {0}},
W = {α ∈ a \ {0} | V ⊥

α (k1 ∩m2) ̸= {0}},

Σ̃ = Σ ∪W.

It is known that dim kλ = dimmλ and dimV ⊥
λ (k1 ∩ m2) = dimV ⊥

λ (m1 ∩ k2) for
each λ ∈ Σ̃. Thus we set m(λ) := dim kλ, n(λ) := dimV ⊥

λ (k1 ∩ m2). Notice that
Σ is the root system of the pair ((G12)0,K12), and Σ̃ is a root system of a (see
[I]). We take a basis of a and the lexicographic ordering > on a with respect to the
basis. We set

Σ̃+ = {λ ∈ Σ̃ | λ > 0}, Σ+ = Σ ∩ Σ̃+, W+ = W ∩ Σ̃+.

Then we have an orthogonal direct sum decomposition of g:

g = k0 ⊕
∑

λ∈Σ+

kλ ⊕ a⊕
∑

λ∈Σ+

mλ ⊕ V (k1 ∩m2)⊕
∑

α∈W+

V ⊥
α (k1 ∩m2)

⊕ V (m1 ∩ k2)⊕
∑

α∈W+

V ⊥
α (m1 ∩ k2).

Furthermore, we have the following lemma.

Lemma 2.7 ([I] Lemmas 4.3 and 4.16). (1) For each λ ∈ Σ+, there exist or-

thonormal bases {Sλ,i}m(λ)
i=1 and {Tλ,i}m(λ)

i=1 of kλ and mλ respectively such
that for any H ∈ a,

[H,Sλ,i] = ⟨λ, H⟩Tλ,i, [H,Tλ,i] = −⟨λ, H⟩Sλ,i, [Sλ,i, Tλ,i] = λ,

Ad(expH)Sλ,i = cos⟨λ, H⟩Sλ,i + sin⟨λ, H⟩Tλ,i,

Ad(expH)Tλ,i = − sin⟨λ, H⟩Sλ,i + cos⟨λ, H⟩Tλ,i.

(2) For each α ∈ W+, there exist orthonormal bases {Xα,j}n(α)j=1 and {Yα,j}n(α)j=1

of V ⊥
α (k1 ∩m2) and V ⊥

α (m1 ∩ k2) respectively such that for any H ∈ a

[H,Xα,j ] = ⟨α, H⟩Yα,j , [H,Yα,j ] = −⟨α, H⟩Xα,j , [Xα,j , Yα,j ] = α,

Ad(expH)Xα,j = cos⟨α, H⟩Xα,j + sin⟨α, H⟩Yα,j ,

Ad(expH)Yα,j = − sin⟨α, H⟩Xα,j + cos⟨α, H⟩Yα,j .

Using Lemma 2.7, Ikawa proved the following theorems.

Theorem 2.8 ([I] Lemma 4.22). Let x = expH for H ∈ a. Then we have:

(1) dL−1
x BH(dLx(Tλ,i), dLx(Tµ,j)) = cot(⟨µ,H⟩)[Tλ,i, Sµ,j ]⊥,

(2) dL−1
x BH(dLx(Yα,i), dLx(Yβ,j)) = − tan(⟨β, H⟩)[Yα,i, Xβ,j ]⊥,

(3) BH(dLx(Y1), dLx(Y2)) = 0,
(4) BH(dLx(Tλ,i), dLx(Y2)) = 0,
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(5) BH(dLx(Yα,i), dLx(Y2)) = 0,
(6) dL−1

x BH(dLx(Tλ,i), dLx(Yβ,j)) = − tan(⟨β, H⟩)[Tλ,i, Xβ,j ]⊥,

for

λ, µ ∈ Σ+ with ⟨λ, H⟩, ⟨µ,H⟩ ̸∈ πZ, 1 ≤ i ≤ m(λ), 1 ≤ j ≤ m(µ),

α,β ∈ W+ with ⟨α, H⟩, ⟨β, H⟩ ̸∈ π

2
+ πZ, 1 ≤ i ≤ n(α), 1 ≤ j ≤ n(β),

Y1, Y2 ∈ V (m1 ∩ k2).

Here X⊥ is the normal component, i.e. (Ad(x−1)m2)∩m1-component, of a tangent
vector X ∈ m1.

Theorem 2.9 ([I] Corollaries 4.23, 4.29, 4.24, and [GT] Theorem 5.3). Let g =
exp(H) (H ∈ a). Denote the mean curvature vector of K2π1(g) ⊂ M1 at π1(g) by
m1

H . Then we have:

(1)

dL−1
g m1

H = −
∑

λ∈Σ+

⟨λ,H⟩̸∈πZ

m(λ) cot⟨λ, H⟩λ+
∑

α∈W+

⟨α,H⟩̸∈(π/2)+πZ

n(α) tan⟨α, H⟩α.

(2) The orbit K2π1(g) ⊂ M1 is austere if and only if the finite subset of a
defined by

{−λ cot⟨λ, H⟩ (multiplicity = m(λ)) | λ ∈ Σ+, ⟨λ, H⟩ ̸∈ πZ}
∪{α tan⟨α, H⟩ (multiplicity = n(α)) | α ∈ W+, ⟨α, H⟩ ̸∈ (π/2) + πZ}
is invariant under the multiplication by −1 with multiplicities.

(3) The orbit K2π1(g) ⊂ M1 is totally geodesic if and only if ⟨λ, H⟩ ∈ (π/2)Z
for each λ ∈ Σ̃+.

We can apply Theorem 2.9 for orbitsK1π2(g) ⊂ M2. Thus, we have the following
corollary.

Corollary 2.10 ([I] Corollary 4.30). The orbit K2π1(g) is minimal (resp. austere,
totally geodesic) if and only if K1π2(g) is minimal (resp. austere, totally geodesic).

Now we consider the second fundamental form of orbits of the (K2 ×K1)-action
on G. For H ∈ a, we set

ΣH = {λ ∈ Σ | ⟨λ, H⟩ ∈ πZ}, WH = {α ∈ W | ⟨α, H⟩ ∈ (π/2) + πZ},
Σ̃H = ΣH ∪WH , Σ+

H = Σ+ ∩ ΣH , W+
H = W+ ∩WH , Σ̃+

H = Σ+
H ∪W+

H .

Let g = exp(H) (H ∈ a). Then we have

Tg(K2gK1) =

{
d

dt
exp(tX2)g exp(−tX1)

∣∣∣∣
t=0

∣∣∣∣ X1 ∈ k1, X2 ∈ k2

}

=dLg((Ad(g)
−1k2) + k1)(2.2)

=dLg

⎛

⎝k0 ⊕ V (m1 ∩ k2)⊕
∑

λ∈Σ+\ΣH

mλ ⊕
∑

α∈W+\WH

V ⊥
α (m1 ∩ k2)

⊕V (k1 ∩m2)⊕
∑

λ∈Σ+

kλ ⊕
∑

α∈W+

V ⊥
α (k1 ∩m2)

)
,(2.3)
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T⊥
g (K2gK1) = dLg((Ad(g)

−1m2) ∩m1)(2.4)

= dLg

⎛

⎝a⊕
∑

λ∈Σ+
H

mλ ⊕
∑

α∈W+
H

V ⊥
α (m1 ∩ k2)

⎞

⎠ .(2.5)

For X = (X2, X1) ∈ g× g, we define a Killing vector field X∗ on G by

(X∗)p =
d

dt
exp(tX2)p exp(−tX1)

∣∣∣∣
t=0

(p ∈ G).

Then

(X∗)p = (dLp)(Ad(p)
−1X2 −X1)

holds. If X2 = 0, then X∗ is a left invariant vector field. Denote by ∇ the Levi-
Civita connection on G. By Koszul’s formula, we have the following.

Lemma 2.11 ([O] Lemma 3). Let g ∈ G, X = (X2, X1), Y = (Y2, Y1) ∈ g × g.
Then we have

(∇X∗Y ∗)g = −1

2
dLg[Ad(g)−1X2 −X1,Ad(g)−1Y2 + Y1].

Proof. By Koszul’s formula, we have

2⟨∇X∗Y ∗, Z⟩ =X∗⟨Y ∗, Z⟩+ Y ∗⟨Z,X∗⟩ − Z⟨X∗, Y ∗⟩
+ ⟨[X∗, Y ∗], Z⟩ − ⟨[Y ∗, Z], X∗⟩+ ⟨[Z,X∗], Y ∗⟩

for any X = (X2, X1), Y = (Y2, Y1) ∈ g× g, Z ∈ g. We compute the right side of
the above equation at e. Since ⟨Y ∗, Z⟩h = ⟨Ad(h−1)Y2 − Y1, Z⟩ (h ∈ G), we have

(X∗⟨Y ∗, Z⟩)e =
d

dt
⟨Ad(exp(−t(X∗)e))Y2 − Y1, Z⟩|t=0

= ⟨−[(X∗)e, Y2], Z⟩ = ⟨−[X2 −X1, Y2], Z⟩.

Similarly, we have

(Y ∗⟨Z,X∗⟩)e = ⟨−[Y2 − Y1, X2], Z⟩.
Since ⟨X∗, Y ∗⟩h = ⟨Ad(h−1)X2 −X1,Ad(h−1)Y2 − Y1⟩ (h ∈ G), we have

Z(X∗, Y ∗)e =
d

dt
⟨Ad(exp(−tZ))X2 −X1,Ad(exp(−tZ))Y2 − Y1⟩|t=0

=
d

dt
⟨Ad(exp(−tZ))X2,−Y1⟩+ ⟨−X1,Ad(exp(−tZ))Y2⟩|t=0

= ⟨[Z,X2], Y1⟩+ ⟨X1, [Z, Y2]⟩ = ⟨Z, [X2, Y1]⟩+ ⟨Z, [Y2, X1]⟩
= ⟨Z, [X2, Y1] + [Y2, X1]⟩.

Note the sign of the commutator product of X(G) and g× g. Then we have

[X∗, Y ∗] = −(adg×g(X)Y )∗.

Thus,

⟨[X∗, Y ∗], Z⟩e = ⟨−ad(X2)Y2 + ad(X1)Y1, Z⟩.
Since Z = (0,−Z)∗ we have

⟨[Y ∗, Z], X∗⟩e = ⟨−ad(Y1)Z,X2 −X1⟩ = ⟨Z, ad(Y1)(X2 −X1)⟩,
⟨[Z,X∗], Y ∗⟩e = −⟨Z, ad(X1)(Y2 − Y1)⟩.
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Therefore, we have

2(∇X∗Y ∗)e =(−[X2 −X1, Y2]) + (−[Y2 − Y1, X2])− ([X2, Y1] + [Y2, X1])

+ (−[X2, Y2] + [X1, Y1])− ([Y1, X2 −X1]) + (−[X1, Y2 − Y1])

=[X2 −X1,−Y2 + Y1] + [X1, Y2 + Y1 − Y2 + Y1]

+ [X2, Y2 − Y1 − Y1 − Y2]

=[X2 −X1,−Y2 + Y1] + 2[X1 −X2, Y1]

=− [X2 −X1, Y2 + Y1].

Hence we obtain

(∇X∗Y ∗)e = −1

2
[X2 −X1, Y2 + Y1].(2.6)

Since dLg is an isometry, we have

(∇X∗Y ∗)g = dLg(∇dL−1
g X∗dL−1

g Y ∗)e.

Further, we have

(dL−1
g X∗)h = dL−1

g (X∗)gh = dL−1
g dLgh(Ad(gh)−1X2 −X1)

= dLh(Ad(h)−1Ad(g)−1X2 −X1)

= (Ad(g)−1X2, X1)
∗
h (h ∈ G).

Thus,
dL−1

g X∗ = (Ad(g)−1X2, X1)
∗

holds. Summarizing the above, we obtain

(∇X∗Y ∗)g = −1

2
dLg[Ad(g)−1X2 −X1,Ad(g)−1Y2 + Y1].

!
For H ∈ a, we denote the second fundamental form of the orbit K2gK1 ⊂ G by

BH . By Lemma 2.11, we can express BH for H ∈ a.

Theorem 2.12 ([O] Theorem 3). For H ∈ a, we set g = exp(H) and

V1 =
∑

λ∈Σ+\ΣH

mλ ⊕
∑

α∈W+\WH

V ⊥
α (m1 ∩ k2),

V2 =
∑

λ∈Σ+

kλ ⊕
∑

α∈W+

V ⊥
α (k1 ∩m2).

Then we have the following:

(1) For X ∈ k0, BH(dLg(X), Y ) = 0 where Y ∈ Tg(K2gK1).
(2) For X ∈ V (k1 ∩m2),

dL−1
g BH(dLg(X), dLg(Y )) =

⎧
⎨

⎩
0 (Y ∈ k1 ⊕ V (m1 ∩ k2))

−1

2
[X,Y ]⊥ (Y ∈ V1) .

(3) For X ∈ V (m1 ∩ k2),

dL−1
g BH(dLg(X), dLg(Y )) =

⎧
⎨

⎩
0 (Y ∈ V (m1 ∩ k2)⊕ V1)
1

2
[X,Y ]⊥ (Y ∈ V2) .
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(4) For Sλ,i (λ ∈ Σ+, 1 ≤ i ≤ m(λ)),

dL−1
g BH(dLg(Sλ,i), dLg(Y )) =

⎧
⎨

⎩
0 (Y ∈ V2)

−1

2
[Sλ,i, Y ]⊥ (Y ∈ V1) .

(5) For Xα,i (α ∈ W+, 1 ≤ i ≤ n(α)),

dL−1
g BH(dLg(Xα,i), dLg(Y )) =

⎧
⎨

⎩
0 (Y ∈ V2)

−1

2
[Xα,i, Y ]⊥ (Y ∈ V1) .

(6) For Tλ,i (λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ)),
• dL−1

g BH(dLg(Tλ,i), dLg(Tµ,j)) = cot⟨µ,H⟩[Tλ,i, Sµ,j ]⊥

where µ ∈ Σ+ \ ΣH , 1 ≤ j ≤ m(µ).
• dL−1

g BH(dLg(Tλ,i), dLg(Yβ,j)) = − tan⟨β, H⟩[Tλ,i, Xβ,j ]⊥

where β ∈ W+ \WH , 1 ≤ j ≤ n(β).
(7) For Yα,i (α ∈ W+ \WH , 1 ≤ i ≤ n(α)),

dL−1
g BH(dLg(Yα,i), dLg(Yβ,j)) = − tan⟨β, H⟩[Yα,i, Xβ,j ]

⊥

where β ∈ W+ \WH , 1 ≤ j ≤ n(β)).

Here, X⊥ is the normal component, i.e. the ((Ad(g)−1m2) ∩ m1)-component, of a
tangent vector X ∈ g.

Proof. By a simple calculation, we have the following:

• For X ∈ k0, dLg(X) = (X, 0)∗g.
• For X ∈ V (k1 ∩m2), dLg(X) = (0,−X)∗g.
• For X ∈ V (m1 ∩ k2), dLg(X) = (X, 0)∗g.
• For Sλ,i (λ ∈ Σ+, 1 ≤ i ≤ m(λ)), dLg(Sλ,i) = (0,−Sλ,i)∗g.
• For Tλ,i (λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ)),

dLg(Tλ,i) =

(
− Sλ,i

sin⟨λ, H⟩ ,− cot⟨λ, H⟩Sλ,i

)∗

g

.

• For Xα,i (α ∈ W+, 1 ≤ i ≤ n(α)), dLg(Xα,i) = (0,−Xα,i)∗g.
• For Yα,i (α ∈ W+ \WH , 1 ≤ i ≤ n(α)),

dLg(Yα,i) =

(
Yα,i

cos⟨α, H⟩ , tan⟨α, H⟩Xα,i

)∗

g

.

Then, applying Lemma 2.11, we have follows.
For (1), let X ∈ k0. Then we can calculate as follows:

• For Y ∈ k0,

BH(dLg(X), dLg(Y )) =
(
∇(Ad(g)−1X,0)∗(Ad(g)−1Y, 0)∗

)⊥
g

= −1

2
dLg([X,Y ])⊥ = 0

since [X,Y ] ∈ k0 is a tangent vector.
• For Y ∈ V (k1 ∩m2),

BH(dLg(X), dLg(Y )) =
(
∇(Ad(g)−1X,0)∗(0,−Y )∗

)⊥
g

= −1

2
dLg([X,−Y ])⊥ = 0
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since [X,Y ] ∈ k1 is a tangent vector.
• For Y ∈ V (m1 ∩ k2),

BH(dLg(X), dLg(Y )) =
(
∇(Ad(g)−1X,0)∗(Ad(g)−1Y, 0)∗

)⊥
g

= −1

2
dLg([X,Y ])⊥ = 0

since [X,Y ] ∈ V (m1 ∩ k2) is a tangent vector.
• For Sλ,i (λ ∈ Σ+, 1 ≤ i ≤ m(λ)),

BH(dLg(X), dLg(Sλ,i)) =
(
∇(Ad(g)−1X,0)∗(0,−Sλ,i)

∗)⊥
g

= −1

2
dLg([X,−Sλ,i])

⊥ = 0

since [X,−Sλ,i] ∈ k1 is a tangent vector.
• For Xα,j (α ∈ W+, 1 ≤ j ≤ n(α)),

BH(dLg(X), dLg(Xα,j)) =
(
∇(Ad(g)−1X,0)∗(0,−Xα,j)

∗)⊥
g

= −1

2
dLg([X,−Xα,j ])

⊥ = 0

since [X,Xα,j ] ∈ k1 is a tangent vector.
• For Tλ,i (λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ)),

BH(dLg(X), dLg(Tλ,i)) =

(
∇(Ad(g)−1X,0)∗(Ad(g)−1 −Sλ,i

sin⟨λ, H⟩ ,− cot⟨λ, H⟩Sλ,i)
∗
)⊥

g

= −1

2
dLg([X,−2 cot⟨λ, H⟩Sλ,i − Tλ,i])

⊥ = 0

since [X,Sλ,i] ∈ k1 and [X,Tλ,i] ∈ mλ are tangent vectors.
• For Yα,j (α ∈ W+ \WH , 1 ≤ j ≤ n(α)),

BH(dLg(X), dLg(Yα,j)) =

(
∇(Ad(g)−1X,0)∗(Ad(g)−1 Yα,j

cos⟨α, H⟩ , tan⟨α, H⟩Xα,j)
∗
)⊥

g

= −1

2
dLg([X, 2 tan⟨α, H⟩Xα,j − Yα,j ])

⊥ = 0

since [X,Xα,j ] ∈ k1 and [X,Yα,j ] ∈ V ⊥
α (m1 ∩ k2) are tangent vectors.

For (2), let X ∈ V (k1 ∩m2). Then we can calculate as follows:

• For Y ∈ V (k1 ∩m2),

BH(dLg(X), dLg(Y )) =
(
∇0,−X)∗(0,−Y )∗

)⊥
g

= −1

2
dLg([X,−Y ])⊥ = 0

since [X,Y ] ∈ V (m1 ∩ k2) is a tangent vector.
• For Y ∈ V (m1 ∩ k2),

BH(dLg(X), dLg(Y )) =
(
∇(0,−X)∗(Ad(g)−1Y, 0)∗

)⊥
g

= −1

2
dLg([X,Y ])⊥.

Then, [X,Y ] ∈ a and ⟨[X,Y ], H ′⟩ = ⟨X, [Y,H ′]⟩ for all H ′ ∈ a, thus
[X,Y ] = 0. Hence BH(dLg(X), dLg(Y )) = 0.
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• For Sλ,i (λ ∈ Σ+, 1 ≤ i ≤ m(λ)),

BH(dLg(X), dLg(Sλ,i)) =
(
∇(0,−X)∗(0,−Sλ,i)

∗)⊥
g

= −1

2
dLg([X,−Sλ,i])

⊥ = 0

since [X,Sλ,i] ∈ k1 is a tangent vector.
• For Xα,j (α ∈ W+, 1 ≤ j ≤ n(α)),

BH(dLg(X), dLg(Xα,j)) =
(
∇(0,−X)∗(0,−Xα,j)

∗)⊥
g

= −1

2
dLg([X,−Xα,j ])

⊥ = 0

since [X,Xα,j ] ∈ k1 is a tangent vector.
• For Tλ,i (λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ)),

BH(dLg(X), dLg(Tλ,i)) =

(
∇(0,−X)∗(Ad(g)

−1 −Sλ,i

sin⟨λ, H⟩ ,− cot⟨λ, H⟩Sλ,i)
∗
)⊥

g

= −1

2
dLg([X,−2 cot⟨λ, H⟩Sλ,i + Tλ,i])

⊥

= −1

2
dLg([X,+Tλ,i])

⊥

since [X,Sλ,i] ∈ k1 is a tangent vector.
• For Yα,j (α ∈ W+ \WH , 1 ≤ j ≤ n(α)),

BH(dLg(X), dLg(Yα,j)) =

(
∇(0,−X)∗(Ad(g)−1 Yα,j

cos⟨α, H⟩ , tan⟨α, H⟩Xα,j)
∗
)⊥

g

= −1

2
dLg([X, 2 tan⟨α, H⟩Xα,j + Yα,j ])

⊥

= −1

2
dLg([X,Yα,j ])

⊥

since [X,Xα,j ] ∈ k1 is a tangent vector.

For (3), let X ∈ V (m1 ∩ k2). Then we can calculate as follows:

• For Y ∈ V (m1 ∩ k2),

BH(dLg(X), dLg(Y )) =
(
∇(X,0)∗(Ad(g)−1Y, 0)∗

)⊥
g

= −1

2
dLg([X,Y ])⊥ = 0.

since [X,Y ] ∈ k0 is a tangent vector.
• For Sλ,i (λ ∈ Σ+, 1 ≤ i ≤ m(λ)),

BH(dLg(X), dLg(Sλ,i)) =
(
∇(X,0)∗(0,−Sλ,i)

∗)⊥
g

= −1

2
dLg([X,−Sλ,i])

⊥ =
1

2
dLg([X,Sλ,i])

⊥.



14 SHINJI OHNO

• For Xα,j (α ∈ W+, 1 ≤ j ≤ n(α)),

BH(dLg(X), dLg(Xα,j)) =
(
∇(X,0)∗(0,−Xα,j)

∗)⊥
g

= −1

2
dLg([X,−Xα,j ])

⊥ =
1

2
dLg([X,Xα,j ])

⊥.

• For Tλ,i (λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ)),

BH(dLg(X), dLg(Tλ,i)) = BH(dLg(Tλ,i), dLg(X))

=

(
∇

(Ad(g)−1
−Sλ,i

sin⟨λ,H⟩ ,− cot⟨λ,H⟩Sλ,i)∗
(X, 0)∗

)⊥

g

= −1

2
dLg([Tλ,i, X])⊥ = 0

since [X,Tλ,i] ∈ k1 is a tangent vector.
• For Yα,j (α ∈ W+ \WH , 1 ≤ j ≤ n(α)),

BH(dLg(X), dLg(Yα,j)) = BH(dLg(Yα,j), dLg(X))

=

(
∇

(Ad(g)−1
Yα,j

cos⟨α,H⟩ ,tan⟨α,H⟩Xα,j)∗
(X, 0)∗

)⊥

g

= −1

2
dLg([Yα,j , X])⊥ = 0

since [X,Yα,j ] ∈ k1 is a tangent vector.

For (4), let λ ∈ Σ+ and 1 ≤ i ≤ m(λ). Then we can calculate as follows:

• For Sµ,j (µ ∈ Σ+, 1 ≤ j ≤ m(µ)),

BH(dLg(Sλ,i), dLg(Sµ,j)) =
(
∇(0,−Sµ,j)∗(0,−Sλ,i)

∗)⊥
g

= −1

2
dLg([Sλ,i,−Sµ,j ])

⊥ = 0

since [Sλ,i, Sµ,j ] ∈ k1 is a tangent vector.
• For Xα,j (α ∈ W+, 1 ≤ j ≤ n(α)),

BH(dLg(Sλ,i), dLg(Xα,j)) =
(
∇(0,−Sλ,i)∗(0,−Xα,j)

∗)⊥
g

= −1

2
dLg([Sλ,i,−Xα,j ])

⊥ = 0

since [Sλ,i, Xα,j ] ∈ k1 is a tangent vector.
• For Tµ,j (µ ∈ Σ+ \ ΣH , 1 ≤ j ≤ m(µ)),

BH(dLg(Sλ,i), dLg(Tµ,j)) = BH(dLg(Tµ,j), dLg(Sλ,i))

=

(
∇

(Ad(g)−1
−Sµ,j

sin⟨µ,H⟩ ,− cot⟨µ,H⟩Sµ,j)∗
(0,−Sλ,i)

∗
)⊥

g

= −1

2
dLg([Tµ,j ,−Sλ,i])

⊥ = −1

2
dLg([Sλ,i, Tµ,j ])

⊥.
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• For Yα,j (α ∈ W+ \WH , 1 ≤ j ≤ n(α)),

BH(dLg(Sλ,i), dLg(Yα,j)) = BH(dLg(Yα,j), dLg(Sλ,i))

=

(
∇

(Ad(g)−1
Yα,j

cos⟨α,H⟩ ,tan⟨α,H⟩Xα,j)∗
(0,−Sλ,i)

∗
)⊥

g

= −1

2
dLg([Yα,j ,−Sλ,i])

⊥ = −1

2
dLg([Sλ,i, Yα,j ])

⊥.

For (5), let α ∈ W+ and 1 ≤ j ≤ n(α). Then we can calculate as follows:

• For Xβ,i (β ∈ W+, 1 ≤ i ≤ n(β)),

BH(dLg(Xα,j), dLg(Xβ,i), ) =
(
∇(0,−Xα,j)∗(0,−Xβ,i)

∗)⊥
g

= −1

2
dLg([Xα,j ,−Xβ,i])

⊥ = 0

since [Xα,j , Xβ,i] ∈ k1 is a tangent vector.
• For Tλ,i (λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ)),

BH(dLg(Xα,j), dLg(Tλ,i)) = BH(dLg(Tλ,i), dLg(Xα,j))

=

(
∇

(Ad(g)−1
−Sλ,i

sin⟨λ,H⟩ ,− cot⟨λ,H⟩Sλ,i)∗
(0,−Xα,j)

∗
)⊥

g

= −1

2
dLg([Tλ,i,−Xα,j ])

⊥ = −1

2
dLg([Xα,j , Tµ,j ])

⊥.

• For Yβ,i (β ∈ W+ \WH , 1 ≤ i ≤ n(β)),

BH(dLg(Xα,j), dLg(Yβ,i)) = BH(dLg(Yβ,i), dLg(Xα,j))

=

(
∇

(Ad(g)−1
Yβ,i

cos⟨β,H⟩ ,tan⟨β,H⟩Xβ,i)∗
(0,−Xα,j)

∗
)⊥

g

= −1

2
dLg([Yβ,i,−Xα,j ])

⊥ = −1

2
dLg([Xα,j , Yβ,i])

⊥.

For (6), let λ ∈ Σ+ \ ΣH and 1 ≤ i ≤ m(λ). Then we can calculate as follows:

• For Tµ,j (µ ∈ Σ+ \ ΣH , 1 ≤ j ≤ m(µ)),

BH(dLg(Tλ,i), dLg(Tµ,j))

=

(
∇

(Ad(g)−1
−Sλ,i

sin⟨λ,H⟩ ,− cot⟨λ,H⟩Sλ,i)∗
(Ad(g)−1 −Sµ,j

sin⟨µ,H⟩ ,− cot⟨µ,H⟩Sµ,j)
∗
)⊥

g

= −1

2
dLg([Tλ,i,−2 cot⟨µ,H⟩Sµ,j + Tµ,j ])

⊥ = cot⟨µ,H⟩dLg[Tλ,i, Sµ,j ]
⊥.

• For Yα,j (α ∈ W+ \WH , 1 ≤ j ≤ n(α)),

BH(dLg(Tλ,i), dLg(Yα,j))

=

(
∇

(Ad(g)−1
−Sλ,i

sin⟨λ,H⟩ ,− cot⟨λ,H⟩Sλ,i)∗
(Ad(g)−1 Yα,j

cos⟨α, H⟩ , tan⟨α, H⟩Xα,j)
∗
)⊥

g

= −1

2
dLg([Tλ,i, 2 tan⟨α, H⟩Xα,j + Yα,j ])

⊥ = − tan⟨α, H⟩dLg([Tλ,i, Xα,j ])
⊥.
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For (7), let α,β ∈ W+ \WH , 1 ≤ j ≤ n(α) and 1 ≤ i ≤ n(β). Then we have

BH(dLg(Yα,j), dLg(Yβ,i))

=

(
∇

(Ad(g)−1
Yα,j

cos⟨α,H⟩ ,tan⟨α,H⟩Xα,j)∗
(Ad(g)−1 Yβ,i

cos⟨β, H⟩ , tan⟨β, H⟩Xβ,i)
∗
)⊥

g

= −1

2
dLg([Yα,j , 2 tan⟨β, H⟩Xβ,i + Yβ,i])

⊥ = tan⟨β, H⟩dLg([Yα,j , Xβ,i])
⊥.

Then, we have the consequence. !

We denote the mean curvature vector of the orbit K2gK1 at g by mH . By
Theorem 2.12, we can see that the following corollary.

Corollary 2.13 ([O] Corollary 2). For H ∈ a,

dL−1
g mH = −

∑

λ∈Σ+\ΣH

m(λ) cot⟨λ, H⟩λ+
∑

α∈W+\WH

n(α) tan⟨α, H⟩α.

Moreover, dL−1
g mH = dL−1

g m1
H holds. Hence, an orbit K2gK1 ⊂ G is minimal if

and only if K2π1(g) ⊂ M1 is minimal.

Proof. By Theorem 2.12, we have

dL−1
g BH(dLg(X), dLg(X)) = 0 (X ∈ k1),

dL−1
g BH(dLg(Tλ,i), dLg(Tλ,i)) = − cot⟨λ, H⟩λ (λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ)),

dL−1
g BH(dLg(Yα,j), dLg(Yα,j)) = tan⟨α, H⟩α (α ∈ W+ \WH , 1 ≤ j ≤ n(α)).

Thus we have

dL−1
g mH = −

∑

λ∈Σ+\ΣH

m(λ) cot⟨λ, H⟩λ+
∑

α∈W+\WH

n(α) tan⟨α, H⟩α.

Moreover, by (1) of Theorem 2.9, we obtain dL−1
g mH = dL−1

g m1
H . !

Next, we consider austere orbits of the (K2 × K1)-action on G. By using
(Σ̃,Σ,W ), Ikawa gave a necessary and sufficient condition for an orbit of the K2-
action to be an austere submanifold. Similarly, in the (K2 × K1)-action, we also
have a necessary and sufficient condition for an orbit to be an austere submanifold.
We investigate the set of eigenvalues of the shape operator AdLgξ of K1gK2 ⊂ G for
each normal vector dLgξ ∈ T⊥

g K2gK1
∼= dLg((Ad(g)−1m2) ∩m1). For each g ∈ G,

we denote the isotropy subgroup of the (K2×K1)-action on G at g by (K2×K1)g.
Notice that (K2 × K1)g is isomorphic to the isotropy subgroup (K1)π2(g) of the
K1-action at π2(g). The isotropy subgroup (K2 ×K1)g acts on the normal space
T⊥
g (K2gK1) by the differential of the (K2 ×K1)-action. Then we have

d(k2, k1)g(dLg(ξ)) =
d

dt
k2g exp(tξ)k

−1
1

∣∣∣∣
t=0

= dLg(Ad(k1)ξ).

Therefore, the representation of (K2 ×K1)g is equivalent to the adjoint represen-
tation of (K1)π2(g) on (Ad(g)−1m2) ∩m1. Since Lie((K1)π2(g)) = k1 ∩ (Ad(g)−1k2),
the Lie algebra Lie((K1)π2(g))⊕((Ad(g)−1m2)∩m1) is an orthogonal symmetric Lie
algebra with respect to θ1. Moreover, when g ∈ exp(a), a is a maximal abelian sub-
space of ((Ad(g)−1m2)∩m1). Thus, a is a section of the representation of (K1)π2(g)
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on (Ad(g)−1m2) ∩m1. Therefore, we have
⋃

(k2,k1)∈(K2×K1)g

d(k2, k1)gdLg(a) = T⊥
g K2gK1.(2.7)

Thus, without loss of generality we can assume ξ ∈ a. Hence, by Theorem 2.12 we
have

AdLgξ(dLg(Sλ,i), dLg(Tλ,i))(2.8)

= (dLg(Sλ,i), dLg(Tλ,i))

[
0 −(1/2)⟨λ, ξ⟩

−(1/2)⟨λ, ξ⟩ − cot⟨λ, H⟩⟨λ, ξ⟩

]

(λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ)),

AdLgξ(dLg(Xα,j), dLg(Yα,j))(2.9)

= (dLg(Xα,j), dLg(Yα,j))

[
0 −(1/2)⟨α, ξ⟩

−(1/2)⟨α, ξ⟩ tan⟨α, H⟩⟨α, ξ⟩

]

(α ∈ W+ \WH , 1 ≤ j ≤ n(α)),

for X ∈ k0 ⊕ V (k1 ∩m2)⊕ V (m1 ∩ k2)⊕
∑

λ∈Σ+
H
kλ ⊕

∑
α∈W+

H
V ⊥
α (k1 ∩m2),

AdLgξdLg(X) = 0.(2.10)

Therefore, the set of eigenvalues of AdLgξ is given by
{
−cos⟨λ, H⟩± 1

2 sin⟨λ, H⟩ ⟨λ, ξ⟩ (multiplicity = m(λ))

∣∣∣∣ λ ∈ Σ+ \ ΣH

}
(2.11)

∪
{
sin⟨α, H⟩± 1

2 cos⟨α, H⟩ ⟨α, ξ⟩ (multiplicity = n(α))

∣∣∣∣ α ∈ W+ \WH

}

∪{0 (multiplicity = l)}

where l = dim(k0 ⊕
∑

λ∈Σ+
H
kλ ⊕ V (k1 ∩m2)⊕

∑
α∈W+

H
V ⊥
α (k1 ∩m2)⊕ V (m1 ∩ k2)).

Proposition 2.14 ([IST2] p.459). Let E be a finite subset of a finite dimensional
vector space a with an inner product ⟨, ⟩. Then, (i) and (ii) are equivalent.

(i) For any ξ ∈ a, the set {⟨a, ξ⟩ | a ∈ E} with multiplicity is invariant under
the multiplication by −1.

(ii) The set E is invariant under the multiplication by −1.

Thus, we have the following corollary.

Corollary 2.15 ([O] Corollary 3). Let g = exp(H) (H ∈ a). Then the orbit
K2gK1 ⊂ G is austere if and only if the finite subset of a defined by

{
−cos⟨λ, H⟩± 1

2 sin⟨λ, H⟩ λ (multiplicity = m(λ))

∣∣∣∣ λ ∈ Σ+ \ ΣH

}

∪
{
sin⟨α, H⟩± 1

2 cos⟨α, H⟩ α (multiplicity = n(α))

∣∣∣∣ α ∈ W+ \WH

}

is invariant under the multiplication by −1.

It is easy to prove that the following proposition.
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Proposition 2.16 ([O] Proposition 5). For each H ∈ a,

E ={−λ cot⟨λ, H⟩ (multiplicity = m(λ)) | λ ∈ Σ+ \ ΣH}
∪{α tan⟨α, H⟩ (multiplicity = n(α)) | α ∈ W+ \WH}

is invariant under the multiplication by −1 with multiplicities if and only if

E′ =

{
−cos⟨λ, H⟩± 1

2 sin⟨λ, H⟩ λ (multiplicity = m(λ))

∣∣∣∣ λ ∈ Σ+ \ ΣH

}

∪
{
sin⟨α, H⟩± 1

2 cos⟨α, H⟩ α (multiplicity = n(α))

∣∣∣∣ α ∈ W+ \WH

}

is invariant under the multiplication by −1 with multiplicities.

Proof. The equation E = −E holds if and only if (i) and (ii) hold, where

(i) ⟨λ, H⟩ ∈ (π/4)Z (λ ∈ Σ̃+ \ Σ̃H),
(ii) if ⟨λ, H⟩ ∈ (π/4) + (π/2)Z, then m(λ) = n(λ).

When E = −E holds, for each λ ∈ Σ̃+ \ Σ̃H , if ⟨λ, H⟩ ∈ (π/2)Z, then it holds either
one of the following:

• λ ∈ ΣH and

sin⟨λ, H⟩+ 1

2 cos⟨λ, H⟩ = − sin⟨λ, H⟩ − 1

2 cos⟨λ, H⟩ .

• λ ∈ WH and

−cos⟨λ, H⟩+ 1

2 sin⟨λ, H⟩ =
cos⟨λ, H⟩ − 1

2 sin⟨λ, H⟩ .

Further, if ⟨λ, H⟩ ∈ (π/4) + (π/2)Z, then it holds either one of the following:

• m(λ) = n(λ) and

cos⟨λ, H⟩+ 1

2 sin⟨λ, H⟩ =
sin⟨λ, H⟩+ 1

2 cos⟨λ, H⟩ , and
cos⟨λ, H⟩ − 1

2 sin⟨λ, H⟩ =
sin⟨λ, H⟩ − 1

2 cos⟨λ, H⟩ .

• m(λ) = n(λ) and

cos⟨λ, H⟩+ 1

2 sin⟨λ, H⟩ =
sin⟨λ, H⟩ − 1

2 cos⟨λ, H⟩ , and
cos⟨λ, H⟩ − 1

2 sin⟨λ, H⟩ =
sin⟨λ, H⟩+ 1

2 cos⟨λ, H⟩ .

This implies that E′ = −E′. The converse is shown by the same way. !

Corollary 2.17 ([O] Corollary 4). Let g = exp(H) (H ∈ a). The orbit K2gK1 ⊂ G
is austere if and only if K2π1(g) ⊂ M1 is austere.

Remark 2.18. There is no correspondence in totally geodesic orbits. For example,
when θ1 and θ2 cannot be transformed each other by an inner automorphism of g,
K2eK1 ⊂ G is not totally geodesic, but K2π1(e) ⊂ M1 is totally geodesic (see (4)
and (5) in Theorem 2.12).
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3. Weakly reflective submanifolds in compact symmetric spaces

Ikawa, Sakai, and Tasaki ([IST2]) proposed the notion of weakly reflective sub-
manifold as a generalization of the notion of reflective submanifold ([Le]). In [IST2],
they detected a certain global symmetry of several austere submanifolds in a hy-
persphere, and classified austere orbits and weakly reflective orbits of the linear
isotropy representation of irreducible symmetric spaces. They gave a necessary and
sufficient condition for orbits of the linear isotropy representation of irreducible
symmetric spaces to be an austere submanifold (further, weakly reflective subman-
ifold) in the hypersphere in terms of root systems. We would like to generalize
this fact to compact Riemannian symmetric spaces. However, it is known that
austere orbits of the isotropy action of compact symmetric spaces are reflective
submanifolds. Therefore, we consider Hermann actions, which are a generalization
of isotropy actions of compact symmetric spaces. Ikawa ([I]) classified austere orbits
of commutative Hermann actions. However, weakly reflective orbits have not been
classified yet. In this section, we give sufficient conditions for orbits of Hermann
actions to be weakly reflective in terms of symmetric triads.

3.1. Weakly reflective submanifolds. We recall the definitions of reflective sub-
manifold and weakly reflective submanifold. Let (M̃, ⟨, ⟩) be a complete Riemann-
ian manifold.

Definition 3.1 ([Le]). Let M be a submanifold of M̃ . Then M is a reflective
submanifold of M̃ if there exists an involutive isometry σM of M̃ such that M is a
connected component of the fixed point set of σM . Then, we call σM the reflection
of M .

Definition 3.2 ([IST2]). Let M be a submanifold of M̃ . For each normal vector
ξ ∈ T⊥

x M at each point x ∈ M , if there exists an isometry σξ on M̃ which satisfies
σξ(x) = x, σξ(M) = M and (dσξ)x(ξ) = −ξ, then we call M a weakly reflective
submanifold and σξ a reflection of M with respect to ξ.

IfM is a reflective submanifold of M̃ , then σM is a reflection ofM with respect to
each normal vector ξ ∈ T⊥

x M at each point x ∈ M . Thus, a reflective submanifold
of M̃ is a weakly reflective submanifold of M̃ . Notice that a reflective submanifold
is totally geodesic, but a weakly reflective submanifold is not necessarily totally
geodesic.

Definition 3.3 ([HL]). Let M be a submanifold of M̃ . We denote the shape
operator of M by A. M is called an austere submanifold if for each normal vector
ξ ∈ T⊥

x M , the set of eigenvalues with their multiplicities of Aξ is invariant under
the multiplication by −1.

It is clear that an austere submanifold is a minimal submanifold. Ikawa, Sakai
and Tasaki proved that a weakly reflective submanifold is an austere submanifold.

Lemma 3.4 ([IST2] p. 439). Let G be a Lie group acting isometrically on a
Riemannian manifold M̃ . For x ∈ M̃ , we consider the orbit Gx. If for each
ξ ∈ T⊥

x Gx, there exists a reflection of Gx at x with respect to ξ, then Gx is a
weakly reflective submanifold of M̃ .

Proposition 3.5 ([IST2] Proposition 2.7). Any singular orbit of a cohomogeneity
one action on a Riemannian manifold is a weakly reflective submanifold.
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Proposition 3.6 ([IST2] Proposition 2.9). Let G be a connected Lie group acting
isometrically on a complete, connected Riemannian manifold M̃ . Suppose that the
action of G on M̃ is cohomogeneity one with two singular orbits. If there exists a
principal orbit which is a weakly reflective submanifold of M̃ , then it has a same
distance from two singular orbits and two singular orbits are isometric.

3.2. Sufficient conditions for orbits to be weakly reflective. In the previous
section, we saw a correspondence of austereness of orbits of the (K2×K1)-action and
the K2-action. In this section, we consider weakly reflective orbits of the (K2×K1)-
action, the K2-action and the K1-action, and give two sufficient conditions for an
orbit to be weakly reflective. The first sufficient condition is the following:

Theorem 3.7 ([O] Theorem 4). Assume K1 and K2 are connected. Let g =
exp(H) (H ∈ a). If ⟨λ, H⟩ ∈ (π/2)Z for any λ ∈ Σ̃, then the orbit K2gK1 ⊂ G is
weakly reflective.

Proof. We set σ = Lgθ1L−1
g . Then σ satisfies the following conditions:

(1) σ(g) = g,
(2) σ(K2gK1) = K2gK1,
(3) dσ(ξ) = −ξ (ξ ∈ T⊥

g (K2gK1)).

Clearly, σ(g) = g holds. By Lemma 2.7, we have

Ad(g2)X = X (X ∈ k0),

Ad(g2)Sλ,i = −Sλ,i (λ ∈ Σ+, 1 ≤ i ≤ m(λ)),

Ad(g2)Yα,j = −Yα,j (α ∈ W+, 1 ≤ j ≤ n(α)).

Thus, we have Ad(g2)k2 = k2. Since K2 is connected, we have g2K2g−2 = K2. In
addition, since θ1θ2 = θ2θ1, we have θ1k2 = k2. Thus, we also have θ1(K2) = K2.
Therefore, for (k2, k1) ∈ K2 ×K1,

σ(k2gk
−1
1 ) = (g2θ1(k2)g

−2)gk−1
1 ∈ K2gK1.

Hence, σ(K2gK1) = K2gK1. Since T⊥
g (K2gK1) = dLg(Ad(g)−1(m2) ∩ m1), we

have

dσ(ξ) = dLgθ1(dL
−1
g (ξ)) = −dLgdL

−1
g (ξ) = −ξ

Therefore, σ is a reflection of K2gK1 at g with respect to each normal vector
dLgξ ∈ T⊥

g (K2gK1). !

Corollary 3.8 ([O] Corollary 5). The orbit K2eK1 ⊂ G is weakly reflective.

Remark 3.9. Under the same condition as Theorem 3.7, we can prove that the
orbits K2π1(g) ⊂ M1 and K1π2(g) ⊂ M2 are weakly reflective. However, Ikawa
proved K2π1(g) ⊂ M1 and K1π2(g) ⊂ M2 are reflective. Hence K2π1(g) ⊂ M1 and
K1π2(g) ⊂ M2 are totally geodesic, but K2gK1 is not necessarily totally geodesic.

Let W̃ (Σ̃,Σ,W ) be a subgroup of the affine group O(a) ! a which is generated
by
{(

sλ,
2nπ

∥λ∥2λ
) ∣∣∣∣ λ ∈ Σ, n ∈ Z

}
∪
{(

sα,
(2n+ 1)π

∥α∥2 α

) ∣∣∣∣ α ∈ W, n ∈ Z
}
.

Then, we have the following lemma.
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Lemma 3.10 ([I] Lemmas 4.4 and 4.21).

W̃ (Σ̃,Σ,W ) ⊂ J̃

Using the above lemma, we have the following lemma.

Lemma 3.11 ([O] Lemma 5). Let g = exp(H) (H ∈ a). Then, for each λ ∈ Σ̃H ,
there exists kλ ∈ NK2(a), such that

(1) (
kλ, exp

(
−2⟨λ, H⟩

⟨λ,λ⟩ λ

)
kλ

)
∈ (K2 ×K1)g,

(2)

d

(
kλ, exp

(
−2⟨λ, H⟩

⟨λ,λ⟩ λ

)
kλ

)

g

(dLgξ) = dLg(sλξ) (ξ ∈ a).

Proof. By the definition of W̃ (Σ̃,Σ,W ), for each λ ∈ Σ̃H ,
(
sλ, 2

⟨λ, H⟩
⟨λ,λ⟩ λ

)
∈ W̃ (Σ̃,Σ,W ).

Since W̃ (Σ̃,Σ,W ) ⊂ J̃ , there exists kλ ∈ NK2(a), such that
(
[kλ], 2

⟨λ, H⟩
⟨λ,λ⟩ λ

)
=

(
sλ, 2

⟨λ, H⟩
⟨λ,λ⟩ λ

)
.

By the definition of J̃ , we have

exp

(
−2

⟨λ, H⟩
⟨λ,λ⟩ λ

)
kλ ∈ K1.

For (1),
(
kλ, exp

(
−2⟨λ, H⟩

⟨λ,λ⟩ λ

)
kλ

)
g = kλ exp(H)k−1

λ exp

(
2⟨λ, H⟩
⟨λ,λ⟩ λ

)

=exp (Ad(kλ)H) exp

(
2⟨λ, H⟩
⟨λ,λ⟩ λ

)
= exp

(
sλH +

2⟨λ, H⟩
⟨λ,λ⟩

)
= exp(H) = g.

For (2),

d

(
kλ, exp

(
−2⟨λ, H⟩

⟨λ,λ⟩ λ

)
kλ

)

g

(dLgξ) =
d

dt
exp (H + tsλ(ξ))

∣∣∣∣
t=0

= dLgsλ(ξ).

!
Proposition 3.12 ([O] Proposition 6). For any H ∈ a, if Σ̃H is nonempty, then
Σ̃H is a root system of Span(Σ̃H).

Proof. We set g = exp(H). We consider the orthogonal symmetric Lie algebra

((Ad(g)−1k2) ∩ k1)⊕ ((Ad(g)−1m2) ∩m1).

By Lemma 2.7, we can decompose the Lie algebra as the following:
⎛

⎝k0 ⊕
∑

λ∈Σ+
H

kλ ⊕
∑

α∈W+
H

V ⊥
α (k1 ∩m2)

⎞

⎠⊕

⎛

⎝a⊕
∑

λ∈Σ+
H

mλ ⊕
∑

α∈W+
H

V ⊥
α (m1 ∩ k2)

⎞

⎠ .

It is the root space decomposition of the orthogonal symmetric Lie algebra with
respect to a. !
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For each H ∈ a, denote by W (Σ̃H) the Weyl group of Σ̃H . The second sufficient
condition is the following:

Theorem 3.13 ([O] Theorem 5). Let g = exp(H) (H ∈ a). If span(Σ̃H) and
−ida ∈ W (Σ̃H), then K2gK1 ⊂ G, K2π1(g) ⊂ M1 and K1π2(g) ⊂ M2 are weakly
reflective.

Proof. By the equation (2.7), it is sufficient to prove the existence of a reflection with
respect to dLgξ for each ξ ∈ a. Since −ida ∈ W (Σ̃H), there exist µ1, . . . , µl ∈ Σ̃H

such that sµ1 · · · sµl = −ida. By Lemma 3.11, there exists kµi ∈ NK2(a) for each
µi (1 ≤ i ≤ l). We set

k′µi
= exp

(
−2

⟨µi, H⟩
⟨µi, µi⟩

µi

)
kµi ∈ K1,

and

σ = (kµ1 , k′µ1
) · · · (kµl , k′µl

) ∈ (K2 ×K1).

Then, σ is a reflection of K2gK1 with respect to dLgξ for each ξ ∈ a. Indeed,

σ(g) = g, σ(K2gK1) = K2gK1, dσ(dLg(ξ)) = dLgsµ1 · · · sµl(ξ) = −dLgξ

hold. Similarly, σ1 = kµ1 · · · kµl is a reflection of K2π1(g) at π1(g) with respect
to dLg(ξ). The isometry σ2 = k′µ1

· · · k′µl
is a reflection of K1π2(g) at π2(g) with

respect to dRg(ξ). !

Applying Theorems 3.13 and 3.7, we have new examples of weakly reflective
submanifolds in compact symmetric spaces. We assume that (G,K1,K2) satisfies
one of the following conditions (A), (B) or (C).

(A): G is simple and θ1 and θ2 can not transform each other by an inner
automorphism of g.

(B): There exist a compact connected simple Lie group U and a symmetric
subgroup K of U such that

G = U × U, K1 = ∆G = {(u, u) | u ∈ U}, K2 = K ×K.

(C): There exist a compact connected simple Lie group U and an involutive
outer automorphism σ such that

G = U × U, K1 = ∆G = {(u, u) | u ∈ U},
K2 = {(u1, u2) | (σ(u2), σ(u1)) = (u1, u2)}.

Ikawa proved the following theorem.

Theorem 3.14 ([I2] Theorem 3.1). Let (G,K1,K2) be a compact symmetric triad
which satisfies one of the conditions (A), (B) or (C). Then the triple (Σ̃,Σ,W ) de-
fined as above is a symmetric triad with multiplicities. Conversely every symmetric
triad is obtained in this way.

It is known the following proposition.

Proposition 3.15 ([Ti]). Let Σ be a irreducible root system of a. Then −ida ̸∈
W (Σ) if and only if Σ ∼= Ar, D2r+1, E6 (r ≥ 2).
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Let Π = {λ1, . . . ,λr} be a fundamental system of Σ, and set W0 = {α̃}. We
define Hi ∈ a by the following equations:

⟨Hi,λj⟩ = 0 (i ̸= j), ⟨Hi, α̃⟩ = π/2.

Then, {H1, . . . , Hr} is a basis of a. We have the following lemma.

Lemma 3.16 ([O] Lemma 6). Span(Σ̃H) = a if and only if H = 0, H1, . . . , Hr for
H ∈ P 0.

Proof. By definition of Σ̃H , we have
(
sµi ,

2⟨λ, H⟩
⟨λ,λ⟩ λ

)
∈ W̃ (Σ̃,Σ,W ),

(
sµi ,

2⟨λ, H⟩
⟨λ,λ⟩ λ

)
H = H

for each λ ∈ Σ̃H . By Proposition 2.4, we have sλmH = mH for λ ∈ Σ̃H . Thus,
if Span(Σ̃H) = a, then mH = 0. On the other hand, for H ∈ P 0, there exists the
nonempty subset ∆ ⊂ Π ∪ {α̃} such that H ∈ P∆

0 . By Lemma 2.25 in [I], ΣH and
WH does not depend on H, but only ∆. Thus, when Span(Σ̃H) = a, each point in
P∆
0 is a minimal point. Therefore, by Theorem 2.5, if when Span(Σ̃H) = a, then

P∆
0 = {H}. This implies that H is a vertex of P 0. Therefore, H = 0, H1, . . . , Hr.

Conversely, when H = 0, H1, . . . , Hr, we have Span(Σ̃H) = a. !

For each symmetric triad of a, austere points are classified in [I]. Using the
classification, we investigate Σ̃Hi (1 ≤ i ≤ r) for each type of symmetric triads.

In order to state our results below, we shall follow the notations of irreducible
root systems and the set of positive roots in [Bo]. For instance,

B+
r = {ei ± ej | 1 ≤ i < j ≤ r} ∪ {ei | 1 ≤ i ≤ r},

C+
r = {ei ± ej | 1 ≤ i < j ≤ r} ∪ {2ei | 1 ≤ i ≤ r},

D+
r = {ei ± ej | 1 ≤ i < j ≤ r},

BC+
r = {ei ± ej | 1 ≤ i < j ≤ r} ∪ {ei | 1 ≤ i ≤ r} ∪ {2ei | 1 ≤ i ≤ r}.

For the set of positive roots above, the sets of simple roots are given as follows:

Π(B+
r ) = Π(BC+

r ) = {λ1 = e1 − e2, . . . ,λr−1 = er−1 − er,λr = er},
Π(C+

r ) = {λ1 = e1 − e2, . . . ,λr−1 = er−1 − er,λr = 2er},
Π(D+

r ) = {λ1 = e1 − e2, . . . ,λr−1 = er−1 − er,λr = er−1 + er}.

3.2.1. Type I-Br. Σ+ = B+
r , W+ = {ei | 1 ≤ i ≤ r},

α̃ = e1 = λ1 + · · ·+ λr.

(1) When m(±ei) = n(±ei). A point H ∈ P0 is austere which is not totally geodesic
if and only if H = (1/2)Hr. Since span(Σ̃H) ̸= a, the point (1/2)Hr does not
satisfies the sufficient condition in Theorem 3.13.
(2) When m(±ei) ̸= n(±ei). If H ∈ P0 is austere then it is totally geodesic. In this
case, Hi is a totally geodesic point for each 1 ≤ i ≤ r.

A compact symmetric triad whose symmetric triad is type I-Br is one of the
following:

(1) (SO(r + s+ t), SO(r + s)× SO(t), SO(r)× SO(s+ t)) (r < t, 1 ≤ s),
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(2) (G,K1,K2) which satisfies condition (C) where

(U,Fix(σ)) = (SO(2m+ 2n+ 2), SO(2m+ 1)× SO(2n+ 1))

for r = m+ n, m ≥ 2.

3.2.2. Type I-Cr. Σ+ = C+
r , W

+ = D+
r ,

α̃ = e1 + e2 = λ1 + 2λ2 + · · · 2λr−1 + λr.

Then a point H ∈ P0 is austere which is not totally geodesic if and only if H =
Hi (2 ≤ i ≤ r − 1), (1/2)H1. For each Hi = (π/4)(e1 + · · ·+ ei) (2 ≤ i ≤ r − 1),
we have

Σ+
Hi

={es − et | 1 ≤ s < t ≤ i} ∪ {es ± et | i+ 1 ≤ s < t ≤ r}
∪ {2es | i+ 1 ≤ s ≤ r},

W+
Hi

={es + et | 1 ≤ s < t ≤ i}.

Hence, Σ̃Hi
∼= Di ⊕ Cr−i. Therefore, by Proposition 3.15 and Theorem 3.13, if i is

even, then K2 exp(Hi)K1 ⊂ G, K2π1(exp(Hi)) ⊂ M1, K1π2(exp(Hi)) ⊂ M2 are
weakly reflective. When i is odd, since −ida ̸∈ W (Σ), Hi does not satisfies the
sufficient condition in Theorem 3.13.

A compact symmetric triad whose symmetric triad is type I-Cr is one of the
following:

(1) (SO(4r), SO(2r)× SO(2r), U(2r)),
(2) (SU(2r), SO(2r), S(U(r)×U(r))),
(3) (E7, SU(8), E6 ·U(1)) (r = 3),
(4) (G,K1,K2) which satisfies condition (C) where

(U,Fix(σ)) =(SU(2r), SO(2r)) (r ≥ 2) or

(SU(2r), Sp(r)) (r ≥ 2).

3.2.3. Type I-BCr-A
r
1. Σ+ = BC+

r , W
+ = {ei | 1 ≤ i ≤ r},

α̃ = e1 = λ1 + · · ·+ λr.

(1) When m(±ei) = n(±ei). A point H ∈ P0 is austere which is not totally geodesic
if and only if H = (1/2)Hr. Since span(Σ̃H) ̸= a, H does not satisfies the sufficient
condition in Theorem 3.13
(2) When m(±ei) ̸= n(±ei). If H ∈ P0 is austere then it is totally geodesic. In this
case, Hi is a totally geodesic point for each 1 ≤ i ≤ r.

A compact symmetric triad whose symmetric triad is type I-BCr-A
r
1 is one of

the following:

(1) (SU(r + s+ t), S(U(r + s)×U(t)), S(U(r)×U(s+ t))) (r < t, 1 ≤ s),
(2) (Sp(r + s+ t), Sp(r + s)× Sp(t), Sp(r)× Sp(s+ t)) (r < t, 1 ≤ s)),
(3) (SO(4r + 4), U(2r + 2), U′(2r + 2)).

Where, we set

J =

⎡

⎢⎢⎣

In−1

−1
−In−1

1

⎤

⎥⎥⎦ ,

and define U(n)′ := {g ∈ SO(2n) | JgJ−1 = g}.
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3.2.4. Type I-BCr-Br. Σ+ = BC+
r , W

+ = B+
r ,

α̃ = e1 + e2 = λ1 + 2λ2 + · · ·+ 2λr.

When r = 2, if m(±e1 ± e2) = n(±e1 ± e2), then H ∈ P0 is austere which is not
totally geodesic if and only if H = (1/2)H1, H2. If m(±e1 ± e2) ̸= n(±e1 ± e2),
then H ∈ P0 is austere which is not totally geodesic if and only if H = H2. Since
H2 = (π/4)(e1 + e2), we have Σ

+
H2

= {e1 − e2}, W+
H2

= {e1 + e2}. Thus Σ̃H2
∼= A2

1.

When r ≥ 3, H ∈ P0 is austere which is not totally geodesic if and only if
H = (1/2)H1, Hi (2 ≤ i ≤ r). For each Hi = (π/4)(e1 + · · · + ei) (2 ≤ i ≤ r),
we have Σ̃Hi

∼= Di ⊕ BCr−i
1 . Therefore, by Proposition 3.15 and Theorem 3.13, if

i is even, then K2 exp(Hi)K1 ⊂ G, K2π1(exp(Hi)) ⊂ M1, K1π2(exp(Hi)) ⊂ M2

are weakly reflective for each 2 ≤ i ≤ r. When i is odd, since −ida ̸∈ W (Σ), Hi

does not satisfies the sufficient condition in Theorem 3.13 for 3 ≤ i ≤ r. Since
span(Σ̃(1/2)H1

) ̸= a, the point (1/2)H1 does not satisfies the sufficient condition in
Theorem 3.13.

A compact symmetric triad whose symmetric triad is type I-BCr-Br is one of
the following:

(1) (SO(2r + 2s), S(O(2r)×O(2s)), U(r + s)) (r < s),
(2) (E6, SU(6) · SU(2), SO(10) ·U(1)) (r = 2),
(3) (E7, SO(12) · SU(2), E6 ·U(1)) (r = 2).

3.2.5. Type I-F4. Σ+ = F+
4 , W

+ = {short roots in F4} ∼= D4, Π = {λ1 = e2 −
e3,λ2 = e3−e4,λ3 = e4,λ4 = (1/2)(e1−e2−e3−e4)}, α̃ = e1 = λ1+2λ2+3λ3+2λ4.
A point H ∈ P0 is austere which is not totally geodesic if and only if H = H4 =
(π/2)e1. Then we have

ΣH4 = {±e2,±e3,±e4,±(e2 ± e3),±(e2 ± e4),±(e3 ± e4)},
WH4 = {±e1,±(e1 ± e2),±(e1 ± e3),±(e1 ± e4)}.

Hence

Σ̃+
H4

∼= B+
4 .

Therefore, by Proposition 3.15 and Theorem 3.13, the orbits K2 exp(H4)K1 ⊂ G,
K2π1(exp(H4)) ⊂ M1 and K1π2(exp(H4)) ⊂ M2 are weakly reflective.

A compact symmetric triad whose symmetric triad is type I-F4 is one of the
following:

(1) (E6, Sp(4), SU(6) · SU(2)),
(2) (E7, SU(8), SO(12) · SU(2)),
(3) (E8, SO(16), E7 · SU(2)),
(4) (G,K1,K2) which satisfies condition (C) where

(U,Fix(σ)) =(E6, Sp(4)) or(E6, F4).

3.2.6. Type II-BCr. Σ+ = B+
r , W

+ = BC+
r ,

α̃ = 2e1 = 2λ1 + · · ·+ 2λr.

A point H ∈ P0 is austere which is not totally geodesic if and only if H = Hi (1 ≤
i ≤ r). For Hi = (π/4)(e1 + · · · + ei), we have Σ̃+

Hi
∼= Ci ⊕ Br−i. Therefore,

by Proposition 3.15 and Theorem 3.13, K2 exp(Hi)K1 ⊂ G, K2π1(exp(Hi)) ⊂
M1, K1π2(exp(Hi)) ⊂ M2 are weakly reflective for each 1 ≤ i ≤ r.
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A compact symmetric triad whose symmetric triad is type II-BCr is one of the
following:

(1) (SU(r + s), SO(r + s), S(U(r)×U(s))) (r < s),
(2) (SO(4r + 2), SO(2r + 1)× SO(2r + 1), U(2r + 1)),
(3) (E6, Sp(4), SO(10) ·U(1)) (r = 2).

3.2.7. Type III-Ar. By Proposition 3.15, −ida ̸∈ W (Σ̃). Moreover, for each H ∈ a,
W (Σ̃H) ⊂ W (Σ̃) since Σ̃H ⊂ Σ̃. Hence −ida ̸∈ W (Σ̃H). Thus, any austere point
does not satisfies the sufficient condition in Theorem 3.13.

A compact symmetric triad whose symmetric triad is type III-Ar is one of the
following:

(1) (SU(2r + 2), Sp(r + 1), SO(2r + 2)),
(2) (E6, Sp(4), F4) (r = 2),
(3) (U×U,∆(U×U),K×K) where (U,K) is a compact symmetric pair whose

root system is type Ar (condition (B)).

3.2.8. Type III-Br. Σ+ = W+ = B+
r ,

α̃ = e1 + e2 = λ1 + 2λ2 + · · ·+ 2λr.

A point H ∈ P0 is austere which is not totally geodesic if and only if H =
(1/2)H1, Hi (2 ≤ i ≤ r).

For each Hi = (π/4)(e1 + · · · + ei), we have Σ̃Hi
∼= Di ⊕ Br−i. Therefore,

by Proposition 3.15 and Theorem 3.13, if i is even, then orbits K2 exp(Hi)K1 ⊂
G, K2π1(exp(Hi)) ⊂ M1, K1π2(exp(Hi)) ⊂ M2 are weakly reflective for each
2 ≤ i ≤ r. When i is odd, since −ida ̸∈ W (Σ), Hi does not satisfies the sufficient
condition in Theorem 3.13. Since span(Σ̃H1) ̸= a, the point (1/2)H1 does not
satisfies the sufficient condition in Theorem 3.13.

A compact symmetric triad whose symmetric triad is type III-Br is one of the
following:

(1) (U×U,∆(U×U),K×K) where (U,K) is a compact symmetric pair whose
root system is type Br (condition (B)).

3.2.9. Type III-Cr. Σ+ = W+ = C+
r ,

α̃ = 2e1 = 2λ1 + · · ·+ 2λr−1 + λr.

If m(±2ei) ̸= n(±2ei), then a point H ∈ P0 is austere which is not totally
geodesic if and only if H = Hi (1 ≤ i ≤ r − 1). If m(±2ei) = n(±2ei), then
H ∈ P0 is austere which is not totally geodesic if and only if H = (1/2)Hr, Hi (1 ≤
i ≤ r − 1). For each Hi = (π/4)(e1 + · · · + ei) (1 ≤ i ≤ r − 1), we have Σ̃Hi

∼=
Ci ⊕ Cr−i. Therefore, by Proposition 3.15 and Theorem 3.13, K2 exp(Hi)K1 ⊂
G, K2π1(exp(Hi)) ⊂ M1, K1π2(exp(Hi)) ⊂ M2 are weakly reflective for each
1 ≤ i ≤ r − 1. Since span(Σ̃(1/2)Hr

) ̸= a, the point (1/2)Hr does not satisfies the
sufficient condition in Theorem 3.13. A compact symmetric triad whose symmetric
triad is type III-Cr is one of the following:

(1) (SU(4r), S(U(2r)×U(2r)), Sp(2r)),
(2) (Sp(2r), U(2r), Sp(r)× Sp(r)),
(3) (U×U,∆(U×U),K×K) where (U,K) is a compact symmetric pair whose

root system is type Cr (condition (B)).
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3.2.10. Type III-BCr. Σ+ = W+ = BC+
r ,

α̃ = 2e1 = 2λ1 + · · ·+ 2λr.

A point H ∈ P0 is austere which is not totally geodesic if and only if H =
Hi (1 ≤ i ≤ r). For each Hi = (π/4)(e1 + · · · + ei) (1 ≤ i ≤ r), we have Σ̃Hi

∼=
Ci ⊕ BCr−i. Therefore, by Proposition 3.15 and Theorem 3.13, K2 exp(Hi)K1 ⊂
G, K2π1(exp(Hi)) ⊂ M1, K1π2(exp(Hi)) ⊂ M2 are weakly reflective for each
1 ≤ i ≤ r.

A compact symmetric triad whose symmetric triad is type III-BCr is one of the
following:

(1) (SU(2r + 2s), S(U(2r)×U(2s)), Sp(r + s)) (r < s),
(2) (SU(2(2r + 1)), S(U(2r + 1)×U(2r + 1)), Sp(2r + 1)) (1 ≤ r),
(3) (Sp(r + s), U(r + s), Sp(r)× Sp(s)) (r < s),
(4) (E6, SU(6) · SU(2), F4) (r = 1),
(5) (E6, SO(10) ·U(1), F4) (r = 1),
(6) (F4, Sp(3) · Sp(1), SO(9)) (r = 1),
(7) (U×U,∆(U×U),K×K) where (U,K) is a compact symmetric pair whose

root system is type BCr (condition (B)).

3.2.11. Type III-Dr. Σ+ = W+ = D+
r ,

α̃ = e1 + e2 = λ1 + 2λ2 + · · ·+ 2λr−2 + λr−1 + λr.

A point H ∈ P0 is austere which is not totally geodesic if and only if Hi (2 ≤ i ≤ r−
1), (1/2)H1, (1/2)Hr−1, (1/2)Hr, (1/2)(H1+Hr−1), (1/2)(H1+Hr), (1/2)(Hr−1+
Hr). For each Hi = (π/4)(e1 + · · · + ei) (2 ≤ i ≤ r − 2), we have Σ̃Hi

∼=
Di ⊕ Dr−i. Therefore, by Proposition 3.15 and Theorem 3.13, if r and i are even,
then K2 exp(Hi)K1 ⊂ G, K2π1(exp(Hi)) ⊂ M1, K1π2(exp(Hi)) ⊂ M2 are weakly
reflective for each 1 ≤ i ≤ r. When H = Hi (i or r is odd), (1/2)H1, (1/2)Hr−1,
(1/2)Hr, (1/2)(H1+Hr−1), (1/2)(H1+Hr), (1/2)(Hr−1+Hr), H does not satisfies
the sufficient condition in Theorem 3.13.

A compact symmetric triad whose symmetric triad is type III-Dr is one of the
following:

(1) (U×U,∆(U×U),K×K) where (U,K) is a compact symmetric pair whose
root system is type Dr (condition (B)).

3.2.12. Type III-E6. By Proposition 3.15, −ida ̸∈ W (Σ̃). Moreover, for each H ∈ a,
W (Σ̃H) ⊂ W (Σ̃) since Σ̃H ⊂ Σ̃. Hence −ida ̸∈ W (Σ̃H). Thus, each austere point
does not satisfies the sufficient condition in Theorem 3.13.

A compact symmetric triad whose symmetric triad is type III-E6 is one of the
following:

(1) (U×U,∆(U×U),K×K) where (U,K) is a compact symmetric pair whose
root system is type E6 (condition (B)).

3.2.13. Type III-E7. Σ+ = W+ = E+
7 , Π = {λ1,λ2,λ3,λ4,λ5,λ6,λ7},

α̃ = 2λ1 + 2λ2 + 4λ3 + 4λ4 + 3λ5 + 2λ6 + λ7.

A point H ∈ P0 is austere which is not totally geodesic if and only if H =
H1, H2, H6, (1/2)H7. Since span(Σ̃(1/2)H7

) ̸= a, the point (1/2)H7 does not sat-
isfies the sufficient condition in Theorem 3.13.
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(1) When H = H1. We have Σ+
H1

= Σ+ ∩ spanZ{λ2,λ3,λ4,λ5,λ6,λ7}, W+
H1

= {α̃}.
Since ⟨α̃,λi⟩ = 0 (2 ≤ i ≤ 7), ΣH1 ⊥ WH1 . Hence, Σ̃H1 is isomorphic to ΣH1 ⊕WH1

as a root system. Since {λ2,λ3,λ4,λ5,λ6,λ7} is a fundamental system of ΣH1 , we
can see ΣH1

∼= D6. Hence, we have Σ̃H1
∼= D6⊕A1. Therefore, by Proposition 3.15

and Theorem 3.13, K2 exp(H1)K1 ⊂ G, K2π1(exp(H1)) ⊂ M1, K1π2(exp(H1)) ⊂
M2 are weakly reflective.
(2) When H = H2. We have

Σ+
H2

=Σ+ ∩ spanZ{λ1,λ3,λ4,λ5,λ6,λ7},
WH2 ={λ0, λ0 + λ7, λ0 + λ6 + λ7, λ0 + λ5 + λ6 + λ7, λ0 + λ4 + λ5 + λ6 + λ7,

λ0 + λ3 + λ4 + λ5 + λ6 + λ7, λ0 + λ1 + λ3 + λ4 + λ5 + λ6 + λ7},

where λ0 = λ1 + 2λ2 + 2λ3 + 3λ4 + 2λ5 + λ6. Hence,

ΠH2 := {λ0,λ1,λ3,λ4,λ5,λ6,λ7}

is a fundamental system of Σ̃H2 . For i = 1, 3 ≤ i ≤ 6, we have ⟨λ0, λi⟩ =
0, ⟨λ0, λ7⟩ = ⟨λ6, λ7⟩. Thus, ΠH2 corresponds to the Dynkin diagram of type A7.
Therefore, we obtain Σ̃H2

∼= A7. By Proposition 3.15, we have −ida ̸∈ W (Σ̃H2).
Thus, H2 does not satisfies the sufficient condition in Theorem 3.13.
(3) When H = H6. Similarly, we set λ0 = λ2 + λ3 + 2λ4 + 2λ5 + 2λ6 + λ7. Then,
the set

ΠH6 = {λ0,λ1,λ2,λ3,λ4,λ5,λ7}
is a fundamental system of Σ̃H6 . For 2 ≤ i ≤ 5, i = 7, we have ⟨λ0, λi⟩ =
0, ⟨λ0, λ1⟩ = ⟨λ1, λ3⟩. The set ΠH6 corresponds to the Dynkin diagram of type
D6 ⊕ A1. Thus, we have Σ̃H6

∼= D6 ⊕ A1. Therefore, by Proposition 3.15 and
Theorem 3.13, K2 exp(H6)K1 ⊂ G, K2π1(exp(H6)) ⊂ M1 and K1π2(exp(H6)) ⊂
M2 are weakly reflective.

A compact symmetric triad whose symmetric triad is type III-E7 is one of the
following:

(1) (U×U,∆(U×U),K×K) where (U,K) is a compact symmetric pair whose
root system is type E7 (condition (B)).

3.2.14. Type III-E8. Σ+ = W+ = E+
8 , Π = {λ1,λ2,λ3,λ4,λ5,λ6,λ7,λ8}, α̃ =

2λ1 + 3λ2 + 4λ3 + 6λ4 + 5λ5 + 4λ6 + 3λ7 + 2λ8. A point H ∈ P0 is austere which
is not totally geodesic if and only if H = H1, H8.
(1) When H = H1. We set λ0 = 2λ1 + 2λ2 + 3λ3 + 4λ4 + 3λ5 + 2λ6 + λ7. Then,
the set ΠH1 = {λ0,λ2,λ3,λ4,λ5,λ6,λ7,λ8} is a fundamental system of Σ̃H1 . For
each 2 ≤ i ≤ 7, we have ⟨λ0, λi⟩ = 0, ⟨λ0, λ8⟩ = ⟨λ7, λ8⟩. Thus ΠH1 corresponds
to the Dynkin diagram of type D8. Hence, Σ̃H1

∼= D8. Therefore, by Propo-
sition 3.15 and Theorem 3.13, we have K2 exp(H1)K1 ⊂ G, K2π1(exp(H1)) ⊂
M1, K1π2(exp(H1)) ⊂ M2 are weakly reflective.
(2) When H = H8. We have Σ+

H8
= Σ+ ∩ spanZ{λ1,λ2,λ3,λ4,λ5,λ6,λ7}, WH8 =

{α̃}. For each 1 ≤ i ≤ 7, we have ⟨α̃, λi⟩ = 0. Thus, ΣH8 ⊥ WH8 . Hence Σ̃H8

is isomorphic to Σ̃H8
∼= ΣH8 ⊕ WH8 as a root system. Since the set of simple

roots {λ1,λ2,λ3,λ4,λ5,λ6,λ7} is a fundamental system of ΣH8 , we can see that
ΣH8

∼= E7. Thus, Σ̃H8
∼= E7 ⊕ A1. Therefore, by Proposition 3.15 and Theorem

3.13, K2 exp(H8)K1 ⊂ G, K2π1(exp(H8)) ⊂ M1, K1π2(exp(H8)) ⊂ M2 are weakly
reflective.
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A compact symmetric triad whose symmetric triad is type III-E8 is one of the
following:

(1) (U×U,∆(U×U),K×K) where (U,K) is a compact symmetric pair whose
root system is type E8 (condition (B)).

3.2.15. Type III-F4. Σ+ = W+ = F+
4 , Π = {λ1 = e2−e3,λ2 = e3−e4,λ3 = e4,λ4 =

(1/2)(e1 − e2 − e3 − e4)}, α̃ = e1 + e2 = 2λ1 + 3λ2 + 4λ3 + 2λ4. A point H ∈ P0 is
austere which is not totally geodesic if and only if H = H1 = (π/4)(e1 + e2), H4 =
(π/2)e1.
(1) When H = H1. We have Σ̃H1

∼= C4. Therefore, by Proposition 3.15 and The-
orem 3.13, K2 exp(H1)K1 ⊂ G, K2π1(exp(H1)) ⊂ M1, K1π2(exp(H1)) ⊂ M2 are
weakly reflective.
(2) When H = H4. We have Σ̃H4

∼= B4. Therefore, by Proposition 3.15 and
Theorem 3.13, K2 exp(H4)K1 ⊂ G, K2π1(exp(H4)) ⊂ M1, K1π2(exp(H4)) ⊂ M2

are weakly reflective.
A compact symmetric triad whose symmetric triad is type III-F4 is one of the

following:

(1) (U×U,∆(U×U),K×K) where (U,K) is a compact symmetric pair whose
root system is type F4 (condition (B)).

3.2.16. Type III-G2. Σ+ = W+ = G+
2 , Π = {λ1 = e1 − e2,λ2 = −2e1 − e2 + e3},

α̃ = −e1 − e2 + 2e3 = 3λ1 + 2λ2.
A point H ∈ P0 is austere which is not totally geodesic if and only if H =

H2 = (π/12)(−e1 − e2 + 2e3) = (π/12)(3λ1 + 2λ2). We have Σ+
H2

= {λ1}, W+
H2

=

{3λ1 + 2λ2}. Thus, Σ̃+
H2

= {λ1, 3λ1 + 2λ2} Therefore, by Proposition 3.15 and
Theorem 3.13, K2 exp(H2)K1 ⊂ G, K2π1(exp(H2)) ⊂ M1, K1π2(exp(H2)) ⊂ M2

are weakly reflective.
A compact symmetric triad whose symmetric triad is type III-G2 is one of the

following:

(1) (U×U,∆(U×U),K×K) where (U,K) is a compact symmetric pair whose
root system is type G2 (condition (B)).

4. Biharmonic submanifolds in compact symmetric spaces

Harmonic maps play a central role in geometry; they are critical points of the
energy functional E(ϕ) = (1/2)

∫
M |dϕ|2 vg for smooth maps ϕ of (M, g) into (N, h).

The Euler-Lagrange equations are given by the vanishing of the tension filed τ(ϕ).
In 1983, J. Eells and L. Lemaire [EL1] extended the notion of harmonic map to
biharmonic map, which are, by definition, critical points of the bienergy functional

E2(ϕ) =
1

2

∫

M
|τ(ϕ)|2 vg.

After G.Y. Jiang [J] studied the first and second variation formulas of E2, extensive
studies in this area have been done (for instance, see [CMO], [IIU2], [IIU], [II],
[LO2], [MO1], [OT2], [S1], etc.). Notice that harmonic maps are always biharmonic
by definition. One of the important main problems is to ask whether the converse is
true. B.Y. Chen raised ([C]) so called B.Y. Chen’s conjecture and later, R. Caddeo,
S. Montaldo, P. Piu and C. Oniciuc raised ([CMO]) the generalized B.Y. Chen’s
conjecture:
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Every biharmonic submanifold of the Euclidean space Rn must be harmonic (min-
imal).

Every biharmonic submanifold of a Riemannian manifold of non-positive curva-
ture must be harmonic (minimal).

For the generalized Chen’s conjecture, Ou and Tang gave ([OT], [OT2]) a counter
example in a Riemannian manifold of negative curvature. The Chen’s conjecture
was solved affirmatively in the case of surfaces in the three dimensional Euclidean
space ([C]), and the case of hypersurfaces of the four dimensional Euclidean space
([D], [HV]), and the case of generic hypersurfaces in the Euclidean space ([KU]).

Furthermore, Akutagawa and Maeta gave ([AM]) a final supporting evidence to
the Chen’s conjecture: Every complete properly immersed biharmonic submanifold
of the Euclidean space Rn is minimal.

It is also known (cf. [NU1], [NU2], [NUG]): every biharmonic map ϕ : (M, g) →
(N,h) of a complete Riemannian manifold (M, g) into another Riemannian manifold
(N,h) with non-positive sectional curvature with finite energy and finite bienergy
is harmonic.

On the contrary to the above, the case that the target space (N,h) whose sec-
tional curvature is non-negative, theory of biharmonic maps and/or biharmonic
immersions is quite different. In 1986, Jiang [J] and in 2002, Oniciuc [On] con-
structed independently different examples of proper biharmonic immersions into
the spheres. Here, proper biharmonic means that biharmonic, but not harmonic.

In this section, we study biharmonic submanifolds in compact symmetric spaces,
and then we characterize the biharmonic property of orbits of commutative Her-
mann actions and associated actions in terms of symmetric triad with multiplicities
(see Theorems 4.4 and 4.6 ). Moreover, we determine all the biharmonic hypersur-
faces in the irreducible symmetric spaces of compact type which are regular orbits
of commutative Hermann actions of cohomogeneity one (cf. Theorem 4.9). When
cohomogeneity of the actions are two or greater, we obtain many examples of proper
biharmonic submanifolds in compact symmetric spaces (see Subsection 4.6).

4.1. Preliminaries. We first prepare the materials for the first and second vari-
ational formulas for the bienergy functional and biharmonic maps. Let us recall
the definition of a harmonic map ϕ : (M, g) → (N, h), of a compact Riemannian
manifold (M, g) into another Riemannian manifold (N, h), which is an extremal of
the energy functional defined by

E(ϕ) =

∫

M
e(ϕ) vg,

where e(ϕ) := (1/2)|dϕ|2 is called the energy density of ϕ. That is, for any variation
{ϕt} of ϕ with ϕ0 = ϕ,

(4.1)
d

dt

∣∣∣∣
t=0

E(ϕt) = −
∫

M
h(τ(ϕ), V )vg = 0,

where V ∈ Γ(ϕ−1TN) is a variation vector field along ϕ which is given by V (x) =
d
dt

∣∣
t=0

ϕt(x) ∈ Tϕ(x)N , (x ∈ M), and the tension field of ϕ is given by τ(ϕ) =∑m
i=1 Bϕ(ei, ei) ∈ Γ(ϕ−1TN), where {ei}mi=1 is a locally defined orthonormal frame
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field on (M, g), and Bϕ is the second fundamental form of ϕ defined by

Bϕ(X,Y ) = (∇̃dϕ)(X,Y )

= (∇̃Xdϕ)(Y )

= ∇X(dϕ(Y ))− dϕ(∇XY ),

for all vector fields X,Y ∈ X(M). Here, ∇, and ∇h are Levi-Civita connections
on TM , TN of (M, g), (N,h), respectively, and ∇, and ∇̃ are the induced ones on
ϕ−1TN , and T ∗M ⊗ ϕ−1TN , respectively. By (4.1), ϕ is harmonic if and only if
τ(ϕ) = 0.

The second variation formula is given as follows. Assume that ϕ is harmonic.
Then,

d2

dt2

∣∣∣∣
t=0

E(ϕt) =

∫

M
h(J(V ), V )vg,

where J is an elliptic differential operator, called the Jacobi operator acting on
Γ(ϕ−1TN) given by

(4.2) J(V ) = ∆V −R(V ),

where ∆V = ∇∗∇V = −
∑m

i=1{∇ei∇eiV − ∇∇eiei
V } is the rough Laplacian and

R is a linear operator on Γ(ϕ−1TN) given by R(V ) =
∑m

i=1 R
h(V, dϕ(ei))dϕ(ei),

and Rh is the curvature tensor of (N, h) given by Rh(U, V )W = ∇h
U (∇h

V W ) −
∇h

V (∇h
UW )−∇h

[U,V ]W for U, V,W ∈ X(N).

J. Eells and L. Lemaire [EL1] proposed polyharmonic (k-harmonic) maps and
Jiang [J] studied the first and second variation formulas of biharmonic maps. Let
us consider the bienergy functional defined by

E2(ϕ) =
1

2

∫

M
|τ(ϕ)|2vg,

where |V |2 = h(V, V ), V ∈ Γ(ϕ−1TN).
The first variation formula of the bienergy functional is given by

d

dt

∣∣∣∣
t=0

E2(ϕt) = −
∫

M
h(τ2(ϕ), V )vg.

Here,

τ2(ϕ) := J(τ(ϕ)) = ∆(τ(ϕ))−R(τ(ϕ)),

which is called the bitension field of ϕ, and J is given in (4.2).
A smooth map ϕ of (M, g) into (N,h) is said to be biharmonic if τ2(ϕ) = 0.

By definition, every harmonic map is biharmonic. We say, for an immersion ϕ :
(M, g) → (N,h) to be proper biharmonic if it is biharmonic but not harmonic.

4.2. Biharmonic isometric immersions. In the first part of this section, we first
show a characterization theorem for an isometric immersion ϕ of an m dimensional
Riemannian manifold (M, g) into an n dimensional Riemannian manifold (N,h)

whose tension field τ(ϕ) satisfies that ∇⊥
Xτ(ϕ) = 0 (X ∈ X(M)) to be biharmonic,

where ∇⊥
is the normal connection on the normal bundle T⊥M . Let us recall the

following theorem due to [J]:
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Theorem 4.1 ([OSU] Theorem 3.1). Let ϕ : (Mm, g) → (Nn, h) be an isometric

immersion. Assume that ∇⊥
Xτ(ϕ) = 0 for all X ∈ X(M). Then, ϕ is biharmonic

if and only if the following holds:

−
m∑

j,k=1

h
(
τ(ϕ), Rh(dϕ(ej), dϕ(ek))dϕ(ek)

)
dϕ(ej)

+
m∑

j,k=1

h(τ(ϕ), Bϕ(ej , ek))Bϕ(ej , ek)

−
m∑

j=1

Rh(τ(ϕ), dϕ(ej)) dϕ(ej) = 0,(4.3)

where {ej}mj=1 is a locally defined orthonormal frame field on (M, g).

Here, let us apply the following general curvature tensorial properties ([KN], Vol.
I, Pages 198, and 201) to the first term of the left hand side of (4.3):

h
(
W1, R

h(W3,W4)W2

)
= h

(
W3,R

h(W1,W2)W4

)
,

(Wi ∈ X(N), i = 1, 2, 3, 4).

Then, we have

h
(
τ(ϕ),Rh(dϕ(ej), dϕ(ek))dϕ(ek)

)

= h
(
dϕ(ej), R

h(τ(ϕ), dϕ(ek))dϕ(ek)
)
.

Therefore, for the first term of (4.3), we have that
m∑

j=1

h
(
dϕ(ej),

m∑

k=1

Rh(τ(ϕ), dϕ(ek))dϕ(ek)
)
dϕ(ej)

is equal to the tangential part of
∑m

k=1 R
h(τ(ϕ), dϕ(ek)) dϕ(ek). Thus, the equation

(4.3) is equivalent to

−
( m∑

k=1

Rh(τ(ϕ), dϕ(ek))dϕ(ek)

)⊤

+
m∑

j,k=1

h(τ(ϕ), Bϕ(ej , ek))Bϕ(ej , ek)

−
m∑

k=1

Rh(τ(ϕ), dϕ(ek)) dϕ(ek) = 0,(4.4)

where W⊤ and W⊥ mean the tangential part and the normal part of W ∈ X(N),
respectively. We have, by comparing the tangential part and the normal part of
the equation (4.4), it is equivalent to that

( m∑

k=1

Rh(τ(ϕ), dϕ(ek))dϕ(ek)

)⊤
= 0, and

( m∑

k=1

Rh(τ(ϕ), dϕ(ek)) dϕ(ek)

)⊥
=

m∑

j,k=1

h(τ(ϕ), Bϕ(ej , ek))Bϕ(ej , ek).
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These two equations are equivalent to the following single equation:

(4.5)
m∑

k=1

Rh(τ(ϕ), dϕ(ek)) dϕ(ek) =
m∑

j,k=1

h(τ(ϕ), Bϕ(ej , ek))Bϕ(ej , ek).

Summarizing the above, we obtain:

Theorem 4.2 ([OSU] Theorem 3.2). Let ϕ : (Mm, g) → (Nn, h) be an isometric

immersion. Assume that ∇⊥
Xτ(ϕ) = 0 for all X ∈ X(M). Then, ϕ is biharmonic

if and only if (4.5) holds.

By Theorem 4.2, we can see that the following theorem.

Theorem 4.3. Let (Mm, g) and (Nn, h) be Riemannian manifolds. Let ϕ : M →
N be a isometric immersion which satisfies ∇⊥

Xτ(ϕ) (X ∈ X(M)). Then ϕ is
biharmonic if and only if

m∑

i=1

(
Rh(τ(ϕ), dϕ(ei))dϕ(ei)

)⊥
=

m∑

i=1

Bφ(Aτ(ϕ)dϕ(ei), dϕ(ei))(4.6)

holds.

4.3. Characterization theorem. In the previous section, we saw the second fun-
damental forms of orbits of the commutative associated actions and the Hermann
actions. In this section, we obtain a necessary and sufficient condition for orbits to
be biharmonic submanifolds.

First, we consider orbits of the (K2 ×K1)-action.

Theorem 4.4. Let (G,K1,K2) be a commutative compact symmetric triad. For
H ∈ a, we set x = exp(H). Then the orbit K2xK1 is biharmonic if and only if

∑

λ∈Σ+\ΣH

m(λ)⟨dL−1
x (τH),λ⟩

(
3

2
− (cot⟨λ, H⟩)2

)
λ

+
∑

α∈W+\WH

n(α)⟨dL−1
x (τH),α⟩

(
3

2
− (tan⟨α, H⟩)2

)
α

+
∑

µ∈Σ+
H

m(µ)⟨dL−1
x (τH), µ⟩µ+

∑

β∈W+
H

n(β)⟨dL−1
x (τH),β⟩β = 0

holds.

Proof. Let R⟨,⟩ be the curvature tensor of (G, ⟨, ⟩). Since G is a symmetric
space, we have

R⟨,⟩(dLx(X), dLx(Y ))dLx(Z) = −dLx([[X,Y ], Z]) (X,Y, Z ∈ g).

Hence, we have

• R⟨,⟩(τH , dLx(Tλ,i))dLx(Tλ,i) = ⟨λ, dL−1
x (τH)⟩dLx(λ)

(λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ)),
• R⟨,⟩(τH , dLx(Sλ,i))dLx(Sλ,i) = ⟨λ, dL−1

x (τH)⟩dLx(λ)
(λ ∈ Σ+, 1 ≤ i ≤ m(λ)),

• R⟨,⟩(τH , dLx(Yα,j))dLx(Yα,j) = ⟨λ, dL−1
x (τH)⟩dLx(α)

(α ∈ W+ \WH , 1 ≤ j ≤ n(α)),



34 SHINJI OHNO

• R⟨,⟩(τH , dLx(Xα,j))dLx(Xα,j) = ⟨λ, dL−1
x (τH)⟩dLx(α)

(α ∈ W+, 1 ≤ j ≤ n(α)),
• R⟨,⟩(τH , dLx(X))dLx(X) = 0 (X ∈ k0 ⊕ V (k1 ∩m2)⊕)V (m1 ∩ k2)) .

On the other hand, by Theorem 2.12, we have

•

BH(AτHdLx(Tλ,i), dLx(Tλ,i))

=− 1

2
⟨dLx(λ), τH⟩BH(dLx(Sλ,i), dLx(Tλ,i))

− ⟨dLx(λ), τH⟩ cot(⟨λ, H⟩)BH(dLx(Tλ,i), dLx(Tλ,i))

=⟨dLx(λ), τH⟩
(
1

4
+ (cot⟨λ, H⟩)2

)
dLx(λ)

for λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ),
•

BH(AτHdLx(Sλ,i), dLx(Sλ,i))

=− 1

2
⟨dLx(λ), τH⟩BH(dLx(Tλ,i), dLx(Sλ,i))

=
1

4
⟨dLx(λ), τH⟩dLx(λ)

for λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ),
•

BH(AτHdLx(Yα,j), dLx(Yα,j))

=− 1

2
⟨dLx(α), τH⟩BH(dLx(Xα,j), dLx(Yα,j))

− ⟨dLx(α), τH⟩ tan(⟨α, H⟩)BH(dLx(Yα,j), dLx(Yα,j))

=⟨dLx(α), τH⟩
(
1

4
+ (tan⟨α, H⟩)2

)
dLx(α)

for α ∈ W+ \WH , 1 ≤ j ≤ n(α),
•

BH(AτHdLx(Xα,j), dLx(Xα,j))

=− 1

2
⟨dLx(α), τH⟩BH(dLx(Yα,j), dLx(Xα,j))

=
1

4
⟨dLx(α), τH⟩dLx(α)

for α ∈ W+ \WH , 1 ≤ j ≤ n(α),
•

BH(AτHdLx(X), dLx(X)) = 0

for X ∈ k0 ⊕ V (k1 ∩m2)⊕ V (m1 ∩ k2)⊕
∑

λ∈Σ+
H
kλ ⊕

∑
α∈W+

H
V ⊥
α (k1 ∩m2).

Therefore, by Theorem 4.3, we have the consequence. !
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When dim a = 1, we have the following corollary.

Corollary 4.5. Let (G,K1,K2) be a commutative compact symmetric triad. Sup-
pose the condition dim a = 1. Then, for H ∈ a, if K2 exp(H)K1 is regular, then
the orbit K2 exp(H)K1 ⊂ G is biharmonic if and only if

⟨τH ,α⟩
(
m(α)

{
3

2
− (cot⟨α, H⟩)2

}
+ 4m(2α)

{
3

2
− (cot⟨2α, H⟩)2

}

+n(α)

{
3

2
− (tan⟨α, H⟩)2

}
+ 4n(2α)

{
3

2
− (tan⟨2α, H⟩)2

})
= 0

holds. Where α ∈ Σ and if λ /∈ Σ (resp. λ /∈ W ), then m(λ) = 0 (resp. n(λ) = 0)
for λ ∈ a.

Next we consider commutative Hermann actions.

Theorem 4.6. Let (G,K1,K2) be a commutative compact symmetric triad. For
H ∈ a, we set x = exp(H). Then K2π1(x) is biharmonic if and only if

∑

λ∈Σ+\ΣH

m(λ)⟨dL−1
x (τH),λ⟩

(
1− (cot⟨λ, H⟩)2

)
λ

+
∑

α∈W+\WH

n(α)⟨dL−1
x (τH),α⟩

(
1− (tan⟨α, H⟩)2

)
α = 0

holds.

Proof. Let R⟨,⟩ be the curvature tensor of (M1, ⟨, ⟩). Since G is a symmetric
space, we have

R⟨,⟩(dLx(X), dLx(Y ))dLx(Z) = −dLx([[X,Y ], Z]) (X,Y, Z ∈ m1).

Hence, we have

• for λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ),

R⟨,⟩(τH , dLx(Tλ,i))dLx(Tλ,i) = ⟨τH , dLx(λ)⟩dLx[Sλ,i, Tλ,i]

= ⟨τH , dLx(λ)⟩dLx(λ),

• for α ∈ W+ \WH , 1 ≤ j ≤ m(α),

R⟨,⟩(τH , dLx(Yα,j))dLx(Yα,j) = ⟨τH , dLx(α)⟩dLx[Xα,j , Yα,j ]

= ⟨τH , dLx(α)⟩dLx(α),

• R⟨,⟩(τH , dLx(X))dLx(X) = 0 for X ∈ V (m1 ∩ k2).

On the other hand, by Lemma 2.8, we have

•

BH(AτHdLx(Tλ,i), dLx(Tλ,i))

= −⟨τH , dLx(λ)⟩(cot⟨λ, H⟩)BH(dLx(Tλ,i), dLx(Tλ,i))

= ⟨τH , dLx(λ)⟩(cot⟨λ, H⟩)2dLx(λ)

for λ ∈ Σ+ \ ΣH , 1 ≤ i ≤ m(λ),
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•

BH(AτHdLx(Yα,j), dLx(Yα,j))

= −⟨τH , dLx(α)⟩(tan⟨α, H⟩)BH(dLx(Yα,j), dLx(Yα,j))

= ⟨τH , dLx(α)⟩(tan⟨α, H⟩)2dLx(α)

for α ∈ W+ \WH , 1 ≤ j ≤ n(α),
• BH(AτHdLx(X), dLx(X)) = 0 for X ∈ V (m1 ∩ k2).

By Theorem 4.3, we have consequence. !

Corollary 4.7. Let (G,K1,K2) be a commutative compact symmetric triad. Sup-
pose the condition dim a = 1. Then, for H ∈ a, if K2π1(exp(H)) is regular, then
the orbit K2π1(exp(H)) ⊂ M1 is biharmonic if and only if

⟨τH ,α⟩
(
m(α)

{
1− (cot⟨α, H⟩)2

}
+ 4m(2α)

{
1− (cot⟨2α, H⟩)2

}

+n(α)
{
1− (tan⟨α, H⟩)2

}
+ 4n(2α)

{
1− (tan⟨2α, H⟩)2

})
= 0

holds. Where α ∈ Σ and if λ /∈ Σ (resp. λ /∈ W ), then m(λ) = 0 (resp. n(λ) = 0)
for λ ∈ a.

4.4. Biharmonic orbits of cohomogeneity one Hermann actions. In this
section, applying Corollary 4.7 we will study biharmonic regular orbits of cohomo-
geneity one Hermann actions.

Let (G,K1,K2) be a commutative compact symmetric triad where G is semisim-
ple. It is known that the tension field of an orbit of a Hermann action is parallel

in the normal bundle (see [IST1]), i.e. ∇⊥
XτH = 0 for every vector field X on the

orbit K2π1(x).
Hereafter we assume that dim a = 1. Since the cohomogeneity of K2-action on

M1 and that of K1-action on M2 are equal to dim a, regular orbits of K2-actions
(resp. K1-action) are homogeneous hypersurfaces in M1 (resp. M2). Hence we can
apply Corollary 4.7 for regular orbits of these actions. Clearly, K2π1(x) is a regular
orbit if and only if K1π2(x) is also a regular orbit. Therefore, we have the following
proposition.

Proposition 4.8. Let x = expH for H ∈ a. Suppose that K2π1(x) is a regular
orbit of K2-action on M1, so K1π2(x) is also a regular orbit of K1-action on M2.
Then,

(1) An orbit K2π1(x) is harmonic if and only if K1π2(x) is harmonic.
(2) An orbit K2π1(x) is proper biharmonic if and only if K1π2(x) is proper

biharmonic.

Proof. The triad (Σ̃,Σ,W ) does not depend on the order of K1 and K2. Thus,
by Corollary 4.7, we have the consequence. !

If G is simple and θ1 ̸∼ θ2, then for a commutative compact symmetric triad
(G,K1,K2) the triple (Σ̃,Σ,W ) is a symmetric triad with multiplicities m(λ) and
n(α) (cf. Theorem 3.14). In this case, for x = expH (H ∈ a), the orbit K2π1(x) is
regular if and only if H is a regular point with respect to (Σ̃,Σ,W ).

All the symmetric triads with dim a = 1 are classified into the following four
types ([I]):
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Σ+ W+ α̃

III-B1 {α} {α} α
I-BC1 {α, 2α} {α} α
II-BC1 {α} {α, 2α} 2α
III-BC1 {α, 2α} {α, 2α} 2α

Let ϑ := ⟨α̃, H⟩ for H ∈ a. Then, by (2.1), P0 = {H ∈ a | 0 < ϑ < π/2} is a cell
in these types. If M1 is simply connected, then the orbit space of K2-action on M1

is identified with P0 = {H ∈ a | 0 ≤ ϑ ≤ π/2}, more precisely, each orbit meets
π1(expP0) at one point. A point in the interior of the orbit space corresponds to
a regular orbit, and there exists a unique minimal (harmonic) orbit among regular
orbits. On the other hand, two endpoints of the orbit space correspond to singular
orbits. These singular orbits are minimal (harmonic), moreover these are weakly
reflective ([IST2]).

4.4.1. Type III-B1. By Corollary 4.7, the biharmonic condition is equivalent to

m(α) + n(α) = m(α)(cotϑ)2 + n(α)(tanϑ)2

for H ∈ P0. Thus we have

tanϑ = 1, or

√
m(α)

n(α)
.

On the other hand, by (1) of Theorem 2.9, the harmonic condition τH = 0 is
equivalent to

−m(α) cotϑ+ n(α) tanϑ = 0.

Thus we have

tanϑ =

√
m(α)

n(α)
.

Therefore, the situation is divided into the following two cases:

(1) When m(α) = n(α), if an orbit K2π1(x) is biharmonic, then it is harmonic.
(2) When m(α) ̸= n(α), an orbit K2π1(x) is proper biharmonic if and only if

(tanϑ)2 = 1 for H ∈ P0. In this case, a unique proper biharmonic orbit
exists at the center of P0, namely ϑ = π/4.

4.4.2. Type I-BC1. We denote m1 := m(α), m2 := m(2α) and n1 := n(α) for short.
Then, by Corollary 4.7, the biharmonic condition is equivalent to

m1 + n1 + 4m2 = m1(cotϑ)
2 + n1(tanϑ)

2 + 4m2(cot 2ϑ)
2.

Thus, we have

(tanϑ)2 =
m1 + n1 + 6m2 ±

√
(m1 + n1 + 6m2)2 − 4(n1 +m2)(m1 +m2)

2(n1 +m2)
.

By (1) of Theorem 2.9, the harmonic condition τH = 0 is equivalent to

−m1 cotϑ+ n1 tanϑ− 4m2 cot 2ϑ = 0.

Thus, we have

(tanϑ)2 =
m1 +m2

n1 +m2
.
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Since

0 <
m1 + n1 + 6m2 −

√
(m1 + n1 + 6m2)2 − 4(n1 +m2)(m1 +m2)

2(n1 +m2)

<
m1 +m2

n1 +m2

<
m1 + n1 + 6m2 +

√
(m1 + n1 + 6m2)2 − 4(n1 +m2)(m1 +m2)

2(n1 +m2)
,

an orbit K2π1(x) is proper biharmonic if and only if

(tanϑ)2 =
m1 + n1 + 6m2 ±

√
(m1 + n1 + 6m2)2 − 4(n1 +m2)(m1 +m2)

2(n1 +m2)

holds for H ∈ P0. Furthermore, a unique harmonic regular orbit exists between
two proper biharmonic orbits in P0.

4.4.3. Type II-BC1. By the definition of multiplicities, if 2α ∈ W+, then m(α) =
n(α). Hence we denote m1 := m(α) = n(α) and n2 := n(2α). Then, by Corol-
lary 4.7, the biharmonic condition is equivalent to

2m1 + 4n2 = m1

(
(cot(ϑ/2))2 + (tan(ϑ/2))2

)
+ 4n2(tanϑ)

2.

Thus, we have

(tanϑ)2 =
n2 ±

√
n2
2 − 4n2m1

2n2
=

1

2
±
√

n2 − 4m1

4n2
.

By (1) of Theorem 2.9, the harmonic condition τH = 0 is equivalent to

m1

(
− cot(ϑ/2) + tan(ϑ/2)

)
+ 2n2 tanϑ = 0.

Thus, we have

(tanϑ)2 =
m1

n2
.

Therefore, the situation is divided into the following three cases:

(1) When n2 < 4m1, if K2π1(x) is biharmonic, then it is harmonic.
(2) When n2 = 4m1, an orbit K2π1(x) is proper biharmonic if and only if

(tanϑ)2 = 1/2 for H ∈ P0.
(3) When n2 > 4m1, an orbit K2π1(x) is proper biharmonic if and only if

(tanϑ)2 =
n2 ±

√
n2
2 − 4n2m1

2n2

holds for H ∈ P0, since

0 <
m1

n2
<

n2 −
√
n2
2 − 4n2m1

2n2
<

n2 +
√
n2
2 − 4n2m1

2n2
.
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4.4.4. Type III-BC1. By the definition of multiplicities, if 2α ∈ W+, then m(α) =
n(α). Hence we denote m1 := m(α) = n(α),m2 := m(2α) and n2 := n(2α). Then,
by Corollary 4.7, the biharmonic condition is equivalent to

2m1 + 4m2 + 4n2 = m1

(
(cot(ϑ/2))2 + (tan(ϑ/2))2

)
+ 4m2(cotϑ)

2 + 4n2(tanϑ)
2.

Thus, we have

(tanϑ)2 =
m2 + n2 ±

√
(m2 + n2)2 − 4n2(m1 +m2)

2n2

=
m2 + n2 ±

√
(m2 − n2)2 − 4n2m1

2n2
.

By (1) of Theorem 2.9, the harmonic condition τH = 0 is equivalent to

m1

(
tan(ϑ/2)− cot(ϑ/2)

)
− 2m2 cotϑ+ 2n2 tanϑ = 0.

Thus, we have

(tanϑ)2 =
m1 +m2

n2
.

Therefore, we obtain the following results:

(1) When (m2−n2)2−4n2m1 < 0, ifK2π1(x) is biharmonic, then it is harmonic.
(2) When (m2 − n2)2 − 4n2m1 = 0, an orbit K2π1(x) is proper biharmonic if

and only if (tanϑ)2 = (m2 + n2)/2n2 for H ∈ P0.
(3) When (m2 − n2)2 − 4n2m1 > 0, an orbit K2π1(x) is proper biharmonic if

and only if

(tanϑ)2 =
m2 + n2 ±

√
(m2 − n2)2 − 4n2m1

2n2

for H ∈ P0.

For the proof of (2), we will show that

m1 +m2

n2
̸= m2 + n2

2n2
.

If (m1 +m2)/n2 = (m2 +n2)/(2n2), then 2m1 +m2 −n2 = 0. Hence (m2 −n2)2 −
4n2m1 = −4m1(m1 +m2) < 0, which is a contradiction.

For the proof of (3), we will show that

m1 +m2

n2
̸=

m2 + n2 ±
√

(m2 − n2)2 − 4n2m1

2n2
.

If the equality holds, then we have (2m1+m2−n2)2 = (m2−n2)2−4n2m1. Hence
4m1(m1 +m2) = 0, which is a contradiction.

In fact, in the cases of type III-BC1, a compact symmetric triad which is not (1)
is only (E6, SO(10) ·U(1), F4) in the list below. In this case,

m1 +m2

n2
<

m2 + n2 −
√
(m2 − n2)2 − 4n2m1

2n2

<
m2 + n2 +

√
(m2 − n2)2 − 4n2m1

2n2

holds.
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Let b > 0, c > 1 and q > 1. Each commutative compact symmetric triad
(G,K1,K2) where G is simple, θ1 ̸∼ θ2 and dim a = 1 is one of the following (see
[I2]):

Type III-B1

(G,K1,K2) (m(α), n(α))

(SO(1 + b+ c), SO(1 + b)× SO(c), SO(b+ c)) (c− 1, b)
(SU(4), Sp(2), SO(4)) (2, 2)

(SU(4), S(U(2)×U(2)), Sp(2)) (3, 1)
(Sp(2),U(2), Sp(1)× Sp(1)) (1, 2)

Type I-BC1

(G,K1,K2) (m(α),m(2α), n(α))

(SO(2 + 2q), SO(2)× SO(2q),U(1 + q)) (2(q − 1), 1, 2(q − 1))
(SU(1 + b+ c), S(U(1 + b)×U(c)), S(U(1)×U(b+ c)) (2(c− 1), 1, 2b)
(Sp(1 + b+ c), Sp(1 + b)× Sp(c), Sp(1)× Sp(b+ c)) (4(c− 1), 3, 4b)

(SO(8),U(4),U(4)′) (4, 1, 1)

Type II-BC1

(G,K1,K2) (m(α), n(α), n(2α))

(SO(6),U(3), SO(3)× SO(3)) (2, 2, 1)
(SU(1 + q), SO(1 + q), S(U(1)×U(q))) (q − 1, q − 1, 1)

Type III-BC1

(G,K1,K2) (m(α),m(2α), n(α), n(2α))

(SU(2 + 2q), S(U(2)×U(2q)), Sp(1 + q)) (4(q − 1), 3, 4(q − 1), 1)
(Sp(1 + q),U(1 + q), Sp(1)× Sp(q)) (2(q − 1), 1, 2(q − 1), 2)

(E6, SU(6) · SU(2),F4) (8, 3, 8, 5)
(E6, SO(10) ·U(1),F4) (8, 7, 8, 1)

(F4, Sp(3) · Sp(1), Spin(9)) (4, 3, 4, 4)

Here, we define U(4)′ = {g ∈ SO(8) | JgJ−1 = g} where

J =

⎡

⎢⎢⎣

I3
−1

−I3
1

⎤

⎥⎥⎦

and Il denotes the identity matrix of l × l.

4.5. Classification theorem. Summing up the previous sections, we classify all
the biharmonic hypersurfaces in irreducible compact symmetric spaces which are
orbits of commutative Hermann actions, namely we obtain the following theorem.

Theorem 4.9 ([OSU] Theorem 6.1). Let (G,K1,K2) be a commutative compact
symmetric triad where G is simple, and suppose that K2-action on M1 = G/K1 is
cohomogeneity one (hence K1-action on M2 = K2\G is also cohomogeneity one).
Then all the proper biharmonic hypersurfaces which are regular orbits of K2-action
(resp. K1-action) in the compact symmetric space M1 (resp. M2) are classified
into the following lists:

(1) When (G,K1,K2) is one of the following cases, there exists a unique proper
biharmonic hypersurface which is a regular orbit of K2-action on M1 (resp.
K1-action on M2).
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(1-1) (SO(1+b+c), SO(1+b)×SO(c), SO(b+c)) (b > 0, c > 1, c−1 ̸= b)
(1-2) (SU(4), S(U(2)×U(2)), Sp(2))
(1-3) (Sp(2), U(2), Sp(1)× Sp(1))

(2) When (G,K1,K2) is one of the following cases, there exist exactly two
distinct proper biharmonic hypersurfaces which are regular orbits of of K2-
action on M1 (resp. K1-action on M2).

(2-1) (SO(2 + 2q), SO(2)× SO(2q), U(1 + q)) (q > 1)
(2-2) (SU(1+ b+ c), S(U(1+ b)×U(c)), S(U(1)×U(b+ c)) (b ≥ 0, c > 1)
(2-3) (Sp(1 + b+ c), Sp(1 + b)× Sp(c), Sp(1)× Sp(b+ c)) (b ≥ 0, c > 1)
(2-4) (SO(8), U(4), U(4)′)
(2-5) (E6, SO(10) ·U(1), F4)
(2-6) (SO(1 + q), SO(q), SO(q)) (q > 1)
(2-7) (F4, Spin(9), Spin(9))

(3) When (G,K1,K2) is one of the following cases, any biharmonic regular
orbit of K2-action on M1 (resp. K1-action on M2) is harmonic.

(3-1) (SO(2c), SO(c)× SO(c), SO(2c− 1)) (c > 1)
(3-2) (SU(4), Sp(2), SO(4))
(3-3) (SO(6), U(3), SO(3)× SO(3))
(3-4) (SU(1 + q), SO(1 + q), S(U(1)×U(q))) (q > 1)
(3-5) (SU(2 + 2q), S(U(2)×U(2q)), Sp(1 + q)) (q > 1)
(3-6) (Sp(1 + q), U(1 + q), Sp(1)× Sp(q)) (q > 1)
(3-7) (E6, SU(6) · SU(2), F4)
(3-8) (F4, Sp(3) · Sp(1), Spin(9))

Remark 4.10. In Theorem 4.9, we determined all the biharmonic hypersurfaces in
irreducible compact symmetric spaces which are orbits of commutative Hermann
actions.

(1) In the previous section we assumed θ1 ̸∼ θ2. If θ1 ∼ θ2, then the action of
K2 on M1 is orbit equivalent to the isotropy action of K1 on M1. We will
discuss these cases in Section 6.3.

(2) The commutative condition θ1θ2 = θ2θ1 is essential for our discussion.
Indeed, there exist some Hermann actions where θ1θ2 ̸= θ2θ1. Moreover
there exist some hyperpolar actions of cohomogeneity one on irreducible
compact symmetric spaces which are not Hermann actions (cf. [Kol]).

We shall explain details of the cases (1-1), (2-2) and (3-1) in Theorem 4.9, and
give new examples of proper biharmonic orbits. By Proposition 4.8, a proper bi-
harmonic orbit K2π1(x) in M1 corresponds to a proper biharmonic orbit K1π2(x)
in M2. In particular, we can obtain new examples of proper biharmonic orbits
corresponding to some known examples.

We consider the isotropy subgroups of orbits of Hermann actions. For x =
expH (H ∈ a), we define the isotropy subgroups

(K2)π1(x) = {k ∈ K2 | kπ1(x) = π1(x)},

(K1)π2(x) = {k ∈ K1 | kπ2(x) = π2(x)}.
Then we can show that (K2)π1(x)

∼= (K1)π2(x) by an inner automorphism of G.
The orbit K2π1(x) (resp. K1π2(x)) is diffeomorphic to the homogeneous space
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K2/((K2)π1(x)) (resp. K1/((K1)π2(x))). If K2π1(x) is a regular orbit, then K1π2(x)
is also a regular orbit, and we have Lie((K2)π1(x)) = Lie((K1)π2(x)) = k0.

Example 1. Let (G,K1,K2) = (SO(1+ b+ c), SO(1+ b)×SO(c), SO(b+ c)) (b >
0, c > 1). This is the case of (3-1) when c − 1 = b, otherwise the case of (1-1) in
Theorem 4.9. In this case, the involutions θ1 and θ2 are given by

θ1(k) = I ′1+bkI
′
1+b, θ2(k) = I ′1kI

′
1 (k ∈ G),

where

I ′l =

[
−Il 0
0 I1+b+c−l

]
(1 ≤ l ≤ b+ c).

Then, we have the canonical decompositions g = k1 ⊕m1 = k2 ⊕m2 as

k1 =

{[
X 0
0 Y

] ∣∣∣∣
X ∈ so(1 + b)

Y ∈ so(c)

}
, m1 =

{[
0 X

−tX 0

] ∣∣∣∣ X ∈ M1+b,c(R)
}
,

k2 =

{[
0 0
0 X

] ∣∣∣∣ X ∈ so(b+ c)

}
, m2 =

{[
0 X

−tX 0

] ∣∣∣∣ X ∈ M1,b+c(R)
}
.

Thus, we have

k1 ∩ k2 =

⎧
⎨

⎩

⎡

⎣
0 0 0
0 X 0
0 0 Y

⎤

⎦
∣∣∣∣∣
X ∈ so(b)

Y ∈ so(c)

⎫
⎬

⎭ ,

m1 ∩m2 =

⎧
⎨

⎩

⎡

⎣
0 0 X
0 0 0

−tX 0 0

⎤

⎦
∣∣∣∣∣ X ∈ M1,c(R)

⎫
⎬

⎭ ,

k1 ∩m2 =

⎧
⎨

⎩

⎡

⎣
0 X 0

−tX 0 0
0 0 0

⎤

⎦
∣∣∣∣∣ X ∈ M1,b(R)

⎫
⎬

⎭ ,

m1 ∩ k2 =

⎧
⎨

⎩

⎡

⎣
0 0 0
0 0 X
0 −tX 0

⎤

⎦
∣∣∣∣∣ X ∈ Mb,c(R)

⎫
⎬

⎭ .

We take a maximal abelian subspace a in m1 ∩m2 as

a =

⎧
⎨

⎩H(ϑ) =

⎡

⎣
0 0 X
0 0 0

−tX 0 0

⎤

⎦
∣∣∣∣∣
X = [0, . . . , 0,ϑ]

ϑ ∈ R

⎫
⎬

⎭ .

Then we have

k0 =

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

0 0 0 0
0 X 0 0
0 0 Y 0
0 0 0 0

⎤

⎥⎥⎦

∣∣∣∣∣∣∣∣

X ∈ so(b)

Y ∈ so(c− 1)

⎫
⎪⎪⎬

⎪⎪⎭
,

V (k1 ∩m2) = {0},

V (m1 ∩ k2) =

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

0 0 0 0
0 0 X 0
0 −tX 0 0
0 0 0 0

⎤

⎥⎥⎦

∣∣∣∣∣∣∣∣
X ∈ Mb,c−1(R)

⎫
⎪⎪⎬

⎪⎪⎭
.
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Let Ej
i be a matrix whose (i, j)-entry is one and all the other entries are zero.

We define Aj
i := Ej

i − Ei
j . Then, we can see

[H(ϑ), Aj
1] = −ϑAj

1+b+c (2 ≤ j ≤ b+ c),

[H(ϑ), Aj
1+b+c] = ϑAj

1 (2 ≤ j ≤ b+ c).

We define a vector α ∈ a by ⟨H(ϑ),α⟩ = ϑ (ϑ ∈ R). Then
kα = Span{A2+b

1+b+c, . . . , A
b+c
1+b+c},

mα = Span{A2+b
1 , . . . , Ab+c

1 },

V ⊥
α (k1 ∩m2) = Span{A2

1, . . . , A
1+b
1 },

V ⊥
α (m1 ∩ k2) = Span{A2

1+b+c, . . . , A
1+b
1+b+c}.

Hence, in this case, we have

Σ+ = {α}, W+ = {α}, m(α) = c− 1, n(α) = b.

Let x0 = exp(H(π/4)). By the computation in Section 4.4.1, we can see that
K2π1(x0) and K1π2(x0) are biharmonic hypersurfaces in M1 and M2, respectively.
These orbits exist at the center of the orbit space P0 = {H(ϑ) | 0 ≤ ϑ ≤ π/2}.
When c − 1 = b, these orbits are harmonic. When c − 1 ̸= b, these are not har-
monic, hence proper biharmonic. The orbit K2π1(x0) is the Clifford hypersurface
Sb(1/

√
2)× Sc−1(1/

√
2) ∼= (SO(1 + b)× SO(c))/(SO(b)× SO(c− 1)) embedded in

the sphere Sb+c(1) ∼= SO(1 + b+ c)/SO(b+ c) ∼= M2 ([J]). On the other hand, the
orbit K2π1(x0) is diffeomorphic to SO(b+ c)/(SO(b)×SO(c−1)), i.e. the universal
covering of a real flag manifold, and embedded in the oriented real Grassmannian

manifold G̃1+b(R1+b+c) ∼= SO(1 + b + c)/(SO(1 + b) × SO(c)) ∼= M1 as the tube

of radius π/4 over the totally geodesic sub-Grassmannian G̃b(Rb+c). The orbit
K2π1(x0) in M1 gives a new example of a proper biharmonic hypersurface in the
oriented real Grassmannian manifold.

Example 2. Let (G,K1,K2) = (SU(1+ b+ c), S(U(1+ b)×U(c)), S(U(1)×U(b+
c))) (b > 0, c > 1). This is the case of (2-2) except for b = 0 in Theorem 4.9. In
this case, the involutions θ1 and θ2 are given by

θ1(k) = I ′1+bkI
′
1+b, θ2(k) = I ′1kI

′
1 (k ∈ G).

Analogous to the previous example, in this case, we have

Σ+ = {α, 2α}, W+ = {α}, m(α) = 2(c− 1), m(2α) = 1, n(α) = 2b.

Therefore, the symmetric triad (Σ̃,Σ,W ) is of type I-BC1. By the computation
in Section 4.4.2, we have two distinct proper biharmonic hypersurfaces in M1, and
also in M2. More precisely, let x± = exp(H(ϑ±)) where ϑ± is a solution of the
equation

(tanϑ)2 =
m1 + n1 + 6m2 ±

√
(m1 + n1 + 6m2)2 − 4(n1 +m2)(m1 +m2)

2(n1 +m2)

=
(c− 1) + b+ 3±

√
((c− 1) + b+ 3)2 − (2b+ 1)(2(c− 1) + 1)

2b+ 1
.

Then K2π1(x±) and K1π2(x±) are proper biharmonic hypersurfaces in M1 and M2,
respectively. The orbit K1π2(x±) ∼= S(U(1+ b)×U(c))/S(U(b)×U(c−1)×U(1)) is
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the tube of radius ϑ± over the totally geodesic CP b in the complex projective space
CP b+c ∼= SU(1+ b+ c)/S(U(1)×U(b+ c)) ∼= M2 (see Theorem 5 in [IIU]). On the
other hand, the orbit K2π1(x±) ∼= S(U(1)×U(b+ c))/S(U(b)×U(c− 1)×U(1)) is
the tube of radius ϑ± over the totally geodesic sub-Grassmannian Gb(Cb+c) in the
complex Grassmannian manifold G1+b(C1+b+c) ∼= SU(1+b+c)/S(U(1+b)×U(c)) =
M1. The orbit K2π1(x±) in M1 gives a new example of a proper biharmonic
hypersurface in the complex Grassmannian manifold.

In the above argument, we supposed that θ1 ̸∼ θ2 in order to use the classification
of commutative compact symmetric triads. However, we can apply our method to
the cases of θ1 ∼ θ2. When θ1 ∼ θ2, a Hermann action is orbit equivalent to the
isotropy action of a compact symmetric space (see [I]). Hence, it is sufficient to
discuss the cases of isotropy actions, that is, θ1 = θ2. When θ1 = θ2, we have
W = ∅, since k1 ∩ m2 = m1 ∩ k2 = {0}. Thus we have Σ̃ = Σ. Moreover, Σ is
the root system of the compact symmetric space M1 with respect to a. Since we
consider the cases of dim a = 1, the rank of M1 equals to one. All the simply
connected, rank one symmetric spaces of compact type are classified as follows:

Sq, CP q, HP q, OP 2 (q ≥ 2).

The isotropy actions of these symmetric spaces correspond to the cases (2-6), (2-2)
with b = 0, (2-3) with b = 0, and (2-9) in Theorem 4.9, respectively. Except for the
case of OP 2, homogeneous biharmonic hypersurfaces in compact, rank one sym-
metric spaces were classified ([IIU2], [IIU]). Therefore, we consider the octonionic
projective plane OP 2 ∼= F4/Spin(9).

Let (G,K1,K2) = (F4, Spin(9), Spin(9)) with θ1 = θ2. This is the case of (2-9)
in Theorem 4.9. Since K1 = K2, we denote

k := k1 = k2, m := m1 = m2.

We define an Ad(G)-invariant inner product on g by ⟨·, ·⟩ = −Killing(·, ·). Fix
a maximal abelian subspace a in m. Then we have Σ+ = {α, 2α} and m(α) =
8, m(2α) = 7 ([He], Page 534). By letting n(α) = n(2α) = 0 in Corollary 4.7 since
W+ = ∅, we can see that the biharmonic condition is equivalent to

9 = 2(cot⟨α, H⟩)2 + 7(cot⟨2α, H⟩)2.
Thus we have

(cot⟨α, H⟩)2 =
25± 2

√
130

15
.

The harmonic condition τH = 0 is equivalent to

4 cot⟨α, H⟩+ 7 cot⟨2α, H⟩ = 0.

Thus we have

(cot⟨α, H⟩)2 =
7

15
.

Since

0 <
25− 2

√
130

15
<

7

15
<

25 + 2
√
130

15
,

an orbit K2π1(x) is proper biharmonic if and only if

(cot⟨α, H⟩)2 =
25± 2

√
130

15
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holds for H ∈ a with 0 < ⟨α, H⟩ < π/2. Furthermore, a unique harmonic regular
orbit exists between two proper biharmonic orbits in {H ∈ a | 0 < ⟨α, H⟩ < π/2}.
These regular orbits are diffeomorphic to S15 embedded in OP 2.

4.6. Cases of cohomogeneity two or greater. When dim a = 1, proper bihar-
monic orbits are classified in [OSU]. Hence we consider cases of dim a ≥ 2. In
particular, we consider cases of dim a = 2. Then cohomogeneity two commutative
Hermann action classified into the following cases:

• isotropy actions (K1 = K2)
– Type A2

∗ (SU(3), SO(3)),
∗ (SU(3)× SU(3), SU(3)),
∗ (SU(6), Sp(3)),
∗ (E6, F4),

– Type B2

∗ (SO(3)× SO(3), SO(3)),
∗ (SO(4 + n), SO(2)× SO(2 + n)),

– Type C2

∗ (Sp(2),U(2)),
∗ (Sp(2)× Sp(2), Sp(2)),
∗ (Sp(4), Sp(2)× Sp(2)),
∗ (SU(4), S(U(2)×U(2))),
∗ (SO(8),U(4)),

– Type BC2

∗ (SU(4 + n), S(U(2)×U(2 + n))),
∗ (SO(10),U(5)),
∗ (Sp(4 + n), Sp(2)× Sp(2 + n)),
∗ (E6,T1 · Spin(10)),

– Type G2

∗ (G2, SO(4)),
∗ (G2 ×G2, G2),

• When (θ1 ̸∼ θ2)
– Type I-B2

∗ (SO(2+s+t), SO(2+s)×SO(t), SO(2)×SO(s+t)) (2 < t, 1 ≤ s),
(m(e1),m(e1 − e2), n(e1)) = (t− 2, 1, s),

∗ (SO(6), SO(3)× SO(3)) (σ-action),
– Type I-C2

∗ (SO(8), SO(4)×SO(4),U(4)), (m(e1− e2),m(2e1), n(e1− e2)) =
(2, 1, 2),

∗ (SU(4), SO(4), S(U(2)×U(2))), (m(e1−e2),m(2e1), n(e1−e2)) =
(1, 1, 1),

∗ (SU(4), SO(4)) (σ-action),
∗ (SU(4), Sp(2)) (σ-action),

– Type I-BC2−A2
1

∗ (SU(2+s+t), S(U(2+s)×U(t)), S(U(2)×U(s+t))) (2 < t, 1 ≤ s),
(m(e1),m(e1 − e2),m(2e1), n(e1)) = (2(t− 2), 2, 1, 2s),

∗ (Sp(2+ s+ t), Sp(2+ s)×Sp(t), Sp(2)×Sp(s+ t)) (2 < t, 1 ≤ s),
(m(e1),m(e1 − e2),m(2e1), n(e1)) = (4(t− 2), 4, 3, 4s),
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∗ (SO(12),U(6),U(6)′),
(m(e1),m(e1 − e2),m(2e1), n(e1)) = (4, 4, 1, 4),

– Type I-BC2−B2

∗ (SO(4 + 2s), SO(4)× SO(2s),U(2 + s)) (2 < s), (m(e1),m(e1 −
e2),m(2e1), n(e1 − e2)) = (2(s− 2), 2, 1, 2),

∗ (E6, SU(6) · SU(2), SO(10) ·U(1)),
(m(e1),m(e1 − e2),m(2e1), n(e1 − e2)) = (4, 4, 1, 2),

∗ (E7, SO(12) ·SU(2), E6 ·U(1)) (m(e1),m(e1−e2),m(2e1), n(e1−
e2)) = (8, 6, 1, 2),

– Type II-BC2

∗ (SU(2 + s), SO(2 + s), S(U(2) × U(s))) (2 < s), (m(e1),m(e1 −
e2), n(2e1)) = (s− 2, 1, 1),

∗ (SO(10), SO(5)× SO(5),U(5)),
(m(e1),m(e1 − e2), n(2e1)) = (2, 2, 1),

∗ (E6, Sp(4), SO(10) ·U(1)) (m(e1),m(e1 − e2), n(2e1)) = (4, 3, 1),
– Type III-A2

∗ (SU(6), Sp(3), SO(6)), (m(e1 − e2), n(e1 − e2)) = (2, 2),
∗ (E6, Sp(4), F4), (m(e1 − e2), n(e1 − e2)) = (4, 4),
∗ (U × U,∆(U × U),K ×K), (condition B)

– Type III-B2

∗ (U × U,∆(U × U),K ×K), (condition B)
– Type III-C2

∗ (SU(8), S(U(4)×U(4)), Sp(4)),
(m(e1 − e2),m(2e1), n(e1 − e2), n(2e1)) = (4, 3, 4, 1),

∗ (Sp(4),U(4), Sp(2)× Sp(2)),
(m(e1 − e2),m(2e1), n(e1 − e2), n(2e1)) = (2, 1, 2, 2),

∗ (U × U,∆(U × U),K ×K), (condition B)
– Type III-BC2

∗ (SU(4 + 2s), S(U(4)×U(2s)), Sp(2 + s)) (2 < s), m(e1),m(e1 −
e2),m(2e1), n(2e1) = (4(s− 2), 4, 3, 1),

∗ (SU(10), S(U(5)×U(5)), Sp(5)),
m(e1),m(e1 − e2),m(2e1), n(2e1) = (4, 4, 1, 3),

∗ (U × U,∆(U × U),K ×K), (condition B)
– Type III-G2

∗ (U × U,∆(U × U),K ×K), (condition B)
• reducible cases

Cases of K1 = K2

When Σ ∩ W = ∅, Hermann actions are orbit equivalent to isotropy actions.
Hence, we consider isotropy actions of compact symmetric spaces. We set a basis
{Hα}α∈Π of a as follows;

⟨Hα,β⟩ = 0 (α ̸= β, α,β ∈ Π), ⟨Hα, α̃⟩ = π,

where α̃ is the highest root of Σ. We set a subset P0 of a by

P0 = {H ∈ a | ⟨H,α⟩ > 0 (α ∈ Π), ⟨H, α̃⟩ < π}.
then we have

P0 =

{
∑

α∈Pi

tαHα | tα > 0 (α ∈ Π),
∑

α∈Π

tα < 1

}
.
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4.6.1. Type A2. We set

a = {ξ1e1 + ξ2e2 + ξ3e3 | ξ1 + ξ3 + ξ3 = 0}.

Then, we have

Σ+ = {α1 = e1 − e2,α2 = e2 − e3,α1 + α2}, W+ = ∅,
m = m(α) (α ∈ Σ).

When H = tHα1 (0 < t < 1), we have Σ+
H = {α2}. Hence we have

τH = m cot⟨α1, H⟩α1 +m cot⟨α1 + α2, H⟩(α1 + α2) = m cot⟨α1, H⟩(2α1 + α2).

Thus the orbit K2π1(expH) is harmonic if and only if ⟨α1, H⟩ = π/2.
By Theorem 4.6, the orbit K2π1(expH) is biharmonic if and only if

0 =m⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

=m⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)(2α1 + α2)

Thus we have τH = 0, ⟨α1, H⟩ = (1/4)π, (3/4)π. Therefor, the orbit K2π1(expH)
is proper biharmonic if and only if ⟨α1, H⟩ = (1/4)π, (3/4)π.

By the same argument, we have the followings:

• The orbit K2π1(expH) is proper biharmonic if and only if ⟨α2, H⟩ =
(1/4)π, (3/4)π for H = tHα2 (0 < t < 1).

• The orbit K2π1(expH) is proper biharmonic if and only if ⟨α1, H⟩ =
(1/4)π, (3/4)π for H = tHα1 + (1− t)Hα2 (0 < t < 1).

4.6.2. Type B2 and C2. We set

Σ+ = {α1 = e1 − e2,α2 = e2,α1 + α2,α1 + 2α2}, W+ = ∅,
α̃ = α1 + 2α2 = e1 + e2,

and
m1 = m(e1), m2 = m(e1 − e2).

(1) When H = tHα1 (0 < t < 1), we have Σ+
H = {e2}. By Theorem 2.9, we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

= −(2m2 +m1) cot⟨α1, H⟩(α1 + α2).

Hence, τH = 0 if and only if ⟨α1, H⟩ = π/2. By Theorem 4.6, K2π1(exp(H)) is
biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1, H⟩)2)(α1 + 2α2)

=⟨τH ,α1⟩(2m2 +m1)(1− (cot⟨α1, H⟩)2)(α1 + α2).

Therefore, the orbit K2π1(exp(H)) is biharmonic if and only if τH = 0 or ⟨α1, H⟩ =
π/4, (3/4)π. In particular, K2π1(exp(H)) is proper biharmonic if and only if
⟨α1, H⟩ = π/4, (3/4)π.
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(2) When H = tHα2 (0 < t < 1), we have Σ+
H = {e1 − e2}. By Theorem 2.9, we

have

τH =−m1 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

=−m1 cot⟨α2, H⟩(α1 + 2α2)

− (1/2)m2(cot⟨α2, H⟩ − tan⟨α2, H⟩)(α1 + 2α2)

=− (1/2){(2m1 +m2) cot⟨α2, H⟩ −m2 tan⟨α2, H⟩}(α1 + 2α2).

Hence, τH = 0 if and only if

(cot⟨α2, H⟩)2 =
m2

2m1 +m2
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨2α2, H⟩)2)(α1 + 2α2)

= +m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)(α1 + 2α2)

+m2⟨τH , 2α2⟩(1− (cot⟨2α2, H⟩)2)(α1 + 2α2)

=⟨τH ,α2⟩{m1(1− (cot⟨α2, H⟩)2)
+ 2m2(1− (1/4)(cot⟨α2, H⟩ − tan⟨α2, H⟩)2)}(α1 + 2α2)

=(1/2)⟨τH ,α2⟩{(2m1 +m2)(1− (cot⟨α2, H⟩)2)
+m2(1− (tan⟨α2, H⟩)2) + 4m2}(α1 + 2α2).

Therefore, the orbit K2π1(exp(H)) is biharmonic if and only if τH = 0 or

(2m1 +m2)(1− (cot⟨α2, H⟩)2) +m2(1− (tan⟨α2, H⟩)2) + 4m2 = 0

holds. This equation is equivalent to

(
(2m1 +m2)(cot⟨α2, H⟩)2 −m2

)
((cot⟨α2, H⟩)2 − 1) = 4m2(cot⟨α2, H⟩)2.

Since m2 > 0, the solutions of the equation are not harmonic. Hence the orbit
K2π1(exp(H)) is biharmonic if and only if

(cot⟨α2, H⟩)2 =
m1 + 3m2 ±

√
m2

1 + 4m1m2 + 8m2
2

2m1 +m2
.

(3) When H = tHα1 + (1 − t)Hα2 (0 < t < 1), we have Σ+
H = {e1 + e2} and
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⟨α2, H⟩ = (π/2)− ⟨α1, H⟩. By Theorem 2.9, we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

=−m2 cot⟨α1, H⟩α1 −m1 cot
(
(π/2)− (⟨α1, H⟩/2)

)
α2

−m1 cot
(
(π/2) + (⟨α1, H⟩/2)

)
(α1 + α2)

=−m2 cot⟨α1, H⟩α1 −m1 tan(⟨α1, H⟩/2)α2 +m1 tan(⟨α1, H⟩/2)(α1 + α2)

=−m2 cot⟨α1, H⟩α1 +m1 tan(⟨α1, H⟩/2)α1

=− (1/2)m2(cot(⟨α1, H⟩/2)− tan(⟨α1, H⟩/2))α1 +m1 tan(⟨α1, H⟩/2)α1

=(1/2){−m2 cot(⟨α1, H⟩/2) + (2m1 +m2) tan(⟨α1, H⟩/2)}α1.

Hence, τH = 0 if and only if

(
cot

(
⟨α1, H⟩

2

))2

=
2m1 +m2

m2
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1 +m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α2, H⟩)2)(α1 + α2)

=m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1 − (1/2)m1⟨τH ,α1⟩(1− (tan(⟨α2, H⟩/2))2)α2

+ (1/2)m1⟨τH ,α1⟩(1− (tan(⟨α2, H⟩/2))2)(α1 + α2)

=m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1 + (1/2)m1⟨τH ,α1⟩(1− (tan(⟨α2, H⟩/2))2)α1

= (1/4)⟨τH ,α1⟩{4m2 +m2(1− (cot(⟨α1, H⟩/2))2)
+ (2m1 +m2)(1− (tan(⟨α2, H⟩/2))2)}α1.

Therefore, the orbit K2π1(exp(H)) is biharmonic if and only if τH = 0 or

4m2 +m2(1− (cot(⟨α1, H⟩/2))2) + (2m1 +m2)(1− (tan(⟨α2, H⟩/2))2) = 0

holds. This equation is equivalent to

(m2(cot(⟨α1, H⟩/2))2−(2m1+m2))((cot(⟨α1, H⟩/2))2−1) = 4m2(cot(⟨α1, H⟩/2))2.

Since m2 > 0, the solutions of the equation are not harmonic. Hence the orbit
K2π1(exp(H)) is biharmonic if and only if

(cot(⟨α1, H⟩/2))2 =
m1 + 3m2 ±

√
m2

1 + 4m1m2 + 8m2
2

m2

holds.

4.6.3. Type BC2. We set

Σ+ ={α1 = e1 − e2,α2 = e2,α1 + α2,α1 + 2α2, 2α2, 2α1 + 2α2},
W+ =∅, α̃ = 2α1 + 2α2,

and

m1 = m(e1), m2 = m(e1 − e2), m3 = m(2e1).
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(1) When H = tHα1 (0 < t < 1), we have Σ+
H = {e2, 2e2}. By Theorem 2.9, we

have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)−m3 cot⟨2α1 + 2α2, H⟩(2α1 + 2α2)

=− (2m2 +m1) cot⟨α1, H⟩(α1 + α2)−m3(cot⟨α1, H⟩ − tan⟨α1, H⟩)(α1 + α2)

= {−(m1 + 2m2 +m3) cot⟨α1, H⟩+m3 tan⟨α1, H⟩}(α1 + α2).

Hence, τH = 0 if and only if

(cot⟨α1, H⟩)2 =
m3

m1 + 2m2 +m3

holds. By Theorem 4.6, K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2α1 + 2α2⟩(1− (cot⟨2α1, H⟩)2)2(α1 + α2)

=⟨τH ,α1⟩(2m2 +m1)(1− (cot⟨α1, H⟩)2)(α1 + α2)

+m3⟨τH ,α1⟩(4 + (1− (cot⟨α1, H⟩)2) + (1− (tan⟨α1, H⟩)2))(α1 + α2)

=⟨τH ,α1⟩{(2m2 +m1 +m3)(1− (cot⟨α1, H⟩)2)
+m3(1− (tan⟨α1, H⟩)2) + 4m3}(α1 + α2).

Therefore, the orbit K2π1(exp(H)) is biharmonic if and only if τH = 0 or

(2m2 +m1 +m3)(1− (cot⟨α1, H⟩)2) +m3(1− (tan⟨α1, H⟩)2) + 4m3 = 0

holds. This equation is equivalent to
(
(2m2 +m1 +m3)(cot⟨α1, H⟩)2 −m3

)
((cot⟨α1, H⟩)2 − 1) = 4m3(cot⟨α1, H⟩)2.

Since m3 > 0, the solutions of the equation are not harmonic. Hence the orbit
K2π1(exp(H)) is proper biharmonic if and only if

(cot⟨α1, H⟩)2

=
m1 + 2m2 + 6m3 ±

√
(m1 + 2m2 + 6m3)− 4(m1 + 2m2 +m3)m3

m1 + 2m2 +m3
.

(2) When H = tHα2 (0 < t < 1), we have Σ+
H = {e1 − e2}. By Theorem 2.9, we

have

τH =−m1 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

−m3 cot⟨2α2, H⟩2α2 −m3 cot⟨2α1 + 2α2, H⟩2(α1 + α2)

=−m1 cot⟨α2, H⟩(α1 + 2α2)

− (1/2)m2(cot⟨α2, H⟩ − tan⟨α2, H⟩)(α1 + 2α2)

−m3(cot⟨α2, H⟩ − tan⟨α2, H⟩)(α1 + 2α2)

=− (1/2){(2m1 +m2 + 2m3) cot⟨α2, H⟩ − (m2 + 2m3) tan⟨α2, H⟩}(α1 + 2α2).
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Hence, τH = 0 if and only if

(cot⟨α2, H⟩)2 =
m2 + 2m3

2m1 +m2 + 2m3
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨2α2, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2α2⟩(1− (cot⟨2α2, H⟩)2)2α2

+m3⟨τH , 2α1 + 2α2⟩(1− (cot⟨2α2, H⟩)2)2(α1 + α2)

= +m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)(α1 + 2α2)

+ 2m2⟨τH ,α2⟩(1− (cot⟨2α2, H⟩)2)(α1 + 2α2)

+ 4m3⟨τH ,α2⟩(1− (cot⟨2α2, H⟩)2)(α1 + 2α2)

=⟨τH ,α2⟩{m1(1− (cot⟨α2, H⟩)2)
+ (2m2 + 4m3)(1− (1/4)(cot⟨α2, H⟩ − tan⟨α2, H⟩)2)}(α1 + 2α2)

=(1/2)⟨τH ,α2⟩{(2m1 +m2 + 2m3)(1− (cot⟨α2, H⟩)2)
+ (m2 + 2m3)(1− (tan⟨α2, H⟩)2) + 4(m2 + 2m3)}(α1 + 2α2).

Therefore, the orbit K2π1(exp(H)) is biharmonic if and only if τH = 0 or

(2m1 +m2 + 2m3)(1− (cot⟨α2, H⟩)2)
+ (m2 + 2m3)(1− (tan⟨α2, H⟩)2) + 4(m2 + 2m3) = 0

holds. This equation is equivalent to

(
(2m1 +m2 + 2m3)(cot⟨α2, H⟩)2 − (m2 + 2m3)

)
((cot⟨α2, H⟩)2 − 1)

= 4(m2 + 2m3)(cot⟨α2, H⟩)2.

Since m2 + 2m3 > 0, the solutions of the equation are not harmonic. Hence the
orbit K2π1(exp(H)) is proper biharmonic if and only if

(cot⟨α2, H⟩)2 =
m1 + 3(m2 + 2m3)±

√
m2

1 + 4m1(m2 + 2m3) + 8(m2 + 2m3)2

2m1 +m2 + 2m3
.
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(3) When H = tHα1 + (1 − t)Hα2 (0 < t < 1), we have Σ+
H = {α̃ = 2e1} and

⟨α2, H⟩ = (π/2)− ⟨α1, H⟩. By Theorem 2.9, we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α2, H⟩α2

−m1 cot⟨α1 + α2, H⟩(α1 + α2)−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

−m3 cot⟨2α2, H⟩2α2

=−m2 cot⟨α1, H⟩α1 −m1 cot
(
(π/2)− ⟨α1, H⟩

)
α2

−m1 cot(π/2)(α1 + α2)−m2 cot
(
π − ⟨α1, H⟩

)
(α1 + 2α2)

−m3 cot
(
π − ⟨2α1, H⟩

)
2α2

=−m2 cot⟨α1, H⟩α1 −m1 tan⟨α1, H⟩α2

+m2 cot⟨α1, H⟩(α1 + 2α2)

+m3(cot⟨α1, H⟩ − tan⟨α1, H⟩)α2

=− (m1 +m3) tan⟨α1, H⟩α2 + (2m2 +m3) cot⟨α1, H⟩α2.

Hence, τH = 0 if and only if

(cot⟨α1, H⟩)2 =
m1 +m3

2m2 +m3
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2α2⟩(1− (cot⟨2α2, H⟩)2)2α2

=m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α2⟩(1− (tan⟨α1, H⟩)2)α2

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2α2⟩(1− (cot⟨2α1, H⟩)2)2α2

=m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

−m1⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α2

−m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)(α1 + 2α2)

−m3⟨τH ,α1⟩(4 + (1− (cot⟨α1, H⟩)2) + (1− (tan⟨α1, H⟩)2))α2

=− ⟨τH ,α1⟩{(m3 + 2m2)(1− (cot⟨α1, H⟩)2)
+ (m1 +m3)(1− (tan⟨α1, H⟩)2) + 4m3}α2.

Therefore, the orbit K2π1(exp(H)) is biharmonic if and only if τH = 0 or

(m3 + 2m2)(1− (cot⟨α1, H⟩)2) + (m1 +m3)(1− (tan⟨α1, H⟩)2) + 4m3 = 0

holds. This equation is equivalent to
(
(m3 + 2m2)(cot⟨α1, H⟩)2 − (m1 +m3)

)
((cot⟨α1, H⟩)2 − 1) = 4m3(cot⟨α1, H⟩)2
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Since m3 > 0, the solutions of the equation are not harmonic. Hence the orbit
K2π1(exp(H)) is proper biharmonic if and only if

(cot(⟨α1, H⟩))2 =
m1 + 2m2 + 6m3 ±

√
(m1 − 2m2)2 + 8m3(m1 + 2m2 + 4m3)

2(2m2 +m3)

holds.

4.6.4. Type G2. We set

Σ+ = {α1,α2,α1 + α2, 2α1 + α2, 3α1 + α2, 3α1 + 2α2}, W+ = ∅,

⟨α1,α1⟩ = 1, ⟨α1,α2⟩ = −3

2
, ⟨α2,α2⟩ = 3,

α̃ = 3α1 + 2α2,

and

m = m(α1) = m(α2).

(1) When H = tHα1 (0 < t < 1), we have Σ+
H = {α2},W+

H = ∅. By Theorem 2.9,
we have

τH =−m cot⟨α1, H⟩α1 −m cot⟨α1 + α2, H⟩(α1 + α2)

−m cot⟨2α1 + α2, H⟩(2α1 + α2)−m cot⟨3α1 + α2, H⟩(3α1 + α2)

−m cot⟨3α1 + 2α2, H⟩(3α1 + 2α2)

=−m{cot⟨α1, H⟩+ cot⟨2α1, H⟩+ 3 cot⟨3α1, H⟩}(2α1 + α2)

=−m

{
cot⟨α1, H⟩+ cot⟨2α1, H⟩+ 3

cot⟨α1, H⟩ cot⟨2α1, H⟩ − 1

cot⟨α1, H⟩+ cot⟨2α1, H⟩

}
(2α1 + α2).

Thus, τH = 0 if and only if
{
cot⟨α1, H⟩+ cot⟨2α1, H⟩+ 3

cot⟨α1, H⟩ cot⟨2α1, H⟩ − 1

cot⟨α1, H⟩+ cot⟨2α1, H⟩

}
= 0.

Since

cot⟨α1, H⟩+ cot⟨2α1, H⟩+ 3
cot⟨α1, H⟩ cot⟨2α1, H⟩ − 1

cot⟨α1, H⟩+ cot⟨2α1, H⟩
=(cot⟨α1, H⟩+ cot⟨2α1, H⟩)2 + 3{cot⟨α1, H⟩ cot⟨2α1, H⟩ − 1}

=
1

4
(3 cot⟨α1, H⟩ − tan⟨α1, H⟩)2 + 3

2
{cot⟨α1, H⟩(cot⟨α1, H⟩ − tan⟨α1, H⟩)− 2}

=
1

4
(3 cot⟨α1, H⟩ − tan⟨α1, H⟩)2 + 3

2
{(cot⟨α1, H⟩)2 − 3}

=
1

4
[(3 cot⟨α1, H⟩ − tan⟨α1, H⟩)2 + 6{(cot⟨α1, H⟩)2 − 3}]

=
1

4
[9(cot⟨α1, H⟩)2 − 6 + (tan⟨α1, H⟩)2 + 6(cot⟨α1, H⟩)2 − 18]

=
1

4
[15(cot⟨α1, H⟩)2 − 24 + (tan⟨α1, H⟩)2]

The equation is equivalent to

15(cot⟨α1, H⟩)4 − 24(cot⟨α1, H⟩) + 1 = 0.
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Since 0 < ⟨α1, H⟩ < (π/3), τH = 0 if and only if

(cot⟨α1, H⟩)2 =
12 +

√
129

15
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m{⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+ ⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+ ⟨τH , 2α1 + α2⟩(1− (cot⟨2α1 + α2, H⟩)2)(2α1 + α2)

+ ⟨τH , 3α1 + α2⟩(1− (cot⟨3α1 + α2, H⟩)2)(3α1 + α2)

+ ⟨τH , 3α1 + 2α2⟩(1− (cot⟨3α1 + 2α2, H⟩2)(3α1 + 2α2)}
=m⟨τH ,α1⟩{(1− (cot⟨α1, H⟩)2)

+ 2(1− (cot⟨2α1, H⟩)2) + 9(1− (cot⟨3α1, H⟩)2)}(2α1 + α2).

Then, we have

(1− (cot⟨α1, H⟩)2) + 2(1− (cot⟨2α1, H⟩)2) + 9(1− (cot⟨3α1, H⟩)2)
=12−

[
(cot⟨α1, H⟩)2 + 2(cot⟨2α1, H⟩)2 + 9(cot⟨3α1, H⟩)2

]

=12−
[
(cot⟨α1, H⟩)2 + 2(cot⟨2α1, H⟩)2 + 9

(
cot⟨α1, H⟩ cot⟨2α1, H⟩ − 1

cot⟨α1, H⟩+ cot⟨2α1, H⟩

)2
]
.

Thus, the orbit K2π1(expH) is biharmonic if and only if

0 ={(cot⟨α1, H⟩)2 + 2(cot⟨2α1, H⟩)2}(cot⟨α1, H⟩+ cot⟨2α1, H⟩)2

+ 9(cot⟨α1, H⟩ cot⟨2α1, H⟩ − 1)2 − 12(cot⟨α1, H⟩+ cot⟨2α1, H⟩)2

=
1

8
{(3(cot⟨α1, H⟩)2 − 2− (tan⟨α1, H⟩)2)(3 cot⟨α1, H⟩ − tan⟨α1, H⟩)2}

+
9

4
{(cot⟨α1, H⟩)2 − 3}2 − 3(3 cot⟨α1, H⟩ − tan⟨α1, H⟩)2

=
1

8
{(3(cot⟨α1, H⟩)2 − 26− (tan⟨α1, H⟩)2)(3 cot⟨α1, H⟩ − tan⟨α1, H⟩)2}

+
18

8
{(cot⟨α1, H⟩)4 − 6(cot⟨α1, H⟩)2 + 9}2

=
1

8
{45(cot⟨α1, H⟩)4 − 378(cot⟨α1, H⟩)2 + 318

− 30(tan⟨α1, H⟩)2 + (tan⟨α1, H⟩)4}

=
(tan⟨α1, H⟩)4

8
{45(cot⟨α1, H⟩)8 − 378(cot⟨α1, H⟩)6

+ 318(cot⟨α1, H⟩)4 − 30(cot⟨α1, H⟩)2 + 1}.

We set x = (cot⟨α1, H⟩)2 and

f(x) = 45x4 − 378x3 + 318x2 − 30x+ 1.
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Then,

df

dx
(x) = 180x3 − 1026x2 + 636x− 30 = 6(x− 5)(30x2 − 21x+ 1)

=180(x− 5)

(
x− 21 +

√
321

60

)(
x− 21−

√
321

60

)
.

Since

f(1/3) = (128/9) > 0,
df

dx
(1/3) =

224

3
> 0, f(5) = −6824 < 0 and f(7) = 6112 > 0,

the equation f(x) = 0 has distinct two solutions for (1/3) < x. Therefore, there
exist 0 < t−, t+ < 1 such that the orbits K2π1(exp(t±Hα1)) are biharmonic. Since

f

(
12 +

√
129

15

)
̸= 0

the orbits K2π1(exp(t±Hα1)) are proper biharmonic.

(2) When H = tHα2 (0 < t < 1), we have Σ+
H = {α1},W+

H = ∅. By Theorem
2.9, we have

τH =−m cot⟨α2, H⟩α2 −m cot⟨α1 + α2, H⟩(α1 + α2)

−m cot⟨2α1 + α2, H⟩(2α1 + α2)−m cot⟨3α1 + α2, H⟩(3α1 + α2)

−m cot⟨3α1 + 2α2, H⟩(3α1 + 2α2)

=−m{2 cot⟨α2, H⟩+ cot⟨2α2, H⟩}(3α1 + 2α2)

=− 1

2
m{5 cot⟨α2, H⟩ − tan⟨α2, H⟩}(3α1 + 2α2).

Hence, τH = 0 if and only if

(cot⟨α2, H⟩)2 =
1

5
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m{⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+ ⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+ ⟨τH , 2α1 + α2⟩(1− (cot⟨2α1 + α2, H⟩)2)(2α1 + α2)

+ ⟨τH , 3α1 + α2⟩(1− (cot⟨3α1 + α2, H⟩)2)(3α1 + α2)

+ ⟨τH , 3α1 + 2α2⟩(1− (cot⟨3α1 + 2α2, H⟩)2)(3α1 + 2α2)}
=2m⟨τH ,α2⟩{(1− (cot⟨α2, H⟩)2) + (1− (cot⟨2α2, H⟩2)}(3α1 + 2α2)

=
1

2
m⟨τH ,α2⟩{5(1− (cot⟨α2, H⟩)2) + (1− (tan⟨α2, H⟩)2) + 4}(3α1 + 2α2).

Therefore, the orbit K2π1(exp(H)) is biharmonic if and only if τH = 0 or

5(1− (cot⟨α2, H⟩)2) + (1− (tan⟨α2, H⟩)2) + 4 = 0

holds. This equation is equivalent to
(
5(cot⟨α2, H⟩)2 − 1

)
((cot⟨α2, H⟩)2 − 1) = 4(cot⟨α2, H⟩)2.



56 SHINJI OHNO

Thus, the solutions of the equation are not harmonic. Hence the orbitK2π1(exp(H))
is proper biharmonic if and only if

(cot(⟨α2, H⟩))2 =
5± 2

√
5

5

holds.

(3) WhenH = tHα1+(1−t)Hα2 (0 < t < 1), we have Σ+
H = {3α1+α2},W+

H = ∅.
We set ϑ = (π/6)t. Then,

⟨α1, H⟩ = 2ϑ, ⟨α2, H⟩ = π

2
− 3ϑ.

By Theorem 2.9, we have

τH =−m{cot(2ϑ)α1 + cot((π/2)− 3ϑ)α2 + cot((π/2)− ϑ)(α1 + α2)

+ cot((π/2) + ϑ)(2α1 + α2) + cot((π/2) + 3ϑ)(3α1 + α2)}
=−m{cot(2ϑ) + tanϑ+ tan(3ϑ)}α1.

Since

tan(3ϑ) =
cotϑ+ cot(2ϑ)

cotϑ cot(2ϑ)− 1
,

τH = 0 if and only if,

0 =(cot(2ϑ)− tanϑ)(cotϑ cot(2ϑ)− 1)− 3(cotϑ+ cot(2ϑ))

={(cotϑ)4 − 24(cotϑ)2 + 15}/(cotϑ)

Since 0 < ϑ < (π/6), cotϑ >
√
3. Hence τH = 0 if and only if,

(cotϑ)2 = 12 +
√
129.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m{⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+ ⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+ ⟨τH , (α1 + α2)⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+ ⟨τH , (2α1 + α2)⟩(1− (cot⟨2α1 + α2, H⟩)2)(2α1 + α2)

+ ⟨τH , (3α1 + α2)⟩(1− (cot⟨3α1 + α2, H⟩)2)(3α1 + α2)}
=(m/2)⟨τH ,α1⟩{2(1− (cot(2ϑ))2)α1 − 3(1− (cot((π/2)− 3ϑ))2)α2

− (1− (cot((π/2)− ϑ))2)(α1 + α2) + (1− (cot((π/2) + ϑ))2)(2α1 + α2)

+ 3(1− (cot((π/2) + 3ϑ)2)(3α1 + α2)}
=(m/2)⟨τH ,α1⟩{2(1− (cot(2ϑ))2)α1 − 3(1− (tan(3ϑ))2)α2

− (1− (tan(ϑ))2)(α1 + α2) + (1− (tan(ϑ))2)(2α1 + α2)

+ 3(1− (tan(3ϑ)2)(3α1 + α2)}
=(m/2)⟨τH ,α1⟩{2(1− (cot(2ϑ))2) + (1− (tan(ϑ))2) + 9(1− (tan(3ϑ))2)}α1.

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

2(1− (cot(2ϑ))2) + (1− (tan(ϑ))2) + 9(1− (tan(3ϑ))2) = 0
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holds. Then we have

2(1− (cot(2ϑ))2) + (1− (tan(ϑ))2) + 9(1− (tan(3ϑ))2)

=(12− 2(cot(2ϑ))2 − (tan(ϑ))2)− 9
(cot(2ϑ) + cot(ϑ))2

((cot(2ϑ))(cot(ϑ))− 1)2

Thus K2π1(exp(H)) is biharmonic if and only if τH = 0 or

{12− 2(cot(2ϑ))2 − (tan(ϑ))2}((cot(2ϑ))(cot(ϑ))− 1)2 − 9(cot(2ϑ) + cot(ϑ))2 = 0

Then,

{12− 2(cot(2ϑ))2 − (tan(ϑ))2}((cot(2ϑ))(cot(ϑ))− 1)2 − 9(cot(2ϑ) + cot(ϑ))2

={12− (1/2)(cot(ϑ)− tan(ϑ))2 − (tan(ϑ))2}× (1/4){(cot(ϑ))2 − 3}2

+ (9/4){3 cot(ϑ)− tan(ϑ)}2

=− (1/8)[{(cot(ϑ))2 − 26 + 3(tan(ϑ))2}{(cot(ϑ))4 − 6(cot(ϑ))2 + 9}
+ 18{9(cot(ϑ))2 − 6 + (tan(ϑ))2}]

=− (1/8)[(cot(ϑ))6 − 32(cot(ϑ))4 + 330(cot(ϑ))2 − 360 + 45(tan(ϑ))2]

=− (1/8)(tan(ϑ))2[(cot(ϑ))8 − 32(cot(ϑ))6 + 330(cot(ϑ))4 − 360(cot(ϑ))2 + 45]

We set x = (cot(ϑ))2 and

f(x) = x4 − 32x3 + 330x2 − 360x+ 45.

Then,

df

dx
(x) = 4(3x3 − 24x2 + 165x− 90)

d2f

dx2
(x) = 12(x− 5)(x− 11)

Since

f(3) = 1152 > 0,
df

dx
(3) = 864 > 0,

df

dx
(11) = 608 > 0,

(df/dx)(x) > 0andf(x) > 0 for 3 < x. Thus the equation f(x) = 0 has no solu-
tion for 3 < x. Therefore, if the orbits K2π1(exp(t±Hα1)) is harmonic, then it is
harmonic.

Cases of θ1 ̸∼ θ2
Let α̃ ∈ {α ∈ W+ | α+ λ ̸∈ W (λ ∈ Π)}.

4.6.5. Type I-B2 and I-BC2-A2
1. We set

Σ+ = {e1 ± e2, e1, e2, 2e1, 2e2}, W+ = {e1, e2},
Π = {α1 = e1 − e2,α2 = e2}, α̃ = α1 + α2 = e1

and

m1 = m(e1), m2 = m(e1 + e2), m3 = m(2e1), n1 = n(e1),
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where, if (Σ̃,Σ,W ) is type I-B2, then m3 = 0.
(1) When H = tHα1 (0 < t < 1), we have Σ+

H = {α2, 2α2} and W+
H = ∅. By

Theorem 2.9, we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)−m3 cot⟨2(α1 + α2), H⟩2(α1 + α2)

+ n1 tan⟨α1 + α2, H⟩(α1 + α2) + n1 tan⟨α2, H⟩α2

=− {(2m2 +m1) cot⟨α1, H⟩e1 +m3 cot⟨2α1, H⟩2e1}+ n1 tan⟨α1, H⟩(α1 + α2)

=− {(2m2 +m1) cot⟨α1, H⟩e1 +m3(cot⟨α1, H⟩ − tan⟨α1, H⟩)e1}
+ n1 tan⟨α1, H⟩(α1 + α2)

={−(2m2 +m1 +m3) cot⟨α1, H⟩+ (n1 +m3) tan⟨α1, H⟩}e1.

Hence we have that τH = 0 if and only if

(cot⟨α1, H⟩)2 =
n1 +m3

m1 + 2m2 +m3
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2(α1 + α2)⟩(1− (cot⟨2(α1 + α2), H⟩)2)2(α1 + α2)

+ n1⟨τH , (α1 + α2)⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+ n1⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

=⟨τH ,α1⟩{(2m2 +m1)(1− (cot⟨α1, H⟩)2) + 4m3(1− (cot⟨2α1, H⟩)2)
+ n1(1− (tan⟨α1, H⟩)2)}e1

=⟨τH ,α1⟩{(m1 + 2m2 +m3)(1− (cot⟨α1, H⟩)2) + 4m3

+ (n1 +m3)(1− (tan⟨α1, H⟩)2)}e1.

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

(m1 + 2m2 +m3)(cot⟨α1, H⟩)4(4.7)

− {(m1 + 2m2 +m3) + (n1 +m3) + 4m3}(cot⟨α1, H⟩)2 + n1 +m3 = 0

holds. Since τH = 0 if and only if

(cot⟨α1, H⟩)2 =
n1 +m3

m1 + 2m2 +m3
,

K2π1(exp(H)) is proper biharmonic if and only if

(cot⟨α1, H⟩)2

=

{
−(m1+2m2+6m3+n1)±

√
(m1+2m2+6m3+n1)2−4(m1+2m2+m3)(n1+m3)

2(m1+2m2+m3)
(m3 > 0)

1 (m3 = 0).

Let H+ and H− denote the solutions of the biharmonic equation (4.7) such that
(cot⟨α1, H−⟩)2 ≤ (cot⟨α1, H+⟩)2. Let H0 denotes the harmonic point such that
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0 < ⟨α1, H0⟩ < π/2. Since

(m1 + 2m2 +m3)(cot⟨α1, H⟩)4

+ {(m1 + 2m2 +m3) + (n1 +m3) + 4m3}(cot⟨α1, H⟩)4 + n1 +m3 = 0

if and only if

{(m1 + 2m2 +m3)(cot⟨α1, H⟩)2 − (n1 +m3)}((cot⟨α1, H⟩)2 − 1)

=4m3(cot⟨α1, H⟩)2,

if m3 > 0, then

⟨α1, H−⟩ < ⟨α1, H0⟩ < ⟨α1, H+⟩.

(2) When H = tHα2 (0 < t < 1), we have Σ+
H = {α1},W+

H = ∅. By Theorem
2.9, we have

τH =−m1 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)−m3 cot⟨2(α1 + α2), H⟩2(α1 + α2)

−m3 cot⟨2α2, H⟩2α2

+ n1 tan⟨α1 + α2, H⟩(α1 + α2) + n1 tan⟨α2, H⟩α2

=−m1 cot⟨α2, H⟩α2 −m1 cot⟨α2, H⟩(α1 + α2)

−m2 cot⟨2α2, H⟩(α1 + 2α2)−m3 cot⟨2α2, H⟩2(α1 + α2)

−m3 cot⟨2α2, H⟩2α2

+ n1 tan⟨α2, H⟩(α1 + α2) + n1 tan⟨α2, H⟩α2

=−m1 cot⟨α2, H⟩(α1 + 2α2)

− (m2 + 2m3) cot⟨2α2, H⟩(α1 + 2α2)

+ n1 tan⟨α2, H⟩(α1 + 2α2)

=
1

2
{−(2m1 +m2 + 2m3) cot⟨α2, H⟩

+ (2n1 +m2 + 2m3) tan⟨α2, H⟩}(α1 + 2α2).

Hence, τH = 0 if and only if

(cot⟨α2, H⟩)2 =
2n1 +m2 + 2m3

2m1 +m2 + 2m3
.
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By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2(α1 + α2)⟩(1− (cot⟨2(α1 + α2), H⟩)2)2(α1 + α2)

+m3⟨τH , 2α2⟩(1− (cot⟨2α2, H⟩)2)2α2

+ n1⟨τH , (α1 + α2)⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+ n2⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

=+m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)(α1 + 2α2)

+ 2m2⟨τH ,α2⟩(1− (cot⟨2α2, H⟩)2)(α1 + 2α2)

+ 4m3⟨τH ,α2⟩(1− (cot⟨2α2, H⟩)2)(α1 + 2α2)

+ n1⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)(α1 + 2α2)

=⟨τH ,α2⟩{m1(1− (cot⟨α2, H⟩)2) + (2m2 + 4m3)(1− (cot⟨2α2, H⟩)2)
+ n1(1− (tan⟨α2, H⟩)2)}(α1 + 2α2).

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 =m1(1− (cot⟨α2, H⟩)2) + (2m2 + 4m3)(1− (cot⟨2α2, H⟩)2)
+ n1(1− (tan⟨α2, H⟩)2)

holds. The equation is equivalent to
(
(2m1 +m2 + 2m3)(cot⟨α2, H⟩)2 − (2n1 +m2 + 2m3)

)
((cot⟨α2, H⟩)2 − 1)

= (2m2 + 4m3)(cot⟨α2, H⟩)2.
Since 2m2 + 4m3 > 0, the solutions of the equation are not harmonic. Hence the
orbit K2π1(exp(H)) is proper biharmonic if and only if

(cot(⟨α2, H⟩))2

=
m1 + n1 + l ±

√
(m1 + n1 + l)2 − (2n1 +m2 + 2m3)(2m1 +m2 + 2m3)

2n1 +m2 + 2m3

holds, where l = 2m2 + 2m3

(3) When H = tHα1 +(1−t)Hα2 (0 < t < 1), we have Σ+
H = ∅,W+

H = {α1+α2}.
We set ϑ = ⟨α1, H⟩. Then, ⟨α2, H⟩ = (π/2)− ϑ. By Theorem 2.9, we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α2, H⟩α2

−m1 cot⟨α1 + α2, H⟩(α1 + α2)−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

−m3 cot⟨2α2, H⟩2α2

+ n1 tan⟨α2, H⟩α2

=−m2 cot(ϑ)α1 −m1 cot((π/2)− ϑ)α2 −m1 cot(π/2)(α1 + α2)

−m2 cot(π − ϑ)(α1 + 2α2)−m3 cot(π − 2ϑ)(2α2) + n1 tan((π/2)− ϑ)α2

={(2m2 +m3 + n1) cot(ϑ)− (m1 +m3) tan(ϑ)}α2
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Hence, τH = 0 if and only if

(cot⟨α2, H⟩)2 =
m1 +m3

2m2 +m3 + n1
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2α2⟩(1− (cot⟨2α2, H⟩)2)2α2

+ n1⟨τH , (α1 + α2)⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

=⟨τH ,α1⟩{m2(1− (cotϑ)2)α1 −m1(1− (tanϑ)2)α2

−m2(1− (cotϑ)2)(α1 + 2α2)− 4m3(1− (cot 2ϑ)2)α2 + n1(1− (cotϑ)2)α2}
=− ⟨τH ,α1⟩{(2m2 + n1)(1− (cotϑ)2) +m1(1− (tanϑ)2)

+ 4m3(1− (cot 2ϑ)2)}α2

=− ⟨τH ,α1⟩{(2m2 + n1 +m3)(1− (cotϑ)2)

+ (m1 +m3)(1− (tanϑ)2) + 4m3}α2.

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 = {(2m2 + n1 +m3)(1− (cotϑ)2) + (m1 +m3)(1− (tanϑ)2) + 4m3}
holds. The equation is equivalent to

(
(2m2 +m3 + n1)(cotϑ)

2 − (m1 +m3)
)
((cotϑ)2 − 1) = 4m3(cotϑ)

2.

Since m3 > 0, the solutions of the equation are not harmonic. Hence the orbit
K2π1(exp(H)) is proper biharmonic if and only if

(cotϑ)2

=
(m1 + 2m2 + 6m3 + n1)±

√
(m1 + 2m2 + n1)2 + 8m3(m1 + 2m2 + 4m3 + n1)

2(2m2 +m3 + n1)

holds.

4.6.6. Type I-C2. We set

Σ+ = {e1 ± e2, 2e1, 2e2},W+ = {e1 − e2, e1 + e2},
Π = {α1 = e1 − e2,α2 = 2e2}, α̃ = α1 + α2 = e1 + e2.

When we set m1 = m(e1 + e2),m2 = m(2e1), n1 = n(e1 + e2), then we have same
result as cases of Type I-B2.

4.6.7. Type I-BC2−B2. We set

Σ+ = {e1 ± e2, e1, e2, 2e1, 2e2},W+ = {e1 ± e2, e1, e2},
Π = {α1 = e1 − e2,α2 = e2}, α̃ = α1 + 2α2 = e1 + e2

and

m1 = m(e1), m2 = m(e1 + e2), m3 = m(2e1), n1 = n(e1), n2 = n(e1 + e2).
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Since e1 ∈ Σ ∩W, e1 − e2 ∈ W and (2⟨e1, e1 − e2⟩)/(⟨e1 − e2, e1 − e2⟩) is odd, by
definition of multiplicities, we have m1 = m(e1) = n(e1) = n1.
(1) When H = tHα1 (0 < t < 1), we have Σ+

H = {α2, 2α2},W+
H = ∅. By Theorem

2.9, we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)−m3 cot⟨2(α1 + α2), H⟩2(α1 + α2)

+ n2 tan⟨α1, H⟩α1 + n2 tan⟨α2, H⟩α2

+ n1 tan⟨α1 + α2, H⟩(α1 + α2) + n2 tan⟨α1 + 2α2, H⟩(α1 + 2α2)

=− (2m2 +m1) cot⟨α1, H⟩e1 − 2m3 cot⟨2α1, H⟩e1
(2n2 + n1) tan⟨α1, H⟩e1

={−(m1 + 2m2 +m3) cot⟨α1, H⟩+ (m1 + 2n2 +m3) tan⟨α1, H⟩}e1.

Hence we have τH = 0 if and only if

(cot⟨α1, H⟩)2 =
m1 + 2n2 +m3

m1 + 2m2 +m3
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2(α1 + α2)⟩(1− (cot⟨2(α1 + α2), H⟩)2)2(α1 + α2)

+ n2⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α2

+ n1⟨τH , (α1 + α2)⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+ n2⟨τH , (α1 + 2α2)⟩(1− (tan(α1 + 2α2), H⟩)2)(α+ 2α2)

=⟨τH ,α1⟩{m2(1− (cot⟨α1, H⟩)2)α1 +m1(1− (cot⟨α1, H⟩)2)(α1 + α2)

+ 4m3(1− (cot⟨2α1, H⟩)2)(α1 + α2)

+ (n1 + 2n2)(1− (tan⟨α1, H⟩)2)(α1 + 2α2)}
=⟨τH ,α1⟩{(m1 + 2m2 +m3)(1− (cot⟨α1, H⟩)2)
+ (m1 + 2n2 +m3)(1− (tan⟨α1, H⟩)2) + 4m3}(α1 + α2).

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 =(m1 + 2m2 +m3)(1− (cot⟨α1, H⟩)2)
+ (m1 + 2n2 +m3)(1− (tan⟨α1, H⟩)2) + 4m3

holds. The equation is equivalent to
(
(m1 + 2m2 +m3)(cot⟨α2, H⟩)2 − (m1 + 2n2 +m3)

)
((cot⟨α2, H⟩)2 − 1)

= 4m3(cot⟨α2, H⟩)2.

Since m3 > 0, the solutions of the equation are not harmonic. Set

a = m1 + 2m2 +m3, b = n1 + 2n2 +m3, c = 4m3.
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Hence the orbit K2π1(exp(H)) is proper biharmonic if and only if

(cot(⟨α1, H⟩))2 =
a+ b+ c±

√
(a+ b+ c)2 − 4ab

2a

=
a+ b+ c±

√
(a+ b)2 + c(2(a+ b) + c)

2a

holds.

(2) When H = tHα2 (0 < t < 1), we have Σ+
H = {α1},W+

H = ∅. By Theorem
2.9, we have

τH =−m1 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)−m3 cot⟨2(α1 + α2), H⟩2(α1 + α2)

−m3 cot⟨2α2, H⟩2α2

+ n2 tan⟨α1, H⟩α1

+ n1 tan⟨α1 + α2, H⟩(α1 + α2) + n2 tan⟨α1 + 2α2, H⟩(α1 + 2α2)

=−m1 cot⟨α2, H⟩(α1 + 2α2)− (m2 + 2m3) cot⟨2α2, H⟩(α1 + 2α2)

+ n1 tan⟨α2, H⟩(α1 + 2α2) + n2 tan⟨2α2, H⟩(α1 + 2α2)

={−(2m1 +m2 + 2m3) cot⟨2α2, H⟩+ n2 tan⟨2α2, H⟩}(α1 + 2α2).

Hence we have τH = 0 if and only if

(cot⟨2α2, H⟩)2 =
n2

2m1 +m2 + 2m3
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2(α1 + α2)⟩(1− (cot⟨2(α1 + α2), H⟩)2)2(α1 + α2)

+m3⟨τH , 2α2⟩(1− (cot 2⟨α2, H⟩)2)2α2

+ n2⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α2

+ n1⟨τH , (α1 + α2)⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+ n2⟨τH , (α+ 2α2)⟩(1− (tan(α+ 2α2), H⟩)2)(α+ 2α2)

=⟨τH ,α2⟩{m1(1− (cot⟨α2, H⟩)2) + n1(1− (tan⟨α2, H⟩)2)
+ (2m2 + 4m3)(1− (cot⟨2α2, H⟩)2) + 2n2(1− (tan⟨2α2, H⟩)2)}(α1 + 2α2)

=2⟨τH ,α2⟩{(2m1 +m2 + 2m3)(1− (cot⟨2α2, H⟩)2)
+ n2(1− (tan⟨2α2, H⟩)2)− 4m3}(α1 + 2α2).

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 =(2m1 +m2 + 2m3)(1− (cot⟨2α2, H⟩)2)
+ n2(1− (tan⟨2α2, H⟩)2)− 4m3
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holds. The equation is equivalent to

(
(2m1 +m2 + 2m3)(cot⟨2α2, H⟩)2 − 2n2

)
((cot⟨α2, H⟩)2 − 1)

=− 4m3(cot⟨α2, H⟩)2.

Since m3 > 0, the solutions of the equation are not harmonic. When

(−2m1 +m2 + 2m3 + n2)
2 − 4(2m1 +m2 + 2m3)n2 > 0

the orbit K2π1(exp(H)) is proper biharmonic if and only if

(cot(⟨2α2, H⟩))2 =
l ±
√

l2 − 4(2m1 +m2 + 2m3)n2

2(2m1 +m2 + 2m3)

holds, where l = −2m1 +m2 + 2m3 + n2.

(3) WhenH = tHα1+(1−t)Hα2 (0 < t < 1), we have Σ+
H = ∅,W+

H = {α1+2α2}.
We set 2ϑ = ⟨α1, H⟩. Then ⟨α2, H⟩ = (π/4)− ϑ. By Theorem 2.9, we have

τH =−m2 cot(2ϑ)α1 −m1 cot((π/4)− ϑ)α2 −m1 cot((π/4) + ϑ)(α1 + α2)

−m2 cot(π/2)(α1 + 2α2)−m3 cot((π/2) + 2ϑ)2(α1 + α2)

−m3 cot((π/2)− 2ϑ)2α2

+ n2 tan(2ϑ)α1 + n1 tan((π/4)− ϑ)α2 + n1 tan((π/4)− ϑ)(α1 + α2)

=−m2 cot(2ϑ)α1 − 2m1 tan(2ϑ)α2 + 2m1 tan(2ϑ)(α1 + α2)

+ n2 tan(2ϑ)α1

={−m2 cot(2ϑ) + (2m1 +m3 + n2) tan(2ϑ)}α1.

Hence we have τH = 0 if and only if

(cot(2ϑ))2 =
2m1 + 2m3 + n2

m2
.
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By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot(2ϑ))2)α1

+m1⟨τH ,α2⟩(1− (cot((π/4)− ϑ))2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot((π/4) + ϑ))2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot(π/2))2)(α1 + 2α2)

+m3⟨τH , 2(α1 + α2)⟩(1− (cot((π/2) + 2ϑ))2)2(α1 + α2)

+m3⟨τH , 2α2⟩(1− (cot((π/2)− 2ϑ))2)2α2

+ n2⟨τH ,α1⟩(1− (tan(2ϑ))2)α1

+ n1⟨τH ,α2⟩(1− (tan((π/4)− ϑ))2)α2

+ n1⟨τH , (α1 + α2)(1− (tan((π/4) + ϑ))2)(α1 + α2)

=⟨τH ,α1 + α2⟩{2m2(1− (cot(2ϑ))2)α1

+m1{(1− (cot((π/4)− ϑ))2) + (1− (tan((π/4)− ϑ))2)}α2

+m1{(1− (cot((π/4) + ϑ))2) + (1− (tan((π/4) + ϑ))2)}(α1 + α2)

+ 2m3(1− (tan(2ϑ))2)(2α1) + 2n2(1− (tan(2ϑ))2)(α1)}
=⟨τH ,α1 + α2⟩{2m2(1− (cot(2ϑ))2)α1 + 4m1 tan(2ϑ)

2α2

− 4m1 tan(2ϑ)
2(α1 + α2) + (4m3 + 2n2)(1− (tan(2ϑ))2)α1}

=2⟨τH ,α1 + α2⟩{m2(1− (cot(2ϑ))2)

+ (2m1 + 2m3 + n2)(1− (tan(2ϑ))2)− 2m1}α1.

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 =(m2(1− (cot(2ϑ))2) + (2m1 + 2m3 + n2)(1− (tan(2ϑ))2)− 2m1

holds. The equation is equivalent to

{m2(cot(2ϑ))
2 − (2m1 + 2m3 + n2)}((cot(2ϑ))2 − 1) = −2m1(cot(2ϑ))

2.

Since m1 > 0, the solutions of the equation are not harmonic. When

(2m3 +m2 +m2)
2 − 4m2(2m1 + 2m3 + n2) > 0,

the orbit K2π1(exp(H)) is proper biharmonic if and only if

(cot(2ϑ))2 =
2m3 +m2 +m2 ±

√
(2m3 +m2 +m2)2 − 4m2(2m1 + 2m3 + n2)

2m2

holds.

4.6.8. Type II-BC2. We set

Σ+ = {e1 ± e2, e1, e2},W+ = {e1 ± e2, e1, e2, 2e1, 2e2},
Π = {α1 = e1 − e2,α2 = e2}, α̃ = 2α1 + 2α2 = 2e1

and

m1 = m(e1), m2 = m(e1 + e2), n1 = n(e1), n2 = n(e1 + e2), n3 = n(2e1).
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Since e1, e1 + e2 ∈ Σ ∩W, 2e1 ∈ W and (2⟨e1, 2e1⟩)/(⟨2e1, 2e1⟩) = 1 and (2⟨e1 +
e2, 2e1⟩)/(⟨2e1, 2e1⟩) = 1 are odd, by definition of multiplicities, we have m1 =
m(e1) = n(e1) = n1, m2 = m(e1 + e2) = n(e1 + e2) = n2.
(1) When H = tHα1 (0 < t < 1), we have Σ+

H = {α2},W+
H = ∅. By Theorem 2.9,

we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

+m2 tan⟨α1, H⟩α1 +m2 tan⟨α2, H⟩α2

+m1 tan⟨α1 + α2, H⟩(α1 + α2) +m2 tan⟨α1 + 2α2, H⟩(α1 + 2α2)

+ n3 tan⟨2α1 + 2α2, H⟩(2α1 + 2α2)

=− 2m2{cot⟨α1, H⟩ − tan⟨α1, H⟩}(α1 + α2)

−m1{cot⟨α1, H⟩ − tan⟨α1, H⟩}(α1 + α2)

+ 2n3 tan⟨2α1, H⟩(α1 + α2)

=2{−(m1 + 2m2) cot⟨2α1, H⟩+ n3 tan⟨2α1, H⟩}e1.
Hence we have τH = 0 if and only if

(cot⟨2α1, H⟩)2 =
n3

m1 + 2m2
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m2⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α1

+m1⟨τH , (α1 + α2)⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH , (α1 + 2α2)⟩(1− (tan(α1 + 2α2), H⟩)2)(α1 + 2α2)

+ n3⟨τH , 2(α1 + α2)⟩(1− (tan⟨2(α1 + α2), H⟩)2)2(α1 + α2)

=2⟨τH ,α1⟩{(m1 + 2m2)
(
(1− (cot⟨α1, H⟩)2) + (1− (tan⟨α1, H⟩)2)

)

+ 4n3(1− (tan⟨2α1, H⟩)2)}(α1 + α2)

=2⟨τH ,α1⟩{−4(m1 + 2m2)(cot⟨2α1, H⟩)2 + 4n3(1− (tan⟨2α1, H⟩)2)}(α1 + α2)

=8⟨τH ,α1⟩{−(m1 + 2m2)(cot⟨2α1, H⟩)2 + n3(1− (tan⟨2α1, H⟩)2)}(α1 + α2).

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 =− (m1 + 2m2)(cot⟨2α1, H⟩)2 + n3(1− (tan⟨2α1, H⟩)2)
holds. The equation is equivalent to

{(m1 + 2m2)(cot⟨2α1, H⟩)2 − n3}((cot⟨2α1, H⟩)2 − 1)

=− (m1 + 2m2)(cot⟨2α1, H⟩)2

Since m1 + 2m2 > 0, the solutions of the equation are not harmonic. When n2
3 −

4(m1 + 2m2)n3 > 0, the orbit K2π1(exp(H)) is proper biharmonic if and only if

(cot(⟨2α1, H⟩))2 =
n3 ±

√
n2
3 − 4(m1 + 2m2)n3

2(m1 + 2m2)



GEOMETRIC PROPERTIES OF ORBITS OF COMMUTATIVE HERMANN ACTIONS 67

holds.

(2) When H = tHα2 (0 < t < 1), we have Σ+
H = {α1},W+

H = ∅. By Theorem
2.9, we have

τH =−m1 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

+m1 tan⟨α2, H⟩α2

+m1 tan⟨α1 + α2, H⟩(α1 + α2) +m2 tan⟨α1 + 2α2, H⟩(α1 + 2α2)

+ n3 tan⟨2(α1 + α2), H⟩2(α1 + α2)

+ n3 tan⟨2α2, H⟩2α2

=−m1 cot⟨α2, H⟩(α1 + 2α2)−m2 cot⟨2α2, H⟩(α1 + 2α2)

+m1 tan⟨α2, H⟩(α1 + 2α2) +m2 tan⟨2α2, H⟩(α1 + 2α2)

+ n3 tan⟨2α2, H⟩2(α1 + 2α2)

={−(2m1 +m2) cot⟨2α2, H⟩+ (m2 + 2n3) tan⟨2α2, H⟩}(α1 + 2α2).

Hence we have τH = 0 if and only if

(cot⟨2α2, H⟩)2 =
m2 + 2n3

2m1 +m2
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m1⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

+m1⟨τH , (α1 + α2)⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH , (α1 + 2α2)⟩(1− (tan(α1 + 2α2), H⟩)2)(α1 + 2α2)

+ n3⟨τH , 2(α1 + α2)⟩(1− (tan⟨2(α1 + α2), H⟩)2)2(α1 + α2)

+ n3⟨τH , 2α2⟩(1− (tan 2⟨α2, H⟩)2)2α2

=⟨τH ,α2⟩{m1

(
(1− (cot⟨α2, H⟩)2) + (1− (tan⟨α2, H⟩)2)

)

+m2(1− (cot⟨2α2, H⟩)2) + 2m2(1− (tan⟨2α2, H⟩)2)
+ 4n3(1− (tan⟨2α2, H⟩)2)}(α1 + 2α2)

=⟨τH ,α2⟩{−4m1(cot⟨2α2, H⟩)2 + 2m2(1− (cot⟨2α2, H⟩)2)
+ 2m2(1− (tan⟨2α2, H⟩)2)
+ 4n3(1− (tan⟨2α2, H⟩)2)}(α1 + 2α2)

=⟨τH ,α2⟩{−(4m1 + 2m2)(cot⟨2α2, H⟩)2

+ (2m2 + 4n3)(1− (tan⟨2α2, H⟩)2)− 4m1}(α1 + 2α2).

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 =(2m1 +m2)(1− (cot⟨2α2, H⟩)2)
+ (m2 + 2n3)(1− (tan⟨2α2, H⟩)2)− 2m1
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holds. The equation is equivalent to

(
(2m1 +m2)(cot⟨2α2, H⟩)2 − (m2 + 2n3)

)
((cot⟨2α2, H⟩)2 − 1)

=− 2m1(cot⟨2α2, H⟩)2.

Since 2m1 > 0, the solutions of the equation are not harmonic. When

(m2 + n3)
2 − (2m1 +m2)(m2 + 2n3) > 0

the orbit K2π1(exp(H)) is proper biharmonic if and only if

(cot(⟨2α2, H⟩))2

=
m2 + n3 ±

√
(m2 + n3)2 − (2m1 +m2)(m2 + 2n3)

(2m1 +m2)

holds.

(3) When H = tHα1 + (1 − t)Hα2 (0 < t < 1), we have Σ+
H = ∅,W+

H = {α̃ =
2α1 + 2α2}. We set ϑ = ⟨2α1, H⟩. Then ⟨2α2, H⟩ = (π/2) − ϑ. By Theorem 2.9,
we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

+m2 tan⟨α1, H⟩α1 +m1 tan⟨α2, H⟩α2 +m1 tan⟨α1 + α2, H⟩(α1 + α2)

+m2 tan⟨α1 + 2α2, H⟩(α1 + 2α2)

+ n3 tan⟨2α2, H⟩2α2

=−m2(cot⟨α1, H⟩ − tan⟨α1, H⟩)α1 −m1(cot⟨α2, H⟩ − tan⟨α2, H⟩)α2

−m2(cot⟨α1 + 2α2, H⟩ − tan⟨α1 + 2α2, H⟩)(α1 + 2α2)

+ n3 tan((π/2)− ϑ)(2α2)

=− 2m2 cot(ϑ)α1 − 2m1 cot((π/2)− ϑ)α2

− 2m2 cot(π − ϑ)(α1 + 2α2) + 2n3 tan((π/2)− ϑ)α2

=2{(2m2 + n3) cot(ϑ)−m1 tan(ϑ)}α2.

Hence we have τH = 0 if and only if

(cotϑ)2 =
m1

2m2 + n3
.
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By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m2⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α1

+m1⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

+m1⟨τH , (α1 + α2)(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (tan⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+ n3⟨τH , 2α2⟩(1− (tan⟨2α2, H⟩)2)2α2

=−m2⟨τH ,α1⟩(cot⟨α1, H⟩ − tan⟨α1, H⟩)2α1

−m1⟨τH ,α2⟩(cot⟨α2, H⟩ − tan⟨α2, H⟩)2α2

−m2⟨τH ,α1 + 2α2⟩(cot⟨α1 + 2α2, H⟩ − tan⟨α1 + 2α2, H⟩)2(α1 + 2α2)

+ n3⟨τH , 2α2⟩(1− (cotϑ)2)2α2

=− 4m2⟨τH ,α1⟩(cotϑ)2α1 + 4m1⟨τH ,α1⟩(cot((π/2)− ϑ))2α2

+ 4m2⟨τH ,α1⟩(cot(π − ϑ))2(α1 + 2α2)− 4n3⟨τH ,α1⟩(1− (cotϑ)2)α2

=− 4⟨τH ,α1⟩{2m2(cotϑ)
2 +m1(tanϑ)

2 − n3(1− (cotϑ)2)}α2

=4⟨τH ,α1⟩{(2m2 + n3)(1− (cotϑ)2) +m1(1− (tanϑ)2)− (2m2 +m1)}α2

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 = (2m2 + n3)(1− (cotϑ)2) +m1(1− (tanϑ)2)− (2m2 +m1)

holds. The equation is equivalent to

{(2m2 + n3)(cotϑ)
2 −m1}((cot(ϑ))2 − 1) = −(2m2 +m1)(cot(2ϑ))

2.

Since 2m2 +m1 > 0, the solutions of the equation are not harmonic. When

n2
3 − 4(2m2 + n3)m1 > 0,

the orbit K2π1(exp(H)) is proper biharmonic if and only if

(cotϑ)2 =
n3 ±

√
n2
3 − 4(2m2 + n3)m1

2(2m2 + n3)

holds.

4.6.9. Type III-A2. We set

a = {x1e1 + x2e2 + x3e3 | xi ∈ R, x1 + x2 + x3 = 0},
and

Σ+ = W+ = {e1 − e2, e2 − e3, e1 − e3},
Π = {α1 = e1 − e2,α2 = e2 − e3}, α̃ = α1 + α2,

m := m(λ) = n(λ) (λ ∈ Σ̃).
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(1) When H = tHα1 (0 < t < 1), we have Σ+
H = {α2},W+

H = ∅. By Theorem 2.9,
we have

τH =m{− cot⟨α1, H⟩α1 − cot⟨α1 + α2, H⟩(α1 + α2)

tan⟨α1, H⟩α1 + tan⟨α2, H⟩α2 + tan⟨α1 + α2, H⟩(α1 + α2)}
=m{− cot⟨α1, H⟩+ tan⟨α1, H⟩}(2α1 + α2).

Hence we have that τH = 0 if and only if ⟨α1, H⟩ = π/4. By Theorem 4.6, the orbit
K2π1(exp(H)) is biharmonic if and only if

0 =m{⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+ ⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+ ⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α1

+ ⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

+ ⟨τH ,α1 + α2⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)}
=m⟨τH ,α1⟩{(1− (cot⟨α1, H⟩)2) + (1− (tan⟨α1, H⟩)2)}(2α1 + α2)

=−m⟨τH ,α1⟩(cot⟨α1, H⟩ − tan⟨α1, H⟩)2(2α1 + α2)

Hence, the orbit K2π1(exp(H)) is biharmonic if and only if ⟨α1, H⟩ = π/4. There-
fore, if the orbit K2π1(exp(H)) is biharmonic, then that is harmonic.
(2) When H = tHα2 (0 < t < 1), we have Σ+

H = {α1},W+
H = ∅. By the same

calculation as (1), we have that the orbit K2π1(exp(H)) is biharmonic if and only
if ⟨α2, H⟩ = π/4 and if the orbit is biharmonic, then that is harmonic.
(3) When H = tHα1 + (1− t)Hα2 (0 < t < 1), we have Σ+

H = ∅,W+
H = {α1 + α2}.

By the same calculation as (1), we have that the orbit K2π1(exp(H)) is biharmonic
if and only if ⟨α1, H⟩ = π/4 and if the orbit is biharmonic, then that is harmonic.

4.6.10. Type III-B2 and III-C2. We set

Σ+ = {e1 ± e2, e1, e2},W+ = {e1 ± e2, e1, e2},
Π = {α1 = e1 − e2,α2 = e2}, α̃ = α1 + 2α2 = e1 + e2

and

m1 = m(e1), m2 = m(e1 + e2), n1 = n(e1), n2 = n(e1 + e2).

Since e1 ∈ Σ ∩W, e1 + e2 ∈ W and (2⟨e1, e1 + e2⟩)/(⟨e1 + e2, e1 + e2⟩) = 1 is odd,
by definition of multiplicities, we have m1 = m(e1) = n(e1) = n1.
(1) When H = tHα1 (0 < t < 1), we have Σ+

H = {α2},W+
H = ∅. By Theorem 2.9,

we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

+m2 tan⟨α1, H⟩α1 +m2 tan⟨α2, H⟩α2

+m1 tan⟨α1 + α2, H⟩(α1 + α2) +m2 tan⟨α1 + 2α2, H⟩(α1 + 2α2)

=− (2m2 +m1) cot⟨α1, H⟩(α1 + α2)

+ (2n2 +m1) tan⟨α1, H⟩(α1 + α2)
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Hence we have τH = 0 if and only if

(cot⟨2α1, H⟩)2 =
2m2 +m1

2n2 +m1
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m2⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α2

+m1⟨τH , (α1 + α2)⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH , (α+ 2α2)⟩(1− (tan(α+ 2α2), H⟩)2)(α+ 2α2)

=⟨τH ,α1⟩{(2m2 +m1)(1− (cot⟨α1, H⟩)2)
(2n2 +m1)(1− (tan⟨α1, H⟩)2)}(α1 + 2α2).

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 = (2m2 +m1)(1− (cot⟨α1, H⟩)2)(2n2 +m1)(1− (tan⟨α1, H⟩)2)

holds. The equation is equivalent to

{(2m2 +m1)(cot⟨α1, H⟩)2 − (2n2 +m1)}((cot⟨α1, H⟩)2 − 1) = 0

Therefore, when m2 ̸= n2 the orbit K2π1(exp(H)) is proper biharmonic if and only
if

(cot(⟨2α1, H⟩))2 = 1 (i.e.⟨α1, H⟩ = (π/4))

holds.

(2) When H = tHα2 (0 < t < 1), we have Σ+
H = {α1},W+

H = ∅. By Theorem
2.9, we have

τH =−m1 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

+m1 tan⟨α2, H⟩α2 +m1 tan⟨α1 + α2, H⟩(α1 + α2)

+ n2 tan⟨α1 + 2α2, H⟩(α1 + 2α2)

=−m1(cot⟨α2, H⟩ − tan⟨α2, H⟩)(α1 + 2α2)

−m2 cot⟨2α2, H⟩(α1 + 2α2)

+ n2 tan⟨2α2, H⟩(α1 + 2α2)

={−(2m1 +m2) cot⟨2α2, H⟩+ n2 tan⟨2α2, H⟩}(α1 + 2α2).

Hence we have τH = 0 if and only if

(cot⟨2α2, H⟩)2 =
n2

2m1 +m2
.
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By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m1⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+ n2⟨τH ,α1 + 2α2⟩(1− (tan⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

=m1⟨τH ,α2⟩{(1− (cot⟨α2, H⟩)2) + (1− (tan⟨α2, H⟩)2)}(α1 + 2α2)

+m1⟨τH ,α2⟩(1− (cot⟨2α2, H⟩)2)(α1 + 2α2)

+ n2⟨τH ,α2⟩(1− (tan⟨2α2, H⟩)2)(α1 + 2α2)

=⟨τH ,α2⟩{−4m1(cot⟨2α2, H⟩)2 + 2m2(1− (cot⟨2α2, H⟩)2)
+ 2n2(1− (tan⟨2α2, H⟩)2)}(α1 + 2α2)

=⟨τH , 2α2⟩{(2m1 +m2)(1− (cot⟨2α2, H⟩)2)
+ n2(1− (tan⟨2α2, H⟩)2)− 2m1}(α1 + 2α2)

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 = (2m1 +m2)(1− (cot⟨2α2, H⟩)2) + n2(1− (tan⟨2α2, H⟩)2)− 2m1

holds. The equation is equivalent to

(
(2m1 +m2)(cot⟨2α2, H⟩)2 − n2

)
((cot⟨2α2, H⟩)2 − 1) = −2m1(cot⟨2α2, H⟩)2

Since 2m1 > 0, the solutions of the equation are not harmonic. When

(m2 + n2)
2 − 4(2m1 +m2)n2 > 0

the orbit K2π1(exp(H)) is proper biharmonic if and only if

(cot(⟨2α2, H⟩))2 =
m2 + n2 ±

√
(m2 + n2)2 − 4(2m1 +m2)n2

2(2m1 +m2)

holds.

(3) When H = tHα1 + (1 − t)Hα2 (0 < t < 1), we have Σ+
H = ∅,W+

H = {α̃ =
α1 + 2α2}. We set ϑ = ⟨α1, H⟩. Then ⟨2α2, H⟩ = (π/2)− ϑ. By Theorem 2.9, we
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have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α1, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

+ n2 tan⟨α1, H⟩α1 +m1 tan⟨α2, H⟩α2 +m1 tan⟨α1 + α2, H⟩(α1 + α2)

=−m2 cot⟨α1, H⟩α1 −m1(cot⟨α2, H⟩ − tan⟨α2, H⟩)α2

−m1(cot⟨α1 + α2, H⟩ − tan⟨α1 + α2, H⟩)(α1 + α2)

+ n2 tan⟨α1, H⟩α1

=−m2 cot(ϑ)α1 + n2 tan(ϑ)α1 − 2m1 cot((π/2)− ϑ)α2

−m1 cot((π/2) + ϑ)(α1 + α2)

=−m2 cot(ϑ)α1 + n2 tan(ϑ)α1 − 2m1 tan(ϑ)α2 +m1 tan(ϑ)(α1 + α2)

={−m2 cot(ϑ) + (n2 + 2m1) tan(ϑ)}α1.

Hence we have τH = 0 if and only if

(cotϑ)2 =
n2 + 2m1

m2
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1 +m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+ n2⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α1 +m1⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

+m1⟨τH , (α1 + α2)(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

=⟨τH ,α1⟩{m2(1− (cot⟨α1, H⟩)2) + n2(1− (tan⟨α1, H⟩)2)}α1

+m1⟨τH ,α2⟩{(1− (cot⟨α2, H⟩2) + (1− (tan⟨α2, H⟩2)}α2

+m1⟨τH ,α1 + α2⟩{(1− (cot⟨α1 + α2, H⟩2)
+ (1− (tan⟨α1 + α2, H⟩2)}(α1 + α2)

=⟨τH ,α1⟩{m2(1− (cot⟨α1, H⟩)2) + n2(1− (tan⟨α1, H⟩)2)}α1

−m1⟨τH ,α2⟩(cot⟨α2, H⟩ − tan⟨α2, H⟩)2α2

−m1⟨τH ,α1 + α2⟩(cot⟨α1 + α2, H⟩ − tan⟨α1 + α2, H⟩)2(α1 + α2)

=⟨τH ,α1⟩{m2(1− (cot⟨α1, H⟩)2) + n2(1− (tan⟨α1, H⟩)2)}α1

− 4m1⟨τH ,α2⟩(cot((π/2)− ϑ))2α2

− 4m1⟨τH ,α1 + α2⟩(cot((π/2) + ϑ))2(α1 + α2)

=⟨τH ,α1⟩{m2(1− (cot⟨α1, H⟩)2) + n2(1− (tan⟨α1, H⟩)2)− 2m1(tanϑ)
2}α1

=⟨τH ,α1⟩{m2(1− (cot⟨α1, H⟩)2) + (n2 + 2m1)(1− (tan⟨α1, H⟩)2)− 2m1}α1.

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 = m2(1− (cot⟨α1, H⟩)2) + (n2 + 2m1)(1− (tan⟨α1, H⟩)2)− 2m1

holds. The equation is equivalent to

{m2(cotϑ)
2 − (n2 + 2m1)}((cot(ϑ))2 − 1) = −2m1(cot(ϑ))

2.

Since m1 > 0, the solutions of the equation are not harmonic. When

(m2 + n2)
2 − 4m2(n2 + 2m1) > 0,
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the orbit K2π1(exp(H)) is proper biharmonic if and only if

(cotϑ)2 =
(m2 + n2)±

√
(m2 + n2)2 − 4m2(n2 + 2m1)

2m2

holds.

4.6.11. Type III-BC2. We set

Σ+ = W+ = {e1 ± e2, e1, e2, 2e1, 2e2},
Π = {α1 = e1 − e2,α2 = e2}, α̃ = 2α1 + 2α2 = 2e1,

m1 = m(e1), m2 = m(e1 + e2), m3 = (2e1),

n1 = n(e1), n2 = n(e1 + e2), n3 = (2e1).

Since e1, e1 + e2 ∈ Σ ∩W, 2e1 ∈ W and (2⟨e1, 2e1⟩)/(⟨2e1, 2e1⟩) = 1 and (2⟨e1 +
e2, 2e1⟩)/(⟨2e1, 2e1⟩) = 1 are odd, by definition of multiplicities, we have m1 =
m(e1) = n(e1) = n1,m2 = m(e1 + e2) = n(e1 + e2) = n2.
(1) When H = tHα1 (0 < t < 1), we have Σ+

H = {α2, 2α2},W+
H = ∅. By Theorem

2.9, we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)−m3 cot⟨2α1 + 2α2, H⟩(2α1 + 2α2)

+m2 tan⟨α1, H⟩α1 +m1 tan⟨α2, H⟩α2

+m1 tan⟨α1 + α2, H⟩(α1 + α2) +m2 tan⟨α1 + 2α2, H⟩(α1 + 2α2)

+ n3 tan⟨2α1 + 2α2, H⟩(2α1 + 2α2)

=−m2{cot⟨α1, H⟩ − tan⟨α1, H⟩}α1

−m1{cot⟨α1, H⟩ − tan⟨α1, H⟩}(α1 + α2)

−m2{cot⟨α1, H⟩ − tan⟨α1, H⟩}(α1 + 2α2)

−m3 cot⟨2α1, H⟩(2α1 + 2α2) + n3 tan⟨2α1, H⟩(2α1 + 2α2)

=− 4m2 cot⟨2α1, H⟩(α1 + α2)− 2m1 cot⟨2α1, H⟩(α1 + α2)

− 2m3 cot⟨2α1, H⟩(α1 + α2) + 2n3 tan⟨2α1, H⟩(α1 + α2)

=2{−(2m2 +m1 +m3) cot⟨2α1, H⟩+ n3 tan⟨2α1, H⟩}(α1 + α2).

Hence we have τH = 0 if and only if

(cot⟨2α1, H⟩)2 =
n3

m1 + 2m2 +m3
.
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By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2α1 + 2α2⟩(1− (cot⟨2α1 + 2α2, H⟩)2)(2α1 + 2α2)

+m2⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α2

+m1⟨τH , (α1 + α2)⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH , (α+ 2α2)⟩(1− (tan(α+ 2α2), H⟩)2)(α+ 2α2)

+ n3⟨τH , 2α1 + 2α2⟩(1− (tan⟨2α1 + 2α2, H⟩)2)(2α1 + 2α2)

=⟨τH ,α1⟩{−2m2(cot⟨α1, H⟩ − tan⟨α1, H⟩)2 −m1(cot⟨α1, H⟩ − tan⟨α1, H⟩)2

+ 4m3(1− (cot⟨2α1, H⟩)2) + 4n3(1− (tan⟨2α1, H⟩)2)}(α1 + α2)

=⟨τH ,α1⟩{(8m2 + 4m1 + 4m3)(1− (cot⟨2α1, H⟩)2)
+ 4n3(1− (tan⟨2α1, H⟩)2)− (8m2 + 4m1)}(α1 + α2)

=4⟨τH ,α1⟩{(2m2 +m1 +m3)(1− (cot⟨2α1, H⟩)2)
+ n3(1− (tan⟨2α1, H⟩)2)− (2m2 +m1)}(α1 + α2).

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 = (2m2 +m1 +m3)(1− (cot⟨2α1, H⟩)2) + n3(1− (tan⟨2α1, H⟩)2)− (2m2 +m1)

holds. The equation is equivalent to

{(2m2 +m1 +m3)(cot⟨2α1, H⟩)2 − n3}((cot⟨2α1, H⟩)2 − 1)

= −(2m2 +m1)(cot⟨2α1, H⟩)2.

Since (2m2 + m1) > 0, the solutions of the equation are not harmonic. When
(m3+n3)2−4(2m2+m1+m3)n3 > 0, the orbit K2π1(exp(H)) is proper biharmonic
if and only if

(cot(⟨2α1, H⟩))2 =
m3 + n3 ±

√
(m3 + n3)2 − 4(2m2 +m1 +m3)n3

2(2m2 +m1 +m3)

holds.
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(2) When H = tHα2 (0 < t < 1), we have Σ+
H = {α1},W+

H = ∅. By Theorem
2.9, we have

τH =−m1 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)

−m3 cot⟨2α2, H⟩(2α2)−m3 cot⟨2α1 + 2α2, H⟩(2α1 + 2α2)

+m1 tan⟨α2, H⟩α2 +m1 tan⟨α1 + α2, H⟩(α1 + α2)

+m2 tan⟨α1 + 2α2, H⟩(α1 + 2α2)

+ n3 tan⟨2α2, H⟩(2α2) + n3 tan⟨2α1 + 2α2, H⟩(2α1 + 2α2)

=−m1(cot⟨α2, H⟩ − tan⟨α2, H⟩)(α1 + 2α2)−m2 cot⟨2α2, H⟩(α1 + 2α2)

+m2 tan⟨2α2, H⟩(α1 + 2α2)− 2m3 cot⟨2α2, H⟩(α2 + 2α2)

+ 2n3 tan⟨2α2, H⟩(α2 + 2α2)

={−(2m1 +m2 + 2m3) cot⟨2α2, H⟩+ (m2 + 2n2) tan⟨2α2, H⟩}(α1 + 2α2).

Hence we have τH = 0 if and only if

(cot⟨2α2, H⟩)2 =
m2 + 2n2

2m1 +m2 + 2m3
.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2α2⟩(1− (cot⟨2α2, H⟩)2)(2α2)

+m3⟨τH , 2α1 + 2α2⟩(1− (cot⟨2α1 + 2α2, H⟩)2)(2α1 + 2α2)

+m1⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

+m1⟨τH ,α1 + α2⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (tan⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+ n3⟨τH , 2α2⟩(1− (tan⟨2α2, H⟩)2)(2α2)

+ n3⟨τH , 2α1 + 2α2⟩(1− (tan⟨2α1 + 2α2, H⟩)2)(2α1 + 2α2)

=m1⟨τH ,α2⟩{(1− (cot⟨α2, H⟩)2) + (1− (tan⟨α2, H⟩)2)}(α1 + 2α2)

+ 2m2⟨τH ,α2⟩(1− (cot⟨2α2, H⟩)2)(α1 + 2α2)

+ 2m2⟨τH ,α2⟩(1− (tan⟨2α2, H⟩)2)(α1 + 2α2)

+ 4m3⟨τH ,α2⟩(1− (cot⟨2α2, H⟩)2)(α1 + 2α2)

+ 4n3⟨τH ,α2⟩(1− (tan⟨2α2, H⟩)2)(α1 + 2α2)

=2⟨τH ,α2⟩{−2m1(cot⟨2α2, H⟩)2 + (m2 + 2m3)(1− (cot⟨2α2, H⟩)2)
+ (n2 + 2n3)(1− (tan⟨2α2, H⟩)2)}(α1 + 2α2)

=⟨τH , 2α2⟩{(2m1 +m2 + 2m3)(1− (cot⟨2α2, H⟩)2)
+ (n2 + 2n3)(1− (tan⟨2α2, H⟩)2)− 2m1}(α1 + 2α2).
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Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 =(2m1 +m2 + 2m3)(1− (cot⟨2α2, H⟩)2)
+ (n2 + 2n3)(1− (tan⟨2α2, H⟩)2)− 2m1

holds. The equation is equivalent to

(
(2m1 +m2 + 2m3)(cot⟨2α2, H⟩)2 − (m2 + 2n3)

)
((cot⟨2α2, H⟩)2 − 1)

=− 2m1(cot⟨2α2, H⟩)2

Since 2m1 > 0, the solutions of the equation are not harmonic. When

(m2 +m3 + n3)
2 − (2m1 +m2 + 2m3)(m2 + 2n2) > 0

the orbit K2π1(exp(H)) is proper biharmonic if and only if

(cot(⟨2α2, H⟩))2

=
m2 +m3 + n3 ±

√
(m2 +m3 + n3)2 − (2m1 +m2 + 2m3)(m2 + 2n2)

2m1 +m2 + 2m3

holds.

(3) When H = tHα1 + (1 − t)Hα2 (0 < t < 1), we have Σ+
H = ∅,W+

H = {α̃ =
2α1 + 2α2 = 2e1}. We set ϑ = ⟨2α1, H⟩. Then ⟨2α2, H⟩ = (π/2)− ϑ. By Theorem
2.9, we have

τH =−m2 cot⟨α1, H⟩α1 −m1 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m2 cot⟨α1 + 2α2, H⟩(α1 + 2α2)−m3 cot⟨2α2, H⟩(2α2)

+m2 tan⟨α1, H⟩α1 +m1 tan⟨α2, H⟩α2 +m1 tan⟨α1 + α2, H⟩(α1 + α2)

+m2 tan⟨α1 + 2α2, H⟩(α1 + 2α2) + n3 tan⟨2α2, H⟩(2α2)

=−m2(cot⟨α1, H⟩ − tan⟨α1, H⟩)α1 −m1(cot⟨α2, H⟩ − tan⟨α2, H⟩)α2

−m2(cot⟨α1 + 2α2, H⟩ − tan⟨α1 + 2α2, H⟩)(α1 + 2α2)

−m3 cot⟨2α2, H⟩(2α2) + n3 tan⟨2α2, H⟩(2α2)

=− 2m2 cot(ϑ)α1 − 2m1 cot((π/2)− ϑ)α2 − 2m2 cot(π − ϑ)(α1 + 2α2)

−m3 cot((π/2)− ϑ)2α2 + n3 tan((π/2)− ϑ)2α2

={(4m2 + 2n3) cot(ϑ)− (2m1 + 2m3) tan((π/2)− ϑ)}α2.

Hence we have τH = 0 if and only if

(cotϑ)2 =
m1 +m3

2m2 + n3
.
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By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1 +m1⟨τH ,α2⟩(1− (cot⟨α2, H⟩2)α2

+m1⟨τH ,α1 + α2⟩(1− (cot⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH ,α1 + 2α2⟩(1− (cot⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+m3⟨τH , 2α2⟩(1− (cot⟨2α2, H⟩)2)(2α2)

+m2⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α1 +m1⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

+m1⟨τH , (α1 + α2)⟩(1− (tan⟨α1 + α2, H⟩)2)(α1 + α2)

+m2⟨τH , (α1 + 2α2)⟩(1− (tan⟨α1 + 2α2, H⟩)2)(α1 + 2α2)

+ n3⟨τH , 2α2⟩(1− (tan⟨2α2, H⟩)2)(2α2)

=m2⟨τH ,α1⟩{(1− (cot⟨α1, H⟩)2) + (1− (tan⟨α1, H⟩)2)}α1

+m1⟨τH ,α2⟩{(1− (cot⟨α2, H⟩)2) + (1− (tan⟨α2, H⟩)2)}α2

+m2⟨τH ,α1 + 2α⟩{(1− (cot⟨α1 + 2α, H⟩)2)
+ (1− (tan⟨α1 + 2α, H⟩)2)}(α1 + 2α)

+m3⟨τH , 2α2⟩(1− (cot((π/2)− ϑ))2)(2α2)

+ n3⟨τH , 2α2⟩(1− (tan((π/2)− ϑ))2)(2α2)

=− 4m2⟨τH ,α1⟩(cot(ϑ))2α1 − 4m1⟨τH ,α2⟩(cot((π/2)− ϑ))2α2

− 4m2⟨τH ,α1 + 2α2⟩(cot(π − ϑ))2(α+ 2α2)

+m3⟨τH , 2α2⟩(1− (tan(ϑ))2)(2α2) + n3⟨τH , 2α2⟩(1− (cot(ϑ))2)(2α2)

=4⟨τH ,α2⟩{−2m2(cot(ϑ))
2 −m1(tan(ϑ))

2 +m3⟩(1− (tan(ϑ))2)

+ n3(1− (cot(ϑ))2)}α2

=4⟨τH ,α2⟩{(2m2 + n3)(1− (cot(ϑ))2)

+ (m1 +m3)(1− (tan(ϑ))2)− (2m2 +m1)}α2.

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 = (2m2 + n3)(1− (cot(ϑ))2) + (m1 +m3)(1− (tan(ϑ))2)− (2m2 +m1)

holds. The equation is equivalent to

{(2m2 + n3)(cotϑ)
2 − (m1 +m3)}((cot(ϑ))2 − 1) = −(m1 + 2m2)(cot(ϑ))

2.

Since m1 + 2m2 > 0, the solutions of the equation are not harmonic. When

(m3 + n3)
2 − 4(2m2 + n3)(m1 +m3) > 0,

the orbit K2π1(exp(H)) is proper biharmonic if and only if

(cotϑ)2 =
(m3 + n3)±

√
(m3 + n3)2 − 4(2m2 + n3)(m1 +m3)

2(2m2 + n3)

holds.
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4.6.12. Type III-G2. We set

Σ+ = W+ = {α1,α2,α1 + α2, 2α1 + α2, 3α1 + α2, 3α1 + 2α2},

⟨α1,α1⟩ = 1, ⟨α1,α2⟩ = −3

2
, ⟨α2,α2⟩ = 3,

α̃ = 3α1 + 2α2,

and
m1 = m(α1),m2 = m(α2).

(1) When H = tHα1 (0 < t < 1), we have Σ+
H = {α2},W+

H = ∅. By Theorem 2.9,
we have

τH =−m1 cot⟨α1, H⟩α1 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m1 cot⟨2α1 + α2, H⟩(2α1 + α2)−m2 cot⟨3α1 + α2, H⟩(3α1 + α2)

−m2 cot⟨3α1 + 2α2, H⟩(3α1 + 2α2)

−m1 tan⟨α1, H⟩α1 −m1 tan⟨α1 + α2, H⟩(α1 + α2)

−m1 tan⟨2α1 + α2, H⟩(2α1 + α2)−m2 tan⟨3α1 + α2, H⟩(3α1 + α2)

−m2 tan⟨3α1 + 2α2, H⟩(3α1 + 2α2)

=
[
−m1{(cot⟨α1, H⟩ − tan⟨α1, H⟩) + (cot⟨2α1, H⟩ − tan⟨2α1, H⟩)}

− 3m2(cot⟨3α1, H⟩ − tan⟨3α1, H⟩)
]
(2α1 + α2)

=2
[
−m1{cot⟨2α1, H⟩+ cot⟨4α1, H⟩}− 3m2 cot⟨6α1, H⟩

]
(2α1 + α2)

Hence we have τH = 0 if and only if

−m1{cot⟨2α1, H⟩+ cot⟨4α1, H⟩}− 3m2 cot⟨6α1, H⟩ = 0.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m1⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1

+m1⟨τH , (α1 + α2)⟩(1− (cot⟨(α1 + α2), H⟩)2)(α1 + α2)

+m1⟨τH , (2α1 + α2)⟩(1− (cot⟨(2α1 + α2), H⟩)2)(α1 + α2)

+m2⟨τH , (3α1 + α2)⟩(1− (cot⟨(3α1 + α2), H⟩)2)(3α1 + α2)

+m2⟨τH , (3α1 + 2α2)⟩(1− (cot⟨(3α1 + 2α2), H⟩)2)(3α1 + 2α2)

+m1⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α1

+m1⟨τH , (α1 + α2)⟩(1− (tan⟨(α1 + α2), H⟩)2)(α1 + α2)

+m1⟨τH , (2α1 + α2)⟩(1− (tan⟨(2α1 + α2), H⟩)2)(2α1 + α2)

+m2⟨τH , (3α1 + α2)⟩(1− (tan⟨(3α1 + α2), H⟩)2)(3α1 + α2)

+m2⟨τH , (3α1 + 2α2)⟩(1− (tan⟨(3α1 + 2α2), H⟩)2)(3α1 + 2α2)

=⟨τH ,α1⟩{−m1(cot⟨α1, H⟩ − tan⟨α1, H⟩)2 − 2m1(cot⟨2α1, H⟩ − tan⟨2α1, H⟩)2

− 9m2(cot⟨3α1, H⟩ − tan⟨3α1, H⟩)2}(2α1 + α2)

=− 4⟨τH ,α1⟩{m1(cot⟨2α1, H⟩)2 + 2m1(cot⟨4α1, H⟩)2

+ 9m2(cot⟨6α1, H⟩)2}(2α1 + α2).
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Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 = m1(cot⟨2α1, H⟩)2 + 2m1(cot⟨4α1, H⟩)2 + 9m2(cot⟨6α1, H⟩)2

holds. Clearly,

m1(cot⟨2α1, H⟩)2 + 2m1(cot⟨4α1, H⟩)2 + 9m2(cot⟨6α1, H⟩)2 > 0

for 0 < t < 1. Therefore, if the orbit K2π1(exp(H)) is biharmonic, then it is
harmonic.

(2) When H = tHα2 (0 < t < 1), we have Σ+
H = {α1},W+

H = ∅. By Theorem
2.9, we have

τH =−m2 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m1 cot⟨2α1 + α2, H⟩(2α1 + α2)−m2 cot⟨3α1 + α2, H⟩(3α1 + α2)

−m2 cot⟨3α1 + 2α2, H⟩(3α1 + 2α2)

−m2 tan⟨α2, H⟩α2 −m1 tan⟨α1 + α2, H⟩(α1 + α2)

−m1 tan⟨2α1 + α2, H⟩(2α1 + α2)−m2 tan⟨3α1 + α2, H⟩(3α1 + α2)

−m2 tan⟨3α1 + 2α2, H⟩(3α1 + 2α2)

=
[
−m2{(cot⟨α2, H⟩ − tan⟨α2, H⟩) + (cot⟨2α2, H⟩ − tan⟨2α2, H⟩)}

−m1(cot⟨α2, H⟩ − tan⟨α2, H⟩)
]
(3α1 + 2α2)

=− 2
[
(m1 +m2) cot⟨2α1, H⟩+m2 cot⟨4α1, H⟩

]
(3α1 + 2α2)

Hence we have τH = 0 if and only if

(m1 +m2) cot⟨2α1, H⟩+m2 cot⟨4α1, H⟩ = 0.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m2⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH , (α1 + α2)⟩(1− (cot⟨(α1 + α2), H⟩)2)(α1 + α2)

+m1⟨τH , (2α1 + α2)⟩(1− (cot⟨(2α1 + α2), H⟩)2)(α1 + α2)

+m2⟨τH , (3α1 + α2)⟩(1− (cot⟨(3α1 + α2), H⟩)2)(3α1 + α2)

+m2⟨τH , (3α1 + 2α2)⟩(1− (cot⟨(3α1 + 2α2), H⟩)2)(3α1 + 2α2)

+m2⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

+m1⟨τH , (α1 + α2)⟩(1− (tan⟨(α1 + α2), H⟩)2)(α1 + α2)

+m1⟨τH , (2α1 + α2)⟩(1− (tan⟨(2α1 + α2), H⟩)2)(2α1 + α2)

+m2⟨τH , (3α1 + α2)⟩(1− (tan⟨(3α1 + α2), H⟩)2)(3α1 + α2)

+m2⟨τH , (3α1 + 2α2)⟩(1− (tan⟨(3α1 + 2α2), H⟩)2)(3α1 + 2α2)

=− ⟨τH ,α2⟩[(m1 +m2)(cot⟨α2, H⟩ − tan⟨α2, H⟩)2

+ 2m2(cot⟨2α1, H⟩ − tan⟨2α1, H⟩)2](2α1 + α2).

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 = (m1 +m2)(cot⟨2α2, H⟩)2 + 2m2(cot⟨4α1, H⟩)2
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holds. Clearly,

(m1 +m2)(cot⟨2α2, H⟩)2 + 2m2(cot⟨4α1, H⟩)2 > 0

for 0 < t < 1. Therefore, if the orbit K2π1(exp(H)) is biharmonic, then it is
harmonic.

(3) When H = tHα1 + (1 − t)Hα2 (0 < t < 1), we have Σ+
H = ∅,W+

H =
{3α1+2α2}. We set ϑ = ⟨α1, H⟩. Then ⟨2α2, H⟩ = (π/2)−3ϑ and 0, < ϑ < (π/6).
By Theorem 2.9, we have

τH =−m1 cot⟨α1, H⟩α1 −m2 cot⟨α2, H⟩α2 −m1 cot⟨α1 + α2, H⟩(α1 + α2)

−m1 cot⟨2α1 + α2, H⟩(2α1 + α2)−m2 cot⟨3α1 + α2, H⟩(3α1 + α2)

−m1 tan⟨α1, H⟩α1 −m2 tan⟨α2, H⟩α2 −m1 tan⟨α1 + α2, H⟩(α1 + α2)

−m1 tan⟨2α1 + α2, H⟩(2α1 + α2)−m2 tan⟨3α1 + α2, H⟩(3α1 + α2)

=2[−m1 cot⟨2α1, H⟩α1 −m2 cot⟨2α2, H⟩α2 −m1 cot⟨2(α1 + α2), H⟩(α1 + α2)

−m1 cot⟨2(2α1 + α2), H⟩(2α1 + α2)−m2 cot⟨2(3α1 + α2), H⟩(3α1 + α2)]

=− 2[m1 cot(2ϑ)α1 +m2 cot((π/2)− 3ϑ)α2 +m1 cot((π/2)− ϑ)(α1 + α2)

+m1 cot((π/2 + ϑ))(2α1 + α2)−m2 cot((π/2) + 3ϑ)(3α1 + α2)]

=− 2
[
m1 cot(2ϑ)α1 −m2 tan(3ϑ)(3α1)−m1 tan(ϑ)α1

]
.

Hence we have τH = 0 if and only if

m1 cot(2ϑ)− 3m2 tan(3ϑ)−m1 tan(ϑ) = 0.

By Theorem 4.6, the orbit K2π1(exp(H)) is biharmonic if and only if

0 =m1⟨τH ,α1⟩(1− (cot⟨α1, H⟩)2)α1 +m2⟨τH ,α2⟩(1− (cot⟨α2, H⟩)2)α2

+m1⟨τH , (α1 + α2)⟩(1− (cot⟨(α1 + α2), H⟩)2)(α1 + α2)

+m1⟨τH , (2α1 + α2)⟩(1− (cot⟨(2α1 + α2), H⟩)2)(α1 + α2)

+m2⟨τH , (3α1 + α2)⟩(1− (cot⟨(3α1 + α2), H⟩)2)(3α1 + α2)

+m1⟨τH ,α1⟩(1− (tan⟨α1, H⟩)2)α1 +m2⟨τH ,α2⟩(1− (tan⟨α2, H⟩)2)α2

+m1⟨τH , (α1 + α2)⟩(1− (tan⟨(α1 + α2), H⟩)2)(α1 + α2)

+m1⟨τH , (2α1 + α2)⟩(1− (tan⟨(2α1 + α2), H⟩)2)(2α1 + α2)

+m2⟨τH , (3α1 + α2)⟩(1− (tan⟨(3α1 + α2), H⟩)2)(3α1 + α2)

=−m1⟨τH ,α1⟩(cot(2ϑ))2α1 −m2⟨τH ,α2⟩(cot((π/2)− 3ϑ))2α2

−m1⟨τH , (α1 + α2)⟩(cot((π/2)− ϑ))2(α1 + α2)

−m1⟨τH , (2α1 + α2)⟩(cot((π/2) + ϑ))2(α1 + α2)

−m2⟨τH , (3α1 + α2)⟩(cot((π/2)− 3ϑ))2(3α1 + α2)

=− ⟨τH ,α1⟩[m1(cot(2ϑ))
2α1 + (3/2)m2(tan(3ϑ))

2(3α1) + (1/2)m1(tan(ϑ))
2α1]

=− ⟨τH ,α1⟩[m1(cot(2ϑ))
2 + (9/2)m2(tan(3ϑ))

2 + (1/2)m1(tan(ϑ))
2]α1.

Therefore, K2π1(exp(H)) is biharmonic if and only if τH = 0 or

0 = m1(cot(2ϑ))
2 + (9/2)m2(tan(3ϑ))

2 + (1/2)m1(tan(ϑ))
2
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holds. Clearly,

m1(cot(2ϑ))
2 + (9/2)m2(tan(3ϑ))

2 + (1/2)m1(tan(ϑ))
2 > 0

for 0 < t < 1. Therefore, if the orbit K2π1(exp(H)) is biharmonic, then it is
harmonic.

4.6.13. Tables of proper biharmonic orbits. By the above arguments, we obtain
many examples of proper biharmonic submanifolds in compact symmetric spaces
as orbits of Hermann actions. The co-dimension of these submanifolds are greater
than two, since we consider singular orbits of cohomogeneity two action.

Theorem 4.11. Let (G,K1,K2) be a compact symmetric triad which satisfies the
one of the following conditions (A), (B) or (C) in Theorem 3.14. Assume that the
K2-action on M1 = G/K1is cohomogeneity two. Then, for each orbit type which is
an one parameter family in the orbit space, we can divide into the following three
cases:

(1) There exists a unique proper biharmonic orbit.
(2) There exist exactly two distinct proper biharmonic orbit.
(3) Any biharmonic orbit is harmonic.

We list results of the above computations below.
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