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Abstract

This thesis concentrates on the efficient solution methods of H2/H® optimal control
problems for input-delay and preview systems. Although the problems can be reformulated
to the ones for delay-free systems by augmenting the state space of the controlled systems,
the numerical solution of the Riccati/KYP (Kalman-Yakubovich-Popov) equations for the
augmented systems requires special efforts, and complicates controller tuning. On the other
hand, it is known that the optimal control laws for certain classes of time-delay systems can
be constructed without solving the augmented Riccati/KYP equations. Such design problems
are called reduced-order construction problems in this thesis. The solutions of the reduced-
order construction problems are still limited in theoretical and practical perspectives. The
main purpose of the thesis is to propose a new approach for the reduced-order construction
problems, which enables to derive the optimal output feedback controllers for input-delayed
and preview systems in a unified manner. We focus on the internal dynamics of the overall
systems, and decompose it toward the H? and H* performance objectives.

The fundamental idea of our approach is first introduced for the discrete-time input-
delayed H?/H™ control problems. The state decomposition enables to solve the output
feedback problem through the simpler ones, namely, the full information and output esti-
mation problems. The discrete-time optimal controllers are obtained in the Smith predictor
form. They are constructed from the Riccati/KYP equations for the delay-free systems.

The solution procedure is further extended to the continuous-time preview H?/H> control
problems in an output feedback setting. The optimal utilization of the preview information is
exploited at the full information and output estimation problems. The clear structures of the
optimal controllers are revealed as the combination of the finite-dimensional observers and
preview-feedforward compensation.

In the H* control problems for the input-delayed and preview systems, the J-spectral
factorization techniques in the literature are employed. Their interconnection to the aug-
mented Riccati/KYP equations is clarified by reviewing the techniques from a view point of
the internal state dynamics.

iii



Acknowledgement

I would like to express my gratitude to many people for their support towards the com-
pletion of this thesis.

Firstly, I would like to thank my supervisor Professor Akira Kojima at Tokyo Metropolitan
University for his constant advice. He guided me on every aspect of my PhD research. I am
also grateful to Professor Yoshito Ohta at Kyoto University. He coauthored my journal articles
and conference papers, and gave me detailed and thorough comments.

Next, I would like to thank the thesis committee members: Professor Yasuchika Mori at
Tokyo Metropolitan University, Professor Shiro Masuda at Tokyo Metropolitan University
and Associate Professor Koji Tsumura at the University of Tokyo. They suggested many
improvements in the thesis, and directed me to fill lack in explanations and presentations.
I also appreciate Assistant Professor Ryota Ishibashi at Tokyo Metropolitan University and
the current and past members of Kojima Laboratory for their research discussion and daily
friendship. I am very fortunate to have been studying with them.

Finally, I would like to thank my parents for their understanding and encouragement.

v



Contents

Abstract iii
Acknowledgement iv
Notation viii
1 Introduction 1
1.1 Background of research . . . . . . ... ..o oo 1
1.2 Motivation for reduced-order construction methods . . . . . . ... ... .. .. 1
1.2.1 Previous results for input-delayed control systems . . .. ... ... .. 2

1.2.2  Previous results for preview control systems . . . . . . ... ... .. .. 3

1.3 Contributions of this work . . . . . . ... ... ... oo 4
1.3.1 Discrete-time H? input-delayed control . . . ... .. .......... 4

1.3.2 Discrete-time H* input-delayed control . . . . . ... .. .. ... ... 4

1.3.3 Continuous-time H? preview control . . . . . . . .. . ... ... .... 5

1.3.4 Continuous-time H® preview control . . . . .. ... ... ... ... .. 5

1.4 Organization of this thesis . . . . . . .. ... .. ... 0. 6

2 Discrete-time H? input-delayed control 7
2.1 Imtroduction . . . . . . . . .. L 7
2.2 Problem formulation . . . . . . ... ... 7
2.3 Consideration on the Smith predictor . . . . . . . . . . . ... ... ... ..., 9
2.4 Truncation operator . . . . . . . .. ... o 13
2.5 Solution via closed-loop reduction . . . . . . . .. ... ... ... .. ... 14
2.5.1 Full information problem . . . . .. ... ... ... ... ... ... 14

2.5.2  Output estimation problem . . . . . .. . ... ... ... ... ... 16

2.6 Increase of the optimal cost . . . . . . . .. .. ... oL 18
2.7 Example . . . . . L 21
2.8 Proofs . . . . . 23
2.8.1 Proofof Lemmal . . ... ... ... ... ... .. ... .. . ... . 23

2.8.2 Proof of Theorem 2 . . . . . . . .. .. ... .. .. 24

2.9 Conclusion . . . . . . . . e e 25

3 Discrete-time H* input-delayed control 26
3.1 Introduction . . . . . . . . . . . e e 26
3.2 Problem formulation . . . . . . ... ..o 27
3.3 Completion operator . . . . . . . . ..o 29
3.4 Solution via closed-loop reduction . . . . . . . ... Lo Lo 30
3.4.1 Full information problem . . . . . ... ... ... ... ... .. ... 30



3.4.2 Output estimation problem . . . . . .. . ... ... ... ... .. .. 36

3.5 Alternative solvability condition via min-max optimization . . . . . . . . . . .. 40
3.5.1 Min-max optimization approach . . . . . ... ... ... ... ... 43
3.5.2 Interpretation of approaches . . . . . . . ... ... ... oL 49

3.6 Example . . . . . . 52
3.6.1 Performance limit via J-spectral factorization . . . . . . . . .. .. ... 52
3.6.2 Performance limit via min-max optimization . .. .. ... .. .. ... o4

3.7 Proofs . . . . . e 56
3.71 Proofof Lemma3d . ... .. .. ... .. ... 56
3.7.2 Proof of Theorem 3 . . . . .. . . . . . .. ... .. ... ... ..., 57
3.73 Proofof Lemmad4 . ... .. .. ... ... 59
3.74 Proofof Lemma 8 . . ... ... .. ... ... ... ... 60
3.75 Proofof Lemma 10 . . . . . . . . . ... 61
3.76 Proofof Lemma 11 . . . . . . . . . . . .. ... .. ... ... 61

3.8 Conclusion . . . . . . e 62

Continuous-time H? preview control 63

4.1 Introduction . . . . . . . . . L 63

4.2 Problem formulation . . . . . .. ... ... 64

4.3 Model matching and spectral factorization . . . . . . . .. ..o 0L 65

4.4 Solution via closed-loop reduction . . . . . . . .. ... 67
4.4.1 Full information problem . . . . . ... ... Lo oo 67
4.4.2 Output estimation problem . . . . . .. . ... ... 0L, 70

4.5 Example . . . ... 73

4.6 Proofs . . . . .. e 77
4.6.1 Proofof Lemma 15 . . . . . . .. ... 7
4.6.2 Proofof Lemma 16 . . . . . . . . . ... ... 77

4.7 Conclusion . . . . . . . 78

Continuous-time H* preview control 79

5.1 Imtroduction . . . . . . . . .. 79

5.2 Problem formulation . . . . . . ... ... 80

5.3 Solution via closed-loop reduction . . . . . . .. ... L oL 81
5.3.1 Full information problem . . . . . ... .. ... ... ... ..., 81
5.3.2 Output estimation problem . . . . . ... ... ... ... ... 85

5.4 Solution of operator Riccati equation . . . . . . . ... ... ... .. 89

5.5 Example . . . ... 91

5.6 Proofs . . . . . . e 93
5.6.1 Proofof Lemma 17 . . . . . . . . .. ... 93
5.6.2 Proof of Theorem 10 . . . . . . . . . .. .. .. . 95
5.6.3 Proof of Theorem 11 . . . . . . . . . . . . . ... ... ... ....... 97

5.7 Conclusion . . . . .. L 98

vi



6 Conclusion 99

6.1 Summary of the thesis . . . . . . . . .. 99
6.2 Subjects of future research . . . . . . ... L 100
Bibliography 101
Publications 106

vii



Notation

e M;;: The (i, j) block of a linear operator or matrix M.

e o (M): The set of the spectra of a linear operator M or set of the eigenvalues of a square
matrix M.

e Js: A block matrix which defines a symplectic inner product; Js := [? _OI}
e H(z7!): The orthogonal complement of z~'H? in H2.

e W2L([0,1]): The Sobolev space of the functions weakly differentiable in L?([0,1]).
e T, The transfer function from the input b to the output a.

e (G™: The para-conjugate of the transfer function G.

e P % P»: The Redheffer’s star product of two-input-output systems P; and Ps; For P; :
(w1, u1) — (21, y1) and Py : (we, uz) — (22, y2), P1 x Py denotes the system obtained by
connecting y; and 29 to we and wy, respectively.

e C(P): The chain scattering representation of a two-input-output system P; C (-) defines
the two-input-output system C (P) : (y, u) — (w, z) from P : (w, u) — (z, y).

G): The inverse chain scattering representation of a two-input-output system G;
) is the inverse mapping of C (-).

C1(

cL(

e S(®): The Schur complementation transform of a two-input-output system ®; S(-) defines
the two-input-output system S(®) : (h, u) — (—y, k) from ¢ : (y, u) — (h, k).

e S71(Q): The inverse Schur complementation transform of a two-input-output system €2;
S71(.) is the inverse mapping of S(-).

e J4 9 The Kronecker’s delta; d4 ¢ = 1 if ¢ = 0, and 04 9 = 0 if ¢ # 6.
e I'y: The trace operator; It evaluates the values of f(-) € W2L([0, I],R") at 0: Tof = f(0).
e Jy: The delta function which has its support at 6.

e H(6): The step function; H(f) =11if 6 > 0, and H(#) =0if § < 0.

viii



Chapter 1 Introduction

1.1 Background of research

Dynamical systems such as chemical, transport, and flexible structure systems are often
modeled as input-delayed systems. Predictive control strategies [11], [43] are systematic ways
to compensate the adverse effects of the input-delays. Time-delays are also employed to
formulate preview control problems, where efficient use of future information is investigated
to improve control performances [60]. They have applications in active suspension of vehicles,
positioning of cranes, and shape control of rolling mills.

The state-space augmentation is known as the standard and straightforward technique
which allows us to apply general theories of delay-free systems to state or input-output delayed
systems. The technique regards the past history of state or input-output signals as state
variables, and rewrites the delayed systems into the delay-free forms. Since the dimensions
of the overall systems including the past history increases according to the delay lengths, the
overall systems in the delay-free forms are called the augmented systems.

In the discrete-time settings, the H2/H®-optimal control laws can be determined, in
principle, by solving the matrix Riccati/KYP (Kalman-Yakubovich-Popov) equations for the
augmented systems. However, the numerical computation of their solutions suffers from
complexity and inaccuracy due to the increased orders and special structures of the delay
elements [4]. In the continuous-time setting, the overall system including preview lags is an
infinite-dimensional system, and the associated Riccati equation turns out to be a couple of
nonlinear PDEs (partial differential equations). Although they can be approximately solved
by gridding spatial domains and by selecting interpolating functions, such approximations
raise stability concerns on the resulting controlled systems [25].

1.2 Motivation for reduced-order construction methods

To overcome the difficulties associated with the state augmentation, a state-prediction
approach for the discrete-time input-delayed LQ control is proposed in [43]. The optimal
state feedback gain and control cost are constructed from the standard Riccati equation for
the corresponding delay-free system. It is also shown that the Hermitian matrix defining the
optimal control cost is in fact the stabilizing solution of the standard Riccati equation for
the augmented system. In the continuous-time settings, it has been known that the solutions
of the operator Riccati equations can be found in some control problems [61]. The class of
input-output delayed systems for which the operator Riccati equations are explicitly solvable
has been expanding [28], [30].

In this thesis, we define the reduced-order construction problems as those of constructing
the optimal control laws for time-delay systems without solving the augmented Riccati/KYP
equations. The reduced-order construction methods enable to avoid the numerical difficulties
and lead to simplification of controller tuning process. The studies in [23], [47] indicate the



reduced-order construction methods developed for the control of input-delayed systems can
be generalized for that of the infinite-dimensional systems with inner functions at the control
input. The optimal control problems for them have been studied from the operator theoretic
perspectives [9], [22], and the explicit solutions are obtained in terms of finite-dimensional
matrix operations. We cite reduced-order construction methods relevant for input-delayed
and preview control problems in the two subsections below.

1.2.1 Previous results for input-delayed control systems

The results in [34] and [47] can be regarded as the extensions of that in [43] to the discrete-
time LQG and H? control problems, respectively. The former deals with multiple input-output
delays entering different channels. The result requires solving the control Riccati equation
with its order increasing according to the time delay lengths when the number of the input
delays is more than one. The latter studies the H? control problem where the input delay
is generalized to a general inner function, and revealed the relationship between the inner
function and achievable control performance. However, no causally implementable form of
the optimal controller is provided. The relevant results for delayed-measurement systems with
its performance index as the closed-loop H*° norm are reported in [17], [56], [8]. In [17], [56],
the solution of the H™ filtering problem under one-step delayed measurement is constructed
from the standard Riccati equation for the delay-free case. However, generalization of their
construction methods to the multi-step delayed case is not straightforward. In [8], an alter-
native approach based on the J-spectral factorization theory is developed to the H filtering
problem under multi-step delayed measurement. It requires constructing interactor matrices
as many times as the delay length to cancel infinite zeros due to the delay element, and hence
the resulting solution is not as simple as that in [43].

The continuous-time theory is more mature than the discrete-time one in that it can
handle the H performance objective in output feedback settings. In [38], [40], an H? control
problem for a generalized rational plant with a single input-delay is solved finding constraints
on the associated finite-dimensional problem. In [36], the fundamental technique of reducing
an delayed J-spectral density to delay-free one is proposed . In the subsequent papers [37],
[38], this technique is enhanced to treat the continuous-time H°° problem for a generalized
rational plant with a single input-delay. The dynamic programming solutions for the H? and
H® performance objectives are given in [44] and in [52], respectively. In [28], explicit solutions
of operator H*°-type Riccati equations are constructed via state transformation and integral
equations. The corresponding operator H2-type Riccati equations can be solved using similar
techniques.

Among the above continuous-time results, the resulting H° controller is parameterized
using the Riccati equations in the standard H* problem in [38]. And the structure of them
is identified as the Smith-type one, which consists of the finite-dimensional H° controller for
the unstable dynamics and the measurement compensation part based on the past history
of the control input. However, it is not a trivial question whether the discrete-time H°
controller can be also parameterized using the standard Riccati or KYP equations and im-
plemented in the Smith form for the following reasons: 1) the discrete-time KYP equations
have more complicated structures than the continuous-time counterparts; 2) The approach in
[37], [38] involves the preliminary step where the inner function at the control input channel



is regarded as a part of the controller. The step requires auxiliary arguments to guarantee
the causality of the controller and elaborate manipulation of transfer functions to obtain the
final implementation form.

1.2.2 Previous results for preview control systems

The reduce-order construction methods for the continuous-time H?/H> preview control
problems have been obtained in parallel approaches for the input-delayed problems. However,
most of them are limited to the full information settings. For brevity, we cite mainly the results
in the continuous-time settings. In [31], [38], the continuous-time fixed-lag smoothing prob-
lems are solved by reducing the infinite-dimensional J-spectral density to a finite-dimensional
one. That technique can be regarded an extension of the J-spectral factorization technique
for the input delay systems in [36]. The problem setting can be regarded as dual to the
full information preview control problems. In [53], [54], both continuous- and discrete-time
preview control problems are tackled via a unified game theoretical method by splitting the
optimization intervals. In [45], the idea similar to [53], [54] is applied to the H? controller
design. In [28], the established state transformation technique is capable of dealing with the
input delay and preview information at the same time.

In preview control systems, the control input is allowed to utilize the future information
of external signals. Such situations can be artifically realized with sensors reading the in-
coming signals. In active suspension control [31], the road profiles in front of vehicles can be
available with displacement sensors. They are regarded as preview information and utilized
for improving riding comfort or road handling. In rolling mill control [7], rough steel is fed
through a series of rollers to shape it into desired forms. Upstream variation in steel thickness
and roll gaps can be given to downstream controllers as preview information. As for large
and complex control systems, it is difficult to prepare sensors enough to measure all the state
variables and disturbances. In active suspension control, either the displacement or velocity
of dumpers is often measured [18], [35]. In rolling mill control, the tension variation around
rollers is estimated using disturbance observes when accurate measurement is difficult under
the rolling environment [19], [62]. From the viewpoint of the practical applications, it is im-
portant to identify the measurement information patterns based on which optimal preview
control problems are explicitly solvable.

The output feedback H? controller design methods are reported in [32], [57]. However,
the exact optimality of the overall closed-loop system is not guaranteed because the available
preview information is not considered in their first design stages. In the former method, the
state-space Youla parameterization is employed for the stabilization of the system at the first
stage. At this stage, the stabilizing feedback gains can be chosen arbitrarily, only if they are
stabilizing. The Youla parameter is determined by the orthogonality principle in H? space at
the second stage. In the latter method, the standard finite-dimensional H? controller for the
non-preview case is constructed at the first stage. At this state, the fact that the control input
can act in advance of the disturbance is ignored. The preview information is incorporated
into the additional compensation [27] at the second stage.

H® preview controller synthesis based on partial information on state variables and dis-
turbances is addressed in [26], where the partial information on the state variables is free from
measurement noise. The state transformation in [28] enabled to solve the operator Riccati



equations explicitly. A competing approach with the operator Riccati equation approach is
the J-spectral factorization approach originated in [36]. The preview control problem in the
full information setting can be easily solved by dualizing the results in [31], [38]. However,
the application of the technique to the output feedback setting needs further investigation.
This is because, in contrast to the input-delay problem [38], the preview action is difficult to
be regarded as the constraint on the controller.

1.3 Contributions of this work

The thesis proposes alternative reduce-order construction methods of the H?/H optimal
controllers for the input and preview systems. We focus on the internal dynamics of the
overall systems, and decomposes it to derive the delay-free systems which play a key role for
the H2/H®> performance optimization. Our approach enables to derive the optimal output
feedback controller in a unified manner. The output feedback problem is solved through
the simpler ones, namely the full information and output estimation ones. The internal
state decomposition approach is applicable in both continuous-time and discrete-time settings.
Below we explain how the proposed approach achieves the contributions, and reveals the new
insights in the reduced-oder construction problems.

1.3.1 Discrete-time H? input-delayed control

The output feedback stabilization of a discrete-time single-input input-delayed system is
described as a preliminary result. We focus on the state-space representation of the input
delay element, and introduce a state transformation to derive a Smith predictor.

Motivated by the state transformation, the internal state decomposition approach is in-
troduced to derive the reduced-order construction method for the discrete-time input-delayed
H? control problem. The causality and stability constraints imposed by the delay element
are resolved more simply in comparison with the previous approach [23], [40], [47].

We obtain the optimal controller in the Smith predictor form from the Riccati equations
for the corresponding delay-free system. The resulting controller has the different structure
from those in the state predictor form [34]. It is implemented with the observer for the
possibly unstable dynamics and a measurement compensation part based on the past history
of the control input.

1.3.2 Discrete-time H* input-delayed control

We pursues a parameterization of the discrete-time H°° suboptimal controllers for the
input-delayed systems. A discrete-time counterpart of the J-spectral factorization technique
in [36] and [37] is developed as the main tool. In contrast to the previous research [37, 38, 21],
the first step is to simplify the original problem to an one-sided model matching problem,
and to apply the J-spectral factorization technique to the latter. The second step is to
formulate an output estimation problem in order to realize the control law based on partial
information. Focusing on the relationship between the state variables of the irrational and
reduced rational J-spectral densities, the measured output is modified in order to reduce the
output estimation problem to finite-dimensional one. It is revealed that the parameterization



of the H* controllers is obtained only by solving the standard KYP equations and checking
the matrix eigenvalues. They are implemented in the Smith form using the past history of
the control input.

The above-mentioned J-spectral factorizability condition composes a part of the solvability
conditions for the output feedback problem. The min-max optimization approach is also
considered in the full information setting to obtain an alternative solvability condition. We
extend the optimization technique in [52] into the discrete-time setting, and construct the
stabilizing solution of the standard KYP equation for the augmented system from that for
the delay-free systems. Furthermore, the J-spectral factorizability condition is proved to be
equivalent to the H* disturbance attenuation condition by analyzing the initial finite-time
response of the input-delay system, and consequently that approach is confirmed to yield the
same control law as the min-max optimization approach.

1.3.3 Continuous-time H? preview control

We investigate the effectiveness of the state decomposition in designing H? preview con-
trollers. The output feedback controller is constructed through the full information and output
estimation problems. Contrary to the previous design methods [32], [57], we exploit the avail-
able preview information at all the design stages, and derive the output feedback controller
guaranteeing the exact optimality. The preview controller can be given the interpretation as
the finite-dimensional observer combined with preview-feedforward compensation.

In the full information problem, we utilize the fact that the optimal state feedback law is
obtained as the solution of the corresponding model matching problem. We introduce alterna-
tive state transformations to solve the model matching problem via the spectral factorization
theory [17]. One of the state transformations defines the state decomposition parallel to that
in the discrete-time input-delayed H? control problem. In the output estimation problem, we
employ the newly introduced state variable to describe the infinite-dimensional generalized
plant in the form amenable to the explicit solution.

1.3.4 Continuous-time H* preview control

We extend the design procedure of solving the full information and output estimation prob-
lems to the H* control case. The clear structure of the preview controller is again identified
as the combination of the finite-dimensional observer and preview-feedforward compensation.
It is shown to be possible to construct the H° preview control law based on the information
pattern different from those in [26].

In the full information problem, the technique of reducing an irrational J-spectral density
to rational one [38] is employed. We clarify the relationship between the state variables of the
infinite-dimensional and reduced finite-dimensional J-spectral densities by introducing the
state transformations. The explicit solution to the control-type operator Riccati equation is
found by combining the proposed state transformations.



1.4 Organization of this thesis

The thesis consists of six chapters including this chapter. The rest of the thesis is organized
as follows:

Chapter 2 addresses the H? control problem for the discrete-time input-delayed systems.
The fundamental idea of the state decomposition approach is introduced based on the deriva-
tion of a Smith predictor for a single input-delay system. The efficient implementation of the
optimal controller in the Smith predictor form is provided.

Chapter 3 pursues a parameterization of the discrete-time H°° suboptimal controllers. A
discrete-time counterpart of the .J-spectral factorization technique in [36] is developed. A
discrete-time counterpart of the min-max optimization technique in [52] is also considered.
The stabilizing solution of the augmented KYP equation and another characterization of the
solvability are provided using that for the delay-free case.

Chapter 4 shows that the internal state decomposition approach is also effective to derive
the H? preview output feedback controller. The clear structure of the optimal controller
is identified as the combination of the finite-dimensional observer and preview-feedforward
compensation. Contrary to the previous design methods [32], [57], the proposed one enables
to derive the output feedback controller archiving the exact optimal performance.

Chapter 5 extends the preview control design method to the H* control case. Our design
method leads to the H*> preview controller based on the information pattern different from
those in the previous research [28]. As an additional note, the relationship between the J-
spectral factorization technique in [31], [38] and the operator Riccati equation is presented.

Chapter 6 reviews the H?/H> controller design methods obtained in the previous chap-
ters, and summerizes the features of them. The future subjects of research are stated with
reference to the strength and limitations of the proposed approach.



Chapter 2 Discrete-time H? input-delayed control

2.1 Introduction

This chapter is concerned with the discrete-time H? control problem under the setup in
Fig. 2.1, where Py is an input-delayed generalized plant and K is a controller to design. The
generalized plant P, consists of the [-step delay function z~! and delay-free generalized plant
P. The continuous-time counterpart of the problem is solved in [40], where the delay function
e~ exists at the control input. The more general continuous- and discrete-time problems are
studied in [23], [47], where the delay functions e~*! and z~! are generalized to the continuous-
and discrete-time inner functions m(s) and m(z), respectively. The previous approach in
[23], [40], [47] regards the existence of the delay or inner function as the constraint on the
stabilizing controller for the delay-free generalized plant P, and restrict the Youla parameter
for the delay-free problem so that the causality and stability are preserved. The approach
successfully characterizes the increase of the optimal cost due to the delay or inner functions in
a closed form, and allows us to interpret the deteriorating effect of the time-delay or unstable
zeros. However, it is difficult to see how the unstable dynamics of Py is stabilized, and in the
discrete-time setting [47] the explicit optimal controller is not given.

We derive a new solution method by decomposing the state variable of P into the sum
of the possibly unstable and stable ones. The former has the dimension independent of the
delay length [. The latter has the the dimension equal to [ multiplied by the number of the
control inputs. Our solution method does not require considering the causality and stability
constraints imposed by the input delay. The state decomposition approach reveals a new
interpretation of stabilization process, and leads to the explicit form of the discrete-time H?
optimal controller. For the derivation of the solution method, two preparations are made; 1)
To describe the fundamental idea of the state decomposition approach, a discrete-time Smith-
predictor for a single input-delay system is derived based on state-space representation; 2)
To utilize the H? orthogonality principle effectively, an alternative discrete-time truncation
operator to the literature [47] is introduced.

This chapter is organized as follows. In Section 2.2, the problem formulation and as-
sumptions are stated. In Section 2.3, the discrete-time Smith-predictor is derived based on
state-space representation. In Section 2.4, the alternative discrete-time truncation operator
is introduced. In Section 2.5, the state decomposition approach is developed to cope with
the input delay, and the explicit optimal controller is derived. In Section 2.7, the input-delay
effect on the sampled-data H? control performance is analyzed using the obtained results. In
Section 2.8, the proofs left in the previous sections are given.

2.2 Problem formulation

We address the H? control problem for the input-delayed plant P,. The focus is on the
parameterization of the stabilizing controller K through the delay-free control problem. The
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Figure 2.1: Control system with input delay.

delay-free part P is assumed to be

A| Bl B,
P = [PH Pm} = | Ci|Du D2 |, (2.1)
Po1 P Oy | Dy O

and satisfies the same assumptions (A1)-(A2) as in the standard H? control problem [20].

(A1) (A, By) and (A, C3) are stabilizable and detectable, respectively.

(A2) For V0 € [—m, 7], [ o D15 Cy Doy

of full row rank, respectively.

_ pJ0 _ pJf
A= el BQ} and [A el Bl} are of full column rank and

The above assumptions ensure the existence of the positive semidefinite stabilizing solutions
X and Y of the following control- and filtering-type Riccati equations:

Q+AXA—- X — (S*+BsXA) R (S*+B3XA) =0, R.:= R+ B;XBsy > O,
O+ AYA* —Y — (s + AYC§) o (S + Ayc;)* — 0, Re:= R+ YTy >0,

where the following definitions are used for simplicity:

S . ) S* Bl [B 1"
2 8-t mria o [ 4] [2][2]-

Furthermore, the nonsingularity of the state matrix A is required in our approach.
(H) The matrix A is nonsingular.

Based on the preliminaries in Sections 2.3 and 2.4, the discrete-time H? optimal controller
is derived via the full information and output estimation problems.



2.3 Consideration on the Smith predictor

Two well-known stabilization methods for time-delay systems are the Smith’s method and
the finite spectrum assignment method. In the former method, the adverse effects of time-
delays are eliminated from the closed-loop systems via loop-shifting arguments with internal
models [46], [48], and the resulting controller is called the Smith predictor. In the latter
method, the feedback control laws which relocate the finite number of unstable spectra of the
time-delay systems are constructed via state-predictive transformations [11] and the resulting
controller is called the finite spectrum assignment controller. In [40], it is revealed that the
H? optimal controller for the continuous-time single input-delay system has a Smith predic-
tor structure, and can be recast as the observer-predictor-based finite spectrum assignment
controller.

In this section, we derive a discrete-time Smith predictor and observer-predictor-based
controller for a single input-delay system via Krein’s formula [13], which expresses the solu-
tions of Sylvester equations by complex integration. The presentation in this section has an
important implication for deriving our solution method.

Consider the discrete-time single input-delay system P(z)z~! (I is a positive integer):

z(n+1) = Az(n) + Bu(n —1)
y(n) = Cz(n).

For technical reasons, we assume that A is nonsingular and the pairs (A, B) and (A, C) are
stabilizable and detectable, respectively. Let us define the collection of the past control inputs:

v(1,n) u(n —1)
v(n) = v(2:,n) = uln :_ 2 € Ridimu,
v(l,n) u(n —1)

By augmenting the state space from RI™Z to RAm@ » RE-dimu the input-delay system can be
rewritten as the delay-free system:

z(n+1)]  [A BI'y| [z(n) O
[U(n + 1)} N [O S ] [U(n) + Ay u(n), (2.2)
y(n) = C(n),
where
o -
O 1
S = . c Rl-dimuxl-dimu
: 1
i o O --- .. O |
Al = [ OT OT . OT 7T ]T c Rl-dimuxdimu’
ry:= [ 1 O O --- O ] c Rdimuxl-dimu.



In Eq. (2.2), the possibly unstable mode of z(n) is influenced by the stable mode of v(n)
through BI'y. To eliminate BI'1, we consider the following transformation:

(2.3)

I UJ[A—=z2I BT, |[I -U] [A—zI BI — (AU, —U,S)
O I o S-—:zullo 1 |7] 0 S—zl ’

where U, € RYm » REdimu i 5 matrix, which should satisfy the Sylvester equation
AU, — U,S = BI';

to make the (1,2) block in Eq. (2.3) zero. Using Krein’s formula, we can find the solution:

1
215 Joo(a)
= A7'BTy + A?BTS + -+ A7'BT 81,

U, (21 — A)™' BTy (21 —S) ' dz

where the following identity is used:

Slfl
P

(zI—S)_lzg—l-%—i-"'-l-
Introducing a new state variable z%(n) by the equation
[w(n)] _ {I —Ux} [wR(n)} (2.4)
v(n) o I v(n) |’
the input-delay system is represented as

8 ][5

where its state-transition matrix is block-diagonalized.
Temporarily, let us assume all the state variables are available. We choose the following
state feedback gain for 2R(n):
FR.= FA"
where F is such that A+ A~'BFR = A=! (A + BF) Al is stable. Since S is stable, the following
state feedback law stabilizes the dynamics of 2%(n) and v(n):

v(n)

u(n) = [FR O] [xR(")] .

Next, we introduce the following standard observer to estimate z%(n) and v(n):

)= o SYL] e [a o ] (e 0[] o).

10



Let L} := L be such that A+ LC is stable and LY := O, then the above observer is rearranged
into the following form:

[xﬁ(n-+1)]__ f4+—LC? —lA?Ug}[xg(nq +_[AffB}1wn)__[L]y(n%

ve(n + 1) 0 S ve(n) A O
2 (n
u(n) = [F}* O] [U(;((n))} .

Since the choice of the observer gains preserves the stable dynamics of v.(n), the state esti-
mation error converges to zero. The obtained observer is depicted in Fig. 2.2, where the FIR
(finite impulse response) operator II(z) is defined by

II(z) = — (Ailzfl + A2 4y Aile) = (2 — A)7! (zilf - Ail> .

The observer has the structure of the Smith predictor in the sense that the measured output
y(n) is modified to another measured output y®(n) using the past history of the control input:

y*(n) = y(n) — C1I(2) Bu(n).

The Smith predictor can be recast as the observer-predictor-based controller if the state
variables of the Smith predictor is changed by the equation

zc(n)]  [I =U,]| [¢R(n)
ve(n)| |0 I ve(n) |
The structure of the observer-predictor-based controller is depicted in Fig. 2.3. The variables

ze(n) and p(n) in Fig. 2.3 can be regarded as the estimation and [-step ahead prediction of
the state variable z(n), respectively.

ze(n+1)| [A+LC BI't| [zc(n) ) L
[Uc(n + 1)} N [ 0 S | |ve(n) + A u(n) O y(n),
un—FAlN@[%W}
() [ ] ve(n)
The key points observed here are that the Smith predictor stabilizes the possibly unstable
dynamics of %(n) ignoring the stable dynamics of v(n), and that it is equivalently transformed
into the state predictor form.

Remark 1. If Fig. 2.2 and Fig. 2.3 are compared with Fig. 5 and Fig. 4 in [41], respectively,
it can be verified that the structures of the resulting controllers are similar to those of the
continuous-time Smith predictor and observer-predictor-based controller. In the following, it is
noted briefly that the same idea as in the discrete-time setting is also applicable to deriving the
continuous-time Smith predictor and observer-predictor-based controller for the single input-
delay system P(s)e™" (1 is a positive real number):

x(t) = Az(t) + Bu(t — 1),
y(t) = Cx(t).

11
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Figure 2.2: Smith predictor.
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Figure 2.3: Observer-predictor-based controller.

Based on the state-space framework in [50], we rewrite the above input-delay system as the
infinite-dimensional descriptor system:

ilo 2l Ll =l WL,

I 2 ‘O
— .— | o0 =
B, - [O],AU. [_Fl],Al. _I],

and T'g, Ty are operators which evaluate the values of v(0,t) at @ = 0, I, respectively. The
domains of the above operators are defined as follows:

where

D(E,), D(A,), D(y) = W2L([o, 1], RImu),

12



The following transformation corresponds to that in Eq. (2.3):

(2.5)

I UJ[A—sI By ][I -UE,] [A—sI BTy— (AU,E, — U,Ay)
O I 0 A, —sE,| |O 1 - 0 A, — sE, ’

where Uy : L? ([0, ], Rdim“) xRAmv _, RAME 56 on operator, which should satisfy the Sylvester
equation

AU,E, — U,A, = BTy

to make the (1,2) block of Eq. (2.5) zero. The operator U, can be found explicitly via Krein’s
formula and employed to introduce the new state variable z®(t):

zt)]  [I —U.E,] [z}(t)
o) O I o(t) |
Stabilizing the dynamics of x(t) by the same reasoning as in the discrete-time setting, the

continuous-time Smith predictor can be constructed. Furthermore, it is internally equivalent
to the observer-predictor-based controller. O

2.4 Truncation operator

In this section, we introduce an alternative discrete-time truncation operator to simplify
the derivation of the discrete-time H? optimal solution. In contrast to the previous research
[47], the proposed truncation operator satisfies a stricter orthogonality condition.

We denote the orthogonal complement of z~'H? in H? by H(z~'). This space is charac-
terized by

H(z’l):{feHQ | zlfeHM}.

The elements of H(z~!) are matrix polynomials in z=! of (I — 1)-th order. The alternative
discrete-time truncation operator is defined in the following definition.

Definition 1. For a given G(z) = [ é f) ] with the nonsingular state matriz A, an alter-

native truncation operator 7,-1 [G] (z) applied to G(z) is defined as follows:

l
7.1[G] (2) = G(2) — 27'G ~i(2) e H(z™Y), G,-i(z) == [ é lelEB ] .

g

The term “truncation” comes from the fact that 7, [G] (z) represents the first | impulse
responses of G(z) (Fig. 2.4):

CB CA—2B
4o =

z -1

7.1 |G (2) = D + (2.6)

In the previous research [47], the discrete-time truncation operator is defined for a general

inner function m(z). When the inner function is restricted to 27!, it is defined as in the
following definition.

13
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Figure 2.4: Impulse responses of 7,—: [G] and 7,1 [G].

A|B
C|D
ous truncation operator T,-1 |G| (z) applied to G(z) is defined as follows:

Definition 2. For a given G(z) = with the nonsingular state matrixz A, the previ-

~ - !
7, [G] (2) == G(2) — 27'G-1(2) e H(z~UY), G,-i(2) = [ é AOB } .
O
It can be verified that
- CB CA—2B CA-'B
et [G](2) = Db 2 e = T (2.7)

and therefore 7,1 [G] (z) represents the first [ + 1 impulse responses of G(z). Moreover, the
relationship between 7,1 [G] (z) and 7,-1 [G] (2) is given by

Tt [G] (2) = »—(1+1) [G] (2) € H(z_(l‘f'l)).

z

2.5 Solution via closed-loop reduction
2.5.1 Full information problem
The state variable z(n) of P follows the difference equation
z(n+1) = Az(n) + Byw(n) + Bau(n — ).

Referring to the state transformation used in Section 2.3, we introduce new state variables
2®(n) and e(n), which follow Eq. (2.8) and Eq. (2.9), respectively:

2R (n +1) = Az®(n) + Byw(n) + A~ Byu(n), (2.8)
e(n+1) = Ae(n) + (z*ll - Ail) Bau(n). (2.9)

14
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Figure 2.5: Decomposition of P, by state feedback.

Note that z(n) is decomposed into the sum of 2®(n) and €(n):
z(n) = z®(n) + €(n).

The above z%(n) and e(n) correspond to % (n) and —Vw(n) in Section 2.3, respectively.
Since the transfer function from Byu(z) to e(z):

M(z) = (2 = A) " (71— a7

is strictly causal and stable, we try to stabilize the dynamics of 2%(n) by state feedback. Let
us make the change of the control input

u(n) := —FR2%(n) — FRw(n) +u(n), F® .= FA., (2.10)

where F and FY are to be determined in Lemma 1. We represent the regulated output z(z)
by w(z) and u(z) (Fig. 2.5):

2(2) = Prc(2)w(z) + Nija(z)u(z). (2.11)

Lemma 1. The transfer functions Py. and Ni12 defined by

A+ ByF | A'By + BoFJ} }

B —1
P+C(Z)—Tz—l [Pll] (Z)+Z |: Cl+D12F ‘ D%""DIQFQP%

[ A+BeF | B ]
N. Z) =z ! ’
+12(2) [ C1 + D1oF | Dy

DY = C1ABy, (2.12)
FR .= R (DTQDE + B§XAlBl> , (2.13)
F:=—R7'(S* + B}XA)

15
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Figure 2.6: Output transformation.

satisfy the orthogonality condition

and the isometry condition

O
Proof. Subsection 2.8.1. O

From Lemma 1, under the condition Ty, € H?, the H? norm of T, ,, can be decomposed
as follows:

2
1T ally = 1Prel3 + | BT |- (2.14)
Moreover, the following state feedback law is H?-optimal:

u(n) = FRz®(n) + Fiw(n) = FRz(n) — FRII(2) Byu(n) + Faw(n).

2.5.2 Output estimation problem

To minimize the scaled H? norm of T, in Eq. (2.14), we consider the output estimation
problem for the auxiliary generalized plant Py imp (Fig. 2.5). The realization of Pj gy is
given as follows:

(n 1) = Ae(n) + (Z_ZI — A_l> Bou(n),
+1) = Az®(n) + Biw(n) + A~ Byu(n),

u(n) = —FRa"(n) — Fylw(n) + u(n),
) =

CQ R( )+CQE( )+D21w(n).

16



Since €(n) is determined by u(n) strictly causally, we consider the generalized plant PR of

which the measured output is given by

tmp

yR(n) := y(n) — Cae(n) = Cox™(n) + Diaw(n)
instead of y(n) (Fig. 2.6). The realization of Pftmp is given as follows:
2R (n+1) = Az®(n) + Byw(n) + A~ Byu(n),
u(n) = —F2(n) - Fyjw(n) +u(n),
y*(n) = Caa(n) + Daw(n).

By applying the standard solution method to the H? output estimation problem for Pf
we obtain the following theorem.

tmp>
Theorem 1. Under the assumptions (A1)-(A2) and (H), the stabilizing controller K. is
parameterized as shown in Fig. 2.7. It consists of the measurement compensation part:
y*(2) = y(2) — Call(2) Bau(2),
and the observer-based controller Kf} estimating the state variable x™(n):
K =AY L+ Q(2), Ly = (FpiDyy + FRY C3) B
where ¥V Q1 € H? is the Youla parameter. The realization of JE is given as follows:
aRn+1) = (A + A7 ByFR 4 LCQ) z®(n) — Ly (n) + A7 Byp(n),
u(n) = FRag (n) + p(n),
v(n) = —Cha'(n) +y™(n),

where L := — (S* + AYC;) R

Furthermore, the H?-optimal controller is obtained when @(z) = O and the corresponding
optimal cost E is given by

2

A+ LCy ‘ By + LDy
E2 =|P 2+HR1/2[ , 2.15
+ || +C||2 (¢ _FR+L§QCQ ‘ —FQP% +L2R2D21 ) ( )
where
2
A+ ByF | A7'By + By}

Pol? = |lm— [Pa]? 21 2.16

1wl = brovs 1Pl + | [ et s ] (2.16)

O

The controller given in Theorem 1 is in the Smith form shown in Fig. 2.7. The first
and second terms on the right-hand side of Eq. (2.15) represent control and estimation costs,
respectively. Furthermore, |7, [Py1]|3 in Eq. (2.16) represents the control cost which cannot
be affected by any control.

17
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Figure 2.7: Stabilizing controller in Smith form.

Remark 2. In the derivation of the optimal controller, the delay element CollBy of Py mp
is canceled out of the closed-loop interconnection by the internal model technique [46]. If
there exists a delay mismatch between the delay element and its internal model, the obtained
controller fails in stabilizing the closed-loop system. It inherits the intrinsic weakness to the
delay mismatch like other classes of Smith predictors [16].

One possible remedy for the uncertain or time-varying delay is to apply the robust H
design method [1], [46] where the delay variation is regarded as the multiplicative pertur-
bation and its gain is covered by an appropriate weighting function. However, the design
method neglects the phase margin information, and cannot reflect the possible trajectories of
the time-varying delay on the resulting controller. Utilization of both the gain and phase mar-
gin information is expected to yield better robust stability conditions [12], [16], [33]. Practical
design methods are also proposed to incorporate delay-scheduling rules into the convex LPV
controllers for bilateral teleoperation [10] and canal flow control [5]. O

2.6 Increase of the optimal cost

Theorem 1 in the previous section derived the causally implementable form of the optimal
controller, which was not obtained in the previous research [47]. The previous approach,
however, revealed how the Youla parameter for the delay-free problem should be constrained
by the existence of the input delay. This section shows that Theorem 1 leads to the same
result as in [47]

The following theorem is cited from [47]. It is stated using the alternative truncation
operator introduced in Section 2.4. We provide another proof based on Theorem 1.

Theorem 2 (Nishio-Kashima [47]). 27'K(2) has the structure of the stabilizing controller

18



of the standard H?* problem (Fig. 2.8):

K (2) = Fi(J, Lo + Q(2)),

where
A+ ByF+LCy | —L B
J = F o 1 |,
—Cy I O
Loy := (Fo1 D3y + FYC3)RTY, Fy := —R;Y (D%,D11 + B3XBy),

and the Youla parameter Q(z) is constrained by

Q(2) =7.1(6] () + 27'Q(2),
VQ(z) € H® (C H?), O(s) == [% _522 } :

Furthermore, the optimal cost E is given by

B2 = E?+ HR(%/ 2, [O] RL/2

where E is the optimal cost of the standard delay-free H? control problem.
Proof. Subsection 2.8.2.

(2.17)

(2.18)

(2.19)

O
O

Eq. (2.19) shows that the increase of the optimal cost incurred by 2z~ is given by the
scaled H? norm of the alternative truncation operator. In [47], the Youla parameter Q(z) in

Eq. (2.17) is constrained by

Q) = 7.1 [0] () + G (2). YQu(2) € H* (C H?).

(2.20)

Since the two terms on the right-hand side of Eq. (2.20) are not orthogonal to each other, the

optimal cost cannot be attained with Q4 (z) = O.

Remark 3. The state decomposition approach proposed in this chapter can be extended to
the class of multiple input delay systems where the differently delayed channels are decoupled

each other:

z(n+1) = Az(n) + Byw(n Z By jiui(n — 1;),

( Clx +ZD12/Z’U’Z ’L)a

y(n) = Coz(n) + Dglw(n).

In the multiple input-delay case, the state decomposition should be introduced more carefully
to determine the state feedback gains for each of the control input channels. One of promis-
ing guidelines is to consider the spectral factorization of ®4 99 := P719P12 where Pyi2 is
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Figure 2.8: Constraint on the Youla parameter.

the transfer function from the control input u(z) = [u1(2)T ua(2)T ... uN(z)T]T to the
requlated output z(z):
P (0]
—
Py e A| [Bayyi Byp ... Byl z721
Ci| [Di1ay1 Diajz ... Digyn] -
@) ZTINT

The appropriate state decomposition can be derived by transforming the state-variables of the
spectral density ®1 99 as in the Chapters 4 and 5. O

Remark 4. The discrete-time state matriz A is assumed to be invertible in Chapters 2 and 3 to
implement the H? and H> controllers in the Smith predictor form. However, the assumption
s restrictive in purely discrete-time control problems, and can be avoided by realizing the
optimal controller in the predictor form [43], [34]. In [43], the optimal LQ state feedback law
s constructed from the Riccati equation for the delay-free system by regarding the following
[-step prediction as the new state variable:

z(n+1) = Alz(n) + A7 Bou(n) + A 2Bou(n — 1) + ... 4+ Bou(n — 1).

If the evogenous disturbance is ignored, the state variable x2(n) introduced in this chapter and
I-step prediction is related by Ala®(n) = x(n +1). In [34], the results in [{3] are extended to
the LQG control problem. The multiple input and output delays are dealt with provided that
each of input and output channels is delayed by the respective one time length.

The optimal output feedback controllers in [34] and this chapter are obtained by the dif-
ferent routes and implemented in the different forms. In [34], the first step is to estimate
the future state variable under the noise. The second step is to replace the noise-free predic-
tion for the optimal state feedback (initially found in [{3]) with the optimal estimation based
on the separation theorem. The procedure provides the observer-predictor-based controller as
shown in Fig. 2.3. The LQ control laws in [43], [34] indicate room for improvement in the
nput-delayed H* controller design method. [
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Figure 2.10: Replacement of e~*! with z~*".

2.7 Example

This section illustrates the input-delay effect on the sampled-data H? control perfor-
mance. In the sampled-data setting, we design the discrete-time controller K for the follow-
ing continuous-time input-delayed generalized plant P, . (Fig. 2.9):

0.09 | [0.05 0.03] 4.8

I O 0.6 00 0.95
P*C'_PC[O e‘Sll}’PC_ [0.16] [0 o] [0.6]

0.8 |[0.03 07] 0

The control input to P, . is interpolated with the zero-order hold H. The measured output
from P, . is filtered with the low-pass filter Fi,(s) = 1/ (1 + s) and then discretized with the
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Figure 2.11: Input-delayed H? optimal cost.

impulse sampler S.
We assume that the time-delay length ! and sampling period 7 are discretized by the
following equations:

)
l=06h (h=0,1, 2, ..),TS:E(kzl,Q,S, ),
where 6 = 0.5 is a scaling parameter. This assumption yields the following commuting
relationship:
e S'H = Hz7Fh, (2.21)

Note that the increase of the time-delay length or decrease of the sampling period results in
the larger discrete-time input-delay length kh.
By Eq. (2.21), we obtain the following discrete-time input-delay system (Fig. 2.10):

I o I o I o
Pr= {o SFIJ Fe {o e‘SZH] =F [o z‘khl]’ (222)

where

I O I O

P = P, .

o s ™[0

The optimal controller K| can be determined as that for P, by Theorem 1.
The optimal H? control cost determined by Theorem 2 is depicted in Fig. 2.11. From

Fig. 2.11, we observe that the optimal cost is monotonically increasing with respect to the
time-delay length, while it is monotonically decreasing with respect to the sampling period.
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Remark 5. The time-delay length | is assumed to be the multiple of the sampling Ty in the
example. Let us mention the general case where

l=mTs+p (m: nonnegative integer, 0 < p < Ty),

and the continuous-time input u.(t) is the zero-order interpolation of the discrete-time input
u(n): uc(t) = Hu(t). In this case, the continuous-time evolution equation

Ze(t) = Acxe(t) + Berwe(t) + Beaue(t — 1),
2.(0) =0, we(t) =6(H)w (w: constant vector)
1s equivalently discretized into the following discrete-time one:
z(n+1) = Az(n) + Byw(n) + Bamu(n —m) + Bayu(n —m — 1),
z(n) = z.(nTy), w(n) =d(n+ 1)w,
Ts—p Ts
A=t By = / eA%d0By, By, = / ed0Bs.
0 Ts—p

Note that the two lengths of delay enter the same control input channel simultaneously. Never-
theless, in [42], the LQ state feedback law for the above input-delay system is also constructed
from the delay-free Riccati equation. Unfortunately, the derivation is based on direct algebraic
manipulation and the underlying theme is unclear. Therefore, the extension of the result in
[42] to the output feedback case is not straightforward. O

2.8 Proofs

2.8.1 Proof of Lemma 1

By direct calculation, Py. and Nyi2(z) in Eq. (2.11) are expressed as follows:
Pyo(s) = o1 A+ A7'ByFR | By + A7'ByFR
T T TCOA Y D PR Dkl
Nopo(z) = 2! A+ ATIBFR | A7UB,
R CiA"+ DoF¥| Dyp |

] + Dyy — C111(2) Al By, (2.23)

Noting that A + A7 By FR = A=l (A + BoF) Al, N,12(2) is further expressed as

N+12(Z) :Z_lng(Z), ng(z) = |: A+BQF ‘ 32 :|

C1 + D1oF | Dy

Since N1a(2) is the inner function which appears in the standard delay-free H? control prob-
lem, Nyi9(z) satisfies the isometry condition.

Next, let us substitute the right-hand side of the following equation into Eq. (2.23) to
determine the matrix D}

D1 = Z_lD% + (DH — Z_lD%) .
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The substitution yields
-k AR [t
+c C, | Dy Ci D% C1+ Do F ‘ D% + DlgFQ% '
(2.24)

By choosing D} as defined in Eq. (2.12), the first term on the right-hand side of Eq. (2.24)
becomes 7,1 [P11] (2):

A+ ByF | A'By 4+ By Fi} ]

. —1
P+C(Z)—Tz—l [Pll](z)+z |: Cl"‘DlQF‘ D%+D12F2Rl

We further determine Fiy to satisfy the orthogonality condition. We calculate N7,(2)Pic(z)
as follows:

A+ BoF | By ]”(Z

~ A+ ByF | A'By + By}
T12(2) Prc(2) = [ Ci+ DiF | Dio 2T, [P1] (2) + [ oF | 1 2891 })

C1 + DioF | DT + D12 F3}

[ A+ByF | By |7,
- [ Ci+ DioF | Dig ] e [Pu)(z)
+ A+ ByF ‘ By ~
DI (Cr + DioF) + BiAPX(A+ ByF) | O
+{ (DD} + BsXA'B) + RFR ) (2.25)

Since the first and second terms on the right-hand side of Eq. (2.25) belong to H?, we choose
F} as defined in Eq. (2.13) so that the constant term in Eq. (2.25) becomes zero.

2.8.2 Proof of Theorem 2

Using the manipulation employed in [38], [40], we can show that

Z_l ~
A=A ] AR B+ Q6D)
=Fi(J, —FI(2)A'L + 27" (L%, + Q+(2))). (2.26)

Referring to Eq. (2.26), we define the Youla parameter Q(z) by

Q(2) := — Loy — FII(2)A'L + m(2) (LQR2 + @(z)) (2.27)

_H 1z } —< [ 4 _252 HH—ZQW).

At this point, the equality — LY, = FA'"1L can be verified by direct calculation. Therefore,
we have Eq. (2.18). From Egs. (2.18), (2.26) and (2.27), we obtain Eq. (2.17).

Since the first and second terms of the right-hand side of Eq. (2.18) belong to H(z~!) and
2~V H?, respectively, the following identity holds:

et = o < [meanel e
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Furthermore, the result of the standard H? control problem yields the following identity:
, 2
7ol = 22+ | RIZQEY| . (2.29)

T.wl3 is attained with

From Egs. (2.28) and (2.29), the optimal cost EF = ming_ o ||

Q(z) = O and given by Eq. (2.19).

2.9 Conclusion

This chapter considered the H? control problem for the discrete-time input-delay system.
We developed the closed-loop reduction solution method, and revealed the Smith structure of
the optimal controller. The main point of our approach is to decompose the dynamics of the
state variable of the controlled plant, and to stabilize that of the delay-independent order.
The decomposition is implied by the state transformation of the single input-delay system.

The overall stabilizing controller was parameterized with the internal model CoIIBs and
observer K}} estimating the newly introduced state variable. Although the orders of the Ric-
cati equations required for the implementation are reduced, the resulting controller remains
of the same order as the input-delayed controlled plant. Since the observer K}} is constructed
for the delay-free generalized plant Pt%lp, the order of it can be reduced further, for example,
by LMI techniques [51] at the expense of the exact optimality. In [41], the technique for ap-
proximating the distributed control law for the continuous-time Smith predictor is developed
based on the small gain theorem. The approximation technique can be extended to reduce
the order of the internal model C5I1Bs.

We can also derive the optimal controller and cost for the corresponding continuous-time
H? control problem in a similar way. Contrary to the previous approach [23] and [40], our
approach can avoid the preliminary procedure of finding the causality and stability constraints
on the Youla parameter for the delay-free problem.
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Chapter 3 Discrete-time H input-delayed control

3.1 Introduction

This chapter pursues a parameterization of the H > suboptimal controllers for the discrete-
time input-delay system by decomposing the internal state variables in a similar way to
Chapter 2. The output feedback problem is solved through the full information and output
estimation problems. A discrete-time counterpart of the J-spectral factorization technique
in [36] is developed to deal with the full information problem. Focusing on the relationship
between the state variables of the input-delayed and delay-free J-spectral densities, the mea-
sured output is modified in order to reduce the output estimation problem to the delay-free
one. The J-spectral factorization approach yields the parameterization of the discrete-time
H*°-suboptimal controllers in the Smith form. The J-spectral factorizability condition com-
poses a part of the solvability conditions for the output feedback problem. It requires verifying
the regularity of the subblock of the symplectic matrix on the unbounded interval.

In the full information problem, we also consider the min-max optimization approach to
construct the H> state feedback law. The min-max optimization approach yields the H*°
disturbance attenuation condition which requires tracing the input-delay parameter on the
finitely many points, and hence is more tractable than the J-spectral factorizability condition.
Furthermore, the interpretation between the J-spectral and min-max optimization approaches
are provided via finite-horizon £2-gain analysis.

The min-max optimization is adopted for the H*° disturbance attenuation along the lines
of [52]. The essential idea is to partition the cost functional into two terms according to
whether they are affected by the control input. We extend it into the discrete-time setting,
and construct the stabilizing solution of the standard KYP equation for the augmented system
from that for the delay-free case. The LQ reduced-order construction [43] is always possible
if there exists the positive semidefinite stabilizing solution of the delay-free Riccati equation.
Contrary to it, we newly reveal that the H* disturbance attenuation condition requires the
the additional positive definiteness on the solution of the delay-free KYP equation.

This chapter is organized as follows. In Section 3.2, the problem formulation and assump-
tions are stated. In Section 3.3, as a preliminary, a discrete-time counterpart of the comple-
tion operator [37] employed for the continuous-time J-spectral factorization is introduced. In
Section 3.4, the original output feedback problem is first simplified to the full information
problem. The discrete-time J-spectral factorization technique is developed after recasting
the full information problem as the one-sided model matching problem. Furthermore, it is
described how the output feedback problem is solved based on the state decomposition ap-
proach. In Section 3.5, the H* state feedback law is constructed in another way via the
min-max optimization. Moreover, the equivalence to the J-spectral factorization approach is
provided explicitly. In Section 3.6, the numerical example of calculating the achievable H*°
performance is considered. In Section 3.7, the proofs left in the previous sections are given.
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Figure 3.1: Control system with input delay.

3.2 Problem formulation

Consider the discrete-time input-delay system depicted in Fig. 3.1. The input-delayed
generalized plant P, consists of the I-step input delay z~! and delay-free generalized plant P.
Our objectives are to derive a tractable solvability condition of the H* control problem for
P, and to reveal the transparent structure of the controller K, rendering the closed-loop L?
gain less than a given ~:

1Tz wlloo <75

where T, is the transfer function from the disturbance w to the regulated output z.
We assume that the delay-free generalized plant P in Fig. 3.1 is given by

A| B B
P:[?l ?2}: o0 Dp |,
21 Pao
Cy | Doy O

and make the following assumptions (X), (Y), and (H).

(X) The standard H*° full information problem in the delay-free case is solvable. In other
words, for VA > v, the KYP equation
FXRpmerFh = Q + A"XH A — X,
—RpmerFy = 5" + B*X)\A,
Rmch = Rmm)\ + B*X)\B,
-\ O
B:=[Bi By|, S:=[0 S5, Rumx = [ O RJ ,

S *
[b% Rj = [C1 Di2]” [Ci Drg]

has the positive semidefinite stabilizing solution X such that

Acx = A+ BiFi\+ BaFy
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is stable, and Rym ) satisfies the following definiteness conditions:

Rmmc22)\ > Oa

2 L -1
—A Ac)\ = Rmmcll)\ - RmmleARmmcgg)\Rmmcﬂ)\ <O.

(Y) The standard H®° full control problem in the delay-free case is solvable. Therefore, the
KYP equation
LyRumey L = Q + AV, A" - Y,
—Rumer L = S+ CY, A%,
Rmmc'y = Rmm’y + CY’yC*v

L Cl 5 0 z L —721 O
¢ [0 5= [9] A= [ 27 2]

< A=)

Sy Ryl D21 Dz

has the positive semidefinite stabilizing solution Y, such that the following matrix is
stable:

’

AC'y = A+ LMCl + LQ'YCQ.

(H) The matrix A is invertible, and hence the following symplectic matrix Hpp ) is well-
defined:

— £B1BjAT*Q —%BleA*]

_ A
Hyyy o= Hopy s Hrno = [ A Q A

where (Hpy s, Hruo) is the symplectic pair given by

I LB B? A O
Hpysy = [O » Ai 1} , Hrao = [Q I} .

From the nth power of Hgy ), we define the following symplectic matrices for simplicity:

I O I O} (3.1)

Ex(n) = (Hrua)", Exa(n) == |:X)\ [] Ex(n) [—X,\ I

Furthermore, we introduce the following definitions using £y (n):

D n
[2%2);((”/))} = 'D;l(n) |:§22:| 5 ’D)\(TL) = HFH‘S)\g)\(n)HI*:I-lIJA‘
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Figure 3.2: Impulse response of x,-i [G] (2).

3.3 Completion operator

The following continuous-time completion operator is defined in [37] for the delay function
e~*! (1 is a positive number) in relation with the J-spectral factorization technique.

st and state-space system G(s) =

[+é g ], the continuous-time completion operator x.-s [G] (s) is defined as follows:

Definition 3. For a given continuous-time delay function e™

e—Al
Xe~sl [G] (8) = GXE*SZ(S) B e_SlG(S)a Gxefsl(s) = |: . - :| :

C @)
O

Referring to Definition 3, the discrete-time completion operator is introduced below. It is
employed for the J-spectral factorization in Section 3.4.1.

Definition 4. For a given discrete-time delay function 2" and state-space system G(z) =

[ él, CABilB ], the discrete-time completion operator x,-1 [G] (z) is defined as follows:
_ _ Al A'B
X, |G] (2) :== zefz(z) — 2 lG(z) € H(z 1)7 zefz(z) =G } FA-F R

The impulse response of x,—: [G] (2) is given by

cA-(+Dp =0,1,---,1—1
Yot [G] (n) = { (n )

0 (n=1,1+1,--)

Like the continuous-time counterpart, this impulse response completes that of z*lG(z) in the
interval 0 < n <[ as shown in Fig. 3.2.
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3.4 Solution via closed-loop reduction

3.4.1 Full information problem

Our approach focuses on the model matching problem associated with the full information
problem, where the internal state and exogenous disturbance are available for the control
purpose. To find an H* control law, the discrete-time J-spectral factorization technique is
developed. In the previous research [37], [38], the continuous-time J-spectral factorization
technique is applied to the one-block problem formulated after parameterizing the standard
H controller for the delay-free generalized plant. In contrast to [37], [38], the model matching
problem treated in this section is a two-block problem. Consequently, an alternative kind of
J-lossless factors of the input-delayed generalized plant Py is identified.

Denote the available disturbance by ymm := w, then the generalized plant Pi n, from
(w, u) to (z, Ymm) is given by

I O I O
P+mm — Pmm |:O ZZI:| ) Pmm T |:P11 P12:| .

If the original control problem in Section 3.2 is solvable, then for YA > +, the following model
matching problem for Py, should also be solvable.

[MM] Find a causal transfer function Ty,,, from the disturbance w to the control input u
such that
P14+ Pom T, € H™> and HPH + PlngUwHoo < A\

The model matching problem [MM] can be recast as the following J-spectral factorization
problem [SF] [17], and the solution of [MM] is parameterized as follows:

1/2 R(-1/2)

Ty = FICV (M, 2), Tag), VTag € H™ such that HRmmcm/\TaaAc/\ <A

HOO

where M,  is the J-spectral factor of the J-spectral density and 7%z denotes the family of
the transfer functions from w to w.

[SF] Define the J-spectral density @, x: (Ymm, ©) — (w, z) by the equation

~ [N O
P4 x :=C(Prmm) [ O I]C(Perm)'

Then, find the J-spectral factorization of ® ) which satisfies the following conditions
(SF1) and (SF2):

(SF1) There exist positive definite matrices AR,, RR .., and a stable J-spectral

factor My y : (w, u) — (Ymm, w) with strictly causal (M;i\) 1o Such that

o [-A2AR O _
Dyy =M} ch RR M. (3.2)
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(SF2) The transfer function N, ) : (w, u) — (w, z) defined below is a J-inner function.
N+)\ :C(P+mm) M+)\. (33)

The main purpose of this section is to solve the problem [SF] for A = ~, or equivalently for
VA > 7. By analyzing the structure of ®, y, the J-spectral factorization problem is reduced
to that for some delay-free J-spectral density. The reduction technique is initially introduced
in the continuous-time setting [36]. In the subsequent analysis, the relationship between the
state variables of ®, ) and CIJE ) is clarified from a viewpoint of decomposition of the internal
state dynamics as in Chapter 2.

Before proceeding, the following causal and stable function is defined via the discrete-time
completion operator:

~ -1 5~
Xo—1a(2) = X, [(Pnpll - )\2—7) P11P12} (2),

and is decomposed into the constant matrix x,-iy, and the strictly causal function x,-i ,(2)
as follows:

Xz*l)\(z) = Xy-lgx T Xzfle,\(z)-
It is verified that x,-1py = %BTA_*‘SER/\ and

—-1BI* . _ B B B B
Xz—le)\(z) = — |: )‘5 1:| HFHJJS (ZI — HFH)\) ! (Z lI — g}\ l(l)) HFI-II(S)\ |:SQ:|
2
1
- EBTA_*SQZ_Z,

Bl _1, |B - _
where [Sﬁ’\} =Dy (1) [Sj and Dy (1) := Hrns xEx(D) Hppi 5, = HrnoEx() Hey -
22

In the following lemma, we transform the input-delayed @, » into the delay-free @E ) For
the transformation, we use x,-ig (%) rather than x,-1,(z) to meet the strict causality of
(Mfi) 1, Tequired in (SF1).

Jr
Lemma 2. The J-spectral density CIDE)\ defined by

I xoioy]” I x.-
Q)E)\;: |:O X ]l@)\:| q)+>\ |:O X ]l@)\:| (34)

is a delay-free J-spectral density. Furthermore, the state variables (x, p) of ®, and (z®, p?)
of <I>$ are related as follows:

W] - Lo%)] i EM ulz); (3.5)

where 5 (z) = [y A(2)" HpA(z)T]T is the strictly causal and stable transfer function de-
fined by

[H“(z)] — (2] — Hppy) ") (z*ll — Ejl(l)) Hisa [?ﬂ :
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Proof. Define Qy: (hpm, v) — (—Ymm, k) as the Schur complementation transform of ®:
Q4 :=S(P4). Its realization is given by

b)) = e o]+ o [5G )

I R B o I A | et

Referring to the above realization, we define the delay-free QE 3¢ (s ) — (—y& o, kR) by
the following state-space realization:

o) = e Lo+ ks [ 257 S00) [

) =67 S i [t
+[ —x I mBIATSH0) - xz-m] [hmmm)}
Xogn  Re—BiATS u(n)

By comparing the realizations of (2, and Qi, the following properties are observed:

1. The difference [x(z)] [ (Z)} is independent of hymm(z) and determined by wu(z),

(2) (2)
namely, the identity in Eq. (3.5) holds.
R(
2. The difference 2! [ ] ER z ] is independent of u(z) and determined by hApym(2)
as follows:
1
L|z(2)| N C | _ 1 -1 |35
2 [p(z)} X0 [pR o= (51 = &) (=1 ~ Hen) ™ Hih 3271 2.

These properties yield the following identity:

O X1
QR -0 + |: N ) >\:| ]
2 A Xz-lea 0
Taking the inverse Schur complementation transform S~1(+) of this identity, we obtain Eq. (3.4).
U

Remark 6. In Lemma 2, it is explicitly stated that the state variables (x, p) should be decom-
posed as in Eq. (3.5) when the J-spectral density @ y is transformed according to Eq. (3.4).
Note that as A — 00, Ex(1) becomes the lower triangular matriz, and the first row in Eq. (3.5)
coincides with the internal state decomposition proposed in the corresponding H? control prob-
lem in Chapter 2. O
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By Lemma 2, the delay-free @E ) is obtained by multiplying ® \ by the bi-stable transfer
function and its para-conjugate from the right and left, respectively. Moreover, xmey in

Eq. (3.4) is strictly causal. Therefore, it is necessary for (SF1) that there exists a stable

J-spectral factor ME \ with strictly causal (ME§71)> such that
12

MREY, (3.6)

+A

R(—~ —)\21\? 0]
(I)E)\:MJr)(\ )[ A ]

0 erx{un c22 )
This necessity is equivalent to the following conditions (C1) and (C2).
(C1) The KYP equation

F)l\{*RrPr{lmc)\F)%{:Q—i_A*X)P\{A_X)P\{’
—RimerFx = [0 SD\(D)]" + [Br BR\() = Bixmon] ™ X34,
RE o =RE L+ [Br BR() = Bixmoa]” XX [Br B2\(I) = Bixmoa], (3.7)

mmcA

SN A2y, gy

= 2. % R and
A Xz*lo)\ Rmm22)\

R .
where R\ :

Riimaay 7= Ra — B3A™*So + BRY (DAT*SI\(D) = A*XE-19 2 Xz-10 a0,
has the stabilizing solution X§ such that the following matrix is stable:
Ady = A+ BUFS + (BYy — Bixmon) By
(C2) The Hermitian matrix RE | in Eq. (3.7) satisfies the following definiteness conditions:
Rimeoan > Oy =N°A% = Rifvoiin — Rt )\erzr(n_clg2)\RrPr{1m021)\ <O0.

Remark 7. Since £)(0) is a symplectic matriz, the following identity holds:

. O —-A7 - 0o —-A*
ool o o= 6]
Therefore, —B3A™*Sy + BP¥(0)A=*SP\ (0) is an Hermitian matriz. O

The following lemma represents the stabilizing solution of the KYP equation in (C1) using
that of the standard KYP equation in (X).

Lemma 3. Suppose that for any fived X > ~, the KYP equation in (X) has the stabilizing
solution X. Then, the condition (C1) is equivalent to the following condition (E).

(E) The (2, 2) block of Ex A(n) defined by Eq. (3.1) is regular for n =1:

det Ex 99 )\(l) = det (X)\glg )\(l) + 522)\(0) #0.
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If the above condition (E) is satisfied, X3, AR, and F} =: [F}\T FQR/\T]T € R(dimw+dimu)xdim 2
are constructed as follows:

X = (X022 (0) + Ean (D) (XnEnia(l) + Ea1(D)) (3.8)

ARy = Ex aoa(DAcAEx 5\ (D), (3.9)

Y = %BTX)I\%AE{A + Xa-t02Fohs (3.10)

F = FaExia () (3.11)

O

Proof. Subsection 3.7.1. O

The following theorem gives a constructive solution of [SF], and the parameterization of the
solutions of [MM] are obtained from it.

Theorem 3. Suppose that the assumptions (X) and (H) are satisfied. The J-spectral factor-
ization of ®  satisfying (SF1)-(SF2) exists if and only if the following conditions (J1)-(J2)
are satisfied.

(J1) For VA >, the condition (E) in Lemma 3 is satisfied.
(J2) For VA >, the condition (C2) before Lemma 3 is satisfied.

Under the existence conditions, the J-spectral factor My \ in (SF1) is given as follows:

I X,
T R L (312
where R R
R ACR)\ ‘ Bl BQ)\ - Ble*lOX hi O
MYy = | F\ I O [FR I]’ (3.13)
) o I A
R (-1
Fjiy = —Ry5 s et

Moreover, the J-inner function N\ in (SF2) is given as follows:

N+,\:N,\Ni_,\l,
where
Acx | B By I 0
N)\ = F1>\ 1 0] Ja Il (314)
C1+ D12F3) | O Dy 21
Fyiyni= =R oo\ Rume21 (3.15)
4 I O LBfA*Q+ Fiy »BrA™|/ _ _
I _ | hPr xz b1 Ir o1
o [—FmA f}{ { Fyx 0 (Z I=& (l))
B 4 I —3zBfA™*Syz™" I 0
G- o)™ [0 2]+ |5 TP PRt
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Figure 3.3: Factorization of Py .

1 x _ B I .
(1) := — [—X,\} Exoor(1)By, (¥2) := HFﬁM [Sﬂ — [—XJ Exoor() (BQDA(Z) — lez—zo)\) .
O
Proof. Subsection 3.7.2. U

By taking the inverse chain scattering representation of the equality C (Pt mm) = Ny 7M;,ly,
Py mm is factorized as

P+mm - PJrstb'y * P—l—mmtmp'ya
where Py stp := C 1 (Nyy) and Py mmtmpsy = C 1 (M;}Y) By Eq. (3.12), the first output
yR of ME ) is given by

?/gm(n) = ymm(n) - Xz—l@'y(z)u(n)v (317)

is defined

by P}i{mmmpﬂY =C! (ME,(Y_I)). Moreover, P, 41, is J-lossless because Ny . is a J-inner

and Py ymtmp~ has the structure shown in Fig. 3.3. In the figure, Pf

mm tmp 7y

function. Corollary 1 below represents a solution of [MM] in a form of state feedback law. It
is derived by focusing on the relationship between the state variables x(n) and z%(n).

Corollary 1. Suppose that the J-spectral factorizability conditions (J1)-(J2) are satisfied.
Then, the following state feedback law is stabilizing, and suppresses the H*® norm of T,
below the given ~y:

u(n) = F§Ya(n) + Fwn) — { FE L () + Bl o, (2) fuln),  (3.18)

where FQPF is defined by
R
Fy\ = 3% — Fay h Fis
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Proof. By Fig. 3.3, the control law
u(n) = FCH (ML), O)ymm(n)
makes the transfer function from w to u zero, and is realized in the following form:
u(n) = FLta®(n) + Byl i (n). (3.19)

It is an H>° control law since Py 4, is J-lossless. Furthermore, Eq. (3.19) is rewritten as in
Eq. (3.18) using Egs. (3.5) and (3.17), and recalling that ymm(n) = w(n). O

3.4.2 Output estimation problem

In the previous section, we solved the J-spectral factorization problem [SF] and factorized
the generalized plant Py 5, which is associated with the model matching problem [MM], as
shown in Fig. 3.3. Based on the factorization, we solve the original output feedback problem
by reducing it to a delay-free output estimation problem.

Recall that the state variable z(z) of the delay-free generalized plant P is decomposed as
the sum of z%(z) and II, \(2)u(z) in Eq. (3.5). Our principle is to estimate z® instead of x
along the corresponding H? solution method in Chapter 2.

The original measured output y is constructed with the state variable z® and measured

output y2 = of P—Emmtmp’y as follows (Fig. 3.4):

y(n) = Cox(n) + Dayw(n)
= Coz™(n) + Doty (n) + {Colly 4 (2) + Do1X,-16(2) } u(n) (- Egs. (3.5)and (3.17))
= (Co+ D F1Y)) 2% (n) + Dy (n) + {CoIlo(2) + Darx.-1e(2) } u(n). (3.20)

In Eq. (3.20), the following equation from Eq. (3.13) is used:
Ui (n) = Fioa®(n) + @(n).

Let Pytmp~ © (w0, u) — (u, y) be the generalized plant, which is derived by replacing the
measured output Ymm of Ppmmimp~y @ (W, u) — (U, Yymm) with the measured output y of
P,. From Eq. (3.20), it is seen that Pyimp~ consists of the delay-free generalized plant

Pftmpv s (w, u) — (U, y*) and the following part:

y(n) = yR(n) + {Cgﬂxv(z) + D21Xz_l@'y(z)} u(n). (3.21)

The structure of Py ¢y is also depicted in Fig. 3.5. The generalized plant Py {1, is in output
estimation form, and its state-space realization is given as follows:

in+1)=(A+ BlFlRW) 2®(n) + Byw(n) + (B%(l) — Bix,-19-) u(n),
ﬂ(n) == 2R'yxR(n) - F2I} 'ya(n) + u(n)v
yR(n) = (CQ + DglFlR,y) .’/UR(’I?,) + DQﬂE(n).
The discussion so far shows that P, is factorized as Py = Py gt * Py tmp~- Since Py gy,
is J-lossless, the following equivalences hold by Redheffer’s lemma [59]:
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Figure 3.4: Construction of measured output y.

1. Stabilization of P, <= Stabilization of P tmp -

R (1/2 R(—1/2
2. |Thwlle <v = HRmI(név)TmAm( / )H <.
o0
Therefore, the H> control problem for P, is reduced to that for P ¢y .

The second term on the right-hand side of Eq. (3.21) is the strictly causal and stable
transfer function multiplied to u. We include its copy into the controller K, as shown in
Fig. 3.6, where K_IE is the undetermined part of K. Then the problem of parameterizing the
controller K for Py ¢mp~ is reduced to that of parameterizing the controller K_ff for Pftmpy.
tmp~> and obtain the

is in the output estimation form, it is done via

In the sequel, we solve the delay-free H® control problem for Pf

parameterization of K}}. Noting that Pftmp,y

the factorization of the J-spectral density i’itmp:

2AR
$R _pR~ | TV Nmpy O | pR (R pRED HR L AR(-D)
+tmpy T S 4Ty 9] WR +7v “Mmpy T “'mmc22v> "tmpy T fley o
tmpy
where
{R * AR *
pR L AT CT
+Ty T BR* DR* ’
T T

AR . AR AR —F3, pr o [ —Bi,
TV e T Gy Dy FE )T T [O Doy |

BBW = [_ (B2D'y(l) - Ble*ZO'y) Bl + (BZDV(Z) - Ble*lO'y) FQ%'y] .

The solvability of the H* output estimation problem for Pf or equivalently the J-

tmpy?

spectral factorizability of éﬁtmpw coincides with the following conditions (T1) and (T2).
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Figure 3.5: Structure of Py ¢mp.

(T1) The KYP equation

R 5R R+ _ AR iR R AR = R
Ltmp'thmpC'thmp'y - thp'y + AT'vatmp'yAT'y - Y‘-cmp'y?

AR IR = SRR YR AR

tmp y tmpy Y- tmpyt Ty
5R 5R ‘R R AR
Rtmpcw = Rtmpw + CT’Y}/;Jmp’yCT’;k7 (322)
s ’ , . , *
R R R R R

Qf{mpv ‘Stﬁil*pv - Bi%v _72Atmpv , RO Bi;{v

Stmpv Rtmpv DTW 0 thpv DT’Y
has the positive semidefinite stabilizing solution Y&?}p ~ such that the following matrix

is stable:

iR ._ AR R AR R AR,
ATC'y L AT’Y + LtmpIWCle + Ltmp2707-2'y'

(T2) The Hermitian matrix Rﬁmpw in Eq. (3.22) satisfies the following definiteness condi-
tions:

5R 2R _ PR 5R 5R(=1) AR
Rtmpc22'y > O? - AtmpC'y T Rtmpcll'y - Rtmpc 12'thmpc22'thmpc21'y <O.

The relationship between the stabilizing solutions of the KYP equations in (Y) and (T1)
are given in the following lemma.

Lemma 4. Under the condition (Y), the existence of the positive semidefinite stabilizing

solution thr{np,y in (T1) is equivalent to the following condition (Z):

(Z) The mazimal eigenvalue of Y,YXE is less than v2: Amax (YVX}}) <~

If the above condition is satisfied, Y&?}p v AR, L?me v]

~ and LR =: [LR

tmpy = | Ltmp1 4 are given by

YR

_ 7R(-1 {R  _ 7R(-1)4 R
Aoy = 2Dy AR = 2RV A 2R,

TCY
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___________________________________

Figure 3.6: Internal model structure of K .

- L -
L‘?mpl'y = Z'Iy{( b <B%)'y(l) + ?AC'YY’YS%)W(Z) + L27D21Xz—10'y) ’ L‘?mpZ'y = Z'Iy{( 1)LQ'Y’

1

R ._ R
where ZﬂY =1 — ?YWX'Y . O

Proof. Subsection 3.7.3. O

After parameterizing K_Ff from the J-spectral factor of @E tmp~> the complete structure of

K is identified as shown in Theorem 4 below. In the theorem, the condition (T1) is replaced
with the condition (Z) by Lemma 4.

Theorem 4. Under the assumptions (X), (H) and (Y), the discrete-time H> controller K
for Py exists if and only if the J-spectral factorizability conditions (J1)-(J2), and the output
estimation conditions (Z) and (T2) are satisfied.

If the existence conditions are satisfied, the H* controller K4 : (y, u) — (u, v) is param-
eterized in the Smith predictor form (Fig. 3.7). It consists of the measurement compensation
part:

¥ (n) = y(n) — {CoIlay(2) + Da1X,-16-(2) } u(n)

and the observer-based controller Kf} estimating the state variable estimating z™:

: SR (—1
K—IE = ﬂ(‘]—lﬁwv L?mplQ + Q+(Z)), LEmplQ’y = _Rf{mpCIQ'thm(pc%Q'y’

where ¥V Q4 (z) € H* is the Youla parameter such that

g s, | <o
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Collyy+Doy X 2-1oy

R
Ltmp12 Y + Q+

Figure 3.7: Discrete-time H° suboptimal controllers in Smith form.

The realization of ‘]Ev is given by

AEY + LY (Cy + D21F1R»y) ‘ _L‘?mpZ'y L‘E{mpl'y

. tmp2~y
JR = FE 0 I
— (Cy+ Dy FR) I 0

O

Remark 8. Theorem 4 claims that the output feedback controller exists if and only if both
of the full information and output estimation problems are solvable. The solvability of the
full information problem requires the J-spectral factorizability conditions (J1)-(J2). The solv-
ability of the output estimation problem requires the conditions (Z) and (T2). Note that the
conditions (E) and (C2) should be checked for infinitely many points of . Therefore, the im-
plementation of the H® requires more computational burden than the H? control case where
the H? controller in the Smith form was implementable under the solvability of the delay-free
H? control problem. [

3.5 Alternative solvability condition via min-max optimization

The J-spectral factorizability conditions (J1)-(J2) compose a part of the solvability con-
ditions for the output feedback problem. It requires verifying the regularity of the subblock
of the symplectic matrix on the unbounded interval. In this section, we consider the min-max
optimization approach in the full information problem. While the J-spectral factorization the-
ory enables to generalize the delay function to general inner functions in the frequency-domain
representation [21], the min-max optimization theory is suitable for considering time-domain
specifications such as the initial-condition uncertainty and finite-horizon control [17].

The min-max optimization approach yields the H disturbance attenuation condition
which requires checking the matrix positive definiteness only on finitely many points. Fur-
thermore, the J-spectral factorizability condition is proved to be equivalent to the H*° distur-
bance attenuation condition, and consequently that approach is confirmed to yield the same
control law as the min-max optimization approach.
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Consider the multi-step input-delayed plant Py pr:

z(n+1) = Az(n) + Biw(n) + Bau(n — 1), (3.23)

z(n) = Ciz(n) + Digu(n — 1),
where the state variable z(n) and disturbance w(n) are assumed to be available for the control
purpose, and the delay length [ is a non-negative integer. First, let us review the technique

of the state-space augmentation. According to it, the state variable v(n) maintaining the
history of the past control input are introduced:

v(1,n) u(n — 1)
on) = v(2:,n) _ u(n '— 2) C gldim
v(l,n) u(n —1)

Then, Py is rewritten into the delay-free form:

[m(n-i— 1)

v(n)

~ A Bl ~ B ~ 0] ~
A= [O fgl:|7 B, = [01]’ By = [Az , 1= [C1 D], Dip:=0,
"0 T -
O 0O I
S = e Rldimuxldimu
: O I
O O -+ - O
A = [ o o ... o [T }T c Rbdimuxdimu’
I := [ I O O --- O ] c Rdimuxl-dimu.

Referring to the above augmented state-space representation, let us introduce the following
assumptions (A4 1)-(A12).

(A1) (ﬁ’ Eg) is stabilizable.

/Nl— ejef EQ

A,2) For V0 € [—m, 7,
(A2) Forvo e [ ], |7 500 2

is of full column rank.

Under the assumptions (A4 1)-(A42), the H* control problem with the performance bound
v is solvable if and only if the solution of the standard KYP equation
FfRumerFy = Q + A" X) A — X,
_Emmc)\ﬁ)\ = g* + E*X)\Avv
Rumexr = Rt + B*X,\B, (3.24)

mm A
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B:=[Bi B|,S=[0 0],

~ [ Q SoT'y ~ _[-x 0o
Q= [r*;s; I* Ryl » Bomx =10 gl

[Q Sa

S; Rg] = [C1 Di2]" [C1 Dio]

for the augmented system satisfies the following conditions (FI1,1)-(FI1;2) for A\ = ~.

(F1,1) The solution X is a positive semidefinite matrix such that A + BF) is stable.

(F1.2) Rume . satisfies the definiteness conditions:

~ 9 ~ ~
Ruymeoor > O, —A A:r)\ = Rmmec11a — RmmleARmmcgg)\Rmmcﬂ)\ <O.

If the conditions (FI;1)-(F1,2) are satisfied for A\ = -y, then the H> state feedback law is
given by

u(n) = (1%’/2357 — ﬁQl 'yﬁlacw) x(n) + (ﬁng — ﬁ217F1U7> ’U(n) + ﬁQl Ww(n), (3.25)

where Fi, y and Fj, » (A >, i=1, 2) are the subblocks of F), partitioned as

Py = Fl,\

e R(dim w—dimu) X (dim z+1-dim )
Fy\

9

Fyy = [ﬁu,\ EUA] ¢ Riimwx(dimotidimu) f [E“ ﬁzm] ¢ Rdimux (dim z-+1-dimw)

conformably with w(n), u(n), z(n) and v(n), and Fy 5 (A > 7) is defined by
Fopy = R;lmcgg ,\Rmmcm)\ (3.26)

Note that the augmented matrix Ais sparse and singular even if A is not. Moreover, its
order is given by dimx + [, and increases linearly with respect to the delay length. Those
properties of A make it difficult to compute X for large delay lengths [4], [49].

In the sequel, we consider the min-max optimization approach for the efficient construction
of the discrete-time H* state feedback law. The computation of the stabilizing solution of
the augmented KYP equation is reduced to that of the standard KYP equation

FYRymexFy = Q+ A" X A — X,

_Rmmc)\F)\ = 5" + B*X)\Av
Rmmc)\ = Rmm)\ + B*X)\B,

—N\I
B:=[B1 By, S:=][0 SQ],RmmA::{ O]

O Ry

associated with the H°° full information problem in the delay-free case.
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The assumption (X) ensures the assumptions (A;1)-(A4+2), and that, in the delay-free
case (I = 0), the H* state feedback law is obtained as follows:

u(n) = (FM - F217F17)x(n) + Fgww(n),

where Fy ) and Fy ) (A > ) are the subblocks of F)\ partitioned as

_ Fi (dim w+dim u) xdim x
Fy\ = |:F2)\:| eR

conformably with w(n) and u(n), and Fy; , (A > 7) is defined by Fy; ) := Rm}nc22)\RmmC21 3

3.5.1 Min-max optimization approach

Let us focus on the following min-max optimization problem:

o ueg{'g{loo) A (2(0),v(0); w, ),

where the infinite-horizon functional Jy(z(0),v(0); w,u) is defined by

Ia(2(0), o Z ()13 = A [lw(n)ll3

for w € £2([0, 0o), R4™®) and u € £2([0, 0o), R4™%), We reduce the infinite-horizon opti-
mization to the maximization of the finite-horizon cost functional

Jrra(2(0),v(0); w) == x* (1) Xna(l +ZH 3 =X w3 -

This enables to characterize the discrete-time H*° disturbance attenuation condition in terms
of the following backward Riccati difference equation:
1 -1
Xa(n—1)=Q + A* (I — ﬁXA(n)BlBik) Xa(mA, (n=101,1-1,...,1), X)) = X).
(3.27)
The following preliminary lemma ensures the solution of the finite-horizon optimization.
Lemma 5. The following conditions (N) and (R) are equivalent:

(N) The cost functional Jey A(x(0),v(0); w) is negatively coercive under the zero initial con-
dition:
JFH)\(0707 w) < _62 Hw”§2[0,l71} (328)
for 3 >0 and Vw(-) € £2([0, | — 1], Rdimw),
(R) The solution Xx(n) of the Riccati difference equation satisfies the definiteness conditions:

NI -BiX\(n+1)B;>0 (n=1-1,1-2,...,0).
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If either of them is satisfied, the finite-horizon optimization admits the unique maximizer,
and its value is given by the quadratic form

s Jnaa(n(0),0(0) w) = [353;]’3@ .

where X is some positive semidefinite matriz. [

Proof. The equivalence of the conditions (N) and (R) is shown by the dynamic programming
argument [15], [17].
The condition (R) enables to complete the square in Jpp \(z(0),v(0); w) as follows:

(@000 w) = [70] 0 [0 - lg |21~ Bixa ) (i) — )|
(3.29)

where w,(n) and X A are constructed using the Riccati difference equation. By Eq. (3.29),
the unique maximizer is wy.
Choosing the disturbance w(n) = 0 in Eq. (3.29), we have the identity

* -1

z(0)| = [z(0)] ) H 57 12 H2

|:U(0):| X |:U(0) = Jrua(7(0),v(0); 0) +7;) (A2 — BiX\(n)B1) '~ w.(n) g
Therefore, X » 18 positive semidefinite. 0

The following lemma shows that the value of the mim-max optimization is equal to that
of the finite-horizon optimization.

Lemma 6. The H* full information problem with the performance bound X is solvable, only
if the condition (R) in Lemma 5 is satisfied. Moreover, the state feedback strategies:

{ arg max Jppg(2(0),v(0); w) (0<n<Il-1)

wy(n) = ¢ wel?[0,1-1] , (3.30)
Fyyx(n) (n>1)

us(n) = Foyx(n+1) (n>0) (3.31)

attain the optimal value of the min-maz optimization, and it is expressed as

Ia(2(0),0(0); wy, us) = el JrnA(z(0),v(0); w).

Proof. Let us split Jy(x(0),v(0); w,u) as follows:
. — . S 2 _ 42 2
Ia(2(0),v(0); w,u) = JrpA(2(0),0(0); w) + Y 2(n+ D5 = A wln+ D3,

n=0
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where the first term on the right-hand side is independent of the control input as in [52]. By
the assumption (X), the above equation is rewritten as

Ix(2(0),v(0); w U) =Jra(2(0), v(0); w)

+Z Hern/jlcm)\{U — Umin (N }H )\2 1/2

A{w(n +1) — Fyaa(

where umin(n) is temporarily defined by
umin(n) = (Fg)\ — Fgl >\F1 )\) x(n + l) + Fgl ,\w(n + l) (332)
Hence, the control input u(n) := umin(n) minimizes Jy(z(0),v(0); w,u), and the minimum is

given by

1/2

Ta((0), 0(0); w, umin) = Jr(x(0), v )\2 2 fw(n +1) — Fiya(n+1) }H

(3.33)
The following disturbance on the horizon [/, co) maximizes the second term of the right-hand
side of Eq. (3.33):
we(n+1):=Fiyz(n+1) (n=0,1,...). (3.34)
Substituting Eq. (3.34) into Eq. (3.32) with w(n + ) := w«(n + 1), we find the control input
in Eq. (3.31).
If an H*® control law exists, for 3¢ > 0, the following inequalities should hold under the
zero initial condition:

. ) 211,112 211,112
uegﬂg}m) IA(0,0; w,u) < =€ wlliz)y o) < —€ wlliz)g 1) -

Substituting w.(n + 1) in Eq. (3.34) into the above inequalities leads to Eq. (3.28). This
implies, by Lemma 5, the necessity of the condition (R) and the existence of the maximizer
of Jru A (2(0),v(0); w). O

The optimal strategies in Eqs. (3.30) and (3.31) are in time-varying form. We prepare
the following lemma to rewrite them into time-invariant form in Lemma 9.

Lemma 7. Introduce the auziliary variables p(n) € R4™ gnd

k(n) = [k(1,n)" k(@2,n)T - /@(l,n)T]T e Ridimu,

Then wy(n) and us(n) in Egs. (3.30) and (3.31) are generated from the following time-
movariant equations:

z(n+1) = Az(n) + Biw«(n) + BaI'1v(n), (3.35)

A'p(n+1) = Qz(n) + p(n) + Sal'1v(n), (3.36)

v(n+1) = Sv(n) + Ajug(n), (3.37)

S*k(n+1) =T7S52(n) —T7Bsp(n+1) + k(n), (3.38)

0 (3.39)

0 (3.40)

(3.41)

~Bip(n+1) — Nou.(n),
Ajk(n + 1) + Rous(n),
—Xhx(n+1).

p(n+1)
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Proof. First we remark on the generation of w.(n) (0 <n <[—1). Introduce p(n) as the
Lagrange multiplier for the state variable x(n) on the horizon [0, [ — 1], then the first-order
conditions for the extremum of Jpp x(2(0),v(0); w) are given by Egs. (3.35)-(3.37), (3.39)
and the following equation:

p(l) = =X z(1). (3.42)

Hence, wi(n) (0 <n <1 —1) is generated from Egs. (3.35)-(3.37), (3.39) and (3.42).

Second we remark on the generation of wy(n) (n >1) and u.(n) (n > 0). Noting that
k(n) in Egs. (3.38) and (3.40) acts as the lead element which transfers the future signal
Ssx(n+1)— Bsp(n+1+1) to the current control input u.(n), it is verified that wy(n) (n > 1)
and u.(n) (n > 0) are generated from Egs. (3.35)-(3.40) and (3.42).

In summary, wy(n) and u.(n) are generated from Eqgs. (3.35)-(3.40) and (3.42). We
can replace this Eq. (3.42) with Eq. (3.41), since the constraint in Eq. (3.42) is positively
invariant under the time evolution defined by Egs. (3.35)-(3.40). O

The following lemma is introduced to solve the two-point boundary-value problem defined
by Egs. (3.35), (3.36) and (3.41). It enables to derive the optimal strategies in time-invariant
form and the corresponding value of Jy(z(0),v(0); w,u) in Lemma 9. Furthermore, the posi-
tive semidefinite matrix defining the optimal value is assured to be the stabilizing solution of
the augmented KYP equation in Lemma 10.

Lemma 8. Under the assumption (H), the following conditions (D1) and (D2) are equivalent:
(D1) The Riccati difference equation (3.27) is well-defined forn=1—1,1—2, ..., 0:

1 *
det (I - X+ l)BlBl> £0. (3.43)
(D2) The (2, 2) block of Ex x(I—n) defined by Eq. (3.1) is reqular forn =1—1,1—2, ..., 0:

det (X)\glg )\(l — n) + &9 )\(l — n)) £ 0. (3.44)

If either of the above conditions is satisfied, the solution Xy(n) of the backward Riccati dif-
ference equation is represented as

X)\(n) = (X)\glg)\(l — n) + 522)\(l — n))_l (X)\gll )\(l - n) + & )\(l — n)) . (3.45)
O
Proof. Subsection 3.7.4. U

Lemma 9. The optimal strategies in Eqs. (3.30) and (3.31) are represented in the following
time-invariant forms for any time instant n > 0:

wy(n) = Figaz(n) + Fiyo(n), (3.46)
u*(n) = ﬁ?x Ax(n) + ﬁQU )xv(n)v (347)
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where the feedback gains are constructed as follows:

Fiox = —33BIA {Q - X0}
Fiyy = [Em(l) Fioa(2) - ﬁlz})\(l)] ;

~ D

FryA(0) == —%B{‘A‘* {52 51,0 — [X2(0) ] Hpygy [gzpi((g))]} 0=1,2,...,10),
Fopy = Fop {E1a(l) — E2a (D) X2(0)}
Fooni= [Faa(1) Fox() -+ Foa()]

Foyr(0) = Fox [E11A(1) — E2a()XA(0) O] Hygfys [gjgi((g))] 0=1,2,...,1),

and X»(0) is given by Eq. (3.45) with n = 0. Moreover, let X, be the positive semidefinite
matriz defining the optimal value of the min-max optimization:

(e 0)000) wn) = [10] 50 [70)].

and partition it conformably with x(0) and v(0) as

Xy = | Zer Aeorl (3.48)
XU:E>\ XU

Then each of the above blocks is given as follows:

Xz = X\(0),
jz:tv)\ = [Xka(l) Xacv)\(Q)

D
Xyoa(0) := [X\(0) I] Hifs [gjpi((g))} 0=1,2,...,1),

jzvx)\ = 5(1*

U A

)?v)\(lal) )?v)\(172) jzv)\(lal)
%) Xoa(2,1) Xpa(2,2) - : ’

)?UA(Z,l) )}M(U)

Xor(6,0) := (Ro — S3A™ By) 64,0 + ST (¢) A1 BE\(6)
1

— 2SN (AT BIBIATTS\(0) + By (@) XA(0)BA(0) (f1<0<¢<1),

Xoa(9,0) = Xor(0,0)" (f1<¢<0<I).
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Proof. Fix the time instant n > 0 and focus on the evolution equations (3.35)-(3.41) on the
horizon [n, n 4 ]. By the variation of constants formula, the state variables z(n 4 ¢) and
p(n+t) (t=0,1,...,1) in the two-point boundary-value problem defined by Eqs. (3.35),
(3.36) and (3.41) are expressed with the state variables z(n) and v(n) as follows:

+ ti&(t) [ ! O] Hibo, [B%(Q + 1)] v(0+1,n)

i 000 SB(0+1)
-1 »
_ ; Ex(t) [ XAO(O) ?] Hpysx [2;7);((3 I 11))} v(0 +1,n). (3.49)

Substituting p(n+1t)|;=1 and z(n+1t)|;—; into Egs. (3.39) and (3.31), respectively, Eqgs. (3.46)
and (3.47) are derived. N

Next let us derive the closed-form expression for X in Eq. (3.48). As noted in the proof of
Lemma 7, the conditions for the extremum of Jgg x(x(0),v(0); w) are given by Egs. (3.35)-
(3.37), (3.39) and (3.42). Then the summand of Jppx(x(0),v(0); w) is represented by the
increment of Rep*(n)x(n) as follows:

12(n)]l3 = A w(n)ll; = {Rep*(n + L)a(n + 1) — Rep(n)z(n)}

+ Rev*(n +1,0)B3z(n) — Rev*(n +1,0)S5p(n + 1)
+v*(n+ 1,0)Rev(n + 1,0).

Summing the above equations for n =0, 1, ..., [ — 1, we have the equation
— B T z(n41)
. — * -1 2
Jrua((0),v(0); wy) = — Rep*(0)z(0) + ;Re <HFH5/\ [SJ v(n + 170)> Js [p(n n 1)}

-1
+ Z Rev*(n +1,0) (Re — S5A™ ' By) v(n +1,0).
n=0

Substituting x(n + t)|;=1 and p(n + t)|;=1 derived from Eq. (3.49) into the above equation,
the closed-form expression is determined. ]

Lemma 10. The positive semidefinite matriz X  and feedback gain ﬁA constructed in Lemma 9
satisfy the augmented KYP equation, and A + BF) is stable. O

Proof. Subsection 3.7.5. O

The following theorem characterizes the discrete-time H° disturbance attenuation condi-
tion in terms of the Riccati difference equation.

Theorem 5. Under the conditions (X) and (H), the H* full information problem with the
performance bound ~y is solvable if and only if the following conditions (DA1)-(DA2) are
satisfied.
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(DA1) For X\ =+, the condition (R) is satisfied.
(DA2) For A =, X, constructed in Lemma 9 satisfies the definiteness conditions in (F1;2).
U

Proof. By Lemma 6, the condition (DA1) is necessary. Moreover, by Lemma 10, )N(,Y is the
stabilizing solution. Therefore, by the uniqueness of the stabilizing solution, it should satisfy
the definiteness conditions in (FI;2). The converse is obvious. O

By summarizing Lemma 9 and Theorem 5, the design procedure for the H° state feedback
law with the performance bound = is described as follows.

(Stepl) Check the condition (DA1) by iterating the Riccati difference equation in Eq. (3.27).
If it is satisfied, apply Lemma 9 to construct Fy and X, in Egs. (3.46)-(3.48) with A = .

(Step2) Check the condition (DA2) by substituting )A(/«Y into the right-hand side of Eq. (3.24)
with A = v. If it is satisfied, define Fy;, by Eq. (3.26) with A = 7. Then implement
the state feedback law in Eq. (3.25).

3.5.2 Interpretation of approaches

In Subsections 3.4.1 and 3.5.1 we presented the two independent approaches for the
reduced-order construction of the H state feedback law. Their feasibility conditions, namely,
the H* disturbance attenuation conditions (DA1)-(DA2) and the J-spectral factorizability
conditions (J1)-(J2) were seemingly different. In this section, we verify that the resulting
control laws are identical by focusing on a common interpretation to the conditions (DA1)
and (J1).

Define G, as the input-out mapping from {w(n)}ﬁl_:lo to ({z(n)}l_1 X}/%([)) under the

n=0>
z
X322 (1)
the response of the regulated output and terminal state variable while the control input cannot
affect them due to the input-delay.

zero initial condition that z(0) = 0 and v(0) = 0: [ = G w. The operator describes

<A

w
For the proof of the equivalence, we focus on the fact that the inequalities sup Hﬁ)\ i I
w Wilg

or A2 — GX G\ > O holds if and only if the condition (N) in Lemma 5 is satisfied.

The following lemma characterizes the eigenvalue configuration of Gy Gy in terms of the
symplectic matrix £y(n). It can be regarded as a discrete-time counterpart of Theorem 13.5.1
in [6].

Lemma 11. Let M)y := o (G5 G») \{0} be the set of the non-zero eigenvalues of G Gy. It is
characterized as follows:

My = {p? | >0 such that det (X»E12,(1) + Expu(l)) =0}

Proof. Subsection 3.7.6.

49



We further derive the following lemma by interpreting the conditions (DA1) and (J1) as
the positive definiteness of the operator A2 — gy O

Lemma 12. The conditions (DA1) in Theorem 5 and (J1) in Theorem 3 are equivalent. [

Proof. ((J1) = (DA1)) Since X is continuous and monotonically non-increasing with respect
to A >~y [17], there exists ¢ > 7 such that for ¥ A > ¢ the following inequality holds.

MNT—-Gi Gy > 0. (3.50)

We show that the inequality (3.50) also holds for v < VA < ¢ by contradiction. Suppose
that the inequality (3.50) does not hold for v < 3\ < ¢. Since the eigenvalues of \2I — g3 9
are continuous with respect to A, there exists v < A\g < ¢ such that

o (NI —Gx, Gx) 0. (3.51)
Note that the following inclusion holds by Lemma 11.
o (M — Gy, Gao) = {A} — 0 (Gx, Gno) C {AG} — {0} UM,,. (3.52)
By Egs. (3.51) and (3.52), A3 € M,,. Hence, we have
det (Xx,E12x, (1) + E22,(1)) = 0.

This contradicts the condition (E) for A = Ag. Therefore, Eq. (3.50) holds for v < VA < c.
Substituting A = 7 into Eq. (3.50) and applying Lemma 5, we reach the condition (DA1).
((DA1) = (J1)) The inequality sup 16wl

w[Jwly
monotonicity of X, we have the following inequalities for V A > ~:

< ~ holds by Lemma 5. By the non-increasing

w
sup G wlly < 1Gywlly <
weep -1 lwls weep -1l
w # 0 w# 0

Again by Lemma 5, the condition (R) is satisfied for ¥ A > 7. Furthermore, the condition (R)
implies the condition (E) by Lemma 8. O

The following theorem claims the equivalence between the H*> disturbance attenuation
condition in Theorem 5 and the J-spectral factorizability condition in Theorem 3. It also
evinces that the condition (J2), a part of the J-spectral factorizability condition, can be
weakened to the following condition (Jy2) for the multi-step delay functions.

(Jw2) For X =+, the condition (C2) is satisfied.

Theorem 6. The H* disturbance attenuation conditions (DA1)-(DA2), the J-spectral fac-
torizability conditions (J1)-(J2) and the weaker conditions (J1)-(Jw2) are equivalent. O
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Proof. ((DA1)-(DA2) = (J1)-(J2)) By Lemma 12, the condition (J1) is satisfied. Therefore,
for VA > v, RR in Eq. (3.7) is constructed by Lemma 3.

mm c A

Recall that the conditions (DA1)-(DA2) are necessary and sufficient for the H> distur-
bance attenuation with the performance bound . This implies that for VA > ~, ]Sbmmc A in
Eq. (3.24) is constructed by Lemma 9, and that the definiteness conditions on it in (FI;2)
are satisfied.

By direction calculation, it is verified that the weight matrices Rimc y and Emmc A con-
structed as above are equal: _

RE Rimme - (3.53)

mmcA

This equality and the definiteness conditions on Emmc » in (FI1;2) enforce that those on Rim oA
in (C2) be satisfied for VA > ~.

((J1)-(J2) = (J1)-(Jw2)) This direction is obvious.

((J1)-(Jw2) = (DA1)-(DA2)) By Lemma 12, the condition (DA1) is satisfied. Hence, X - is
constructed by Lemma 9, and Eq. (3.53) with A = 7 holds. Then the condition (J2) implies
the condition (DA2). O

The following theorem claims that the two approaches yield the identical control law.
Note that the representation z=%u(n) (# =1, 2, ...,1) used in the J-spectral factorization
approach corresponds to u(n — @) = v(f,n) in the augmented state-space approach.

Theorem 7. The H™® state feedback law obtained in Corollary 1 is identical to that con-
structed following the steps (Stepl)-(Step2). O

1y — F lz v
FQR,Y = I?’ng. By Egs. (3.26), (3.15) and (3.7) with A\ = ~, the disturbance feedforward gains
of w(n) are also identical: FQPi,Y = INWQM.
Since both of Il;,(z) and x,-i,(2) are strictly causal, and of Ith-order finite impulse
response, the third term on the right-hand side of Eq. (3.18) is rewritten as

Proof. By Lemmas 3 and 9, the state feedback gains of z(n) are identical: FJ*

{E(mz—l +F (22 2+ + F,Y(l)z_l} u(n)

for the appropriate matrices F,(0) (8 =1, 2, ..., ). Furthermore, it is verified that F.,(6) is
identical to the state feedback gain of v(6,n), namely, Fa,~(0) — Fa1~Fi,~(6) constructed by
Lemma 9 with A = ~. O

Remark 9. Both of the J-spectral factorizability conditions (J1)-(J2) and H* disturbance
attenuation conditions (DA1)-(DA2) explicitly indicate the additional requirements for the
corresponding delay-free KYP equation in (X) while the LQ reduced-order construction in
[48] is always possible if the Riccati equation for the delay-free case only has the positive
semidefinite stabilizing solution.

The J-spectral factorizability conditions (J1)-(J2) involves checking the regqularity of Ex 22 x(1)
for the varying performance bound A > ~ and fized delay length @6 = 1. Due to this property
the J-spectral factorizability conditions (J1)-(J2) are suitable for finding the achievable per-
formance limits for large input delays. On the other hand, the H* disturbance attenuation
conditions (DA1)-(DA2) require the definiteness of A>T — B X,\(I — 0)By for 6 € [1, 1] and
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fized performance bound \ = . Therefore, the H> disturbance attenuation conditions (DA1)-
(DA2) are suitable for computing the mazimal delay length for which a given performance
bound v is achievable. O

From the viewpoint of numerical accuracy, it seems that the H° disturbance attenuation
conditions (DA1)-(DA2) are superior to the J-spectral factorizability conditions (J1)-(J2)
because the former require only checking the matrix positive definiteness on finitely many
points of the parameter. The correspondence of the state feedback gains in Theorem 7 allows
us to implement the output feedback controller in Theorem 4 by replacing the J-spectral
factorizability condition with the H° disturbance attenuation condition.

3.6 Example

Consider the input-delayed second order system

z(n+1) = [161 _0(')%8] (n) + [(1);’] w(n) + Bﬂ w(n —1),
z(n) = [1.2 0.3] z(n) +2.2u(n —1).

The augmented KYP equation for this system has the order of 2 - (2 +1). The bisection
method of solving it iteratively is a straightforward way to compute the achievable full infor-
mation H performance ’yip;j;l(l). However, numerical computation of its stabilizing solution
requires special effort [4], [49]. The results in this chapter enable to check the solvability of
the full information problem by only solving the KYP equations for the delay-free case and
checking the eigenvalue configurations. In the following subsections, we illustrate the features
of Theorems 3 and 5 by calculating fyipél(l) based on them.

3.6.1 Performance limit via J-spectral factorization

Let us calculate ’yip;il(l) based on Theorem 3. First, we need to find the minimal perfor-
mance bound vipg(l) satisfying the condition (J1). Its concrete expression is given by

’yipg(l) = inf {’y > ’ygrft ‘ det Exa9a(l) #0 (VA > ’Y)} )

where 'ygrft = 1.14 is the achievable H* performance for the delay-free case. Therefore, ’yipg (1)
is determined by the roots of the equation det Ex 99 (l) = 0.

Since an upper bound for A\ guaranteeing the non-zeroness of det Ex 221 (1) is not available,
we traced det Ex921(l) up to a sufficiently large A, and determined the values of 'yip;(l) as
depicted in Fig. 3.8.

Next, we check the condition (J2) to determine fyipgl(l) as follows:

7P (1) = inf {)‘ > 7T (22(D) | Ay > O} ,

where 'yipél (22)(1) 1s defined using Vith{ic(l):
Vb oy @) = i {A > Ao () | Rlkman > O}
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det 822)\(X)\; l)

Figure 3.8: Calculation of fyj’rp;(l) for 11 <1 < 15.

From the graphs of )‘min(Rgm 99y) and )\min(Ag) in Figs. 3.9 and 3.10, the definiteness con-

ditions on RE ) are satisfied for VA > 'yip;(l). Therefore, in this example, 'yip}t?l(l) is found

to be equal to 'yip;(l) (Table 3.1).
The values of fyipgl(l) determined as above is depicted in Fig. 3.11. It is observed that the
achievable H*° performance severely deteriorates as the input-delay length increases.

Table 3.1: Values of 'y?rpg, 'yip% (29 and 'yfrp;iI.

11 12 13 14 15

A
'ytipé 448 | 5.13 | 5.84 | 6.61 | 7.45
oD

Vbt 2y | 448|513 [ 584 [6.61 | 7.45
P [ 448513584661 | 7.45
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Figure 3.10: Positive definiteness of AE{)\

3.6.2 Performance limit via min-max optimization

In this subsection, we calculate fyip;il(l) based on Theorem 5, and explain the advantages

of the disturbance attenuation conditions (DA1)-(DA2) over the J-spectral factorizability
conditions.
The first step is to find the minimal performance bound 'y_IO_p};iC(l) satisfying (DA1). Intro-
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Figure 3.11: Performance deterioration.

duce the following forward Riccati difference equation:

_ i} 1 A
X\0+1)=Q+ A (I — ﬁXA(H)BlBl> X\0)A (0=0,1,2,...), X»(0) = X,.
For fixed I and A, the values of X)(I — ) in (DA1) are given by X,(I — 0) = X,(0) for
0=0,1,...,1 Therefore, v%;.(1) (72 Ric(0) == 7p5") is determined as follows:

P Pell) = inf {3 > 9Pk (L= 1) | £ ) > 0,

where f(X; 1) := Anin(A2I — B{ X \(I — 1)B;). We begin with finding fy(j_pﬁic(l) as the zero of
f(A; 1) for I = 1. Then, we continue the same procedure recursively incrementing | as shown
in Fig. 3.12.

The recursive nature of the above procedure is suitable for successive examination of the
performance deterioration along the increasing input delay. More importantly, if we once find
a zero of f(\; ), we can stop tracing it at that point. This is because A\2I — BlTY)\(l - 1)B;
is proved to be non-decreasing with respect to A > ’yiplgic(l —1) [55].

From Figs. 3.8 and 3.12, we see that fyiplgic(l) = ’yip;(l) for each delay length. This

coincidence of their values is consistent with the equivalence claimed in Lemma 12. For

A > ’yipf{ic(l) = ’yip;(l), as noted in the proof of Theorem 6, the equality Rmmy = RF

mm A
holds, and hence the definiteness condition (DA2) on Ry, ) is guaranteed by the definiteness
condition (J2) on RY Consequently, the calculation of ¥ (1) by checking (DA1)-(DA2)

mm \°
yields the same achievable performance.
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Figure 3.12: Calculation of ’yip;{ic(l) for 11 <1 < 15.

3.7 Proofs

3.7.1 Proof of Lemma 3

The KYP equation in (C1) is rewritten as the following generalized eigenvalue problem:

(I)Er{UAB)I? = (I)EF{JAB)P\{ACR)U (3'54)
where BR .= [ 1T —X}T | FRT FRT ]T’
I O o) A O (t1)
o =] O A | O , PR = Q I (12) |,
O (1Y | 0 (f2)° O | Ri.»

(f1) = [B1 BH() — Bixz-10,], (12) =[O0 SP(1)].

After lengthy equivalence transformations, Eq. (3.54) is rewritten as follows:

D, By = 5B ALy, (3.55)

T [ o I
where B, := [ a} — (X ay +5/\)T ‘ ¢E FQR)\T } ) [_5)\/\] = Exa(l) [XA —X)l?]’

1 * A—%* 1 * A —% 1 * A —% 1 * A—%*
ox =F + ﬁBlA (@ —XY) - FBlA Qay + FBlA (Xpax + By) — ﬁBlA Sy,
I O 6) A O B
D5 = O A* 0 , Doy = Q I S
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By the KYP equation in (X), the following identity holds:

1 O 0] I O 0]
A X T Fy (Pyr — 2Ps) X I 0] = (I><>7<>\ — Z@;A,
BF; O | I O | I
where
1 O 0] Acx O B
DS\ = O A O , DX = O I O
O B* ‘ O O O ‘ Rmmc)\

By the above identity, Eq. (3.55) is further rewritten as follows:

X \BX = 5\ BY AL, (3.56)

where B := [ oy —pB% ‘ (dx — Fuoz,\)T (FQR)\ —Fg,\a,\)T }T.
From the second row of Eq. (3.56), we have
Br = ALBAAS, = O. (3.57)
Since both A; ) and A}?)\ are stable,
O =B =Exaa(l) + Exan(l) (Xn — XY). (3.58)

Suppose that Ex92x(1) is not regular, then there exists v # 0 such that vEx99,(l) = 0.
Premultiplying v to Eq. (3.58), we have v€x 21 (l) = 0, and hence [0 v] Ex () = 0. This
contradicts the regularity of Ex x(1). Consequently, Ex 29 (l) is regular.

By Eq. (3.58), X} is given by Eq. (3.8) and

ax = Ex% g (l)- (3.59)

Substituting Egs. (3.58) and (3.59) into Eq. (3.56), we have Eq. (3.9). 3rd and 4th rows of
Eq. (3.56) yield

o — Fraay =0, FyY — Fyyay = O.

From these equations, we obtain Egs. (3.10)-(3.11).

3.7.2 Proof of Theorem 3

By Lemma 2, the conditions (C1) and (C2) are necessary, and the J-spectral factor M
is constructed as in Eq. (3.12). By Lemma 3, (C1) is replaced with (X).

For sufficiency, we prove that N, ) defined by Eq. (3.3) is a J-inner function. By Egs.
(3.4) and (3.6), ¢, is factorized as in Eq. (3.2) with M, ) in Eq. (3.12). Therefore, N
defined as in (SF2) satisfies the following identity:

22T o] Npy— [—VA};‘g 9,

N7 . (3.60)
A |: o I 0 Rr%chZ)\
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On the other hand, using the transfer function

Acx | By By
I O
My:=| .| I O [F I],
Pl 0 I 21\

we rewrite N, ) as follows:

I _ -1
Nyx=C(Pum) My - My [O lez@f} M, = Ny- N7y,

where Ny and N, are equal to Eqgs. (3.14) and (3.16), respectively. This fact is implied in
[63], [64]. Note that Ny is the J-inner function which appears in the standard H* problem,
and satisfies the identity

2 2
AT O} N}\_[ MAnmen 0 ] (3.61)

N)\ |: ) I O Rmmc22)\ '

In the following lemma, N fr_)\l is shown to be a J-inner function as well. Its proof is done by
an argument similar to the proof of Theorem 5.3 in [36]

Lemma 13. For VA > v, NZ /\l is a J-inner function. O

Proof. From Egs. (3.60) and (3.61), N, is the J-unitary function which satisfies

m~ |:_)‘2Ac)\ O :| m |:_)‘2A(1§{)\ 0
A

= . 3.62
O Rmmc22)\ A @) RI?IH]CQQ}\ ( )

To show that it is a J-inner function, it suffices to show that G\(z) := N7 ; )\(z) is bi-stable
for VA >« [59]. From Eq. (3.16), G is written as G\ = I + G, where G, is a stable function
such that HG )\H — 0 as A — oo. Therefore, by the small gain theorem, there exists ¢ > 0

such that for VA > ¢, G is stable. Next, suppose that for v < 3 )y < ¢, G Ny 18 unstable.

Then, by Nyquist’s theorem, there exists fy such that det G, (/%) = 0. Hence, for v # 0,
we have G, (e’%)v = 0. On the other hand, from the (1, 1) block in Eq. (3.62), the following
equality holds:

% . . —1 % . —1 .
CAZAR = —AZG (70) A rg Gag (€7%0) + N2 51 (€%0) Runm 2200 N 3130 (€7%).
By multiplying v and v* from the right and left, respectively, we have a contradiction. U

Consequently, N, » is a J-inner function because it is the products of the J-inner functions
N, and N*,
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3.7.3 Proof of Lemma 4

To find the relationship between the solutions of the KYP equations in (T1) and (Y), we
apply the method in [20] of augmenting the pencils associated with them. First, the KYP
equation in (T1) is rewritten as the following generalized eigenvalue problem:

rext R rext R (R *
(I)i—it;;mprBT’Y = (I)i—‘gmp&yBT’YATcw (363)
*k % % T
where By o= [ 1T Y0, L{{mpTl'y L%{mpTQ'Y ‘ Vit | >
(@) 0]
5R tR
(I')extR — (I)thmpéfy o (j)extR — (I>+tmp(7'y O
+tmpdy - [9) » T +tmpoy * I9) ’
O Ci]0 | O O 0]0 |1
I 0 | o ARx 0 | CRr
‘R P ‘R . AR %
Y tmpsy = |9 A;R{v O |\ ®Thmpoy = |_Qimpy 1 Strap
‘R R
0 Cm ‘ 0 Stmpw 0 ‘ Rtmpv

In Eq. (3.63), the unknown variable w&np,y is introduced to augment the pencil i’itmp oy~

2®F tmp 6~ 00 the pencil é‘fﬁ‘:gp ay_ZéfEanp 5~ Similarly, the KYP equation in (Y) is rewritten
as the following generalized eigenvalue problem:
¢f1)1(1211§"73,u"y = @%&%WBMVA:W (364)
* * % T
where By, := [ IT =V LiT L3710,
i 0]
, d O
tR . mm J y
q)fx)l(m5’y E I9) ’
. O _(Fgw_FﬁvFFv)‘O ‘ 0
[ (0]
(I')extR .7 (I)mmJ’Y o
mmo-y * [9) )

(ﬁl) = ’YQAE{mp'y (B%)'y(l) - Ble—lO'y) - F2I} 'yB>1k7 (ﬁ2) = ’YQA‘?mp'y (B%)'y(l) - Ble—lO'y) Xfl;{a
(#83) = [0 —F3},D3],
I O 0] A* O c*
(i)mmé = 0O A O ) (I,)mma'y = Q 1 S*
O C | o S O | Rum~y
In Eq. (3.64), the unknown variable w'fy{ is introduced to augment the pencil émm(m —2® s
to the pencil IR y = 2ot R .- It is determined from the last column in Eq. (3.64) and
given by

1 .
¢5 = Bg’y(l) + ?AC'YY’YS%)V(Z) + (Bl + LQ’YDQl) Xz=10~-
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Using the KYP equation in (C1), it is verified that the pencils é?ﬁ‘%nfip oy~ zéi‘fmffp 5 and
PR 20t R are related as follows:

mmo y mé
UI’Y (éfgrgpay - Zéf‘?n%pcSw) Ur’Y = (I,)rer)l{;cnfz{r'y - Zéf‘fl?;l%’ (365)
where
[ 1 —%f*}fﬁ 5550 O =501 ] I LxE 0 o|o
O I-5QXY By (1) o] O O I 0 0|0
U,:=1] 0O 0 0 O I y Uy i= | O O O 0|1
0] _V%S2X5 Z)lezflo7 I 0] O 0] O I]|0
| 0 LFREBIXE T—Fix.y, O] O | O O 1 0]0

Eq. (5.30) implies that the solutions of KYP equations in (T1) and (Y) are related as follows:
B\ ZY* = Uy By

3.7.4 Proof of Lemma 8

For the proof of the representation (3.45), see Lemma 3.5.2 in [2]. We prove the equivalence
of (D1) and (D2) by induction. Let 0 < k& <[ —1 be an integer, and suppose that Eqs. (3.43)
and (3.44) are equivalent and Eq. (3.45) holds for £ < Vn <1 — 1. Each block of the identity
Ex(l —k)Hpu ) = Ex(I — (k — 1)) is employed in the subsequent equations.

By Eq. (3.45) for n = k, we have the identity

det (1 _ %XA(k)Ble) - det A=
=det (X\E12x (1 — k) + Eann(l — k)" det (X - (x1) + (x2))
=det (XxEroa(l — k) + Exon(l — k) Hdet (XnEroa(l — (k= 1)) + Expn(l — (k—1))),

(x1) = Enal — k)Hpri2x + E122(0 — k) Hrm oz a,
(¥2) = Ea1a(l — k)Hpri2x + E222(1 — k) Hrm oz A,

which means that Eqs. (3.43) and (3.44) are also equivalent for n = k — 1.
If either of Eqgs. (3.43) and (3.44) is satisfied for n = k — 1, by the definition of X (k—1),

Xa(k —1) = (X - (+1) + (2) 71 (Xn - (+3) + (+4))
= (Xa&uaa(l = (k= 1)) + Epa(l = (k= 1))~
. (X>\511 A(l - (,IC - 1)) + &xn )\(l - (k‘ — 1))) ,

(#3) =&l — k)Hru11x + E122(0 — k) Hrm 21 2,
(#4) = Ena(l — k)Hru11x + E222(l — k) Hrm 21 2,

which means that Eq. (3.45) also holds for n =k — 1.
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3.7.5 Proof of Lemma 10

Direct substitution shows that X » and F \ constructed in Lemma 9 satisfy the augmented
KYP equation. o
To prove the stability of A+BF), we use the block matrix Uy = [UA(l) Ux(2) --- UA(l)] ,

D
UN(0) = Hol [gzpi((g))] 0=1,2...10.

Let us partition Uy conformably with x(n) and p(n):

Uy — [Um] € R(imedimz)x (Ldimu)
Upa

and transform A + BF \ by the equation

Ay = [é _I‘“]l (Z+ B’E) [é _(;“} : (3.66)

The (1, 2)-block of A, is calculated as

(UprS — AUy \ + BoI'y) + By (ﬁlm — ﬁlx)\UxA> + Uz a2\ (ﬁ%,\ — ﬁzc,\Ux,\)-

This is zero since both of the underlined parts vanish. Therefore, we find that EJFC y is a lower
triangular matrix as shown below and that it is stable:

A, = 5?(22,\(1)14“5)_(22)\(0 0
A ArFoy 5 S|

Remark 10. In the J-spectral factorization approach, the state variables x(z) and p(z) are
decomposed as in Bq. (3.5). Through the correspondence z %u(n) = u(n — 0) = v(0,n), the
decomposition is interpreted as the state transformation

CUR(H)} [ﬂﬂ(n)] [Um]

o) = o] [0 o

This means that Ay defined by Eq. (3.66) describes the state transition of x%(n) and v(n)
under the optimal strategies w,(n) and u.(n) given in Lemma 9. O

3.7.6 Proof of Lemma 11

We give a simpler proof than that of the continuous-time formula in [6] by the argument
used in the proof of Theorem 6 in [29]. For a given parameter p > 0, we determine whether
there exists a non-zero w for the eigenequation (MQI - g3 QA) w = 0. Let z be the output

of Gy: Z := G w, then the existence of w # 0 is equivalent to that of [wT ET]T % 0 to
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4,2 *
the following equation: [ g I g}} [g] = [O] Furthermore, this equation is equivalently
=
rewritten as
= H, ; 3.67
) = e (367
z(0) =0, p(l) = —Xoz(l), (3.68)
1
w(n) = ——=Bip(n +1), z(n) = Ciz(n) (0<n<1-1)

In the above equations, w and z are regarded as the outputs of the linear system given by
Egs. (3.67)-(3.68). One of the important techniques in [29] is to characterize the existence of
a non-zero output in terms of the internal state variables.

Lemma 14. The existence of a non-zero [wT ET]T is equivalent to that of a non-zero ter-
minal state x(1). O
Proof. We prove the lemma by contraposition. Suppose that [wT E:T]T is zero. Then,
considering the realization of Gy, we have z(I) = 0. Conversely, suppose that z(l) is zero.

Then, solving Eq. (3.67) backwards in the time instant n, we have [w” %T]T =0. O

It is seen that the existence of a non-zero terminal state x(l) is equivalent to the condition
that det (X\&i2,(1) + E22,4(1)) = 0 by substituting the equality z(0) = 0 into the following
equation:

bl 5o [o] - [Zne g [l

3.8 Conclusion

This chapter addressed the H* control problem for the discrete-time input-delay system.
The proposed solution method is based on the reductions of closed-loop systems, where the
one-sided model matching and output estimation problems are successively formulated. It
is revealed that the results similar to those in the continuous-time setting [38] hold: The
parameterization of the H controllers is obtained only by solving the KYP equations for the
delay-free case and checking the matrix eigenvalues. They are implemented using the past
history of the control input.

As a supplementary result, the min-max optimization is adopted for the H°° disturbance
attenuation in the full information problem. The stabilizing solution of the augmented KYP
equation and another characterization of the solvability are provided using the KYP equation
for the delay-free case. The J-spectral factorizability condition is proved to be equivalent to
the H° disturbance attenuation condition by analyzing the initial finite-time response of the
input-delay system.
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Chapter 4 Continuous-time H? preview control

4.1 Introduction

In Chapters 2 and 3, the explicit H? and H> optimal controllers are obtained in the Smith
predictor form by the state decomposition approach. In Chapters 4 and 5, we extend the state
decomposition approach for the continuous-time H? and H> preview controller syntheses in
a continuous-time output feedback setting. The preview output feedback problems are solved
through the full information and output estimation ones in a way consistent with the input-
delayed problems. While the H? and H> input-delayed controllers involved the internal
feedback of the past history of the control input, it is revealed that the H? and H> preview
controllers are realized based on the observers incorporating the future information of the
exogenous disturbance.

In [32], [57], the continuous-time H? preview controller designs are reported under the
settings where only the partial information of the state variables is available. Both of the
designs require the preliminary steps before applying the principal theories [27], [31], and do
not guarantee the exact H? optimality of the overall closed-loop systems; 1) At the prelim-
inary step of [32], the Youla parameterization technique is employed to modify the output
feedback configuration to the two-sided model matching configuration, and the choice of the
stabilizing gains involves arbitrariness. The Youla parameter optimal for the model match-
ing configuration is determined by the orthogonality principle in H? space [31]; 2) At the
preliminary step of [57], the standard finite-dimensional H? controller for the non-preview
case is constructed ignoring the advantage that the control input can act in advance of the
disturbance. The preview information is incorporated as the additional input compensation
based on the technique for the full information case [27].

Contrary to [32], [57], our design method exploits the available preview information at both
the full information and output estimation problems, and yields the output feedback controller
achieving the exact optimal performance. In the full information problem, we construct the
optimal state feedback law via the one-sided model matching problem. To solve the model
matching problem based on the spectral factorization theory, alternative state transformations
are introduced referring to the infinite-dimensional state-space representation of the spectral
density. In the output estimation problem, we focus on the state transformations defining
the state decomposition parallel to that in Chapter 2. The generalized plant in the output
estimation form is shown to have the structure amenable to the explicit solution, if it is
described with the newly introduced state variable.

This chapter is organized as follows. In Section 4.2, the problem formulation and assump-
tions are stated. In Section 4.3, the optimal state feedback law and corresponding optimal
cost is obtained via the one-sided model matching problem. In Section 4.4, the optimal out-
put feedback controller is constructed based on the results of Section 4.4. In Section 4.5, a
numerical example is presented to illustrate the H? preview control performance in the time
and frequency domains. In Section 4.6, the proofs left in the previous sections are given.
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Figure 4.1: Preview control system.

4.2 Problem formulation

Let us formulate the preview control system as shown in Fig. 4.1. The exogenous dis-
turbance w(t) is partitioned as w(t) =: [wo(t)" wl(t)T]T, where wy(t) is previewable and
wop(t) is not. The controller K| can act on the controlled plant P without delay while the
previewable disturbance wj(t) is delayed by the preview length [. The generalized plant
P : (w, u) — (z, yo) is partitioned conformably with wq(t) and w;(t):

A | [Biyw By B
P=|"C [0 0] D
Cs0 | [Da1jo0 Darjoi] O

The overall system Py : (w, u) — (2, y) (y(t) = [yo(t)T yl(t)T]T) including P and the

delay element e~*! is described as follows:

@(t) = Az(t) + By jowo(t) + By jwi(t — 1) + Baul(t), (4.1)
Z(t) = Clx(t) + Dlgu(t),

[3/0(75)] _ [02/095(75) + Doy joowo(t) + Doy jqywi(t — 1)
yi(t) wy (t)

It is noted that the delayed-disturbance is given by w;(t — (I —0)) = w(0,t) (0 < 8 <), where
w(8,t) follows the PDE
ow ow

S (0.0 =—22(0.0) (0< 0 <1), wll,t) =wi(t).

We derives the stabilizing controller K minimizing the H? norm of the transfer function
T, from w to z. The following conditions (A1)-(A3) are assumed throughout this chapter.

(A1) (A, By) and (A, Cyg) are stabilizable and detectable, respectively.

are of full column rank and of

(A2) For Vw € R, [A_]WI 32] and l:A—ij Bi o

C1 D Ca0 Daijoo
full row rank, respectively.
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(A3) D12 and Dy, /g are of full column rank and of full row rank, respectively.

The above assumptions ensure the existence of the positive semidefinite stabilizing solutions
X and YR to the following control- and filtering-type Riccati equations.

Q+AX + XA~ (So+ XBy) Ry (So+ XBy)* =0, (4.3)
Qo+ AYR 4 YRA* - ( 5/0 + YRCék/o) Ry ( 350 + YRCS/o) =0, (4.4)

where the following definitions are used for simplicity.

Q SQ * QO S;
=[Cy, D Ci D ) ,2/0
[55 RQ] (&1 Dwl*[Cy Dul, [Sm !

:: [ B } [ B ]*
Ds1/00] [D21/00
The following Hamiltonian matrix is associated with the Riccati equation (4.3).
oo [A- BaR; 1S3 ByR;'B; 1
Q— S2Ry'S;  — (A — BeRy'S3)
4.3 Model matching and spectral factorization

Let us focus on the following model matching problem [MM]. The problem is to optimize
the transfer function of the boxed part in Fig. 4.2.

[MM] Find the transfer function T, from w to w which is a solution of the following
optimization problem.

Minimize || P11 + P+12TuwH§ with respect to T}, .
Subject to Ty, Py11 + Pri2Tuw € H?.
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One of the solution methods, which is amenable to transfer function representation, is based
on the following spectral factorization of ®, 99 := P}y Py12 [17]:

D op = M 53 Ro M, (4.5)

where MJ:QIQ is the spectral factor and M5 is its adjoint factor. If the above spectral factor
M;212 is obtained, the solution of [MM] is given as follows:

Tuw=—M;i2 {REIM-:?QP-:HPJFH}Jr ’ (4.6)

where { -}, denotes the casual and stable part of the transfer function.

In this section, we introduce a series of state transformations for the spectral factorization
of ®,99. by explicitly considering the state-space dynamics of the delay element. We choose
the L? space as the state space of the delay element, and denote the adjoint variable of w(6,t)
(0<6<1) by a(p,t) (0 < ¢ <I). Then, the realization of @;%2 : k — wu is given as follows:

F(t)} — Bgﬂ + 'Bé/z] Dow(t) + [gj Ry k(t),
Bt = Awlt), '

@)

o -Biy|
(
(

Badlt) = — Aqalt) + F“V

p(t)]’

u(t)=—Ry' [S5 —Bj] [ )} + Ry k(t).

)

In the above state-space representation, the following operators on L?([0, I], R4™®t) are used.
Each of their domains is W?21(][0, l],Rdimwl)'

x(t
p(t

I 2 I -Z
E, = [O] , Ay = [_FJ , By = [O} , Ay = [_F0:| .

We introduce the following state transformations (4.7)-(4.9) to perform the spectral factor-

ization:
Gl =12 9 [B]] wn

L [0 i OCR
SRk R
x:| X
[T -UE, [ R}
{p = [O 7 } P (4.8)
L w i w
=R 4 Ew. (4.9)

The operators V := [V, V], U and E in Egs. (4.7)-(4.9) are defined as follows:

Ve V] m (6) == [0 B;ﬂ] HO m 0< ¢ <1) for (z, p) € REMT 5 Rime (4 1)
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U H = {BW] g+/91_0 e HO [Bé/l] £(0)do for (f, g) € L([0, 1], RImwr) 5 Rdmwe - (4.17)

]
=w(p) = _/ o {eHG}Ql By w(é—0)d (0< ¢ < 1) for we L2([0, I, RI™ 1), (4.12)

T
Note that UE,w(t) =: [{UEW}E {UEW}H w(t) is given by

{UE,} ] /l —Ho {31/1]
Tlw(t) = e w(0,t)do.
iy e = [ e B wion
The transformations in Eqgs. (4.7)-(4.9) enable us to perform the spectral factorization

explicitly considering the state-space representation of the delay element.

Lemma 15. Let us choose (x,w) as the state variable of the causal and stable spectral factor
MJ:QIQ in Bq. (4.5). Then, we can choose the following state variable (p™, o) defined by

p>< pR><
|:Oz><:| = |:OzR>< _|_VppR><:|

—~

as that of the anticausal and antistable spectral factor M5, in Eq. (4.5). Furthermore, the
state variable (p*, o) is obtained by transforming the adjoint variable (p, o) as follows:

] = 7 ) 1

where the operator X s constructed by the equation

_ [ X X{UEu}z +{UE,}, } (4.14)

Xi= V,X -V, V,X{UE,}z+ V,{UE,},+Z

Proof. Subsection 4.6.1.

4.4 Solution via closed-loop reduction

4.4.1 Full information problem

The disturbance-delayed system P, is in the class of the Pritchard-Salamon system, and
therefore the H? optimal state feedback law is constructed from the positive semidefinite
stabilizing solution X of the associated operator Riccati equation. Specifically, the optimal
cost is given by the equation

E2pp i=min ||Pyyy + PraaTowll3 = tr B X By, (4.15)
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with the appropriately defined disturbance input operator gl, and the solution in Eq. (4.6)
is represented by the following state feedback law:

Uy (t) = Fopa(t) + Fopw(t), (4.16)

where ﬁ’gx and ﬁgw are determined from X. In this section, we exploit the above facts to
obtain a solution of the full information problem, and construct the optimal feedback law
based on the results in the previous section.

First, let us rewrite the delayed equations (4.1)-(4.2) as the delay-free form by noting that
wi(t — (1 —0)) (0 <0 <) is given as the weak solution of the partial differential equation

ow ow

—(0,t) = —(0,t) (0< O < l,t) = t).

2(0,1) = 5 (0.0) (0< 0 < 1), w(l,t) = wi(t
Let Xy be R x [2([0, 1], R4™¥1) and X} be RU™® x W2L([0, {], R4™ 1) In the homoge-
neous boundary condition case, i.e., when w;(t) = 0, the infinitesimal generator Ay : D(Ap) :=
X1 — Ay of the system P, is given as follows:

An [wf-)] -

where A is an unbounded operator on X := RUmM® x L2([0, 1], RYmwi) " and its domain is
given by

Ax By ,w(0
(t) ;w 1/l ( )] for |: T :l e Rdimx % WQ’I([O, l],Rdimwl),
%) o)

mo:@.

The operator Ay can be extended to that from D(A) := Xy to X := D(ﬁﬁ)* Using the
extension A, the state equations (4.1)-(4.2) can be rewritten as follows:

-1l

wd]+aw@+§w@,
t

X

Z®:64JM+DMM)

. _ - ~ ) Bl 0 o . o
By = [31/031/1] » Bijo = [ O/ ] B [51(‘)Idimwz] ’

The following operator Riccati equation corresponds to the LQ optimal control problem for
the the above-represented system.

Q+ XX+ XA~ (84 XBy) Ry (S + )?Eg)* ~0, (4.17)

@ = éikél, §2 = éileQ.
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The positive semidefinite stabilizing solution X: X=X yields the optimal state feedback
gain F5 as follows:

Py =Ry (52 + E;‘f() . (4.18)
If ﬁg is partitioned conformably with = and w: INV’Q =: {ﬁ% ﬁgw], then the optimal state

feedback law u,(t) in Eq. (4.16) is obtained. N
The following lemma assures that the operator X used for the spectral factorization in
Lemma 15 is the positive semidefinite stabilizing solution of the Riccati equation (4.17).

Lemma 16. The operator X constructed in Eq. (4.14) is the positive semidefinite stabilizing
solution of the Riccati equation (4.17). O

Proof. Subsection 4.6.2 U

By Lemma 16, we obtain the following proposition which gives the explicit representation
of the optimal state feedback gain and corresponding optimal cost.

Proposition 1. The optimal state feedback gain Fy = [ﬁ’gx ﬁgw} in Eq. (4.18) and the

corresponding optimal cost E4py in Eq. (4.15) are given as follows:

Fy, = —Ry" (S5 + B3 X), (4.19)
Py, = Fo, {UE,}, + Ry [S; —Bj| UE., (4.20)
B2y = tr B}y X Byjo + tr By, {X ~X (G - eﬁwlceﬁiwl) X} By, (4.21)

where /T?x = A+ Bgﬁ’gx is stable, and G is the positive semidefinite solution of the Lyapunov
equation B B
AR G+ GARY + ByR;'B; = O.

xT

g

Proof. Substituting Eq. (4.14) into the right-hand side of Eq. (4.18), we have Egs. (4.19)-
(4.20). Similarly, we substitute Eq. (4.14) into the right-hand side of Eq. (4.15), and use the
following identities to obtain Eq. (4.21).

AR B,R;1B: I O
-1 _ cx 2 2 .
Ty 'HTx = _2§; , Tx = [_X I} ,
AR 10) I G
—1p—1 x .
ST 'HTxSq = | ¢ ane| Sq = {O I} . O

Remark 11. By integrating the identity

d AR AR * AR AR *
A0 JASTO AZ,0 1 Alx0
—96 calGeler? 4 ecr’ By R, Bjefes? = O,
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we see that G satisfies the equation
~ ~ l ~ ~
G — Al Gedd! = / eAgxeBgRnggeAgx*e de.
0=0

Therefore, the optimal cost E4 in Eq. (4.21) is monotonically nonincreasing with respect to
the preview length .

The expression (4.21) is identical to that derived in [45]. Since the matriz AR, is stable,
the asymptotic value of E g1 is given by

Eipi|,_. = tr BfoX Byjo + tr By, (X — XGX) By .

4.4.2 Output estimation problem

Let us introduce the following difference of the actual control input and the optimal state
feedback control law:

() = ul(t) — (ﬁ%x(t) + ﬁw(t)) . (4.22)

Since the state feedback gains are determined from the positive semidefinite stabilizing solu-
tion of the Riccati equation (4.17), the following equality holds:

2
1/2
IT2ull3 = B+ | Ry T

where T5,, denotes the transfer function from w to w.

In the output feedback setting, the optimal state feedback law in Eq. (4.16) is not im-
plementable. In this section, we obtain the output feedback controller as the minimizer of
the scaled H? norm of Ty,,. Let us define the generalized plant Py tmp @ (w, u) — (U, y) by
replacing the regulated output z(t) of Py : (w, u) — (z, y) with u(¢) in Eq. (4.22).

Recall that the state transformation in Eq. (4.7) introduced the new state variable z2(¢).
The transformation can be seen decomposing the state-variable x(t) as follows:

z(t) = 2R(t) — UE, w(t),

where 21(t) follows the finite-dimensional dynamics and the second term is given as the output
of the PDE.

In the similar manner to the discrete-time H? control problem in Chapter 2, we describe
Py tmp using th state-variable z%(¢) instead of z(¢), and obtain the following state-space
realization of Py ¢mp:

#(t) = Az™(t) — BaRy' [S5 —B3| UE,w(t) + By jowo(t) + Biywi(t) + Bau(t),
ow Ow

S200.6) = S0 (6,6) (0< 6 <1), wllt) = wi(t),
U(t) = —Foa®(t) = Ry' [S3 —B3] UE.w(t) + u(t),
Yo(t) = CQ/OxR(t) — Co{UE1}, w(t) + Dayjoowo(t) + Doy joywi(t — 1),
yi(t) = wi(?),
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By, By
where the following definition is used: p——— /.
SR 0]
1/1

Referring to the above state-space realization of Py typ, we define the new input u® ()
and output [y¢t(¢)" le(t)T]T from u(t) and [yo(t)" yl(t)T]T as follows:

ul(t) == u(t) — Ry! (S5 —B3| UE,w(t),
Yo (8) = yo(t) + C2 {U Bur}, w(t),
() = w(t).

We observe that P, ¢, has the structure shown in Fig. 4.3. The delay-free generalized plant
P}:Ltmp D (w, WP — (@, y®) R = [yt leT]T € Rdmvo x RAmy) s described with the
state variable 2™

a | [By BY] B

PR = | P 0 O] I
Copo| | [DParjoo O |O
O @) 1 O

Moreover, Ilp; and 4; in Fig. 4.3 are the FIR systems described with the infinite-dimensional
state variable w, and their time-domain input-output characteristics are represented as follows:

l
Moy (t) := —Dog oyt — 1) 4+ [Co0 O] /920 e He [B(l)/l} yi(t — (1 —0))db, (4.23)
l
Api(t) = Ry* [S3 —Bj] /9 . e~ 110 [Bgl} it — (1 —6))do. (4.24)

The above structure of P, ¢, exhibits the relationship between the stabilizing control law
and the value of the cost function.

Theorem 8 (H? preview output feedback law). Under the assumptions (A1)-(A3), there
exists a parameterization of the stabilizing controller Ky : y — u shown in Fig. 4.4. The
preview feedforward elements Iy, and A; are given by Egs. (5.8)-(5.9). K& : y® — u® is pa-
rameterized with the Youla parameter Q. € H? : v — p (1/ = [Vg VZT]T € Rdimyo Rdimyl>

as follows:

K = F(JY, Q) (4.25)
AR 4+ LR [Cgo] ‘ —L% B,
JR = Fyy 0 o 1 |,
[Copo I 0] [o
9, o I| |o
L5 =Ly Lin| == (S50 + YRCyo) Bay —BRy]. (4.26)
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Furthermore, the optimal controller is obtained when Q+ = O and the corresponding

optimal cost E1 is given by
E2 =min||Ty |2 = B2 + tr RyFo, YRES (4.27)
+ uwll9 +FI 2L72x 2 .
where E? gy is determined in Eq. (4.21). O

Proof. Referring to the structure of P, ¢mp in Fig. 4.3, we introduce K. R namely, the unde-
termined part of the controller Ky as shown in Fig. 4.4. Noting that Ilp; and A; are causal
and stable systems, we can cancel them out of the interconnection between Py, and K.
Therefore, K_Ff is determined as the observer-based H? controller for the generalized plant
P}:Ltmp in the output estimation form.

The optimal observer K}} is constructed from the positive semidefinite solution Y® of the
following filtering-type Riccati equation:

thp + AYR + YRA* - ( /‘EkmpZ + YR |:Cé/0:| ) ,;IépQ < ,‘;kmp2 + YR [Cé/():| > = Oa
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where *

By Bl [[Buo B

[Dm/oo O] [Dm/oo O}

Simp2  Rim
tmp?2 tmp2 0 I 0 I

[thp /‘EkmpZ

It is verified that the above Riccati equation coincides with the Riccati equation (4.4), and
hence the standard calculation yields the optimal observer gain LY in Eq. (4.26) and following
closed-loop performance expression:

£1/2 2
e [ ©

|Towll3 = Efpr + tr Ry Fo, YRFS, + (4.28)

2

O

4.5 Example

This section examines the relationship between the preview length and the H? control
performance by active suspension control of a quarter-car model. The model of the active
suspension [14] is shown in Fig. 4.5. The state variables ny(t), nw(t) and n.(t) represent
the longitudinal displacements of the load, wheel and road profile, respectively. We use the
following values for their mass, damping coefficient and stiffness constant:

my, = 400 [kg], ¢, = 1000 [Ns/m], kp, = 5000 [N/m],
My = 400 [kg], kw = 50000 [N /m].

The controller K reads the incoming information of the road profile y;(t) = w(t) :=
ne(t+1), and exert the control input or force u(t) based on the following measurement output:

yo(t) = (1 (t) — 7w (t)) + wo(t), (4.29)

where w(t) is considered as a measurement noise. The first term on the right-hand side
of Eq. (4.29) is the relative velocity between the load and wheel, and the second term is
a measurement noise. Since the acceleration of the load 7j,(t) reflects driving comfort, the
regulated output z(t) is defined so that its L? norm incorporates the square integral of ij, (t):

218 = [ e + Pu(vPd, p = 0.001 m/Ns).
0

Under the above setup, the values of the optimal cost F; with respect to the preview
length [ is determined by Egs. (4.21) and (4.27). From Fig. 4.6, it is seen that E? sufficiently
reaches its asymptotic value 7.3 - 10* within the preview length [ = 1 [s].

The frequency response of the transfer function Tj, ,, from 7, to j, is depicted in Fig. 4.7.
The gain tends to lower along the increasing preview length. It is also observed that the
increase of the preview length does not contribute to the decrease of the peak around w =
35[s7!]. The phase plot is set within the range [—, 7]. If not set inside it, the phase decreases
monotonically as the band increases.
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Figure 4.5: Quarter-car model.

The time responses of 7j,(t) and wu(t) is depicted in Fig. 4.8, where the road profile 7,(t)
is set as follows:

0 0<t<1)
ne(t) =< 0.05 (1 — o8 %(t - 1)) (1<t<5b)
0 (t=5)

Although the discontinuity of 7,(t) at t = 5 [s] causes the large oscillations, the preview action
enables to produce the less peak responses (Tab. 4.1).

Table 4.1: Maximum peak values of time response.

l 0s] 0.2 0.4 0.6 5
maxy|ij, ()| | 2.78 [m/s?] | 2.32 [m/s?] | 2.05[m/s?] | 1.71 [m/s?]
max|u(t)] 1.99 [N] 1.75[N] 1.51[N] 1.39[N]
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Figure 4.8: Reduction of maximum peaks with preview.
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4.6 Proofs

4.6.1 Proof of Lemma 15

After applying the state transformations (4.7)-(4.9), the state-space realization of &7 +22
k — wu is given as follows:

[2353} =4 [ﬁiﬁiﬂ + [?ﬂ R3 ' k(t),
Ei(t) = Auw(t),

E, ™ (t) = — A0 (t) — B,V [gﬂ Ry k(t),

CCR
u(t) = Ry [S; —Bj] [pRgﬂ +RyV[S5 —B3| UBsw+ Ry 'k(t).

The dynamics of (:):R, pR) is decoupled from that of (w, Q in the above realization. Noting
that the solution X of the Riccati equation in Eq. (4.3) triangularize the Hamiltonian matrix
H, the spectral factorization of @99 is completed by the state transformation

o) = L Sl

4.6.2 Proof of Lemma 16

R><)

. Then each

>

Partition X in Lemma 15 conformably with [CCT wT]T: X = [)Sm ))é

wx

of the subblocks are represented by

Xpgx = )?fxx,
xww = / 0)do, wa:c(gi)) = )N(Ex(ﬁb)xu
6=0
Xu(6 / w(8)do (0< 6 <1),
6=0

where )N(ZI]{ (i,j = x, w) are defined as follows:

XE = xR0 =[x 1) | B R o) = XG0

XK, (6.0) = [By, O] [H(;i o o W} e~ H? {Bgl] (0<6.6<1).

Since the above defined )?5 (i,j = x, w) satisfy the following system of PDEs, X in Eq. (4.14)
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is a solution of the operator Riccati equation (4.17).

Q+AXE + XK A— (84 XK By) Ry (S2+ XKB2) =0,

_ %XK (0) + A"X,(0) — (S + XEBo) B ' B3RE,(0) = 0.

- a%XK (6) + X5, (9)A - XK (9) BBy (S2+ X By) =0,
0 = 6

- 8—¢Xffw(¢a 0) — —- XK, (6,0) — X5, (¢) B2Ry ' B3 X, () = O,

XX,0) = XK By, XK, (6,0) = XK (¢)By 1,
Xiz{x(o) l/lXK 5@0(070) = l/lXK (0)

T

0<0,0<l).

To show the stability of A+ By Fy, we transform its domain and range spaces by Eq. (4.8).
The realization of A + ByFy after the transformation is described as follows:

#R(t) = (A + 32ﬁ2x) 2R(t) + BoRy [S; — B3| UE,w(t),
Ow Ow

T —(0,t) = 30 —(6,1) (0< 0 <1), wl,t)=0.

This system is stable as A + Bgﬁ’gx is a stablg matrix.
To show the positive semidefiniteness of X, we rewrite the Riccati equation (4.17) as the
Lyapunov equation

(@ - §§R2_1§2 + XEQREIE;)?) + (12[_1_ §2ﬁ2>*)? + X (A + §2ﬁ2) =0.

Since A + BoF) is a stable, X is positive semidefinite by the results on operator Lyapunov
equations [24].

4.7 Conclusion

The design method of the continuous-time H? preview controller is derived along the
lines of Chapter 2. We solved the output feedback problem by simplifying it to the full
information and output estimation ones, and guaranteed the exact optimal performance by
the orthogonality principle in H? space.

In the full information problem, we introduced the state transformations to perform the
spectral factorization considering the state variable of the delay element. By the spectral
factorization, the optimal state feedback law is constructed as a solution of the one-sided
model matching problem. One of the state transformations defines the decomposition of
the state variable x(t) of the finite-dimensional generalized plant P. In the output estimation
problem, we employed the state decomposition to describe the infinite-dimensional generalized
plant in the form amenable to the explicit solution. The essential part of the output feedback
controller, which is estimating the possibly unstable state variable 2(t), is determined.
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Chapter 5 Continuous-time H* preview control

5.1 Introduction

This chapter extends the design method in Chapter 4 to the H* preview output feedback
control problem. The output feedback controller is constructed through the full information
and output estimation problems. The technique of reducing an infinite-dimensional J-spectral
density to finite-dimensional one is employed to deal with the full information problem. It is
initially proposed for a continuous-time input-delayed mixed sensitivity problem in [36] and
extended to the fixed-lag smoothing problems in [31], [38]. We introduce the state transforma-
tions, which are parallel to the one proposed in Chapter 4, to find the relationship between the
state variables of the infinite-dimensional and reduced finite-dimensional J-spectral densities.
The explicit stabilizing solution of the control-type operator Riccati equation is constructed
by combining the proposed state transformations. One of the state transformations defines the
decomposition of the state variable of the controlled plant. The subsequent output estimation
problem is reduced to finite-dimensional one along the lines of Chapter 4.

In the recent study [30], the H> output feedback controller for the more general class of
input-delayed and preview systems are obtained by solving the operator Riccati equations via
the other kind of state transformations. However, the proposed state transformation allows us
to reveal the following aspects of the preview control problems; 1) The H* output feedback
preview controller is implemented as the combination of the finite-dimensional observer and
preview-feedforward compensation; 2) There exists the direct relationship between the J-
spectral factorization techniques in [31], [38] and the stabilizing solution of the operator
Riccati equation.

This chapter is organized as follows. In Section 5.2, the problem formulation and assump-
tions are stated. In Section 5.3, the original output feedback problem is first restricted to the
full information problem where the state and disturbance are available for the control. After
extracting the J-lossless factor of the generalized plant associated with the one-sided model
matching problem, the full information setting is extended to the output feedback setting. In
Section 5.4, the positive semidefinite stabilizing solution of the control-type operator Riccati
equation is constructed via the proposed state transformations. In Section 5.5, a design ex-
ample of a H* preview tracking system is presented. In Section 5.6, the proofs left in the
previous sections are given.
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Figure 5.1: Preview control system.

5.2 Problem formulation

Let us formulate the H* preview control problem for the following generalized plant P, :

#(t) = Ax(t) + By jowo(t) + By jwi(t — 1) + Bau(t),
Z(t) = Clx(t) + Dlgu(t),

[yo(t)] _ [02/090(75) + Day joowo(t) + Doy jqrwi(t — 1)
yi(t) wy (t)

The overall control system is depicted as in Fig. 5.1, where P is the finite-dimensional gener-
alized plant defined by

A ‘ [Bijg Biy| B
P=| C 0 O] Dy |,
Coo | [Da1joo Darjor] O

and K is the controller to design. In the setup, w;(t) is regarded as preview information and
l is a preview length. The information on z(¢) is assumed to be partially available through
yo(t), and the preview information is assumed to be fully available through y;(t).

The problems are to obtain a tractable solvability condition on the H*® control problem
for P4, and to reveal the clearly interpretable structure of the controller K which archives

the following pefromance based on the partial information y(t) := [yo(t)" yl(t)T]T:

wp Ll T

<7, w(t):= [wo(t)T wl(t)T]
we L2, w#0 ”w”Q

The following conditions (A1)-(A3) are assumed throughout this chapter.
(A1) (A, By) and (A, Cyjg) are stabilizable and detectable, respectively.

are of full column rank and of

(A2) For Vw € R, [A_]WI BQ} and [A—jw[ Bi o

C1 D Ca0 Darjoo
full row rank, respectively.
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(A3) D12 and Dy /g are of full column rank and of full row rank, respectively.

SFalEa
Do1/00] [ Da1/00

For simplicity, the following definitions are used.

Q So * QO S;
= D D ) ,2/0
[55‘ 32] (€1 Du]"[C1 Dual, [52/0 Ry

5.3 Solution via closed-loop reduction

5.3.1 Full information problem

We begin with simplifying the original problem to the full information problem, where all
the information on the state variables and exogenous disturbances can be utilized to construct
the control law. We apply the J-spectral factorization techniques in [31], [38] to this simplified
problem. The possible straightforward approach to the full information problem is to dualize
the results in [31], [38]. In [31], [38], however, the relationship between the state variables
of the infinite-dimensional and reduced finite-dimensional J spectral densities are not clearly
mentioned. In contrast to [31], [38], we clarify the relationship by introducing the new state
transformations, which are along the lines in Chapter 2.

Denote the available disturbances by Ymm = [Ymmo Yimi) T= [wg wlT]T and let
P, ,m be the transfer function from (w, u) to (2, Ymm). Note that P, ., is the generalized
plant corresponding to the following model matching problem [MM].

[MM] Find the causal transfer function 7;,,, which satisfies the following conditions:

Pi11+ Py1eTyw € H and ||Py11 + Py2Tuwll o < -

As in Subsection 2.5.1, the model matching problem [MM] can be recast as the following .J-
spectral factorization problem [SF] [17], and the solution of [MM] is parameterized as follows:

T, — }—I(C_l (My), Tig), VYTig € H™ such that HR;/QTmH <7
oo

where M is the J-spectral factor of the J-spectral density and T3 5 denotes the family of the
transfer functions from w to u.

[SF] Define the J-spectral density @4 : (Ymm, %) — (Amm, k) by

~ [ O
Py :=C (Prmm) [ g I:|C(P+mm)-

Then, find the J-spectral factorization of it which satisfies the following conditions.
(SF1) There exists a stable J-spectral factor My : (w, u) — (Ymm, ©) such that

[ 07,
O, =M, [g RJMQ. (5.1)
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(SF2) The transfer function Ny : (w, u) — (w, z) defined by Ny := C (Pymm) M4 is
a J-inner function.

Before starting to solve the problem [SF], define the following Hamiltonian matrices

_ |4 P+ P _ Ay Pipo+Piy+ P
Hy = [QV O A , Hy = 0. A ,
where
A, =A—-ByR;'S5, Q,:=Q— S2R;'S;
1 1 _
Py = —?Bl/OBi‘/O, Py = —?Bl/le/l, P, := ByR; 'Bj.

Furthermore, let p(t) be the adjoint variable of x(¢), and introduce the new state variables
2R (t) and pR(t) as follows:

xR(t)] [x(t)]
= + UE wi(t). 5.2
In Eq. (5.2), the operators U and E,, are defined as follows:
l
U [f ] = [BW] g+ / ¢~ Hob [Bl/l} F(0)d6 for (f, g) € L*([0, 1], RImwr) 5 RImwr (5 3)
g o =0 0

1
@)

[{UEW}E {UEW}H " w(t) is given by

{UEW}I] /l —Hob [31/1]
w(t) = e 110 w(6,t)do.
L] e = [ e | Fa et

The following Lemma 17 and Theorem 9 are the dual results to those in [31], [38]. In our
proofs, the new state-variable transformations are introduced using the explicit solutions of
the Sylvester equations, and it is made clear that the state variable x(t) should be changed to

the above-introduced z®(t) to solve [SF]. This fact is essential to extend the full information
setting to the output feedback setting in Subsection 5.3.2.

and E, = [ } o L2([0, 1], REmwry — [2([0, 1], RImwr) x Rdmw — Hence, UF, w(t) =:

Lemma 17. The delayed J-spectral density @ is linked with the delay-free <I>$ by the trans-
formation
ot = MM MR (5.4)

The transfer function M_EIR C(yR L ul) — (Ym, ) (y}}lm = [yrljﬁo yrljﬁl]T> is given by

the following state-space realization:

ow ow

E(evt) - %

ymmo(t) = FBOlw(t) + yr%mO(t)7 ymml(t) = yrfx{lml(t)ﬂ
u(t) = Fyjw(t) + uf(t),

(6,t) (0<6<1), w(l,t) =y (t),
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where the state feedback gains are defined by

o 1 * 'l — * *
Py = -2 [O —Bl/o} UE., F}y =R, [S3 —Bj]UE..

(-1) . (hR

mm?

Moreover, @Y K — (yims u™) (hfgm = [hmo hirﬂl]T) has the following

state-space realization:

[?R(t)] — ¢ Hol ¢ Hol [;E(t)]

1 Bl/O] R 1 BlR/l R {32} “1,R
= BR (1) — — hR (¢ RER (1),
’Y2 |: o) mmO( ) ,YQ Sf{/l mml( )+ SQ 2 ( )
1 2R 1
R (t)=—= |0 -B [ }_—hR t),
ymmO( ) 72 |: 1/0] pR(t) ,_)/2 mmO( )

1 zR(t) 1
R _ Rx _ pRx* R
ymml(t) - ? |:Sl/l Bl/l] |:pR(t):| - _thml(t)v

~
_ " " zR(t _
u(t) = —Ry' [S; —Bj] [ R( )] + Ry ER(1),
p(t)

BR B
where Ll .= g—Hol [ 1”] . O

Sﬁ/l O
Proof. Subsection 5.6.1. U

From the realization of M}™, the impulse responses from y (t) t0 ymmo(t) and u(t) are
of finite-time duration. The following theorem gives a tractable solvability condition to [SF],
and constructs the J-spectral factor explicitly.

Theorem 9 (J-spectral factorization). The problem [SF] is solvable if and only if the following
condition (X) is satisfied.

(X) The Riccati equation associated with the Hamiltonian matriz e~ Hol [ efol has the posi-
tive semidefinite stabilizing solution X® such that the following matriz is stable:

AR, == A+ By Flly, + By FY, + BoFy),

where FR ﬁlR/lx

10w and 1321% are the state feedback gains defined by

- 1 * o 1 * * I~ — * *
Fly, = = Fo X FRy = = (Sﬁ/l + BY; XR) | B, = Ry (S5 + B3XR).

Suppose that the above condition is satisfied. Introduce the intermediate signals w := [f&g fEZT]T

and u as the outputs from M;l or the inputs to Ny. Then, the inverse of the J-spectral factor
My 2 (w, @) — (Ymm, u) 15 given by

My = MIRME,
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where MY : (w, @) — (yR., uB) s given by the following state-space realization:
e (t) = ALa®(t) + By joto(t) + Bl @i(t) + Baii(t),
Yomo(t) = Fl/Oac 2" (t) + wo(1),
Yaom () = Fl/lx M (t) 4+ wn(t),
ut(t) = Foj,a(t) + u(t).

Moreover, Ny : (w, u) — (w, z) is given by the state-space following realization:

2R (t) = AL (t) + By joto(t) + Bl,@n(t) + Baii(t),

g—j(e,t) = ge 0.1) (0 <i0 <), wl,t) = BB a%() + @),
wo(t) = Fljo,a™ () + Fiigw(t) + wo(t),
wi(t) = Fify,a™(t) + @),
2() = (€1 + DioFgy, ) (1) + (~CH{UELYs + DioF3y ) w(t) + Duii(h).

g

Proof. Since @E in Eq. (5.4) is multiplied by the bi-stable transfer function and its para-
conjugate from the right and left, respectively, it is necessary and sufficient for (SF1) that the
Riccati equation associated with the state-transition matrix e~ 0! Hjeflol of @E(_l) has the
stabilizing solution. By the state transformation:

)= e o

the following factorization of @E( is obtained.

1
1 -—I O -
"D — R | T2 MRl (5.6)
| O R2
By Egs. (5.4) and (5.6), Eq. (5.1) is obtained and N is a J-unitary system:
—72I O] N, — -2 O
O I|""" | O Ry’

N;[

Next, it is shown to be necessary and sufficient for (SF2) that X® is positive semidefinite.
By the J-unitariness of Ny, the J-inner condition on Ny is equivalent to the stability of
+11 We see that the latter is equivalent to the stability of A 4+ By F. 17 from the following

state-space realization of IV +11 Cw — W
() = (A + ByF) /x) 2R (t) — By FRgw(t) + B jowo(t) + BRwi(t),

ow Ow

ot
wo(t) = SOxxR(t) - Ff}oz‘*}(t) + wo(t),
Wi(t) = — By, (t) +wi(t).

T2, (0 <8 <1), wil,t) =wt),
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Figure 5.2: Factorization of Py .

By expanding e~ ol [ efo! ag
1 «
e Mol H el = |y — ?e—Hol [Bé/l] [Bi*/l O} e MLyt (5.7)
we have the identity

[I 0} e_HOZHleHOZ[ I O] _

AR, —25ByjoB;j — 5B, Bl + B:R; ' B;
XR o0 —XR T

111
0O —AR*

The (2, 1) block in the above matrix is zero, and X! satisfies the following Lyapunov equation.

(QV + XRP?XR + FVQFlR/SxﬁlR/OI - 72?51*11?1}}1‘”)

+(A+BFE,) XR 4+ XR (A4 ByFE, ) = 0.

~ ~ ~ T
Moreover, (A + B2F2I>x, [FlR/g; FBEE] > is detectable since AY is stable. Therefore, by the

results on Lyapunov equations, A + Bgﬁ%}x is stable if and only if X® is positive semidefinite.
O

By (SF2), the chain scattering representation C (Pymm) is factorized as C (Pymm) =
N+MJ:1. Taking the inverse chain scattering representation of this identity, we have Py ymm =
P+stb *P+mmtmp7 where P+stb = Cil (N+) and P+mmtmp = Cil (MJ:I) (Flg 52)

5.3.2 Output estimation problem

In this subsection, we derive the H* preview output feedback law based on the results in
Subsection 5.3.1. Recall that we factorized the generalized plant Py, as shown in Fig. 5.2.
The significance of this factorization lies in that the upper part of the star-product intercon-
nection is a lossless system. Conveniently, P, is also factorized in such a way. Let Py ¢y, be
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Figure 5.3: Factorization of P;.

the generalized plant defined by replacing the measured output ymm(t) of Pt mm tmp With the
measured output y(t) of Py. Then, we have the factorization P, = Py g, * Py tmp. This is
because the original measured output y(t) is represented by the state variables (x2(t), w;(-,t))
and the exogenous disturbance w(t) to Py mmtmp. See the following state-space realization of
Py tmp and Fig. 5.3:

PR (1) = (A + By joF o, + Bﬁ/lﬁ}}m) 2R (1)
— By Fyywn(t) + Byjoto(t) + BlY,@(t) + Boul(t),
Ow Ow ~ -
5700 =550, (0<0 <), w(l,t) = Ffy,a™ (1) + wy(t),

U(t) = —Fyy,a™(t) — Fyjw(t) + ult),
Yo(t) = (CQ + D21/00ﬁ11370$) 2™ (t) + Dy j01w(0, 1)

+ (_02 {UEL}, + Dm/ooi%z) w(t) + Da100wo(t),
ui(t) = Ffy,a™(t) + @i (t).

We used the state variable 2%(¢) instead of x(t) to describe Py tmp, which is in output esti-
mation form.

Since Py« is J-lossless, the H°° problem for P, is reduced to that for Py iy, by Red-
heffer’s lemma. From the above state-space realization of P, ¢,,, we observe that P, ¢y, has
the structure shown in Fig. 5.4. The finite-dimensional generalized plant P}}

(W, ut) —
(u, y?) is described with the state variable z®(¢):

tmp -

(0] I

(*) ‘ [Bl/o Bﬁ/z] By
Pftmp = _F217x ~ [O O] I )
Ca + D~21/00F1I>0x [Dm/oo O} o

R
Fl/l:v

86



— > -
R
Y R
R P—I—‘Dmp
— Yo R
$— [ —(P=—] u
> Al
Y Y =w v Yo u

Figure 5.4: Structure of Py ¢yp.

Yy =w Yo U
- Al
Yo ul
o— HOl R
R
Yi K+
=

Figure 5.5: Structure of K.

(*) = A + Bl/OFlR/Ox + Bl/lFBI;t’
The FIR systems Ily; and A; are described by the following input-output relationship:

1. Lo B
Moy (t) == — Doyt — 1) + [02/0 2 Sz/o} /0 e~ Ho? [ (1)/1} y(t—(—0))do, (58)
=0

l
Bunlt) =15 (55 -53] |

_m0 [B
e Hod [ (1)/1} yi(t — (1 —6))de. (5.9)

Referring to the structure of Py typ, we introduce KE, namely, the undetermined part of the
controller Ky as shown in Fig. 5.5. Noting that IIy; and A; are causal and stable systems,
we can cancel them out of the interconnection between P, ¢, and K. Then, the problem of
parameterizing the H°° controller K for P, ¢, is reduced to that of parameterizing the H°
controller K_IE for Pftmp. The explicit form of H controller is obtained using the following
KYP equation:

Llf*]* [—’YQI O ] [L?T . R , vR
* . | = + AY YA, 5.10
[LzR/o O Rypl [L5h @ (5-10)
2 R x
o ) ] = L)+ e
— , =14 + Y. 5.11
{ O Ry LQR/O Sa/0 Ca0 (5.11)
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The KYP equation is associated with the H control problem for the following generalized
plant in full control form.

- A | Byy I O]
Ploc =1 & O o I] |. (5.12)
Coso | Darjoo [0 O]

Theorem 10 (H>° preview output feedback law). Under the assumptions (A1)-(A3), the
H® control problem for Py is solvable if and only if the conditions (X) in Theorem 9, (Y)
and (Z) below are satisfied.

(Y) The KYP equation in Eqs. (5.10)-(5.11) has the positive semidefinite stabilizing solution
YR such that AR .= A+ LRCy + L2R/OC2/0 is stable.

(Z) The spectral radius condition p (YRXR) < ~% s satisfied, and hence the inverse of
ZR =T — ,Y—IQYRXR is well-defined.

If the above solvability conditions are satisfied, the H™ preview output feedback controller
Ki:(y,p) — (u,v) (v i=[vg VZT]T € RImvo x RImY) s implemented as shown in
Fig. 5.5. It consists of the FIR systems Ilg and A; in Egs. (5.8)-(5.9), and the following
finite-dimensional system K_IE:

K = A (Y, Q4(s)),
where ¥ Q4 € H™ is the Youla parameter satisfying the condition

. 1/2
1/2 R 0O
and Jf is defined by
AR IR o (1) | —LRypy LR .
C mp 2 tmp 2 tmp 1 C + D FR
R 2/0 21/00+1 /0
JR = FR O I , (1) = R i
—(1) I O 1/lx
L‘I?mpl = ZR(il) (BQ + L{{DIQ) ) L?mp2 = |:Lf{mp2/0 Lf{mp2/l} )
1
R R(-1) 7R R R (- R R cR
Ltmp2/0 = 7R 1)L2/07 Ltme/l = -z (31/1 + ?Y Sl/l> .
[l
Proof. Subsection 5.6.2. U

The finite-dimensional system K }} is interpreted as the H*°-type observer estimating the state
variable 2(t). The FIR systems ITy; and A; shape the measured output yo(¢) and control
input " (¢) using the preview information y;(t) = w;(t).
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Remark 12. Theorem 10 claims that the H* preview output feedback controller exists if
and only if both of the full information and output estimation problems are solvable. The
solvability of the full information and output estimation problems are equivalent to the J-
spectral factorizability condition (X), and the couple of the conditions (Y) and (Z), respectively.

The remarkable difference between the existence conditions for the input-delayed and pre-
view H controllers in Theorems 4 and 10 lies in the J-spectral factorizability conditions.
While the J-spectral factorizability condition for the input-delayed controller should be checked
for infinitely many points of the performance bound A > -y, the H*® preview controller achiev-
ing the performance bound v is characterized independently of the larger performance bound
parameter A > 7. O

5.4 Solution of operator Riccati equation

In Subsection 5.3.1, the H* state feedback law is obtained as a solution of the model
matching problem by the J-spectral factorization technique. The disturbance-delayed system
P, is in the class of the Pritchard-Salamon system [24], and therefore the H*-state feedback
law can be also constructed from the positive semidefinite stabilizing solution of the associated
operator Riccati equation. In this section, it is noted that the explicit solution of the operator
Riccati equation is found from the proposed state transformations.

We prepare the following lemma along the proofs of Lemma 17 and Theorem 9.

Lemma 18. Suppose that the condition (X) in Theorem 9 is satisfied. Let the adjoint vari-
ables of x and w be p and «, respectively. Then, the state variables (p™,a™) of the adjoint of
the J-spectral factor M;l is obtained by the following transformation:

Pl _ Pl x|
[ax] = [a] + X L} . (5.13)
The operator X in Eq. (5.13) is constructed by

. [ xR XU E}e +{UBulp }

A= V;?XR — Vi W?XR{UEwl}:v + Vp{UEui}p + E (5.14)

where E,U is given by Eq. (5.8), and 'V := [Vx Vb] is the multiplication operator defined by
(Ve V] m (¢) == [0 BlT/l] eHo? m (0< ¢ <) for (x, p) € RIM® x Rdmz (5 15)
and Z is the integral operator defined by

(b .
Ew(gf)) = _/9:0 B;F/l {6H09}21 Bl/lw(¢_9)d9 (O < ¢ < l) forw c LQ([O, l],Rdlmwl).
(5.16)

g
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Proof. By Egs. (5.5) and (5.24), we have
pRXT [ph . XR O] [2R
ol ol O E|l|w]|’

Replacing 2%, p? and a® in the above equation with z, p and « by Eqgs. (5.2) and (5.22), we

have the equation
P pl [
v = e+ X ]

Defining (p*, a*) as the left side of the above equation, we obtain Eq. (5.13). O
Let Xy be RImz » 12([0, [],RY™®) and A} be RIM® x W2l([o, [, R4mw)  In the
homogeneous boundary condition case, i.e., when wi(t) = 0, the infinitesimal generator
Ap : D(An) = X1 — A of the disturbance-delayed system Pj py, is given as follows:
- Az(t) + By w(0) . .
AH[ * } = Ow for [ * ] € RIme 5 W21([o, 1], R4mwr)
w(-) 20 w()

where Ay is an unbounded operator on Xy := RIm® x [2([0, I], R4m®t) and its domain is
given by

D (EH) - {[w‘(”)] e REm® 5 21 ([0, 1], REm @) | (1) = 0} .

By defining X := D(A% )", we have the following dense and continuous inclusions:
X) C Xy C X_y. Then, Py, is described in the framework of [24] as follows:

where the infinitesimal generator A D(K) = Xy — X_1 is the extension of EH and

= ~ ~ = Bip| 5 o
By = [BI/O Bl/l} , Bijo = [ O/ } , Bij= |:5l(')Idimwl:| ,

By = Fg], Gy =[c1 0]

The following Riccati equation in Eq. (5.17) is associated with the above representation. In
Theorem 11, the operator X constructed in Lemma 18 is shown to be the positive semidefinite
stabilizing solution of it.

~ ~ o~ ~ ~ 1l ~~ ~ ~ ~ o~ ~ ~ o~ ~ N\ *
Q+ AX + XA+ XB/BX - (XBQ n 52) Ry (XBQ n 52) — 0, (5.17)
v

@ = éikél, §2 = éileg.
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Theorem 11. Suppose that the condition (X) in Theorem 9 is satisfied. Then, the operator X
constructed by Eq. (5.14) is the positive semidefinite solution of the operator Riccati equation
(5.17) such that AC = A+ BlFl + By Fy is stable, where F1 and Fy are the state feedback
gains given by

F = =BiX, Fyi=—R;' (E;‘f( + 52) .
O
Proof. Subsection 5.6.3. O

Theorem 11 exhibits that the operator Riccati allows the representation in the form of the
composite of the state transformation operators (Eq. (5.14)), and more interestingly that its
positive definiteness is assured by the matrix condition (X). Recalling that the state transfor-
mation operators are introduced for the J-spectral factorization, Lemma 18 and Theorem 11
shows a direct link between the J-spectral factorization technique and the stabilizing solution
of the operator Riccati equation.

5.5 Example

It is reported that the discrete-time LQ preview controller significantly reduces the phase-
lag of the tracking response in [60]. As an example, we apply the formula in Theorem 10
to designing a preview tracking system, and demonstrate that the resulting controller also
improves the phase characteristics.
0.2(s—0.8)
s2+s5+0.34
the controlled output v(t) be given. The control objective is to make v(t) track the delayed
reference r(t — ) (r(t) = w;(t)) in the bandwidth less than the frequency w = 1. The tracking

Suppose that the transfer function G(s) = from the control input wu(t) to

system configuration is shown in Fig. 5.6. The weighting function F'(s) = emphasizes

25 +1
the tracking error e(t) in the low bandwidth, and the parameter ¢ = 0.1 adjusts the magnitude

of the measurement noise n(t) (= wy(t)).

For each value of the preview length [, the achievable performance 7opt (1) is calculated by
the bisection method, and the central controller is determined for the upper bound ~(l) :=
1.01 - opt(1). The frequency response of T}, ,(s)e® is depicted in Fig. 5.7. Note that e* is
multiplied to T5,,(s) to reflect the purpose to suppress the tracking error after the time ¢t = [.

From Fig. 5.7, the gain of the previewed response approaches 1 as the preview length
increases. Although the phase of the previewed response leads excessively in the high band-
width, its lag is suppressed around the frequency w = 1. Therefore, the designed preview H*°
controller yields better tracking performance compared to the standard H* controller.

91



E _ e E z
> oS! ;() > [ —
A
Ui v ?
r Ky : = :
) :
y g
= € [—n

Gain

Phase

Figure 5.7: Frequency response of T}, (s) e*.

92



5.6 Proofs

5.6.1 Proof of Lemma 17

By changing the input-output signals of @1 : ((Ammo, Ymmi)s k) = ((Ymmo, —Pmm1), @),
define Q4 : ((Ammo0, Ymmi)s k) — ((Ymmo, —Pmm:), ). Note that the state-space realization

of C (Pymm)” : (a, b) = (hmm, k) (a = [af alT]T> is given by

p(t) = —A* p(t) + CTb(t),
G601 = 55(6.1) (0< 6 < ), al0,1) = Bia(t)
hanmo(t) = 1/0P( )+ ao(t), hmmi(t) = —a(l,t) + ai(t),
k(t) = —Bsp(t) + Digb(t).

Therefore, the state-space realization of €. is calculated as follows:

Egﬂ = Ho [%ﬂ n [Bé/z] Tow(t) —% [Bé/o] honmo () + [gﬂ Ry'k(t),  (5.18)

B = Auslt) + | 7] vt (5.19)

Eain(t) = ~Aoatt) - [0 By, |20, (5.20)
. 1[z@®)] 1

Ymmo(t) = 2 [O B1/o} o(t)) _ﬁhmmO(t)u

() = Tia(t) + 7 Yram (1),

)= Ry -5 B3] |70)] + Ry e

The following operators on L?([0, {], R4™ %) are used. Each of their domains is W21([0, 7], R4imwr),

I 2 I -&
E, = [O] , AL = [—FJ , By = [O} , Ay = [—FJ .

First, referring to Egs. (5.18) and (5.20), we consider the following transformation.

I 0]| Ho—sI 0 I O
_E\V T [O BIT/Z] Ay —sE| |V T
Ho—SI O

(5.21)

[0 BIT/Z} E.VHy— AgV —Aq — sE,

Using Krein’s formula [13], we determine V' which makes the (2, 1) block of Eq. (5.21) zero
by the following complex integration.

vi|@=-5 4, e o By er-my a0 <o<n
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This is calculated as in Eq. (5.15). Using it, we introduce the new state variable o by the

equation
=1 4B -

a
Similarly, referring to Egs. (5.18)-(5.19), we consider the following transformation.

[I U] Hy — sI [Bé/l}r

[1 —UEw} | Hy—sI [Bl/l} I, — HUE, + UA.,,.
O I O A, — sE,

@)
0 I A, —sE,
(5.23)

Using Krein’s formula again, we determine U which makes the (1, 2) block in Eq. (5.23) zero
by the following complex integration. For (f, g) € L?([0, {], R4mwr) x Rdimwi

fl_ 1 oI — Ho) ! B1/z} SE — A ! [f] <
UM QM?{(HO)(I Ho) {o i (sE, = A7 |1 ds.

This is calculated as in Eq. (5.3). Using it, we have introduced the new state variables x
and p® in Eq. (5.2). Finally, we make the following state variable transformation using =
defined by Eq. (5.16).

R

X =t 42w, (5.24)

After the state transformations in Egs. (5.22), (5.2) and (5.24), the state-space realization
of Q4 is given as follows:

ng] o [Zigﬂ = 5 |80 b6+ | 22] 25400+ 0 [ it

~y

Ow Ow

5 —(0,t) = 50 —(0,t) (0< 0 <), w(l,t) = Ymmi(t),
o R x o R x 1

—(¢,1) = a¢ (6,t) - <——2 [Bg)/o} hanmo(£) + [?ﬂ R21k:(t)> 0<o<1), (525)

oX(0,t) =0,

1 . Rt 1 1
Ymmo(t) = ? |:O _Bl/O] [;Rétg - ?hmmo(t) - ? |:O 1/0} UE, w(t), (5.26)
R
hanm1(t) = X (1, t) +V [ g)] (1) + Y Ymm 1 (t), (5.27)
1 % % xR(t) 1 * *

u(t) =—Ry " [S; —Bj] [pR(t):l + Ry 'k(t) + Ry [S5 —B3] UELw(1). (5.28)
Referring to Egs. (5.26), (5.27) and (5.28), we define the input-output signals by the equations

uP(t) = u(t) — Fyw(t), k() = k(t),
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yIE{lmO(t) = ymmo(t) - ﬁf}ozw(t)v himo(t) = hmmo(t)a
err{unl(t) = ymml(t)v hrPrilml(t) = hmml(t) + aRX(lﬁt)‘

Then, the input-output relationship between the above signals are represented by MEIR as
follows:

mm IE{lm hrP;le ~ hmm
[?/u ] — MFR [yuR] , [kR] — MFR { " } , (5.29)
T
P = [P0 Phmi) -

Moreover, let QF be the input-output system from (b, o, yX ), k%) to ((y2 0, =A% R)

m mml)’
and define the input-out system @E(fl) s (RR D ER) — (yR ., u?) by changing the input-

output signals of Q. Then, we obtain Eq. (5.4) by Eq. (5.29).

u-),

5.6.2 Proof of Theorem 10

First, we show the necessity of the condition (Y). Note that the original problem in
Section 5.2 is solvable only if the H* control problem for the following generalized plant
P, pc in full control form is solvable.

i(t) = Az(t) + Byowo(t) + Brjwi(t — 1) + urc (),
(t) = Clx(t) + UFCz(t),

[yo(t)} _ [02/090(75) + Da100wo(t) + Doy jorwi(t —1)
v (t) wy(t)

z

The problem here is to determine (upc ., upc ) based on y to render the L? gain from w to z
less than ~. Since the previewed disturbance wy; is available, we cancel its effect on x and yg
in the above realization, and get to the H* control problem for PEFC defined in Eq. (5.12).
Therefore, the condition (Y) is necessary.

Next, recall that we have reduced the H*° control problem for P, ¢y, to that for Pftmp.
The latter problem is solved via the dual J-spectral factorization of

, , _ 2R71 ol . , AR BR
@R — PR v 2 PRN PR = + 7 +7
+7 +7 |: O I:| +7 47 CET DJF:T s

AR = AR, BE = [-By [Bie BY]

cx)

/ -FR , I [0 0]
CR = ||Copo+ 1321/00};111?7% , D} = [O} [Dm/oo O}
FlR/lx O 0] I

The factorizability condition is the following condition (T).

95



(T) The following KYP equation has the positive semidefinite stabilizing solution Y& such

tmp
that AR = AR+ LR, CR_is stable.

R
L+ tmp

5RO 7R+ _ &R AR R
_R+7'L+tmp - S+T + C—I—T}/;smp’

G ][5 [ [B}

S‘IET RE T DE T O I ‘DE T

5R R * _ AR {R R R JfR=x
RJrTLthmp - QJrT + A+T}/tmp + Y:cmpAJrﬂ

To show that (T) is equivalent to (Y) and (Z), we apply the idea in [20] of relating the
pencils associated with the KYP equations. First, the KYP equation in (T) is rewritten as
the generalized eigenvalue problem:

£ Rext _ HRext AR
(I)—l—TJBT - (I)+T5 BTA+TC7

o RT T RxT R+ T T 1T
where B, := [ YRT 1T LiL LE% 1 OT |7,

, , R 0O
PRt .= Rt = =
+710 |: I9) ‘_72I:|’ +76 |: 19) O:|7

AR Q% | S I 0|0
o = g _1411{59; _CRE: , 0% s=10 1]0
C+T S+’7' ‘ R+T 0O 0|0

Similarly, the KYP equation in (Y) is rewritten as follows:

£ Rext _ &Rext {R *
q)-i-ua BH - q)-l-u& Bu Ac )

e, = [y aper [ o] for ]

(I')Eex; = |: é&uo’ ‘ 20 - :| : 'Eexg, = (I,)E ) O ’
z 0 | —’R; Z o [0
A Q| 0 |8 O I o] o [0 0
/ O -4 | =Ci |-Gy O] | o 1|0 Jo o
Plo=|" 0 0 |1 [0 0] | %= g 8 g [8 O]
N TR
[ z ] Al b ; ol lo||lo 0

Using the Riccati equation associated with the Hamiltonian matrix eHo! Hjefol it is

: e HRext pR ext pRext AR ext .
verified that the pencils @77 — s LT3 and P — s LU are related as follows:

T (508 - sORoY) T = BRext — s e, (5.30)
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where

I O B O -BY|| O
SXR T -8 |0 5ST| | &0
L= O O O [0 O] I |,
o] [o @) I @)
1 O R
. O O I [0 O] O |
[ I o) O [0 O]] O]
~-LXxR I O |0 0O]| O
_— %S;‘ Bj o [0 O] I
e O @) o] [I O
sl Lol o] [ 4] 110
5O 0 I [0 O]| O |

Eq. (5.30) implies that the bases of the generalized eigenvalue problems derived from (T) and
(Y) are related as follows:
B, Z%* = T,B,,.

5.6.3 Proof of Theorem 11

Partition X in Lemma 18 conformably with [g:T wT]T; X = [)5” ‘)SW

XUJJ? ww

]. By the

representations of U, V and = in Egs. (5.3), (5.15) and (5.16), X (1,7 = x,w) are given by

K
Xopzx = X,

xww = / d@ Xwacx(¢) = jz}fx(¢)x7
0=0
Xu(6 / w(8)do (0< 6 <1),
0=0
where )?ZI]( (i,j = x, w) are defined as follows:
RE = X 0= [0 1] | P R 0) = R0

R (00 = B O etie | 0, O [Pl 0,021,

Since the above defined )?ZI]( (1,7 = z, w) satisty the following system of PDEs, X is a solution
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of the operator Riccati equation (5.17).

~ ~ ~ ~ 1 ~ ~ ~ ~
Qv+ AL XE + XA, — X5 Py joXoy + ?Xfw(l))(l};(l) - XX pXxE =0,

0 ~ ~ ~ ~ ~ ~ ~
= gt (®) T X (0 Ay — XL (B)PrjoXop + 5 Xea (9, DX 00 () — Xip(9) X = O,
Y
9 TK 9 K
- 8_¢wa(¢7 0) - %wa(¢v 0)

— XX (¢) P XK (6) + %Xfww, NXE, (1,0) — XX () XK (0) = O,

XX,0)= XX B, XK, (6,0)= XK (¢)B,,
XK.(0) = B}, XK, XK (0,0) = B}, XX,(0)
(0<6,¢<l).

We can verify the above system of PDEs using Eq. (5.7) and the identities such that

%QHO(Z) — GHO(Z)HO, e—Ho@ — Js—l (6H09>* JS'

To show the stability of A:C and g + Egﬁ’g, we transform their domain and range spaces

by Eq. (5.2). Then, A. and A + ByF3 are transformed to the infinitesimal generators of N,
in Theorem 9 and N;lll in the proof of Theorem 9, respectively. Those transformed A. and

A+ Egﬁg are stable by the stability of Zlgx and A+ Bgﬁ%}x, respectively.

To show the positive semidefiniteness of X, we rewrite the Riccati equation (5.17) as the
following Lyapunov equation:

(@ - 5335152 +)~(§2351§§)~( +’}’2f~7’fkﬁ1> + (ﬁ—i— Egﬁb)*f( +X (ﬁ—i— Egﬁ’g) =0.

Since A + Egﬁ’g is stable, the operator X is positive semidefinite by the results on operator
Lyapunov equations [24].

5.7 Conclusion

The H* preview control design method is derived in parallel with the H? control case
in Chapter 4. The state decomposition can be seen as the state transformation, however
is different from those employed in [26], [28] in that it gives a one-to-one correspondence
between the original and tranformed state variables. Furthermore, it is verified that the
operator X defining the state variable of the adjoint spectral factor satisfies the control-type
operator Riccati equation. Therefore, the J-spectral factorization techniques in [31], [38] can
be alternative ways to [26], [28] for studying the structure of the operator Riccati equation.
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Chapter 6 Conclusion

6.1 Summary of the thesis

We proposed the state decomposition approach for the input-delayed and preview H?/H>
control problems. It has the strength in treating the output estimation problems, and yields
the optimal output feedback controllers in a consistent manner. The reduced-order con-
struction methods of the discrete-time input-delayed H* and continuous-time preview H?
controllers were newly derived in the output feedback settings.

In Chapter 2, we solved the H? control problem for the discrete-time input-delay system
by focusing on the internal state dynamics. The fundamental idea of the state decomposition
was described by deriving a Smith predictor for a simple input-delay system. Motivated by it,
the optimal controller in the Smith predictor form was obtained from the Riccati equations
for the delay-free system.

In Chapter 3, we considered the input-delayed H*° control problem in the discrete-time
setting. The J-spectral factorization technique is introduced into the discrete-time setting.
It yielded the solvability condition involves only solving the KYP equations for the delay-free
system and checking the matrix eigenvalues. The optimal controller was implemented in the
Smith predictor form. The solvability condition and control law were further investigated via
the min-max optimization approach. An alternative solvability condition was provided from
the perspective of the finite horizon optimization. As a supplementary result, the min-max
optimization approach was adopted to derive another solvability condition. The equivalence
between the J-spectral factorization and min-max optimization approaches was provided.

In Chapter 4, we applied the state decomposition approach to the continuous-time H?
preview control problem. A clear structure of the optimal controller was identified as the
combination of the finite-dimensional observer and preview-feedforward compensation. The
optimality of the output feedback controller was guaranteed by exploiting available preview
information at both of the full information and output estimation problems.

In Chapter 5, we further extended the design method to the continuous-time preview H ™
control problem. The H* output feedback controller was realized in the form parallel to the
H? control case. Moreover, the relationship between the J-spectral factorization technique
and the stabilizing solution of the operator Riccati equation was clarified by considering the
state-space representation of the J-spectral density.

We established the unified reduced-order construction methods of H2/H® control laws
for the input-delay and preview systems. The above-mentioned controllers share a common
interpretation that the observer-based controllers for the delay-free systems are compensated
by the past history of the control input or the preview information. Moreover, they are
implemented by solving the reduced-order or finite-dimensional Riccati/KYP equations for
the delay-free systems.
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6.2 Subjects of future research

We extended the classes of the input-delay and preview systems for which the reduced-
order construction of the optimal H?/H™ laws are tractable. However, the design methods
need further extentions for practical applications in mechatronic systems.

Recall that we employed the so-called internal model control technique [46] for solving
the output estimation problems. In the proposed approach, the exact models of th delayed
dynamics are included in the controllers to cancel the delay elements out of the closed-loop
interconnection. The crucial assumption for the internal model control technique is that the
controllers can access the perfect information on the delay elements holding the past history
of control input or disturbance. The assumption is not realistic in teleoperation operation or
active suspension systems. In the former system, there often exist input and output delays
between the interaction of a master and slave [3], and the past history of the output signal
is not directly available for the controller. In the latter system, the preview information of
road profiles is usually corrupted by measurement noise or is given as the outputs of the
disturbance models [58]. We will enhance the proposed design methods based on the optimal
estimation of the delay elements, and investigate their features through experimental studies.
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