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Chapter 1

Introduction

This thesis contains two topics. First, we shall investigate the Radon-Nikodym theorem
for general measure spaces by the method of Daniell scheme and we shall discuss its
applications. Second, we consider the Kakeya problem, especially we plan to prove
some weighted estimates for the Kakeya maximal operator. Before stating our results
we shall explain some background of the problems.

The Radon-Nikodym theorem dates back to the papers [53, 55]. Roughly speaking,
the Radon-Nikodym theorem answers the following question: Is there a density function
whenever v is absolutely continuous with respect to p (we denote v < p)? The answer is
NO. There is a counter-example which fails to have a density function. We will describe
it in Section 3.4. In view of this, some additional assumptions for two measures are
required in order to obtain a density function. We will describe this situation more
precisely. Let (2,%, 1) be a measure space and v a measure satisfying v < u. In
the standard textbooks, one discusses as follows. If p is o-finite, then we can find an
increasing sequence of p-finite sets {€2,,} such that Q = U,,,,. We can construct a non-
negative density function h,, on each €2, which has the uniqueness condition h,4+1 = hy,
on €2, and obtain the desired one as h := sup,, h,,. A tacit understanding is that h,
vanishes a.e. outside €2,. However, what do we do if the underlying space €2 is not
o-finite 7 The family of density functions hq, on each €2y having finite measure with
Q = Uy, does not ensure us the measurability of h = sup, hy. If 2 is measurable, it
is natural to compel p to ensure the measurability of sup, hy which is known as the
localizable measure, but if {2 is not measurable, we must come up with other ideas.
In this thesis, we will control the family of density functions {hq, } appropriately, and
obtain the Radon-Nikodym type equality:

o(B) = [ (an (L.1)

where the symbol (h) is an appropriate family of functions, which is called folder, (see
Section 3.1). Our scheme covers the situation where € is not necessarily measurable.
When the measure p is not necessarily localizable, the Radon-Nikodym derivative fails
to be a function, but forms a folder, as a consequence, we shall newly formulate the
Radon-Nikodym density folder, which allows us to obtain the Radon-Nikodym theorem



on non-o-finite and/or o-ring measure spaces, in other words, we do not have to work
on the o-finite measure spaces by our framework. Moreover, in [59] the author has
established that the localizability is equivalent that all folders are represented by “one”
measurable function.

As its applications, we shall characterize the dual space of integrable functions and
the Lebesgue decomposition theorem. For a normed space (E, || -||), the dual space E*
is the set of all bounded linear functionals F'. Let 1 < p,q < oo and 1/p+ 1/q = 1.
For general measure space (£2,%, i), the dual space of L? is identified with L%, more
precisely, each F' € (LP)* is determined by

F(f)=/ﬂfgdu, for g € L1,

and || F|| = ||g||r«. However, when p = 1, the above relation does not hold for arbitrary
measure spaces. The essential reason why the dual of LP with 1 < p < oo can be
identified without any condition on (2, %, i) is that each function f in LP has o-finite
carrier, but L™ functions does not necessarily have o-finite one. That is because, if p
is o-finite, we obtain the identification (L')* = L°. However, Segal [63] also proved
that one can identify the dual of L! in the above manner if and only if the measure
 is localizable. This argument also can be seen in the textbooks, Rao [56] discussed
this result from the view point of measure theory while Zaanen [78] discuss this result
from the view point of Daniell integral. The Lebesgue decomposition thoerem asserts
that given two measures i and v on X, we can decompose v to its absoutely continuous
part with respect to p and its singular part with respect to u. In the classical theory,
the o-finiteness plays a key role and there is a counter-example of a measure space
which does not admit usual decomposition. We will reconsider carefully this theorem
by using folders and reformulate a new version of the decomposition theorem. All of
results require the general notion of density of measures. As a consequence, the folder
works appropriately for characterization of the dual space and for decomposition of
measures.

From Chapter 2 to Chapter 6, we discuss mainly the Daniell method as basic
argument of integration. From the Daniell standpoint, not only measure theory appears
as an almost self-evident consequence of the theory of the integral, but also non-o-
finite measure space appears naturally and this gives us an opportunity to study o-ring
measure spaces.

The second topic is the Kakeya problem. In 1917 Soichi Kakeya posed the Kakeya
needle problem: what is the smallest area which is required to rotate a unit line seg-
ment (a “needle”) by 180 degrees in the plane? A construction due to A. S. Besicovitch
shows that such sets may have arbitrary small measure. At first glance, Kakeya needle
problem and Bescovitch’s solution appear to be little more than mathematical curiosi-
ties. However, in the last three decades it has gradually been realized that this type
of problem is connected to many other seemingly unrelated problems in number the-
ory, geometric combinatorics, arithmetic combinatorics, oscillatory integrals, and even
the analysis of dispersive and wave equations. For a more quantitative approach the
problem will be translated into bounds for Kakeya maximal functions.



Fix a sufficiently large natural number N. For a real number a > 0 let B,y be
the family of all cylinders in the n-dimensional Euclidean space R™, n > 2, which are
congruent to the cylinders with height Na and width a, but with arbitrary directions
and centers. For a locally integrable function f on R” the “small” Kakeya maximal
operator K, y is defined by

Konf(z) = sup |1{zr /R ()] dy

Z‘EREBCL’N

and the Kakeya maximal operator K is defined by

Knf(z) :=sup Ko v f (),
a>0
where |R| denotes the Lebesgue measure of R. It is conjectured that Ky is bounded
on L™(R™) with the norm which grows no faster than O((log N)*") for some «,, > 0 as
N — oo. In the case n = 2, this conjecture was solved affirmatively by Cérdoba [14]
with the exponent ay = 2 and improved by Stromberg [68] with ag = 1. About the
LP(R?) estimates, we have the following result:

Theorem 1. Ifn =2,
KN fllze®ey < Onpll fll e g2y
holds with )
O(N?P=1(log N)?/?") 1<p<?2
COnp = 2/
O((log N)=/P) 2 <p<oo,

where p' is the conjugate exponent of p (see also [33]).

In the higher dimensional case, n > 2, these estimates were proved so far only
for some restricted class of functions. For the functions of product type f(x) =
fi(z1) fa(z2) - - - fn(xy), Igari [36] proved the estimate for K,y with the exponent
apn, = 3/2 and Tanaka [70] reproved with the exponent o, = (n — 1)/n. When the
functions are of radial type f(z) = fo(||x||;2), Carbery, Herndndez and Soria [11] proved
the estimate for Ky with the exponent i, = 1. In [71], for the functions of radial type
f(z) = fo(||lz]|;1), Tanaka proved the estimate for K, x with the exponent oy, = 1. In
[27], for the functions of radial type f(x) = fo(||z]/ia), 1 < ¢ < n, Duoandikoetxea and
Naibo proved the estimate for Ky with the exponent «, = 1. We will describe its
background in detail in Chapter 7.

Instead of the difficult operator Kpy, a more powerful but slightly complicated
maximal operator has been studied on the plane. Let 2 be a set of unit vectors in R?
with cardinality N. For a locally integrable function f on R?, the directional maximal
operator Mg is defined by

1 T
Mqf(z):= sup o |f(z + tw)|dt.
r>0,weQ &7 J —p

In [39] and [40], Katz established
[Mafllp2mey < Clog N|| f| L2 (r2)-
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holds for arbitrary © with || = N. Since if  is an equidistributed set of directions then
Knf(z) < CMqf(x) holds, we obtain the bounds of the Kakeya maximal operator.
We will investigate the weighted version of this operator,

1
Mgqwf(z):= sup / J(y)lw(y) dy,
D s w() [ T
and establish

[ Mawfll22(w) < Clog N £l 22 (w)-

for a certain weight w. The precise definitions will be described in the next chapter.

In the past fifteen years, the variable exponent Lebesgue spaces have been studied
intensively and many people tried to extend the classical theory of function spaces. One
of the most interesting problems on spaces with variable exponent is the boundedness of
the Hardy-Littlewood maximal operator. The last study of this thesis is the bounds for
the Kakeya maximal operator on the variable Lebesgue space. The important sufficient
conditions, called log-Hélder continuity, have been obtained by [17] and [22]. Under
the conditions, we shall establish the following estimate:

1-P=
1K N fll oty < ON 7+ (log N)/P=[| || ey -
Since we can find easily the pointwise estimate
Knf(z) <CN-Mf(z),

where M f(z) is the Hardy-Littlewood maximal operator, then we see immediately that
KN fllzo¢) < CN|fll o), but we can obtain a sharper estimate as above. Moreover,
we discuss the lower bounds of the exponent of NV, and show that we can not eliminate
the power of N.

Below we describe the organization of this thesis.

In Chapter 2, we shall summarize the Daniell scheme and describe some essential
properties of the Daniell integral. It should be noted repeatedly that there do exist
some versions of Daniell’s integration theories, so for the sake of the completeness, we
give the proofs for some essential propositions.

One of the main themes of this thesis is the Radon-Nikodym theorem in Chapter
3. The folder is the most important concept to discuss on general measure spaces.
This allows us to obtain the Radon-Nikdoym density (derivative) (h) for two measures
satisfying v < p and to formulate indefinite integral (1.1). We also characterize the
localizable measure by using the completeness of the folder.

As its application, in Chapters 4, 5 and 6, we discuss the dual space of the integrable
functions space L' and the Lebesgue decomposition theorem in general measure spaces.

We begin to consider the Kakeya problems in Chapter 7. In Chapter 7, we describe
the background of the Kakeya problems and the relationship from the viewpoint of real
analysis. In Chapter 8, we shall follow the paper [61], which concerns the boundedness
of the weighted directional maximal operator and extend the Katz result.



In Chapter 9, we prove the boundedness of the Kakeya maximal operator on the
variable Lebesgue spaces on the plane.

NOTATION

We shall use the following terminology and notational conventions:

e We write N > 1, when we are given a non-negative integer N which is large
enough.

e The symbol R denotes the extended reals, with the usual conventions concerning
the arithmetic and order structure.

e If a sequence of functions {f,} converges to f increasingly or decreasingly, we
write f, 7 f or fn, \( f, respectively.

e Let x4 be the characteristic or indicator function of a set A, alternatively, if a
set A is more complicative, we prefer to denote x(A). In Section 3.2, we will use
this notation enthusiastically.

e Given a sequence of measurable subsets {E,}°2, we write E,,  (J,2, E, to

express that E, C E,41 for all n € N.
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Chapter 2

Daniell Integral

One of the basic concepts of analysis is that of the integral. It is well known that
Lebesgue’s integration theory is an essential tool for wide applications in which count-
ability plays a key role. These include functional analysis, probability and statistics,
harmonic analysis, many aspects of differential equations, and others. For some of
the latter applications one can start with the concept of linear functionals, without
mention of measure, and proceed to the theory of integration so-called Daniell integral.
In this thesis, we discuss mainly the Daniell method as basic argument of integration.
From the Daniell standpoint, not only measure theory appears as an almost self-evident
consequence of the theory of the integral, but also non-o-finite measure space arises
naturally and this gives us an opportunity to study o-ring measure spaces.

This chapter is devoted to a description of the Daniell scheme of extending cer-
tain linear functionals on a vector space and of the Stone condition. The extended
function class £ of integrable functions is defined via difference of monotone limits of
elementary functions. The Stone condition (2.1) below ensures the measurability of
the pointwise product fg for any measurable functions f,g. It should be noted that
there are various schemes called Daniell integral [3, 8, 13, 18, 46, 48, 56, 66, 74, 78]
and these schemes are not equivalent each other. Except for the extension procedure,
one of the most essential differences between these schemes is that of measurability.
For instance, Shilov and Gurevich [66] proposed the measurable functions are defined
to be pointwise limit of elementary function functions, and it means the whole space
is not necessarily measurable. However, they postulated on the set of all elementary
function spaces Stone’s condition, which serves as the condition of its measurability.
Meanwhile, Weir [74] proposed another notion of measurablitiy, some authors called
Stone’s measurability, which ensures that of the whole space. In particular, we adopt
the scheme that the whole space is not necessarily measurable throughout of this thesis.



2.1 Summary of Daniell scheme

This section gives a brief discussion of the Daniell extension procedure. We establish
the Monotone Convergence Theorem and the Dominated Convergence Theorem.

A vector space H consisting of all R-valued functions on a set (# ) is said to be
an elementary function space if H is closed under taking absolute value. The functions
in H are called elementary. The set H is also called a vector lattice or a Riesz space, if
it is a partially ordered vector space closed under taking pointwise maxima, minima of
functions h, k, denoted by h V k, h A k, respectively.

A R-valued linear functional [ on H satisfying
(1) non-negativity: X >h>0= [h >0,
(2) continuity: hy, \ 0= [h, — 0
is said to be an elementary integral or a Daniell integral [18, 66, 69, 74]. The triplet
(L, H, [) is called a Daniell system.

We denote by H* the class of all pointwise limit functions f which can be expressed
as the limit of a sequence of the monotone increasing elementary functions [66, 69, 74].
Here, we understand that any function in H' assumes its value in R. We define the
integral of f € Ht by [ f = lim [ hy, where {h,}°, is a sequence of the monotone
increasing elementary functions. This definition is independent of the choice of an
approximating functions h,. The integral on HT, for which we still write [, is an
R-valued functional.

Remark 2.1.1. Obviously, X C H* and | on X' extends the elementary integral.
The extended integral [ is closed under addition, and it has non-negative homogeneity,
and continuity of increasing sequence of H™.

A function f € H™ is said to be integrable if [ f < oo and we denote the set of all
such f by H;t. A subset Z C ) is said to be a null set, if it is realized as a subset of
{f = +oo} for some f € H (see [66, 74]). A subset of a null set, and a countable
union of null sets are still null sets. When a given property holds on 2 except on a null
set, we say that the property holds almost everywhere on €2, or “a.e.” for short. For

example, it is immediate that f € H;t takes in R almost everywhere.

Proposition 2.1.2. If f,g € H" and f =g a.e., then [ f= [g.

Proof. There exist null set Z C Q and h € H; such that Z C {h = +o0} and

1

f(z) = g(x) holds for x ¢ Z. We see that f(z) + h(x) = g(z) + h(x) for all z € Q.
Then it follows [ f+ [h= [g+ [h. Since h € H:{lt, we can subtract [ A from both

side. O

Proposition 2.1.3. Let ¢ € LT. For any e > 0, there exist f € H' and g € H;'. such
that ¢ = f — g a.e., where [ g <e and g > 0.

Proof. We can write that ¢ = f'—¢/, for some f' € Ht and ¢’ € H",. By the definition

int*

of H;' , there exists {h,,} C H such that h,, /* ¢’. We have ¢ = (f'—h,)— (¢’ —h,) and

int’



g —hy, >0forall n € N. Since [(¢ — hyn) \ 0, we have [(¢' — hy,) < € for sufficiently
large ngp € N. Then f := f' — hy, and g := ¢’ — hy, are desired functions. O

An R-valued ¢, defined a.e. on €, is said to be measurable if it is an a.e. limit of a
sequence of elementary functions [66]. The set of all measurable functions is denoted
by M. (Here, f € M takes values in R, and H™ C M.) We note that this definition
is essentially different from any other definition in [66, 74] and so on.

Remark 2.1.4. We should point out the following example: Let = [0,1]. An H is
the set of all R-valued functions whose carrier is a finite subset of €2, i.e., h € H can be
written as

h(z) = Z apXgry(T), ar € R, A CQ: finite.
keA

We define [ : H — Ras [h:= Y, .4 ax so that all Daniell measurable functions M
is the set of all R-valued functions whose carriers are countable in 2. This implies the
constant function c¢ is not measurable.

The following proposition is obvious:

Proposition 2.1.5. We have the following assertions:

(1) If o, 9 € M then oV 1h,p ANp € M.

(2) Let o, € M. If p(x) + ¥(x) can be defined for a.e. x, i.e., p(x) = 400 and
P(x) = 400 (or p(z) = —o0 and P(x) = —o0) occur only on a null set, then
@ + ¢ is Daniell measurable.

(3) If fn, € M, then inf, f, and sup,, f, are in M.

(4) Let v be a function satisfying ¥ = ¢ a.e. for some ¢ € M. Then 1) € M.

A subset D C 2 is said to be measurable, or more precisely Daniell measurable if
xp € M and we denote the set of all such D by D.

Proposition 2.1.6. (1) The family of Daniell measurable sets D forms a o-ring, i.e.,
(i) 0 € D. (i) If A,B € D, then A\ B € D. (iii) If A, € D, then | J A, € D (in

n=1
general it is not necessarily Q0 is in D by Remark 2.1.4).

(2) Let D be a Daniell null set. If Z C D, then Z is a Daniell measurable set
(completeness). In particular, xp =0 a.e.

Proof. (1): (i) It is immediate from 0 = xy € M. (ii) Let A, B € D. Then x4\ p =
(x4 —xB)V0€e M. (iii) Let A, € D. Then xy, 4, = sup,, x4, € M.

(2) There exists f € H;:, such that D C {f = +oc}. Then yz(z) < %f(a:) €H,

and this implies xz = 0 a.e. because f is finite a.e. By Proposition 2.1.5 (4), xz € M.
Taking Z = D, we see that yp =0 a.e. O

10



A function ¢ € M is said to be in L7 if it can be represented as ¢ = f — g a.e. for
some f € HT and g € H;,, and we define [¢:= [ f— [g € (—00,00]. We can verify
that the definition is independent of the choice of functions f and g.

Remark 2.1.7. Obviously, HT C £ C M. The integral [ on £ is an extension of
J on H*t. The space LT is not a vector space and the extended integral [ on £ is not
linear. But as far as we ignore the difference on a null set, £ is closed under addition,
multiplication by non-negative constants. The extended integral [ is closed under
addition, and it has non-negative homogeneity, and continuity of increasing sequence
of L1, If the integral of ¢ € LT is finite, ¢ is said to be an integrable function [66, 74],
and the set of all such functions is denoted by £. We deduce H C ’H;;t CLCLT. As
far as we ignore the difference on a null set, £ has a linear structure and the integral
[ on L is a real-valued linear functional. We will use the fact that any ¢ € £ is finite

almost everywhere.

Remark 2.1.8. The above procedure is called a Daniell scheme. Several types of
the Daniell scheme are described in [8, 48, 66, 69, 74], with different contents and
constructions, and are not equivalent to one another. Our scheme is almost the same
as that adopted in [66].

In what follows, we will prove the Dominated Convergence Theorem and the Mono-
tone Convergence Theorem. We need study the properties of £, L% and M.

Proposition 2.1.9. For any ¢ € LT, there exists @, € H' such that ¢, \, ¢ a.e.

Proof. For ¢ € L7, there exist f € Ht and g € H", such that ¢ = f — g a.e. Since we

int

find g, € H with g, " g, it follows that ¢, := f — g, € H' and that ¢, \, ¢ a.e. [
Corollary 2.1.10. For any ¢ € L, there exists o, € i, such that ¢, \, ¢ a.e.
Lemma 2.1.11. (1) If o € LT then T € LT. In particular, If ¢ € L then T € L.

(2) If v, € LT satisfy ¢ < ¢ then [ < [4. In particular, If ¢ = ¢ then

Je=Tv.
Proof. (1) For p,9 € LT,

eV =(f+g)V(fatg)—(9+92)

with (f +g2) V (fo+¢g) € HT and g + g2 € H;,. Put ¢ = 0. Then we see ¢ € L.
similarly, o= € LT, |p| = ot + ¢~ € LT.

(2) Let f1,fo € HT, and g1,92 € H;rrlt with ¢ = f1 — g1 a.e. and ¥ = fy — g2 a.e.
Since g1, go is finite almost everywhere, we can write f1+go < fo+g¢1 a.e. and functions

in both sides are in #*. By Proposition 2.1.2, we have [ fi+ [ g2 < [ fo+ [ go. Hence,
it follows from g1, go € H;, that

fomfi o fo fue o -

11



Proposition 2.1.12. (1) If L3 ¢, /¢ a.c., then o € LT, and [ ¢n 7 [ ¢.
(2) For any ¢ € LT, there exists @, € L such that p, /¢ a.e.

(3) If LT 2 on S ace., then o € LT, and [, 7 [ .

Proof. (1) Taking 1 := @9 — 1 a.e., 3 1= @3 — P2 a.e.,..., we have ¥, € LT,
0<4Yy ae, and ¢, =@+ Y2+---+1Y, ae. forn>2.

We write 1, = fn — gn a.e. for some f, € H*, g, € H;".. By Proposition 2.1.3, we

int*

can assume g, > 0 and 0 < [ g, < 27", and this implies f, = ¥, + g, > 0 almost
everywhere. Since f, € HT, we may assume f, > 0 “everywhere”. We also write
01 = f1 — g1 a.e. for some f; € H and g; € H;,, so that

int?

on="(fi+ -+ fu) = (g1 4+ +9n) ae.

Since Ht > fi+ -+ fo fFEHT, HE 21+ 490 SgeH ,andp=Ff—9g
a.e., we obtain ¢ € LT and

/tpnz/(f1+---+fn)/(g1+-~-+9n)%/f/g=/<p-

(2) It is immediate from definition.

(3) By (2), there exists hy,,, € £ such that hy,,, 7 ¢, a.e. as m — co. Then

¢ = SUp @Yy = SUPSUP Ny, = SUp sup sup hpp, a.e.
n n m N n<Nm<N

By Lemma 2.1.11 (1),

L > sup sup hpmp Mnooo @ a.€.
n<N m<N

Then, by (1), we have ¢ € LT and

/Sup sup hm,n /‘n%oo /(10'
n<N m<N

Since sup,, <y SUP,, <N hmn < @N < @ ace., it follows that [ pn N [ ¢ O

Proposition 2.1.13. If ¢ € M, then ¢, |p| € LT. In particular, every non-negative
Daniell measurable function belongs to L.

Proof. We prove only ¢ € M implies |p| € LT. The rest of proof is identical. By
Proposition 2.1.5 (1), there exists h,, € H such that 0 < h,, — |¢|. Then

H> inf hy, oo Inf hy € L.
N<n<M N<n

Indeed,

H>— inf h, "pMooo inf h, <0,
N<n<M N<n

12



then co < — [infy<p<p hp < — [infy<p by <0 so that —infy<y, by € H;;lt. We find
iangn h, € L.

Now,
Jifréfn hn 7 lgr_l}ggf hn = |p| a.e.
By Proposition 2.1.12, |p| € LT, the proof is compete. O

Proposition 2.1.14. ¢ € L if and only if o € M and [ |¢| < co.

Proof. If ¢ € L, then ¢ € M and |p| = o7 + ¢~ € L by Lemma 2.1.11 (1).

Conversely, if ¢ € M, then ¢*,|¢| € LT by Proposition 2.1.13 to follow, and
[ ¢l < oo implies [ |¢*| < oo. Therefore, p = T — ¢~ € L. O

Finally, we can prove the following convergence theorems:

Theorem 2.1.15 (Monotone Convergence Theorem). Let {¢n}n be an increasing se-
quence of non-negative Daniell measurable functions such that ¢ := limy,_, o @, exists.

Then ¢ € LT and
[o=tm [ o

Proof. The result follows from Propositions 2.1.13 and 2.1.12(3). O

Theorem 2.1.16 (Dominated Convergence Theorem). Let {¢n}n be a sequence of
Daniell measurable functions. Suppose that ¢ := lim,_, @n ezists almost everywhere.
If there exists an integrable function g such that || < g a.e. then ¢ is in L and

[otn [

Proof. By Lemma 2.1.11 and Propositions 2.1.13 and 2.1.14, we see that |y, | J\lfgf ©nl,
<n
and |p| are in £. By Proposition 2.1.12(1), we see

inf d I inf = )

Bon Ao nd i [t o= [0
We apply the same argument to —y;

Sup ¢¥n \(N%OO ® and lim sup @, = /¢

N<n N—o0 N<n

Combining these results and inf y<, n < N < SUpy<, ©n, We have Jon— [o. O
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2.2 Stone condition

In general, €2 has no topological structure and continuity of functions defined on {2 is
not even defined. We cannot even be sure that the constant functions are measurable.
It was Stone who saw clearly how important it is to satisfy the condition:

Definition 2.2.1 (Stone condition). We say that H satisfies the Stone condition if
heH=hAleH. (2.1)

Remark 2.2.2. This condition guarantees the measurability of the pointwise product
of measurable functions. It should be noted that the Stone condition in [66] includes
the assumption of o-finiteness of the whole space €.

Let Dy be the set of all measurable sets with finite integral, i.e., [ x4 < oo for
A € D and we call them integrable sets. The space H(Dy) denotes the set of all Dy-
simple functions. We see that H(Dy) is an elementary function space satisfying the
Stone condition. Moreover, we define p(A) := [ x4 for any A € D, and we define

N N
/hd,u = Zaku(Ak), for h(x)= ZakXAk (x), ar € R, A € Dy.
k=1 =

Then (2, H(Dy), | du) is a Daniell system satisfying the Stone condition. Invoking
the Daniell scheme, we obtain the Daniell integrable function space and the Daniell

measurable functions from this simple function space. We write these extended spaces
by L(Dy), LT (Dyp), and M(Dy). Tt is easy to see H(Dy) C L, HT(Dy) C LT, and
H;' (Do) C L by the Dominated Convergence Theorem.

Proposition 2.2.3. The null set induced by H(Dy) is the same as the null set induced
by the original elemetary space H.

Proof. Suppose that Z C {f = 400} for some f € H;" (Dp). Since we have f € £ and
[ is finite almost everywhere in the sense [, we see that Z is a null set in the sense H.

Conversely, let Z is a null set induced by H. Then by Proposition 2.1.6(2), we have
xz = 0 a.e. and this implies xz € L, that is Z is an integrable set. Since Z € Dy, we see
Xz € H(Dy). By the Monotone Convergence Theorem, we have coxz € ”Hmt( ). We
observe that Z = {ocoxz = +oo} and this implies Z is a null set induced by H(Dy). O

Theorem 2.2.4. If H satisfies the Stone condition, then the following assertions hold:
1) For each ¢ € L and a > 0, {¢ > a} € Dy holds,

L(Do) = L,
LT(Dy) = LT,

2

(1)
(2)
3)
(4) M

4
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Proof. (1) It is clear that f € M = f A1l € M by the Stone condition, and hence we
see p Al € L for all ¢ € L. Defining ¢ := ¢ — 9 A1 a.e., we have L 3 ¢ > 0 a.e.
Let A:={p > 1} ={¢p > 0}. Then 0 < (n) A1l 00 X4 a.e. and this implies
xa € M. Since [ xa < [ ¢ < 0, it follows A € Dy. Applying the same argument, we
have {¢ > a} € Dy.

(2) We have only to prove £(Dy) D L. Let ¢ € L. By (1), we have A, j := {k/2" <
v} € Dy for n,k =0,1,.... Since Q%XAn,k < ¢, we verify f,, :=27" 37 xa,, € LY.
Since 0 < f, < T and f, 7 o™ a.e., it follows o™ € L(Dy). By the same way, we see
¢~ € L(Dy), and hence ¢ € L(Dy).

(3) and (4) follow from an easy limiting argument. O

Suppose that ‘H satisfies the Stone condition. For any ¢, ¥ € M, by Theorem 2.2.4,
there exist hy, ky, € H(Dp) such that h,, — ¢ a.e. and that k, — 9 a.e. It is clear that
hy - kn € H(Dp), and this implies hy, - k, — ¢ - € M.

Theorem 2.2.5 (Riesz-Fisher [66]). The Daniell integrable function space L is a com-
plete normed space over R with the norm,

1= [ 191

That is to say, if {fn} C L is a Cauchy sequence ||fn, — fml| — 0, then ||fn — fI| = 0
for some f € L. Suppose in addition that H satisfies the Stone condition. Then the
square integrable function space can be defined

= (e M [Iff < e,
and L? is a complete inner-product space over R with the inner-product,

(.9) = [ fo

The proof can be found in [66, 74].
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Chapter 3

Radon-Nikodym Theorem

In one of the most excellent textbooks, Halmos [34] considered mainly the o-ring mea-
sure spaces, but when one considers the Radon-Nikodym theorem he assumes the o-
finiteness for underlying spaces and this automatically implies its measurability. Many
authors believe that the measurability of the whole space is natural when we consider
the Radon-Nikodym theorem and related results. Many people have already studied
what guarantees the existence of density and extended the results to the framework of
Daniell scheme to some extent; see [8, 56, 66, 74, 78] among others. In this chapter,
we give a more comprehensive discussion on the Radon-Nikodym theorem based on a
type of Daniell scheme slightly different from the above literatures. In [8, 66, 74, 78],
they studied different types of Daniell schemes assuming the underlying space € is
measurable. In most textbooks of analysis, it was essential to assume that {2 is o-finite.
Further, in [56, 63, 78], the authors considered non-o-finite cases and found necessary
and sufficient conditions, which is so-called localizability of measure p, under which
the Radon-Nikodym theorem holds, where they assumed that the whole space 2 is
measurable. However, if ) is not measurable, it does not seems to be essential to
compel to ensure the localizability of u. We shall investigate that when the measure
1 is not necessarily localizable, the Radon-Nikodym derivative fails to be a function,
but forms a particular family of functions, which is called a folder, as a consequence,
we shall newly formulate the Radon-Nikodym density folder, which allows us to obtain
the Radon-Nikodym theorem on non-o-finite and/or o-ring measure spaces, in other
words, we do not have to work on the o-finite measure spaces by the framework of the
Daniell integral.

3.1 Folders

In this section, we introduce the notion of folders so that we can describe the density
of the Radon-Nikodym theorem.

Definition 3.1.1. (1) A subset £ C  is said to be an elementary measurable set if
XE € HT and the totality of all elementary measurable sets is denoted by £. (2) A
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subset E is said to be an elementary integrable set if there exists ¢ € H such that
E={xeQ :¢(x)> 1}, and the totality of all elementary integrable sets is denoted
by 50.

Remark 3.1.2. Since H and H™' are closed under V, A, we deduce & and & are
closed under U, N. Further, all elementary measurable(integrable) sets are measur-
able(integrable) with respect to all integral on H.

Proposition 3.1.3. Let {E,}32, be a sequence of measurable subsets.
(1) IfE> E, /" E then E € €.

(2) The following assertions are equivalent:
(a) EF €€,
(b) there exists p € HT such that E = {¢ > 1},
(c) there exists ¢ € HT such that E = {¢ > 0}.

(3) E CE.
(4) For any E € &, there exists E,, € & (n=1,2,---) such that E,, /' E.

Proof. (1) It follows easily from H* > xg, " xg € HT.

(2) We may assume ¢ € HT to be non-negative in (b) and (c), since pt = pV 0
isin Ht for all p € HT. (a) = (b): If E € &, then xp € HT, and hence it suffices
to set ¢ = 2xp. (b) = (c): For ¢ € HT of (b), there exists h,, € H;h,, / ¢. Then
hn — hp A1 is in H and converges to ¢ — ¢ A 1. Since hy, — hy A1 = (hy, — 1) V0, we
deduce that hy, — h, A 1 converges increasingly to (¢ — 1) A0 = ¢ — ¢ A 1, and this
implies ¢ — p A1 € HT. Then we obtain F = {y —p A1 > 0}. (c) = (a): Since
(np) A1 € HT, it follows that (np) A1l 7 xg and that xp € H*.

(3) It follows from (2) and Ht D H.

(4) For any F € &, there exists ¢ € HT such that E = {¢ > 1} by (2). Choose
©n € H so that ¢, ¢ and put E, := {¢, > 1}, then E,, € & and E, /' E. O

Proposition 3.1.4. (1) If ¢ € M, then {¢ # 0} € D.

(2) For any D € D, there exists E € £ such that D C E.

Remark 3.1.5. Recall that M is the set of all R-valued functions ¢, defined a.e. on
Q2 such that ¢ is an a.e. limit of a sequence of elementary functions [66]. Since ¢ € M
is defined almost everywhere, we have

{e £ 0} ={|p| >0} U{x € Q;p(x) is undefined},

{e # 0} = {|p| > 0} is not the case.

Proof of Proposition 3.1.4. (1) If ¢ € M, then cox,-0} = oo|¢p| a.e. and oofp| =
. + . _ +
nh_}ngo nX{p20y € LT. Noting x,201 = (00X{p20}) A 1, we deduce (coxip20y) A1 € L
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by the Stone condition. This implies x {01 € £*, and hence {¢ # 0} is a measurable
set.

(2) Since D is measurable, yp is in LT by Proposition 2.1.13, and hence there
exists f, € HT such that 0 < f,, \, xp holds outside some null set Z. There exists
0 < fo € H;, such that Z C {fo = +oo}, and hence xp < fi + fo holds everywhere,
because if z € Z then xp(z) < fi(z) + fo(x) = fi(z) + co. Since fi + fo € HT,
E :={f1 + fo > 0} is a desired elementary measurable set. O

Definition 3.1.6. (1) Let (fr)gpes be a family of functions defined a.e. We call it a
folder, if
frXE = [EnF a.e. (3.1)

for any E, F € £, and write (f) := (fr)pee. Fach fg is called a file.

(2) If (fE)Ees, satisfies the condition (3.1), for any E, F' € &), then we also denote this
system by (f) and call it a prefolder. Each fg is called a file, too.

(3) Let (f),(g) be folders. Then, we say that (f) = (or <)(g) a.e. if fg = (or <)gg
a.e. for all E' € £. Similarly, for prefolders (f) and (g), we define (f) = (or <)(g) a.e.
analogously.

Let (fg)ree be a folder. Obviously, for E € &, by putting E = F in (3.1), we have
fexE = fr a.e. and for E,F € &,

JEXF = fFXE = fENF (3.2)

a.e. holds. In addition, for a folder (fg)rce, the restriction (f)le, = (fEg)res, is a
prefolder.

Example 1. A mapping from E € £ to the indicator function yg € M is a folder.
We denote this folder by (I) and call it the indicator folder.

Given any prefolder (h), it can be extended uniquely to the folder (f) as in the
following sense:

Proposition 3.1.7. For any prefolder (h), there exists a folder (f) such that:

(1) (f)leo = () a.e.
(2) and if there exists a folder (g) such that (h) = (g)|g, a.e., then (f) = (g) a.e.

Proof. (1) For any F € &, there exists E,, € & such that E,, / E by Proposition 3.1.3
(4). Let Ep := 0, and we set a function defined a.e. by:

f2 = hE,X(B\Far)- (3.3)

n=1
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For any sequence & 2 F, / E, we have

= > B XEX(B\En_1)

= hp,XE = hF,XF,.XE = hE, XF, = ME,

where the above equalities hold a.e., and we obtain fg = lim,, hr,, a.e. This implies
fe =1lim, hg, a.e. holds independently of the choice of a sequence Ej,.

Now, we shall prove that (fg)geg forms a folder. Let E, F' € £, and let E,,, F,,, € &
be approximating sequences of F/, F', respectively. Then E,NF,, ~ ENF asm,n — oo.
Since hr, xE, = hg,nF, a.e., we have frxg = fenr a.e. as m,n — oo, this implies
E +— hg is a folder, which we denote it by (f). Obviously (f)|g, = (h) a.e. follows from
(3.3).

(2) For any E € &, choose E,, € & so that E, ~ E. Then hg, = gg, a.e., and
hence fgp = gp a.e. as n — oo. O

Remark 3.1.8. Let ¢ be a function defined a.e. and (h) be a folder. Then & >
E — ¢hp is also a folder. We denote this folder by ¢(h). In particular, if we put
v =xr (F € &), then we have xp(h) = hp(I) a.e.

Definition 3.1.9. We say (f) is a complete folder if there exists Ey € & such that
fr = fE,nF a.e. holds for any F' € £. The file fg, is called a complete file of the folder

().

Remark 3.1.10. (1) We say that H is o-finite if 1 € H* (cf. [74]). This condition is
equivalent to 2 € &£ so that if H is o-finite then all folders are complete because we
can choose the complete file as hg whenever we are given a folder (h).

(2) By definition, fg,nr = fr,xF a.e. holds, and this implies the complete folder
satisfies (f) = fr,(I) = xg,(f) a.e. The set Ey € £, corresponding to the complete file
fE,, is not unique but the complete file is unique as a function as follows:

Proposition 3.1.11. Let (f), (g) be folders. Suppose that (f) = (g) a.e., and that (f)
1s complete. Then

(1) {(g) is also complete.
(2) Let fr,,gE, be complete files of (f), (g), respectively. Then it follows fg, = gg,
a.e.
Proof. (1) We can choose fg, as a complete file of (g).
(2) Since fr,xr = g, xF a.e. for any F' € &, taking ' = Ey U Ej, we obtain

on = gE, a.e. O]

Proposition 3.1.11 says a complete folder (f) can be naturally identified with its
complete file fg,. Hereafter, unless stated otherwise, (f) is abbreviated to fg,. For
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example, (f) € £ means fg, € L. In general, the indicator folder (I) is not necessarily
complete.

We say a folder(or prefolder) (h) is measurable if all its files are measurable. Note
that if (f) and (g) are folders (or prefolders) with (f) = (g) a.e. and (f) is measurable,
then (g) is also measurable.

Proposition 3.1.12. (1) A folder (h) is measurable if and only if the prefolder (h)|g,
is measurable.

(2) Let (h) be a measurable folder and ¢ € M. Then ¢(h) is measurable and complete.

Proof. (1) If (h) is measurable, then (h)|g, is obviously measurable. Conversely, sup-
pose that (h)|g, is measurable. Since M is closed under taking the a.e. limit, the
measurability of (h) follows from the proof of Proposition 3.1.7.

(2) By the Stone condition, M is closed under multiplication, and this implies each
file ph of p(h) is measurable. We choose Ey € £;{¢ # 0} C Ey by Proposition 3.1.4,
then, phr = oxE,hr = phg,nF a.e. for any F' € €. O

3.2 Density

Now we describe how to define the linear functional when we are given a folder (f). In
this section, we denote the characteristic function of the set A by x(A) instead of x4,
when confusion occurs.

Definition 3.2.1. We say the measurable folder (h) is a density folder, if for every
f €H, f(h) is integrable.

Given a density folder (h) and f € H, the folder f(h) is complete by Proposition
3.1.12, where its complete file is fhg,; there exists Ey € € such that {f # 0} C Ejp.
Note that Ey depends on f. Now we define the integral [ f(h) := [ fhg,. We can
show that it does not depend the choice of Fy € £ containing the carrier of f.

Proposition 3.2.2. Let (h) be a folder. The mapping P : H — R with P(f) = [ f(h)
is linear.

Proof. Let p,1 € ‘H. For any E € £, both php and ¥hg are finite almost everywhere.
It follows that (¢ + ¥)hg = php + Y¥hg a.e., and hence this implies (¢ + )(h) =
o(h)+1(h) a.e. The additivity of P follows from that of [. Homogeneity is obvious. [

Proposition 3.2.3. Let (h) be a density folder. Then every file of the prefolder (h)g,
is integrable, that is, function hg is integrable for any E € &.

Proof. For E € &, there exists ¢ € H such that E = {¢ > 1}, where ¢ may be
assumed non-negative. By the Stone condition, we have ¢ A1 € H and hence, from the
definition of E, (¢ A 1)xg = xg. Then, (¢ A1)hg = hg a.e. Since the left-hand-side
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is integrable, hp is integrable. Indeed, the Stone condition implies (¢ A 1) € H. Since
(h) is a density folder, it follows that (¢ A 1)hg is integrable. Thus, by Lemma 2.1.11
(2) hg is integrable. O

Corollary 3.2.4. (1) Every file of a density folder (h) is finite almost everywhere.

(2) If on, € H; @n \ 0 then P(py,) — 0, where P is a linear mapping from Proposition

Proof. (1) Let E € £. We aim to prove that hp is finite a.e. By Proposition 3.1.3(4),
we can choose & > E, ' E. Since hg, = hpxg, a.e., we have x{|hg,| = +oo} =
x{|hg| = +00)}xE, a.e. and the left-hand-side = 0 a.e. by Proposition 3.2.3. Letting
n — oo, we obtain x{|hg| = +oo}xr = x{|hg| = +o0} =0 a.e.

(2) Let ¢, € H;on (0 and E € £. By (1), it follows that |@,hg| — 0 (n — o0)
a.e. Since we have |p,hg| < |p1hp| a.e. and p1hp € L, the Dominated Convergence
Theorem gives P(¢n) = [ ¢n(h) — 0. O

Theorem 3.2.5. (1) Let (h) be a non-negative density folder. If another folder (g)
satisfies (h) = (g) a.e., then (g) is a density folder. Furthermore, for any f € H it

follows that [ f(h) = [ f{g).

(2) Conversely, if non-negative density folders (h),{g) satisfy [ f{h) = [ f{g) for
any f € H, then it follows (h) = (g) a.e.

Proof. (1) is clear. We will prove (2). Note that

[ = [ 10 (3.4)

remains valid for f € HT. By Proposition 3.2.3, for any E € &), hg and gg are
integrable. Also hg and gg vanish almost everywhere outside F, and this implies
{hg —gg >0} C E a.e. Hence, x{hg — g > 0} € L. By Corollary 2.1.10, there exists
0 < f, € H, such that f, \  x{hg — gg > 0} a.e. and hence,

int

fa Axe Nox{he — ge > Okxe = x{he — g > 0} (a.c.).
We write |[(h)| = (|hg|)ges. Since
|(fn AxE)(B)] = (fu AxE)l[(M] < xEl(h)] = |he(D)](c £)

+

int’

almost everywhere, we see (f, AXxE)(h) is integrable for all n € N. Since f, Axg € H

[ tanxety = [ 52 Axet0)

holds by (3.4). Thus, the Dominated Convergence Theorem gives

/X{hE —gg > 0}hg = /X{hE —gE > 0}gr < oo.
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This implies [ x{hg — g > 0}(hg — gg) = 0, and hence we obtain hp < gg a.e. By
a similar argument, we have the opposite inequality. Hence it follows hp = gg a.e. for
any E € &. Therefore, we obtain (h) = (g) a.e. by Proposition 3.1.7. O

Combining Proposition 3.2.3 and Corollary 3.2.4, we can easily see the following
lemma:

Lemma 3.2.6. If the density (h) is non-negative, that is, for all E € £, hg >0 (a.e.),
then P: H — R is a Daniell integral on H.

In the following we shall assume that the density folder (h) is non-negative. In
particular, the indicator folder (I) is a non-negative density, and the Daniell integral P
induced by (I) is nothing else but [. We shall say that (h) is a non-negative density of
P, if the non-negative density (h) defines a Daniell integral in the sense just described
in Lemma 3.2.6.

Hereafter, we consider several integrals at the same time. The null sets and the
integrabilities depend on each integral, and thereby we will use H:" (P), P-null set,

int
and P-a.e. and so on. For simplicity, we may use “a.e.” for “[-a.e.”.

Proposition 3.2.7. Let (h) be a non-negative density folder. We set P(f) = [ f(h)
for feH.

(1) Let f € H'. Then f(h) belongs to LT, and P(f) = [ f(h) remains valid for
feHt.
(2) If f € H (P) if and only if f(h) € L.

int

(3) If Z C Q is an [-null set, then Z is P-null.

Proof. (1) and (2) follow from definition and convergence theorems.

(3) Let Z be a null set. There exists f € H;. such that Z C {f = +oo}.

int

We claim {f = +oo} is P-null. To do this, fix F € & arbitrarily and choose
& 3 E, /' E. We observe that £ 3 {f > m} \, {f = +oo} € D. Then we have

ESE,N{f>m}\ E,N{f =400} F"En{f=+o0},

and x(E, N {f > m}) is integrable. We apply the Dominated Convergence Theorem
to P(x(E, N{f >m})) = [ x(E,N{f >m})(h), and we obtain

POAEN (S > m)) = [ (BN > m),
We choose E containing {f = +oco}. Then the Monotone Convergence Theorem gives
P(c(g=s00)) = [ Xts=so0) () =0,
It follows that {f = 400} is P-null. O
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3.3 Radon-Nikodym Theorem

Now we formulate the Radon-Nikodym theorem. Let (2,7, [) be a Daniell system
satisfying the Stone condition. We consider another Daniell integral @) on H.

Definition 3.3.1. A Daniell integral @ on H is said to be absolutely continuous (with
respect to [) if any null set is a @-null set, and we denote Q < [.

Proposition 3.2.7(3) implies that the Daniell integral having non-negative density
(h) is absolutely continuous. The Radon-Nikodym theorem asserts its converse as
follows:

Theorem 3.3.2. Suppose that H satisfies the Stone condition and that Q) is a Daniell
integral on H.

(1) If Q is absolutely continuous, then @ has a non-negative density (h).

(2) This density is unique in the a.e. sense.

To prove this, we need some lemmas. We will first show the following proposition:

Proposition 3.3.3. Let Q be a Daniell integral on H and suppose that Q < [
(1) If we define ([ +Q) (f) == [+ Q(f) for f € H, then ([ +Q) is a Daniell

integral on H.
([+Q)(f) = [ f+Q(f) holds for f € HT.
7 is f +Q)-null set if and only if Z is null.
(J+Q) =
(5) If p € LY([ +Q), then p € LTNLT(Q) and ([ +Q)(v) = [+ Q(¥)

(2)
(3)
(4) M
)
Proof. (1) and (2) are evident from the definition of ([ +Q).

(3) (=) is clear. («): if Z is null, then Z is @-null, and hence there exist f € H;",
and g € H;' (Q) such that Z C {f,g = +oo} = {f A g = +0o0}. Since f A g € H' and

</+Q>ng§/f+Q(9)<oo

which proves Z is ([ +Q)-null.
(4) is clear by (3).

( ) If E LT([+Q), then ¢ = f—g ((J/+Q)-a.e.) for some f € H', g €
Hi ([+Q). By (2), g isin ’Hlflt NH: (Q). This implies ¢ = f — g a.e. (g € H;h,) and
po=f—g (Q a.e.) (g € H (Q)) by (3). Thus, we see ¢ € LT and ¢ € L1(Q). The
last equation easily follows from the definition of ([ +@Q). O
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We recall that £2 is the set of all measurable functions ¢ for which |¢|? € L, see
Section 2.2. The set £? is a Hilbert space with respect to (f,g) = [ fg.

Lemma 3.3.4. Suppose that H satisfies the Stone condition and @ is an absolutely
continuous Daniell integral on H. Let E € &.

(1) There exists a non-negative measurable function hg such that hg = hpxg a.e.
(2) For any f € LT([+4Q), it follows that fhy € LT and that Q(fxe) = [ fhe.

Furthermore, this hg is unique in the a.e. sense.

Proof. Let us fix E € &. For any f € L2([+Q), fxg is measurable and f2yp < f?,
and hence fxg € £%([ +Q). By Proposition 3.3.3 (5), we see fxr € £2(Q). In general,
we can show that f € £2(Q) if and only if f € M(Q) and Q(|f|?) < co. From this, f
is -measurable, and hence by Schwarz’s inequality,

QUIEE = QUY)-Q0d)
< M. ( / +@) 2 (M= Q)
= M |flz2(f ) < oo

This implies that F(f) := Q(fxg) is a bounded linear functional on £2(Q), and on
L[ +Q).

By Riesz’s Representation Theorem there exists a unique gp € £2( J +Q) for which
f9r € L(/ +Q) and

Qfxr) = ( / +Q) for (3.5)

for all f in £2([ +Q). Replacing f with fxg € £2([ +Q), we have

([+@) sae=( [ +Q) sarxe,

and hence we obtain gg = ggx g a.e. by uniqueness.

We shall prove 0 < gp < 1 a.e. Since {gg < 0} C E a.e., x{g,<0} € L*(/ +Q).

Replacing f with X, <0} in (3.5), we have Q(X{g,<0}) = (f —|—Q) X{gn<0y9E < 0, and
hence x{4,<0} = 0 Q-a.e. Substituting it for (3.5), we obtain fx{gE<0}gE = 0. This
implies x{y,<0)9E = 0 a.e., and hence it follows x(4,<0y = 0 a.e., that is, gg > 0 a.e.
Similarly, we obtain xy,>13 =0 a.e.

Thus, it follows |fgr| < |f| a.e. for any f € L£?([ +Q), and this implies fgp is in
L%([ +Q). By equation (3.5),

Qfxr) = ( / +Q) for = [ fa5+Qf9r)
= [ gow+ ( / +Q> o = [ flon+ gt + QUGH)
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Repeating this procedure, we obtain

Qfve) = / Fgm+ g+t gb) + Q). (3.6)

Since 0 < gg < 1 a.e.,
lim Q(fgg) =0
n—oo

and 0 < gg + g% + -+ g% a.e. converges increasingly to a function assuming its value
in R almost everywhere as n — oo, let hg denote the limit function. Observe that hg
is measurable and that 0 < hg < oo a.e. By definition, hg = hgpxg a.e.

To prove (2), we use the truncation argument. We first assume f € L£([ +Q) is
non-negative. Then (f Am)xg is in L2([ +Q) for any m € N. Noting

0<(fAM) g+ 95+ +9%) s (fAM)hg (ae) €L
(f AM)gE \insoo 0 (Q-a.e.), (absolute continuity)

we replace f with (f Am)xg in (3.6) and applying the convergence theorems, it follows
QUf Am)xe) = [(f Am)hg. The Monotone Convergence Theorem gives, fhy € L1
and

Q(fxe) = /fhE- (3.7)

This implies fhp is integrable. For general f € £( [ +@Q), we apply the same argument

to fT, f~ separately. Since ffhp € £ and Q(f*xg) = [ fThg, it follows Q(fxr) =
[ fhie. If f e LT([ +Q), there exists f, € L([ +Q) such that f, ~ f a.e., and hence
we obtain the desired equation as n — co.

The uniqueness is proved by the same way as the proof of Theorem 3.2.5 (2). O
Lemma 3.3.5. The set (hg)geg, is a prefolder, where hg is defined in Lemma 3.3.4.

Proof. Let E,F € &. Replacing xp with xgnp in (3.7), it follows Q(fxpnr) =
[ fhenp. On the other hand, replacing f with fxp in (3.7) we have Q(fxenr) =
[ fxrhg. By the uniqueness of Lemma 3.3.4 (2), we obtain hpnp = hpxr a.e. O

By Proposition 3.1.7, we immediately obtain the following lemma:

Lemma 3.3.6. Suppose that H satisfies the Stone condition and that Q is an absolutely
continuous Daniell integral on H.

(1) There exists a non-negative density (h) such that for any f € LT ([ +Q), it follows
f(hy € LT and
Q= [ 1) (33)

(2) This (h) is unique in the a.e. sense.

Finally, we may take f € H in Lemma 3.3.6 (1) and obtain Theorem 3.3.2.
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3.4 Localizable measures

We will apply Theorem 3.3.2 to the classical measure theory. We fix a complete measure
space (2,5, ). Put 8g:={A € X: p(A) < oo}, and let H(Xo) be the set of all finite
linear combinations of indicator functions of the sets of Xj3. We define the functional

[ on H(Xo) by
/h = Z app(Ar), (h = ZakXAk> -
k=1 k=1

Then (2, H(Xo), [) is a Daniell system satisfying the Stone condition. Since the mea-
sure space is complete, each null set obtained by the Daniell scheme is also a p-null
set and the converse is true. We see that & = X, and £ = {all countable unions of
elements of ¥y}, i.e., £ is the set of all o-finite sets in 3. Further, all Daniell measurable
functions are Y-measurable, and all >-measurable functions having o-finite carrier are
Daniell measurable. The set D of all the Daniell measurable sets is a o-ring generated
by the union of the elements of £ and the null sets.

Let v be a finite measure on 3 and absolutely continuous with respect to . If we
put Q(h) :=>"y_; axv(Ag) for h =3} arxa, € H(Xo), then Q is a Daniell integral
on H (%) and @ < [. By Theorem 3.3.2, there exists a density folder (h) such that

AN = [ 1w, (e HE).
Let f = xp € HT(2Z0), we obtain
V(F):/hEd,u, (Fe&: FCE)
F

for E € £. This means that for any E € £, hg plays the role of a density function
with respect to v on E. This is nothing but for the measure-theoretic Radon-Nikodym
theorem. Conversely, for the measure-theoretic Radon-Nikodym density on each o-
finite set, we can verify that these functions form a folder by the uniqueness.

But in general, there is no single Daniell measurable function (namely, complete
file of folder) which connects all these hg, that is to say, it is impossible to construct
a Daniell measurable function hg defined on a certain subset of ) agreeing with hg on
each £ € £. We will consider the condition under which such function hg exists. To
do this, we introduce a more comprehensive notion:

Definition 3.4.1. Let (Q,H, [) be a Daniell system with the Stone condition.

(1) A function f : Q — R is said to be locally (Daniell ) measurable if fh is Daniell
measurable for all A € H.

(2) A folder (h) is said to be weakly complete if there exists a locally measurable function
fo such that

(hy = fo(I) a.e.

By definition, all complete folders are weakly complete. We call fy a weakly complete

file.
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3.4.1 o-finite measure space

As we mention in Remark 3.1.10, if the complete measure space (2, %, u) is o-finite,
then € belongs to £, and hence all the folders are complete. This implies the classical
Radon-Nikodym theorem remains valid for the o-finite measure space.

3.4.2 Characterization of the Localizability

We will characterize the localizable measure by means of the folders. Let (2,3, i) is a
complete localizable measure space (see Chapter 1 and also [31, 63, 56, 78]). We induce
the Daniell system (2, H(2o), [) in the same way of the above. For any non-negative
folder (h) = (hg)ges, let F := {hp : E € £} C M. Since F is the subset of -
measurable functions, there exists an essential supremum fy for F by the localizability
of p (cf. [56, 78]). It is not difficult to verify that

he = foxe a.e. for all £ € £.

The essential supremum fj is 3-measurable but not Daniell measurable. However, we
can obtain the following characterization:

Theorem 3.4.2. Let (2,3, u) be a complete measure space. Then the measure p is
localizable if and only if any non-negative folder (h) is weakly complete, and its weakly
complete file fy is X-measurable

The “if” part is shown as above. We will prove the “only if” part.

Lemma 3.4.3. For any X-measurable non-negative subcollection {f\ : A € A}, there
exists a folder (h) such that

Iy < (h) a.e. for all X € A. (3.9)

Moreover, we can choose (h) is minimal, i.e., if there exists another folder (g) satisfying
(3.9), then (h) < (g) holds a.e.

Proof. Fix E € £. Then E is a o-finite measure, so that the family {fixg : A € A}
has an essential supremum hg satisfying faxg < hg a.e., and hp is X-measurable.
Obviously, the carrier of hg is contained in E of o-finite measure, and this implies hg
is a Daniell measurable function.

We prove (hg)gee satisfies the folder condition. Indeed, let hp and hgpnp be supre-
mums of {faxe : A € A} and {faxenr : A € A}, respectively. Since hgxr > faXEnF,
hgxr is an upper bound of { fAxgnr : A € A}. This implies hpxr > hgnr. We define

Wg = henr + hex(p\F),
then h’E is Daniell measurable and

e = fxxenr + HX e
< hgnr + hexe\r) = he-
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This implies by is an upper bound of {fyxg : A € A}. Hence hg < by and hpxrp <
h%XF = hEﬁF' This implies hEXF = hEﬁF a.e.

The minimality of (h) is immediately obtained by the minimality of each hp. O

Proof of Theorem 3.4.2. We suffices to consider A C L'(u) (cf. [56, 78]). By
Lemma 3.4.3, there exists a folder (h) such that

I) < (h) ae. forall A € A,

and we choose a minimal (h). By assumption, there exists an F-measurable non-
negative complete file fy of the folder (h) such that

iI) < (h) = fo(I) a.e. for all A € A.
Let A € A. The carrier of f) € L'(u1) is o-finite, so that we can have
< foxe < fo a.e. for all A € A,

where E is containing the carrier of f). This implies that fj is an upper bound of A

We will show the minimality of fy. If there exists an F-measurable g such that
fr < g, then it follows that fi(I) < g(I) = (g), where (g) = (9Xp)pes. By the
minimality of (h), we obtain (h) < (g). This implies fo < g. O

Corollary 3.4.4. Let (2,%, 1) be a localizable measure space, and v : ¥ — R be a
finite measure with v < . Then there is an a.e.-unique Y-measurable function fo such
that

v(E) = / fodp for all E € %.
E

Remark 3.4.5. At last, we are in the position of describing the classical counter-
example which fails to hold the Radon-Nikodym theorem. Let ([0, 1], ¥, 1) be a measure
space with countable-cocountable o-algebra 3 on an interval [0, 1] C R, that is,

Y :={AC0,1] : Ais countable or A is countable},

and p the counting measure on ¥. We observe that p is not o-finite, say, [0, 1] cannot
be covered with countably many subsets A, C [0,1],n = 1,2,... of finite y-measure.
Taking v to be the Lebesgue measure on [0, 1], we have v < p but we cannot find a
density function. We suppose that there exists a non-negative density function h such
that

o(E) = [ ha

for all E' € ¥. Since v({h # 0}) = 0, we see v({h > 0}) = 1. This implies {h > 0} is
an uncountable set. Observing {h > 0} = ;2 ;{h > 1/n}, we can find ng such that
{h > 1/no} is a countable set and is not finite. Therefore,

1>v({h>1/no}) = /

{h>1/no}

and it is contradiction, see also [31, 34].

1
hdp > —p(h > 1/ng) = oo,
no

Moreover, we will reconsider this situation by using folders and show that the
Radon-Nikodym type equality holds on the above measure space in Chapter 6.
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Chapter 4

Dual Space

The first discussion of the dual space is in 1930s. Nikodym, in [54], considered the
duality L'-L* based upon the result of the Radon and Lebesgue. The key to the
discussion is the density of measure. The density of measure is already obtained in the
paper due to Lebesgue and Radon, which is described in page 131 in [54]. In the paper,
in Theorem II (Théoréme II) Nikodym stated the result as follows:

Theorem 2. For any linear functional U(f) defined on the set of all u-integrable
functions, which assumes its value in R to be absolutely continuous with respect to u,
it is necessary and sufficient for p to enjoy the following properties: If u(E) > 0, there
exists a p-measurable partition By + Ey = E such that p(E1)pu(E2) > 0,

Spaces LP on a o-finite measure space appeared in 1939 in [26] by Dunford-Pettis.
They proved that if measure p is o-finite and 1 < p < oo, then (LP)* = L9 for
the conjugate exponent ¢ (Theorem 2.1.6 p.345 in [26]). We should point out that
they considered the space (LP)* as the set of all mappings the space L into a Banach
space. Moreover, they discussed that the reperesentations are given in terms of abstract
integrals and kernel integrals. Now we shall summarize the recent study of this fact. In
[5, 29, 37, 38, 47, 62], they studied the scalar-valued function spaces. It should be noted
that Fedorova [29] considered this theorem by using Daniell-type integration. Kakutani
[37] considered the dual space of L™ and characterized the condition for (L>°)* = L!
when we do not admit the choice of axiom. In [6, 35, 46|, they studied the dual space
of the set of Banach space-valued functions. At last, the author [60], showed that (L!)*
can be identified with the space of essentially bounded folders when the measure space
is not necessarily localizable. We will restate this result and describe the relationship
with the measure theory in Chapter 6.

4.1 Preliminaries

We first recall the LP-norm and the semi-finiteness of [. A semi-finite measure p can
be found in [31, 56, 78], and some of the authors refer to it as “finite subset property”.
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For any measurable function ¢,

esssup [o(z)| or |l¢]leo
e

denotes the greatest lower bound of all numbers C such that |p| < C almost everywhere.
A function ¢ € M is essentially bounded if ||¢||oc < o0 and all such functions is denoted
by £°. And for ¢ € £ we write

el = [ 1ol

The next proposition is often referred to as the semi-finiteness of [ see [31, 56, 78].

as usual.

Proposition 4.1.1 (semi-finiteness). For any 0 < ¢ € LT satisfying [ ¢ > 0, there
exists ¥ € L such that 0 < < ¢ and that [ > 0.

Here for the sake of convenience for readers we recall the proof.

Proof. By the definition of ¢ € LT, there exist f € H*,g € ’H;t such that o = f — ¢
a.e. Since f € HT, we may find a sequence h, € H, n € N such that h, ~ f. Now,
defining 1, := h,, — g, we learn this is integrable and hence so is positive part ;.
Since ¢ is assumed non-negative, 0 < 17 ' ¢ almost everywhere. The Monotone
Convergence Theorem gives [;F ' [ > 0 and we can find a sufficient large integer
ng such that [4;f > 0. This t;f is the desired function. O

Furthermore, we will consider the sum and product of folders in this chapter. Let
(h), (k) be two folders. Then the mappings £ 3 E +— hgp + kg and E — hgkg satisfy
the axiom of folder. Therefore, we denote these folders as:

(h+k) or (h)=£(k),
(hk) or  (h)(k).

The following is obvious:
f(h+E)y = f(h) + f(k) a.e. (4.1)
for any f € H.

Theorem 3.2.5(2) can be extended for general folders:

Theorem 4.1.2. If two arbitary density folders (h),{g) satisfy [ f(h) = [ f(g) for
any f € H, then it follows that (h) = (g) a.e.

Proof. By (4.1), we have

[ = [swr) = [s0r) <o and [ 100 = [ 116"~ [ 1157 <.
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for any f € H. Since all terms are finite, we observe
[rur o= [+ <o
This implies that (h* + ¢g~) and (¢9" + h~) are non-negative density folder. Theorem
3.2.5(2) gives (ht +¢g7) = (gt +h™) ae. ie,
hi+9p =95 +hy ae foral E€E.

Hence, we obtain hg = hg —hy = gg — gy = g a.e. for any F € £. This completes
the proof. ]

4.2 Signed integral

In this section, we describe the property of the signed Daniell integral, which is a
functional having linearity and continuity. The proofs can be found in [66].

Let & : H — R be a linear mapping. For positive elementary functions, we define
the total variation |®|, positive variation ®*, negative variation ®~ as follows:

|®|(h) := sup{®(k) ; [k[ < h, keH}
®T(h) :=sup{®(k) ; 0<k<h, ke H}
O~ (h) :=sup{—P(k); 0<k<h, ke H}

We say @ has finite variation if |®|(h) is finite for any positive elementary functions h.

Theorem 4.2.1. If ® has finite variation then |®|, ®* and @~ can be extended uniquely
to the non-negative linear mapping on H and

=0t - (4.2)

holds. This decomposition is essentially minimum, in the sense that if there exists any
other decomposition ® = Uy — Uy, then & < Uy, &~ < Wy hold for any non-negative
elementary functions. We call this decomposition (&, ®~) Jordan Decomposition.

Proof. Suppose that ® has finite variation. We decompose H > h = ht — h™, and
define |®|h := |®|h*T — |®|h~. Then the linearity and non-negativity are obviously
valid for all h € ‘H. Moreover,

D+ P |-
ot = i, and @7 := o=@ (4.3)
2 2
have the desired properties.

We prove the minimality of the decomposition. Let & = W¥; — WUy be a general
decomposition of non-negative linear functionals. For any h € H and any k € ‘H with
|k| < h, we have

—UokT < ®kT < U 1kT, —Uok™ <Pk~ < U1k,
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and hence
Ok < WkT + Wok™ < (Uy + Wo)h, for |k| < h.

Taking supremum over all such k, we obtain |[®P|h < (U; + WUo)h for 0 < h € H.
Combining the definition ®h = (¥y — ¥o)h and (4.3), we have &+ < h < ¥k and
O~ h < Wyh. O

Definition 4.2.2. We say a linear map ® : H — R is a signed Daniell integral if
®(h,) — 0 for any sequence of elementary functions with h,, 0.

Theorem 4.2.3. If ® is a signed Daniell integral on H, then ® has finite variation
and the Jordan decomposition (&, D7) is non-negative and continuous, i.e., @+ &~
are Daniell integrals.

The proof can be found in [66] of Theorem 2.11.6.

Definition 4.2.4. Let (,H, [) be a Daniell system with the Stone condition and Q
be a signed Daniell integral. We say @ is absolutely continuous with respect to [ if any
[-null set is a |@Q|-null set. This is written by @ < [ analogously to the non-negative
integral.

We extend the domain of signed integral Q. If f € H; (|Q]), then QT (f) and

Q@ (f) are finite and hence we can define

Q(f) = Q7 (f) —Q~(f).
For f € L(|Q|), since f = fi — fo with f1, fo € H;.(|Q]), we define

Q(f) == Q(f1) — Q(f2).

The Radon-Nikodym theorem still holds for the signed Daniell integrals.
Theorem 4.2.5. Let (2, H, [) be a Daniell system with the Stone condition, and Q
be a signed Daniell integral on H such that Q < [. Then there exists a density folder
(h), such that for any f € L([ +|Q]),

- [ 1w, (4.4)

This (h) is determined a.e.-uniquely.

Proof. Since @ is a signed Daniell integral on H, @ has finite variation and Q% is a
Daniell integral by Theorem 4.2.3. Moreover, by Theorem 4.2.1 Q = QT — @~ holds
on H.

We will show QF < [. If Z is an [-null set, then it is a |Q|-null set by the
assumptlon There exists f € H; (|Q|) such that Z C {f = +o00}. Since f € HT,
1QI(f) = QT(f) + @ (f) holds. But the left-hand is finite, so f € H;" (QF). This
means Z is a QT-null set.
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By Lemma 3.3.6, there exist unique non-negative density folders (h*) such that
Q*(f) = [ 1), forall £ € £([ +Q%).

We observe L([+QT)NL([+Q~) = L([ +|Q|). By Corollary 3.2.4 (1), each file hp
of (h) is finite [-a.e., so that we can take difference of each side and obtain

- = [rwn- [
= [ sty = o,
Therefore, (h) := (h™) — (h™) is obviously a density folder, and Q(f) = [ f(h) holds

for any f € L([ +|Q]). The uniqueness of (h) follows from Theorem 4.1.2. O

4.3 The dual space of L

In this section, we shall prove that the dual space of L is identified with the set of all
essentially bounded folders.

Definition 4.3.1. We say that (h) is an essentially bounded folder if

sup [|hplleo = sup(ess. sup [hp(z)|) < oco.
Eecg Eeg zeE
We denote this by ||(h)||~, and the set of all such folders is denoted by L.

We first consider the elementary estimation of norm inequalities.

Lemma 4.3.2. Let (h) € L>. It follows
nmmm:mmﬂjfmﬁweﬁwﬂh=1}

Proof. Let f € L. We choose Ey € £ such that {f # 0} C Ey, then

L/fﬂw‘=k/fh%

g/UMMSWMu/m=WMuWM

Now, taking supremum over all f € £ with ||f||; = 1, we have sup

h
=1 /f< >‘ =
1) e

To show the converse, let o := ||(h)]|oc > 0. Since ||(h)|loc = supgeg ||hE| o0, for
any a with 0 < a < «, there exists E, € & such that a < ||hg,||cc. We deduce
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X{hg,>a} € LT and [ X{np >q) > 0. By Proposition 4.1.1 there exists gg, € £ such
that

0 <98, < X{hp,>ay and 0 < /gEa. (4.5)

We define fg, = ([ gr,) " '9E, - sgnhg,, then fg, € £ and ||fg,|l1 = 1. By (4.5), we
deduce

{9E, # 0} C {hp, >a} C {hg, >0} C E,.

’/fEahEa

Hence

1 /
= 9E.hE,|
[ 9E,

1
N E /gEax{gEafo}X{hEa>a}|hEa| > a.

Now, since {fg, # 0} = {gp, # 0} C E,, we see [ fg,hg, = [ fr.(h). Moreover,
taking supremum over all elements such that || f||1 = 1, we see that for any a with
0 < a < «, there exists F, € £ such that

/f<h>‘ > ‘/fEahEa

which yields the inverse inequality. O

sup
llfll=1

> a,

Lemma 4.3.3. Let (h) be a density folder. If there exists 0 < C < oo such that for
any f € L

[ 1w <einn

then it follows that (h) € L.

Proof. Let us fix E € £ and its corresponding file h. We shall prove hg(z) < C a.e.
x € 2 by the use of the reduction to absurdity. For any € > 0, putting Fg . := {|hg| >
C'+¢}, then we have 0 < xp, . € L*. Now we assume that [ xp, . > 0 (if not, we have
nothing to prove). By Proposition 4.1.1, there exists gp € £ such that 0 < gg < xr,
and [ gg > 0. Defining pg := gg - (sgnhg), we see pg € L. Since

{ep#0} c{gp #0} C Fg. C{hg >0} CE

as observed in the proof of Lemma 4.3.2, we deduce that

‘/9E|hE = ‘/@EhE

_ \/mm\ < Cllpslh = Clgs]h.

IN

(C+e)llgelh

It follows that ||gg|l1 = 0 and it contradicts [ gg > 0. This means that |hg| < C for
any F € £. The proof is complete. O
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Theorem 4.3.4. Let (U, H, [) be a Daniell system satisfying the Stone condition.
Then there exists a one-to-one linear and norm preserving mapping T between essen-
tially bounded folders space L and the dual space L*; the correspondence is given

by

mf= [ 1) (<o
Proof. Let (h) € £*°. Defining

wi= [ 1) (reo) (46)
then Ty is lincar and [Ty f| = | [ F(B)] < [[(h)loll 1, Bence [Tyl < 1A} | < oc, so0
Tipy € L*. Moreover, from equatlon (4.6) and Lemma 4.3.2 we have | Ty |l = [1{P) || co-

It is shown that 7 is the isometry from £ to L£*, This immediately implies that 7 is
injective.

Therefore, it suffices to prove that this mapping is surjective. Let T' € L*. Defining
Qg) =Ty forgelL,

we see that () is a signed Daniell integral on £. Indeed, the linearity is obvious. If
L3 gn \(0, then |Q(gn)| = |Tgn| < |T|llgnll1 — 0 by the Dominated Convergence
Theorem, so that @ is a signed Daniell integral on £. We next prove @ < [. Let
Z be an [-null set. Then there exists f € H; such that Z C {f = +oc}. Since
feH c L’, we have Q(f) < oo and |Q|(f) < oo because Q(f) = QT (f)—Q~ (f) <
and |Q|(f) = QT(f) + Q (f) < oo hold for f € £ by the Jordan Decomposition. This
means f € H; (|Q]), and hence Z is Q-null.

Using Theorem 4.2.5, we can uniquely construct a density folder (h) such that
= [ f(h) holds for f € L([ +|Q|). However, since L C L( [ +|Q|) by the definition
of @, we have

Tf—Q(f)—/f<h>, for all f € L.

Since | [ f(h)| < |T|||f]l1, by Lemma 4.3.3 it follows (h) € £>. It means that 7 is
surjective. O
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Chapter 5

Lebesgue Decomposition

The general Lebesgue decomposition theorem has been studied various context. In
[7,19, 57, 73], the authors considered the decomposition of additive set functions defined
on a certain group, or measures take valued in a certain group, but all measures are
assumed bounded. On the other hand, we are interested in general o-additive measures
on an arbitrary set taking their values in positive real number but unbounded. In
classical measure theory, the Lebesgue decomposition theorem asserts that for two o-
finite measures p, v on a measurable space (€2, ), there exist two o-finite measures v,
and v, such that v = v, 4+ vs with v, < p and that v, Ly, where vs Ly means that
vs and p are mutually singular, that is, there exists an F' € ¥ such that vs(F) = 0
and p(F€) = 0. In this chapter, we reconsider the o-finiteness of u,v. It is not easy
to consider the non-o-finite case [56]: Let © = R and ¥ be the Borel sets. Let u be a
Lebesgue measure and

V(E) = { #(F) E: finite set

00 E . infinite set.
We observe that v is not o-finite. We suppose there exists a decomposition;
v=uv -+, v < p,valp.

Since one point set {z} is a p-null set, then a vq-null set and vo({z}) = 1. Hence, we
find v»(E) = 0 if and only if £ = (). Since vo L p, there exists a measurable F such that

v(F) =0, and p(F°) =0.

Then vo(F) = 0 implies F = () and F© = R. This contradicts u(F¢) = u(R) = 4o0.

5.1 Lebesgue decomposition

In this section, we will consider the general measure p and v by Daniell integral. To
do this, we first reformulate the singularity of measure by means of folders. Finally, we
prove general Lebesgue decomposition theorem.
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Definition 5.1.1. Let [,Q be Daniell integrals on H. We say that [ and @ are
mutually singular if there exists a collection (Zg)peg of elements of ([ +@Q)-measurable
sets such that: (1) [ xzzne = Q(xzene) = 0 for any E € &, (2) the family of the
indicator functions (xz,)rpes forms a folder. We denote the two mutually singular
Daniell integrals [ and Q by QL .

Theorem 5.1.2. (1) The integral [ : H — R is zero if and only if [ xg =0 for any
Ecé.

(2) If QL [ and Q < [ then Q = 0.
Proof. We first note that, in general, an elementary integral [ on H is zero if and only

if [f=0forany f € H*. Indeed, the sufficiency is clear. To prove the necessity,
choosing h,, € H, so that h,,  f, we obtain f f=lim, f h, = 0.

(1) The necessity is clear. To prove the sufficiency, let f be a positive function in

H'. Defining
1 & k
Sn = 27 X {f > 2n}a
k=1

we find s, € HT and 0 < s, /7 f. Since x{f > k/2"} € HT for each n,k € N, we
see Q(x{f > k/2"}) = 0 by assumption. The Monotone Convergence Theorem gives
us Q(sp) = 0 and also gives 0 = Q(s,) / Q(f) = 0. For general f € H, we apply the
same argument to fT, f~ separately.

(2) Suppose that there exists an ([ +@Q)-measurable folder (Z) such that

Q(XzznE) = /XZEmE =0 forany F € €£.
By absolute continuity, we see Q(xzzng) = 0. Therefore,

Qxzgne) + Q(xzpne) =0
and hence Q(xg) = 0 for any E. By (1), we obtain @ = 0. O

Keeping in mind that the folder plays a key role in our result, we formulate and
prove the Lebesgue decomposition theorem in our setting.

Theorem 5.1.3. Let (2, H) be an elementary space satisfying the Stone condition,
and let f, Q be Daniell integrals. Then @ can be uniquely expressed as QQ = Q4 + Qs
where Qq < [ and Q5L [.

Proof. Since we see Q < ([+Q), it follows from Lemma 3.3.6 that there exists a
non-negative ( [ +Q)-density (g) such that

Q) = ( / +Q> 1) (5.1)
for any f € L*([ +Q).
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We first prove (g) < (I) (([+Q)-a.e.) and (g) < (I) [-a.e. For every E € &, we
can choose E, € & so that E, /' E. Noting that {gp > 1} C E ((J +Q)-a.e.), we
substitute f := Xpg,X{gp>1} € L([ +Q) for the equation (5.1). Then we have

Q(XEnX{gE>1}) = /XEnX{gE>1}9E+Q(XEnX{gE>1}9E)

Since Q(XE,X{gp>1}) < 00, we obtain fXEnX{gE>1} = 0, and hence xg, X{gz>1} = 0
a.e. Letting n — oo, we find x4, ~1} = 0 a.e. Again, substituting it for the equation

(5.1), we obtain Q((1 — gr)x{gp>1}) = 0, and hence x(4,~13 =0 (Q-a.e.). To show
that (g) < (I) a.e., substituting f = x,,—1} in (5.1) and applying the same argument,
we can deduce that {gg = 1} is null.

Next, the family (x{4,-1))Eee is obviously an ( | +Q)-density folder, so that we
denote it by (G). Now, Since f(g) € L([ +Q) for any f € L([ +Q), we have

Q) = (/Hﬁf@%i/ﬂm+QU@»

= [+ ([ +e) e

_ /ﬂ@H%f»+@ﬂf»
_ /ﬂ@ﬁ%fHW~HWD+Mﬂf»

0) <{g) +{(g*)+ -+ {g" / (J+Q)-a.e.),

we can denote this limit folder by (h). It follows that (h) is ([ +@Q)-measurable and
takes value in [0,00]. In fact, (h) takes real values almost everywhere. For any non-
negative function f € L£([ +@Q), note that f(g") \, f(G) ((J +Q)-a.e.) and

(0) < fUg) +{g*) + -+ (g™) / f(h) ((J+Q)-ae.),

applying the Monotone Convergence Theorem and the Dominated Convergence Theo-
rem to @ and [, we obtain

mn:/QW+QU@» (5.2)

For general f € L([+Q), we apply the same argument to f1, f~ separately. This
equation is valid for f € L1([ +Q) because f~ € L([ +Q). If we take f € H in (5.2),
we deduce (h) is an [-density.

We define Qq(f) = [ f(h), Qs(f) := Q(f(G)) for any f € H. Since (h) is an
[-density and Q,, Qs are non-negative, we see Q, < [ and Qs < @ by Proposition
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3.2.7 (3). To prove QL [, noting that (G) is an ([ +Q)-measurable folder because
Qs < @, we can easily see that (G) is a ([ 4+Qs)-measurable folder satisfying the
definition of QL [.

Finally, we will show the uniqueness of the decomposition. Suppose that @ =

Q1 + Q2 for some Q1 and Q2 with Q1 < [,Q2.L [. Then we have Q1 + Q2 = Qq + Q.
We define a signed Daniell integral A : H — R to be

A(f) = Q1(f) — Qa(f) = Qs(f) — Q2(f), for f e

By Theorem 4.2.3, we obtain the Jordan Decomposition A = A" —\~. For non-negative
heH,

AT (h) =sup{\(k):0< k< h, ke H}
= sup{Q1(k) — Qa(k) : 0 < k < h, k€ H} < Qu(h),

by the non-negativity of @,. similarly, we have A\~ (h) < Q4(h). Therefore, we obtain

IAI(h) = AT (h) + A7 (h) < Qu(h) + Qa(h) = (Q1 + Qa)(R), (5:3)

for all non-negative h € H. (5.3) remains valid for non-negative f € H*, and similarly
we have |\| < Q2 + Qs for non-negative f € H*. Hence, we have

|)‘| < Qa+Q17 |A| <<Q2+Qs~ (54)

By (5.4) and Q, + Q1 < [, we obtain |\ < [.

We shall next show [A|L [. By the assumption of QL | and Q2L [, there exist a
(Qs + [)-measurable folder (Z;) and a (Q2 + [)-measurable folder (Z3) such that

/XZS,EmE = Qs(xze ,ne) =0, and /XZQ,EmE = Q2(xzs yre) =0,

respectively. We note that Zs p and Z3 g are both f -measurable and f -null sets.
Defining Zp := Zs p U Zs g, we see that (Z) := (xz,)pes is obviously a [-measurable
and [-null folder. Moreover, we recall |A\| < [, so that (Z) is (|]\| + [)-measurable and
(JA| + [)-null folder. Since

ZgNECZigNE, ZgNECZ;pNE,

and the right-hand-sides are QQs-null and Q2-null, respectively. It follows that Z3 N E
is a (Qs + Q2)-null set. By the fact that A < Qg + Q2, we verify that Z5 N E is a
|Al-null set. It means that [A|L [, and hence by Theorem 5.1.2 (2), we have A = 0.
This completes the proof of Q1 = Q4, Q2 = Qs. O
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Chapter 6

Applications

In this chapter, we apply our results of Sections 3.3, 4.3 and 5.1 to general measure
spaces and localizable measure spaces. Classically, the following results are decisive,
which was proved by Segal in the middle of 20th century:

Theorem 3 (Segal [63]). Let (2,3, 1) be a measure space. The following assertions
are equivalent (the definition will be given in Definition 1 below):

(1) p is localizable.

(2) For any absolutely continuous measure v, there exists a density function h such
that

v(E) = / hdp  for oll E € 3.
E

For the proof we refer to the textbooks [31, 56, 78]. The localizable measure space
was also introduced by Segal:

Definition 1 (Segal [63]). (1) A measure space (2,3, ) is said to be semi-finite if
whenever A € ¥ with u(A) = 400, there exists a subset B C A such that B € ¥ and
0 < u(B) < 0.

(2) A semi-finite measure space (2, %, 1) is said to be localizable if for every A C %,
there exists H € ¥ such that (i) p(A\ H) = 0 for every A € A, (ii) if another G € ¥
satisfies the condition (i) then u(H \ G) = 0.

In this chapter, we will prove the new characterization of the localizability, and
we will also describe the example of the measure which is not localizable but has the
property of the Radon-Nikodym type equation.
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6.1 Reconsideration of measure theory by Daniell scheme

We recall first some notions. Fix a complete measure space (2, X, 1) and let (2, H(Xo),
J du) be the Daniell system induced by (2, X, 1), where H (o) is the set of all Xo-
simple functions and Y is the set of all p-finite sets in ¥. A functional [ du is an
elementary integral defined by [hdp = j_; apxa, for h € H(Xy), ar € R, Ay, € .
Since the measure space is complete, each null set obtained by Daniell scheme is also
a p-null set and the converse is true. We see that & = ¥y, and £ = {all countable
unions of elements of ¥}, i.e., £ is the set of all o-finite sets in 3. Further, all Daniell
measurable functions are Y-measurable, and all ¥-measurable functions having o-finite
carrier are Daniell measurable. The set D of all the Daniell measurable sets is a o-ring
generated by the union of the elements of £ and the null sets.

By Theorem 3.4.2, a Radon-Nikodym density folder can be determined by a -
measurable function if and only if u is localizable. However, we can find that Theorem
3.3.2 covers more general situations.

(1) We first consider the counter-example which is described at the end of Section 3.4.
Let Q = [0,1] C R, ¥ = {A C Q : A is countable or A¢ is countable }. Let u be
a counting measure on X. Then ¥y consists of all finite subsets in [0, 1], and the set
of all Daniell measurable functions M, induced by the Daniell system (2, H(2o), [),
is the set of all extended real-valued functions whose carriers are countable subsets of
Q). Therefore, an arbitrary function on € is locally Daniell measurable, and hence an
arbitrary folder (h) can be determined by some fy with (h) = fo(I). To the contrary,
the measure space (2, %, 1) is known to be non-localizable [31]. This means that there
exists a non-localizable measure space but the induced folder becomes weakly complete.
Forever, let v be a Lebesgue measure. Then v < p holds and v(FE) = fEhd,u does
not hold for any non-negative Y-measurable function. However, the general Radon-
Nikodym theorem

W) = [ ) du
E
holds for all E € £ and the weakly complete file fj is zero function.

(2) In view of this, we consider the following two measures:
o(E) = d(E), p'(E):=) wl(a)du(E)
aeR acR

for arbitrary function ¢ : R — (0, 00), where 4, is a Dirac measure and F is an element
of the countable-cocountable o-algebra ¥ on . Note that the only po-null set is an
empty set, then (Q, ¥, i9) is a complete measure space. Moreover, it is non-localizable
measure space and p* < pg.

We observe that
Yo:={Be€X:u(B),p"(B) <oo}={ACQ: finite set},

and that £ consists of all countable subset of 2. Then, the set of all Daniell measurable
functions M(Xg) consists of all extended-real-valued functions having countable carrier.
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By Theorem 3.3.2, we can find unique density folder (h) such that

w(E) = / (h) dpo for all E € €.
E
Furthermore, a simple observation shows

oxg =hg forall E € &,

where ¢ is not ¥-measurable but locally Daniell measurable, so that we can obtain

u*(F) = / pdug for all E € &.
E

This is an example showing that the Radon-Nikodym theorem remains valid for non-
localizable measure and weakly complete file is a non-zero function.

(3) Let (92, X, ) be a complete localizable measure space. We induce the Daniell system
(Q,H(X0), ) in the same way as above. For any non-negative folder (h) = (hg)pee,
let A:={hg:FE €&} C M. Since A is the subset of X-measurable functions, by the
localizability of u there exists an essential supremum f; for A such that

he = foxg a.e. for all £ € £.

The essential supremum f;y is A-measurable but not Daniell measurable. The non-
negativity can be eliminated, because the usual argument is available to (h) = (h*) —
(h™), where (hT) = (h%)Eeg.

Now, we obtain the following results:

Corollary 6.1.1. Let (2, %, 1) be a localizable measure space. Then there exists a one-
to-one linear and norm preserving mapping T between essentially bounded “function”
space L* and the dual space (L')*; the correspondence is given by

r(9)f = / f9. forfeLl

Corollary 6.1.2. Let (2,3, ) be a localizable measurable space, and let v be a signed
measure on X. Then v can be uniquely expressed as v = va+vs where vy K pw and vs L.
Moreover, each measure can be expressed as follows: there exists a unique Y-measurable
function h such that

ve(E) = / hdu, for any E € X,
E
and there exists Z € ¥ such that

vs(Z) = u(2°) = 0.
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Chapter 7

Introduction to the Kakeya
Problem

From this chapter, we shall consider the Kakeya problem and related topics. The
Kakeya problem is a representative member of a much larger family of problems of
a similar one. As we mentioned in Chapter 1, the Kakeya needle problem is very
geometrical, and it is natural to apply elementary incidence geometry facts to this
problem. Although this approach has had some success, it does not seem sufficient to
solve the problem. However, in the last three decades it has been realized that the
problem is connected to many other mathematical fields.

As we described in Chapter 1, Besicovitch gave the answer; we can rotate a needle
using arbitrary small area. The fact relied on two observations. The first observation
is that one can translate a needle to any location using arbitrary small are. The second
one is that one can construct open subset of R? of arbitrary small area which contain a
unit line segment in every direction. For n > 2, we define a Kakeya set to be a subset
in R? which contains a unit line segment in every direction. In applications we wish
to have more quantitative understanding of the Kakeya set. For example, we could
replace unit line segment by 1 x § tubes for some 0 < § < 1 and consider the optimal
compression of these tubes. That is to say, we can ask for bounds of the area of the
d-neighborhood of a Kakeya set. The answer is that these bounds are logarithmic in
two dimensions, and it is known that the d-neighborhood of a Kakeya set in R? must
have area at least ~ 1/1log(1/0). The Kakeya conjecture is stated as follows: let Ns(E)
is a neighborhood of the Kakeya set in n-dimensional Euclidean space R™. Then does

it hold
Ws(E)|
5(1
for all a > 07 It is true for the case n = 2. The first applications of the Kakeya
conjecture to analysis arose in the study of Fourier summation in the 1970s. For a

function f on the n-dimensional Euclidean space R™ the partial sum operator T is
defined by

A0 (6-0),

~

Tsf(€) = xs(€) [ (€).
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One asks ourselves whether for f € LP, T f converges to f in LP, which is equivalent
to asking whether Tgf is bounded on LP. If S is rectangle, then we would have
boundedness for all p, 1 < p < oo, since this operator may be built out of Hilbert
transforms as described in [64]. If we regard the characteristic function of a ball as an
infinite product of the characteristic functions of rotated cubes, then an infinite product
of Cp, > 1 would make Tj,; unbounded on L?, p # 2. As a matter of fact, if S is a ball
and p # 2, C. Fefferman [30] gave a counter example showing that T}, is unbounded
on LP. The counter example, which he constructed, involved the construction of a
Kakeya-type set; the proof shows that if Tsf is bounded for ball S, then Kakeya sets
could never have measure 0.

Instead of the operator Ty, S is ball, Fefferman and Stein proposed to deal with
the slightly less singular Riesz-Bochner operator Ss, § > 0, defined by

SsF(€) = (1= [EM)3F(), = max(0,¢).

A fundamental problem for Ss is that for which range of § > 0 the LP-bound

1S5 fllLe@ny < Cpll fllrwn)

is true. There also have been affirmative answers for n = 2. But this conjecture for
n > 3 is still open [14, 65, 76]. Many of the problems related to the Kakeya conjecture
are still unsolved. However, these works reveal that estimates for the Riesz-Bochner
operators are closely related to estimates for the Kakeya maximal operator. And the
difficulty of problems for n > 3 lies in the lack of an appropriate estimate for the
Kakeya maximal operator and the lack of an appropriate covering theory. Thus, the
study of the Kakeya maximal operator would be meaningful. Moreover, there are
many problems which are related to the above problems, for instance, a geometrical
dimension of the Kakeya set, and the Restriction problem. These details are can be
found in many surveys, [41, 72, 76, 77].

In Chapter 8, we investigate the weighted version of Alfonseca, Soria and Vargas’s
method [1, 2] and we obtain a weighted version of the Katz result [39, 40].

In Chapter 9, we consider the Kakeya maximal operator on the variable Lebesgue
spaces and prove its boundedness.
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Chapter 8

Directional Maximal Operator
and Radial Weights

Instead of the difficult operator K, a more powerful but slightly complicated maximal
operator has been studied on the plane. Let © be a set of unit vectors in R? with
cardinality N. For a locally integrable function f on R?, the directional maximal
operator Mg is defined by

T

1
Mqf(x):= sup — |f(z + tw)| dt.
r>0,we) 2r —r

Stromberg showed in [68] that if €2 is an equidistributed set of directions with cardinality
N then

[Mafllr2mey < Clog N|| flL2(r2)- (8.1)
Notice that (8.1) yields the sharp L?(R?) estimate of the Kakeya maximal operator
Ky, since we have

Knf(z) < CMof().

In [39] and [40], Katz established that (8.1) holds without the condition that €2 is
an equidistributed set of directions. In [11] and [27], for the functions of radial type
f(x) = folllzllia), 1 < g <mn, it is essentially proved that

[Maf|lpn@ny < Clog N || fllor@ny-

In [1] and [2], Alfonseca, Soria and Vargas proposed a new method to study this
operator and they got a simple proof of the Katz result. In this chapter we investigate
the weighted version of their method and we obtain a weighted version of the Katz
result.

8.1 Preliminaries and main theorems

In order to state our theorem, we first introduce some notations due to [1] and [2].
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Let Q be a subset of [0,7/4) and w be a weight on R?. We define the weighted
directional maximal operator Mg ., acting on locally integrable functions f on R?, by

1
Mouf(@)= s i [ 170 dy
where Bg denotes the basis of all rectangles with longest side forming an angle 6 with
the z-axis for some 6 € Q, and w(R) denotes [, w(z)dz. Let Qo = {1 > 6 > - >
§; > ---} be an ordered subset of 2. We take 6y = 7/4 and consider, for each j > 1,
sets 5 = [0;,0;_1) N, such that §; € Qp for all j. Assume also that Q@ = [J;. To
each set €5, 7 = 0,1,2,..., we associated the corresponding basis B;. We define the
weighted maximal operators associated to each basis for €2; by
1

Moyl (@)= s et s, G =0.1.2....

Throughout this thesis we always assume that the weight w is a radial weight:
w(z) = wo(||z|l;2) = wo(|z|) for some non-negative function wy on Ry. We assume
further that wy satisfies the following two conditions:

Doubling condition: For all 0 < r; < 7] <ry <ry < oo with ry —r; =2(rh —r}),

/ ? wo(r)dr < C / wo(r) dr (8.2)

r1
Supremum condition: For all 0 < r; < ro < 00,

sup wo(r) < © /T2 wo(r) dr. (8.3)

r1<r<ry ro—"T1Jn

Notice that r* with a > 0 satisfies these conditions. Indeed, the doubling condition is
clear and, for all 0 < r1 < 7y < 00,

(Tz)a:a+1/r2radr< atl /rzradr.
r2 Jo Tra—r1Jy

The main result of this chapter is the following:

Theorem 8.1.1. Let w be a radial weight satisfying (8.2) and (8.3). Then there exists
a constant C independent of Q) such that

[ Ma,wll L2 (w)— 12wy < sup [ Ma; wll 22 (w)— L2 (w) + CllMagwll L2 (w)— L2 (w)»
J=z

where || T 12(w)y—r2(w) denotes the operator norm T : L?(w) — L*(w).

It is known that the weight |z|%, a > 0, is in A% (R?) (cf. [45, p236]), where A% (R?)
is the Muckenhoupt weight classes replacing the cubes ) by the rectangles R with sides
parallel to the coordinate axes. From this fact and rotation invariance of the radial
weights we can apply the proof of Corollary 4 in [2], and it allows us to give a weighted
estimate of the Katz result (cf. [32, Theorems 6.7 and 6.13]).
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Corollary 8.1.2. Let Q be a set of unit vectors on R? with cardinality N > 1 and
w(z) = |z|*, a > 0. Then there exists a constant C depending on only a such that

M < C'logN.
; w =
H QwHL2( )—L2(w) C og

To prove Theorem 8.1.1, we essentially adapted the arguments in [1, 2]. In par-
ticular, to prove the theorem, we observe some geometry for R?. The following is a
weighted version of the key geometric observation used in [1].

Proposition 8.1.3. Let 0 < 01,62 < 7/4. Let
wo = (1,0), w; = (cosby,sinby) and wy = (cos(—02),sin(—0s)).

Let B be a rectangle whose longest side is parallel to wi and let R be a rectangle whose
longest side is parallel to wy. Suppose that BN R # () and that the long side length of
B be bigger than that of R. Then there exists a rectangle R D R whose longest side is
parallel to wy such that N

w(RN B) < Cw(R N B)

=~ )

w(R)  — w(R)
where the constant C' is independent of 01, 62, B and R.

To prove the proposition we need several technical lemmas.

8.2 Geometry on the plane

The aim of this section is to prove Proposition 8.1.3. To do so we first introduce our
notation. We write X <Y or Y 2 X if there is a constant C such that X < CY. The
constant C' may vary from line to line but the constants with subscripts, such as C1,
(3, do not change in different occurrences. We write further X ~ Y if X <Y and
XzY.

Given rectangle R C R?, let ¢R be the rectangle with the same center as R, but
with the ¢ times sidelengths oriented to the same direction of R. Given measurable set
E C R?, let | E| denote the Lebesgue measure of E and w(E) denote [y, w.

Our first goal is to show two key lemmas.

8.2.1 First key lemma

Recall that we always suppose that the weight w fulfill w(z) = wo(]z|) and that wy
satisfy the doubling condition (8.2) and the supremum condition (8.3). For an A C R?
we set r1(A) = infyeq |z|, r2(A) = sup,eq |z] and rad (A) := r(A) — ri(A). By
definition we can easily see that, if A C B C R?, then rad (A) < rad(B). We also
see that rad (2R) < rad (R) for any rectangle R C R%. The following is our first key
lemma.
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Lemma 8.2.1. Let R C R? be a rectangle. Then

w(R) 1 /T2<R>
R rad (R) J, (r)

wo(r) dr.

Proof. Notice that
ra(R)
w(R) = / arc (RN Cp)wo(r)dr, (8.4)
r1(R)
where C, is the circle of radius r and centered at the origin and arc (RNC,) is the arc
length of the arc RN C,. It follows from (8.4) and the supremum condition (8.3) that

w(R 1 2B
‘;’) = I " arc (RN Cp)wo(r) dr
T1

1 ro(R)
< sup wo(r) - / arc (RNC,)dr
) Bl Jry ()
1

ri(R)<r<ra2(R
r2(R)
= sup wo(r) < / wo(r) dr.
r1(R)<r<rs(R) rad (R) J, (r)
Thus, we shall prove the converse:
w(R) 1 /T2(R)
> dr.
RS wad () Sy

Since wy satisfies the doubling condition (8.2), we need only verify the following claim:

There exists a set A C R such that

rad (R) < Cirad (A), (8.5)

and that
ad (A inf arc (ANC,) > Cs|R|, 8.6
rad ( )TI(A)33<T2(A) re ( ) = Co|R| (8.6)

where the constants Cy and Csy are independent of R and A.
If this claim is true, then it follows from (8.4) and the doubling condition (8.2) that

r2(A)
w(R) > wo(r) dr - inf arc (ANC,
(B /rl(A) o(r) r1(A)<r<ry(A) ( )

1 T‘Q(R)
> - r)dr - rad (A inf arc(ANC,
~ rad (R) /7"1(R) wo(r) ( )7"1(14)<T'<T2(A) ( )
2 [ a1
> wo(r)dr - |R)|.
rad (R) r1(R)

We now prove the claim.
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Because of the rotation invariance and the symmetry of the problem, we may assume
that the rectangle R forms

R:(al,ag)x(bl,bg), O<a <az <o0,0<b <by < as.

=/a2+b}, ro=\/di+b2, r3=/a?+b3and ry = /a3 + 3.

Then r; = r1(R) and r4 = r2(R) and a simple calculation shows that

Let

r3—11 >14—79and o — 11 > T4 — T3, (8.7)
We now consider two cases.

The case ro < rs. Fort > —1, we set

u(t) := y/a + t(a2 — a?).
Let ) )
b b
tlzﬁand@:ﬁ—l.
ay —aj ay — aj

Then we observe that
=u(t; — 1), re=uwu(ty), r3=u(ta), r4=u(ta+ 1) and, hence, t; < to.
We choose an A C R to be a set lying between the circles Cy;,—1/2) and Cp,.

We first show (8.5). It follows that

o — 11 _ u(tl)—u(tl—l) :Qu(t1)+u(t1—1/2)
T — u(t1 — 1/2) u(tl) — u(t1 — 1/2) u(tl) + u(t1 — 1)
< 22u(t1) _4
u(t1)

This and (8.7) imply

rg—ry=(ra—rsg) + (rg —ro) + (ro —r1)

< (rz—r2) +2(re — 1)
< 8(7’3 — T’Q) + 8(7“2 — u(t1 — 1/2))
= 8(7‘3 — u(t1 — 1/2)),

which means rad (R) < 8rad (A) and proves (8.5).

We next show (8.6). Observe that if ¢ € [t1,%2] then the circle C, ) intersects with
the both vertical sides of R. Furthermore, we observe that the circle C, ) intersects

with the vertical line z = as at the height v/ty/ a% — a? and intersects with the vertical
line £ = ap at the height v + 14/ a% — a? (see Figure 1). Hence, for all t; <t < ty, we

have
arc (RN Cypy) > (JtT_\f>\/7%>m

49



Figure 8.1: The circle U4 intersects with the both vertical sides of R.

This gives that

as — a? \/a —a?
inf ANC) 5 Vo3~ ai 21 8.8
it are( N e TS (8:5)

We also observe that the circle Cy;, _1/9) intersects with the vertical line z = a; at the

height
Vit +1/24/ad3 — a2

This gives that

inf arc (ANCy) = arc (RN Cyy—1/2)) (\/IHT— \/>> —a?

u(ti—1/2)<r<rs

&
T4t +1/2

Thus, by (8.8) and t; < to, we obtain

a? _ CL2
—u(ty —1/2 inf RNC, —u(ty —1/2))Y—2—_—_L
(Tg U( 1 / ))u(tl—ll/g)<r<7“3 arc( ) (7“3 U( 1 / )) 4\/m

1 12+t —ti /5
a5 —ajlas —ay)(az +a
7“3—|—u(t1—1/2) 4m 2 1( 2 1)( 2 1)

az +a
- 8(r3+Z(t1 - 1/2)) (V2 +1- V) \/7( 2 —a1)

_ ||

a2
— 32a9

where we have used

12+t —t1 _14+2(t—t) tatl—t

Ata+1 8/la+1 — 8/ia+1

1 t1 1
— 5 (V- ) 2 L (EFT- v
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and
(Vi2 +1-vt) /a3 —af(az — a1) = (b2 — b1)(a2 — a1) = |R].

These prove (8.6) in this case.

The case ro > r3. Fort > —1, we set
v(t) == (/b3 + t(b3 — b3).

Let

Then we see that

ri=v(tg —1), rz=w(ts), ro=wv(ts), r4=0o(tsa+ 1) and, hence, t3 <t4.
We choose an A C R to be a set lying between the circles Cy;;_1/2) and Cy,.

As in the previous case, we start with showing (8.5). It follows that

rs—rm o(ts) —u(ts— 1)
r3—v(ts —1/2)  v(ts) —v(ts — 1/2)

This and (8.7) imply

<4

rg—r1=(ra —r2) + (ro —rs)+ (r3s —r1)
(r2 —r3) +2(rs —r1)
8(rg —r3) +8(rs —v(ts — 1/2))
= 8(re — v(ts — 1/2)),

which means rad (R) < 8rad (A4) and proves (8.5).

I/\ IN

We next show (8.6). Observe that

inf arc(ANC,) > by —by.

rz<r<re

We also observe that the circle Cy(;,—1/2) intersects with the vertical line z = a; at the
height

(b7 +63)/2,
which gives that

—b3)/2
inf arc (ANC,) >1/( b2—|—b2 2—b;
v(t3—1/2)<r<rs )/ \/ bQ + b2 24+ b

S ba + by 172—517
—  4by 4

(b —b1) >

o1



where we have used by > b;. Notice that
2 2 2 2
az + b* —aj — b7
r4—r1:\/a2+b2—\/a2+62: 2
20 Y Vg a0
S (ag —al)(a2+a1) > as — aj

- 2v/2a4 - 2y2 )

where we have used as > by > by > 0 and ag > a;. Thus, we obtain

(rs —o(ts — 1/2)) inf arc (RNC,)

v(t3—1/2)<r<rs

1 V2 V2
> —(ry — — b)) > L (ay — — b)) = L=
2 32 (14 —71)(bg = b1) > 128(a2 a)(bz — b1) 128|R"
which proves (8.6) in this case, and, the proof of Lemma 8.2.1 is now complete. O

8.2.2 Second key lemma

We next show the second key lemma.

Lemma 8.2.2. Let R be a rectangle which lies on the upper half plane and whose
stdes are parallel to the x and y axes with height 2n and width 2m, m > n > 0. Let
Co = (a,b) be the center of R. Set

Ap = (a,b) + (—=m,n), A1 = (a,b)+ (m,n),
Bo = (a,b) + (—m, —n), B;i = (a,b) + (m,—n).

Then there exists a constant C' > 0 such that the following statements hold:
(a) Whena <m andb>n,

rad (R)

VY <O
rad (A(]Bl) -

(b) When a > m and b > n,

rad (R) rad (R) . rad (R) rad (R)
{ rad (AoB;) ’ rad (BOBl)} < C and mm{ rad (AgB1) ’ rad (AOBO)} <G

Proof. Let D be the point on the line joining Ay and By which is closest to the origin.
Then D lies on the line [ : —mx 4+ ny = 0. We let Dy € AgB; be the closest point
from the origin to the line segment AgB; and let D1 € R be the closest point from the
origin to the rectangle R. By the definition we have r1(A¢B1) = ||Dol|, r1(R) = ||D1||
and [|D]| < [[Doll.

Proof of (a). We start with showing part (a). It is clear that if R lies on the second
quadrant, then rad (R) = rad (AgBi1). So, we prove the statement in three cases,
namely,
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y-axis

:—mz+ny=0

Figure 8.2: Proof of (a) case (ii)

Case (i): —m <a <0 and b > n;
Case (ii): m > a > 0, b > n and Cy lies above the line [;
Case (iii): m > a > 0, b > n and Cy lies below the line [.

Case (i). If —m < a <0 and b > n, then ro(R) = r2(AoB1) = ||Ao|l, D1 = (0,b — n)
and Cy lies above the line [. Thus, —ma + nb > 0 and

rad (AgB1) = [|Ao|| — [ Doll > [[Aol| — [|Coll- (8.9)
Hence,
rad (R) _ [[Aol[ — D] _ [Aol> = [D1]*  [[Aoll + [IColl < [ Ag||* — [|D1|1?
rad (AoB1) ~ [|Aoll = [IColl  [lAoll> = IColl> Aol + D1l = [[Aoll* — ICol?

a? +m? — 2ma + 4nb < 2m? + 4(—ma + nb) <1
~ m2+n2+2(—ma+nb) ~ m2 +n?+ 2(—ma +nb) ~

I

where we have used —ma > 0 and a? < m2.

Case (ii). If m > a > 0, b > n and if Cy lies above the line I, then r2(R) = [|A1]],
D; = (0,b —n) and we have —ma + nb > 0 and (8.9). Therefore,

rad(R) _ a®+m®+2ma+4nb _ N nb
rad (AgB1) ~ m? + n? + 2(—ma + nb) ~ m2 +n2 —ma+nb’

where we have used a < m. Since a < m, we have m2+n2—ma+nb>n2+nb>nb
and, hence,

nb <1
m24+n2—ma+nb =

Case (iii). If m > a > 0, b > n and if Cy lies below the line [, then r2(R) = ||A41]],
D; = (0,b —n) and we have —ma + nb < 0 and

rad (AoB1) = [[B1] = [[Doll = [[B1l — [ Coll- (8.10)
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Hence,
rad (R) < a? +m? + 2ma + 4nb <1
rad (AoB1) ~ m? +n? + 2(ma —nb) ~

where we have used m2 > ma > nb.

Proof of (b). Next,http://wmad.blog27.fc2.com/blog-entry-3026.html we show part
(b). As for part (a), we consider the following two cases:

Case (i): @ > m, b > n and Cy lies above the line [;
Case (ii): a > m, b > n and Cj lies below the line .

Case (i). If a > m, b > n and if Cy lies above the line [, then —ma + nb > 0 and
rad (R) = [|A] — [[Bol- (8.11)

It then follows that
rad (R) _ 4(ma + nb) <1
rad (A()BQ) ~ 4nb ~

where we have used nb > ma. This implies the second inequality of (b) holds.

We show the first inequality of (b). We recall that —ma + nb > 0 and that (8.9)
and (8.11) hold. Thus,

rad (R)  _ 4(ma + nb) ~ ma+nb
rad (AoB1) ~ m2 +n? + 2(—ma + nb) ~ —ma + nb

and
rad (R) <~ ma+nb

rad (BoB1) ™~  ma

Now, under the condition —ma + nb > 0, we shall estimate sup min{ X, Y}, where

.o matmb oy . matnb
—ma + nb ma
Set
C0 = (CL, b)’ Cl = (m,O), C2 = (ma TL),
Cs = (n,m), Cy = (—m,n), 0 = (0,0).
Since
ma + nb = [|Co|| ||Cal| cos LCxOCsy,
—ma + nb = ||Col| ||C4|| cos LCpOCy,
ma = ||Col| ||C1|| cos £LCpOCry,
we have
¥ — ma+nb  cos ZCpOCy ~ ma+nb < cos ZCyOCsy
 —ma+nb  cos ZCoOCy’  ma —  “cosZCpOC;’

where the inequality v2m = v2m2 > vV/m?2 + n? is used. Moreover, as Cy is assumed
to lie above the line [, we have

2mn

cos ZCyO0Cs < cos ZC30C, = R
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. 1 1
i { cos ZCpOCy " cos £CoOCy }
is attained its maximum at ZCyOC4 = ZCyOCy, it follows that

cos ZCyOC; = cos (;r — 4012002> =sin %

Thus,

1 1 B 1 _Vm2+n?
cos ZCpOCy " cos ZCyOC; | '

sup min - ~
{ sin 740120 C2 n

In conclusion, we obtain

2 2
mn/(m” +n%) m <1

. < ~
min{ X, Y} 3 n/vm?2 + n? vVm2+n2 "~

Case (ii). If @ > m, b > n and if Cy lies below the line [, then —ma + nb < 0 and
(8.11) holds. Thus, as ma > nb, we have

rad (R) < 4(ma + nb)
rad (B()Bl) ~ dma

<1

The first inequality of (b) follows.

As in the previous case, we now show the second inequality of (b). The arguments
are essentially the same as one for Case (i). First observe that since —ma + nb < 0,
and since (8.10) and (8.11) hold, we have

rad (R)  _ 4(ma + nb) ~ ma+nb

rad (AoB1) ~ m2 +n? 4+ 2(ma —nb) ~ ma — nb

and
rad (R) _ ma+nb

rad (ApBog) ~  nb

Now, under the condition —ma + nb < 0, we shall estimate sup min{X’, Y’}, where

ma + nb ma + nb

and Y/ :=

X =
ma — nb nb

As observed before, we have

2 2
min{ X', Y’} = min { cos ZCoOCy vVm2Z+n2 cos ZCyOC, } |

cos LCoOC, " /n2 " cos £Cp0C]
where C; = (m,—n) and C} = (0,n). Hence, supmin{X’, Y’} is attained when

™

cos ZCoOC), = cos LCyOC) = cos <2 + Z) ,
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7\

——

Figure 8.3: The star shape is the common center of R’ and B’. The rectangle R is the
shadowed one.

where 6 is the angle that the vector (m,n) forms with the z-axis. Since /2 < 7/8,

Cos (% + g) is bounded from below and hence we obtain

. ] cos £CyOCy  vVm?2 +n? cos £LCyOC, . vVm?2 + n?
min . <min C, ———-C < 1.

cos ZCoOC, " /n2? cos £CO0C) Vn2

The proof of Lemma 8.2.2 is now complete. O

8.2.3 Proof of the proposition

Now we are going to show Proposition 8.1.3.

Proof. We use the formula proved in Lemma 8.2.1. Notice that

N

w(R) < w(R) < w(R) for any rectangle R, (8.12)

where R is a rectangle with the same center and the same short side length but twice
bigger long side length of R, or a rectangle with the same center and the same long
side length but twice bigger short side length of R.

Now we take rectangles R’ and B’ that satisfy the following conditions:

R’ and B’ have the common center;

R’ (resp. B') is expanded from R (resp. B) toward the long sides;

The long side of R’ (reps. B’) is three times bigger than that of R (reps. B);

e RNBCRNDB.
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Let R’ be a smallest rectangle in the direction wy containing R’ (see Figure 3). Observe
that if R’ can be covered by N sets that are congruent to R’ N B’ and that have disjoint
interiors, then R’ is covered by the corresponding sets that are congruent to R’ N B’.
(This can be proved by the fact that the long side length of B is bigger than that of
R.) Taking the smallest N, we obtain

/ / / !/ /

IFOB] _NIEAB] '] (8.13)
|R'NB'| N|RNB| |R

We now verify

w(R' N B') < w(R)
wR NB) "~ wkR)
Let P be a parallelogram and P’ be a smallest rectangle containing P. Then there

exists a rectangle P” C P such that P’ is the dilation of P” by a factor of eight. From
this observation, the doubling property (8.12) and Lemma 8.2.1, we see that

(8.14)

(R'N B |E| /’"Z(E) (r)d
w A wo(r) dr,
rad (E) Jryp)

(ﬁﬂB,) ‘F’ /7‘2(F) ( )d
w ~ wo(r) dr,
rad (F) v (F) 0

where E and F are the smallest rectangles containing R’ N B’ and RNB , respectively.
By Lemma 8.2.1 and (8.13), to prove (8.14) we need only verify that

. /7‘2(1‘3) () ) r2(F) ()
d (B wo(r) dr ra/ wo(r) dr
) )

. /m(R/) ( ) p ~ . ro(R) '
Td (BN wo(r)ar — d
CXCANY A—- () /n(ﬁ) wo(r) dr

(8.15)

To verify (8.15), we show the following claim.
There exists a geometric constant Cy > 0 such that

[ rad(R) rad(R)
o rad (R') " rad (F)

< (Cy.

This claim can be proved by use of Lemma 8.2.2. If R/ contains the origin, then we
rad (R')
rad (R/)
for which R’ lies on the upper half plane and B’ crosses R from left-side to right-side
or from bottom to top. For each case we may regard R'N B as the segments BgB; or

ApBp in Lemma 8.7. Thus, the claim holds.

can easily verify that < Cy. By symmetry we have only to consider the cases

We return to the proof of Proposition 8.1.3.
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rad( ") rad(ﬁ)
If rad (B) < rad (F) holds, then

ro(R) — r1(R') < Co(ra(R') — ri(R)).
Hence, using the doubling property of wg, we obtain
ro(R) ro(R')
/ wo(r)dr < / wo(r) dr.
ri(R) ri(R)
By the supremum condition (8.3) and E C F, we have

1 /TQ(E)
—_— wo(r) dr < sup wp(r) < sup wo(r)
rad (E) Jr,(p) ri(B)<r<rs(E) r(F)<r<rs(F)

- 1 /T2(F) () d
NN wol\T T.
rad (F) r1(F) 0

Since rad (R') < rad (ZA%/’), combining the above estimation, we obtain (8.15).

rad(ﬁ;) > rad( ")

rad (R’) = rad(F)’ then

Similarly, if

rad (F) < rad (2R') < rad (R')
and so, by the similar arguments as above, (8.14) holds.

Lastly, let R be the rectangle with the same center and whose short side length is
three times bigger than that of /. Observe that there exists a rectangle U C R? such
that U ¢ RNB and RN B’ C U, where U is the rectangle expanded from U toward
the long sides with 5th bigger lengths, and, hence,

w(RN B <w(U) <w(U) < w(RN B).
Therefore, from R’ C 6R, R C 3R’ and the doubling property of w, we obtain

w(RN B)
w(R)

w(RNB) _w®NB) _wRNB) _wRNB)

< —— — =
Y w(R) w(R') w(R) w(R)

)

where we have used (8.14) in the second inequality. The proof of Proposition 8.1.3 is
now complete. O

8.3 The proof of Theorem 8.1.1

The following argument is due to [2]. We first linearize the operators Mq ,, and Maq; w-
Given a set A C [0,7/4), we observe that there exists a countable subset Ag C A such
that Ag D A. Let

Ao = {R € By, : both length of short-side and long-side of R are in Q}.
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Then, we can immediately verify

1
Myuf(@) = s o /R F@)lwy) dy.

.TERGBAO
Since EAO is countable, we write EAO ={Ry,...,R,,...}. For any = € R?, there exists
a(z) such that
Mawf@) < oo [ ey, R (5.16)
Aw] (T D y)wl\y)ay, <« a(x)s .

and that each a, 1 < a < a(x), fails to hold (8.16). Putting Q, := {z € R, : a(x) =
a}, we obtain a pair (Ry, Q) satisfying

Z XQ.(r) =1forall z € R? and Q, C R,. (8.17)
a=1

For any x € R?, choosing the pair (R, Q) satisfying (8.17), we define the operator

Thw by
Thaf ()= 3 i ([ ) e

It follows from the definition of T} ,, that

Thwf(x) < Mpwf(z). (8.18)

By (8.16), we need only prove Theorem 8.1.1 with Mg ,, replaced by T 4.

The following lemma is originally due to Carbery in [10].

Lemma 8.3.1. Let Th 4, be as above. Then Ty ,, is of strong type (p,p) with respect to
the measure w(x) dz if and only if there exists a constant Cy, such that for any sequence
{Aa} C Ry, we have

/ (Z )\azgj XRQ@)) w(z)de < Cy Y Pal'w(Qa), (8.19)

where q is the conjugate of p. Moreover, the infimum of the constants (Cq)l/q satisfying
(8.19) iis [|TA|| Lo (w)— Lo (w) -

Proof. The proof is due to Carbery in [10]. If T} ,, is of strong type (p,p) with respect
to the measure w(x)dz, then it is easy to see that the adjoint T3 , is defined as

Tiaste) =2 ( /Q a 70) o)

[0}

and is of strong type (g, q) with respect to the same measure, i.e.,
[ 1Tg@) tw@)de < 113050 oy [ ol
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Taking g = Y, AaXQ.. then an gw = Aqw(Qy). At the same time

[laio= [ e / 5 Malfr,w =3 alf0(@)

we obtain (8.19) with C; = HTA”Lq(w )L ()"

OéXQa

On the other hand, if we have (8.19), then, for all non-negative h € L9, taking
Ao = m an hw, we have

1
q _—
el ‘w@a) / o

N 3 1 !
/|TAh(x)| w(a:)dx—/ (Za:/ahwUWXRa(x)> w(z)dzx
:/(Z)\azggzgxfga(x)) w(z)dz
<O Y Mu@) <Y [ 1l

:Cq/|h]qw.

Here for the last equality, we used the fact that {Qq }4 is disjoint. Hence, |Txh|pa(w) <

a 1
< hl%w.
~ w(Qa) /a A
Then,

C’;/thHLq(w) holds, i.e., Ty is of strong type (p, p) with respect to the measure w(z)dz
and its norm is bounded by (C,)"/4.

O

By Lemma 8.3.1 with p = ¢ = 2 it is sufficient to show that the inequality (8.19)
. 1/2
holds with G, = sup;>1 1Mo, wll £2(w)— L2 @w) + CllMag wll 12 (w)— 12 (w) -

We denote

s
) (5 i) e

e

—I-QZZ/ Z Z A )\5 )wEgB;XR"(x)XRﬁ(x)w(x)dx

j<l”’ Ra€Q RpeQ;
= A+ B.

2
) Ra($)> w(z) dr
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For the first term we use (8.18) and Lemma 8.3.1 with A = ;. We obtain

A< Z ”MQz,wH%?(w)_wZ(w) ( Z )\a2w(Qa))

l a:RaEQ

\%2(w)—>L2(w)> (Z Z AaQW(Qa))

I a:RoEQ

|22 () 12 (0 )(ZIA |Pw( Qa)- (8.20)

By Proposition 8.1.3 there exists a constant C' such that if R, € ; and Rg € )
with j < [, then we can find certain rectangles R, and R;Jf, containing R, and Rg,
respectively, pointing in the direction of ¢; and so that

< <sup 1Moy
l

< <wp 1Moy

w(Ry N Rg) < w(ﬁ; N Rg) n w(Ra N E;)
(B0 (Ry) ~ (B )w(Ra) | w(Reyu(R5)

Observe that both E; and E; are rectangles of the basis By. Then

B <2CZZ/ Z Z A )\Bw(Qa)w(QB)Xé_(x)XRﬁ(x)w(x)dw
j<l” Ra€Q RzeQ; w(Ra )w(Rg)
w(Qa)w (@)
2C AaA
i Z;/Rglj{;z ?w(Ra)w(RE) (Ra)w(RE)
=B +B".

X, (@)X (2)w () da

We shall only work with the B~ (the other term is analogous). So,

ﬂ X X )wlx X
—2022/ S 3 e 2 @) d

j<l” Ra€Q R3EQ;

<20 / (Z > ~a(:v)w(x)1/2)

I Ra€lYy

(zz

J RﬁGQ

(x)w(a:)l/2> dz.

By the Cauchy-Schwarz inequality

B~ <2C (/ (ZZ:RZGIQ Q)Qw(x) dx)

1/2




Now, notice that R, € € for all a. Then by Lemma 8.3.1 and (8.18)

1/2
B~ <20 Mag wll 12 (w)— 12 (w) (Z |>\a|2w(Qa)> I (8.21)

Similarly, we can obtain the same bound for B™. Combining the bounds (8.20) for A
and (8.21) for B¥, we obtain

< @p ||Mal,w|ri2<w>w<w)) (Z |Aa|2w<Qa>> (8.22)

1/2
+ Cl|[Mayg,wll L2 (w)— 12 (w) (ZP\aFMQa)) I

This implies

1/2
< (500 1Ml 100y + Ol 20120 (Z |Aa|2w<@a>> .

By Lemma 8.3.1 this finishes the proof of Theorem 8.1.1.
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Chapter 9

The Kakeya Maximal Operator
on the Variable Lebesgue Spaces

In what follows, we also deal with variable LP spaces on R™ The celebrated paper
[44] by Kovécik and Rékosiik has greatly developed the theory of variable LP spaces
LP0)(Q) and established fundamental properties. After that conditions for the bound-
edness of the Hardy-Littlewood maximal operator M on variable LP spaces LP()(Q)
Cruz-Uribe, Fiorenza and Neugebauer [17] and Nekvinda [52] gave the sufficient condi-
tions on the exponent function p(-) independently. Diening [23] studied the necessary
and sufficient conditions in terms of the conjugate exponent function p/(). In the
case of = R™, he has proved that the boundedness of M on LP()(R™) is equivalent
to that on LP()(R™). Recently Cruz-Uribe, Fiorenza, Martell and Pérez [16] have
showed that many important operators are bounded on LP()(Q) when M is bounded
on Lp(‘)(Q). For example, their result ensures the boundedness of singular integral op-
erators, commutators and fractional integral operators on LP()(2) have been studied
in [17, 22, 23, 24, 52]. E. Nakai and Y. Sawano [49] also investigated the variable Hardy
spaces and generalized Campanato spaces by the grand maximal function, and then
developed their several properties. In the following, we discuss the Kakeya maximal
operator on the variable Lebesgue spaces.

9.1 Preliminaries and main result

Given a measurable function p(-) : R™ — [1,00), we define the variable Lebesgue space
LPC)(R™) to be the set of measurable functions such that for some A > 0,

Py (f/A) = /n <’f()\x)|)p(x) dx < oo

LPC)(R™) is a Banach space when equipped with the norm

[ fllpey = Inf{A >0 pyy (f/N) < 1}
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The variable Lebesgue space LP()(R") generalizes the classical Lebesgue space LP(R™):
if p(z) = po, then LPO)(R™) = LPo(R™). We say that p(-) is locally log-Hélder continu-
ous, and write p(-) € LHy, if there exists a constant Cjy such that

p(@) — ply)) < ——20

S ———— TYeR" |r—yl<1/2
—log |z — |

Also, we say that p(-) is log-Holder continuous at infinity, and write p(-) € LHyo, if
there exist constants C and p(co) such that
Cx

< 7% recR™
= Togte + Tal)

Ip(x) — p(o0)

We say p(-) is (globally) log-Hélder continuous if p(-) € LHy N LHy and we write
p(-) € LH. Finally, given a measurable set £ C R", let

p—(E) := essinf p(z) and p4 (F) := esssup p(x).

If £ =R", then we simply write p_ and p;.
The main result of this paper is the following (see also [15]):

Theorem 9.1.1. Let N > 1. Suppose that p(-) : R? — [2,00) belongs to LH and
p4+ < oo. Let

1 1
w0 == (G~ )

where the supremum is taken over all rectangles R € By with |R| < 1. Then there
exists C independent of N such that

1N £l o g2y < CNPON) (log NY2P= || | e gy (9-1)
Remark. (1) We remark that

1 1 j

o)) <p- (o) =1 s
Also we see immediately that ¢(p(-), N) = 0 if p(-) is constant.
(2) The technique of the proof is due to [15], which is used the machinery of Calderdn-
Zygmund cubes, and we apply this technique to the rectangles in By. They also
pointed out in [15], these theories will be applicable to other problems in variable
Lebesgue spaces and the Calderon-Zygmund theory.
(3) One might naturally expect that

KN fll oo 2y < Clog N)*P~ when 2 < p_ < py < oc.

However, we will show the following in the next section: Let N > 1 and 1 < p_ <
py < oo. Suppose that Ky is bounded from LPO)(R?) to LPO)(R?) and that p(-) is
continuous. Then there exist a positive constant C, independent of N, and a small
constant € > 0 such that

”KNHLT’(')(RQ)%LP(')(RZ) > CN°.
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9.2 Lower estimate of the boundedness constant

We first consider the lower estimate for ¢(p(:), N) in Theorem 9.1.1. If the exponent
function p(-) is constant, then ¢(p(-), N) = 0. However, we can show that if p(-) is
not constant, then ¢(p(-), N) cannot be vanished. The following argument is due to
T. Kopaliani [43] (see also [42]).

Recall that the conjugate function p’(z) is defined by Wlx) + zﬁ = 1. The following
generalized Holder inequality and a duality relation can be found in [44]:

[ 11@g@) dz < 21l lall o

1£locr < sup |f(2)g(x)| dz.
Hg||Lp/(~)§1 R?

Suppose that Ky is bounded from LP()(R?) to LP()(R?) and that p(-) belongs to LH.
Then for every rectangle R € By, we have

1
|mwm»mmmmwmmzum/ﬂw@xR
R

7,
=5 [ fly)dy-|lx :
£o0) |R‘ R ( ) || RHLP( )

for all nonnegative f with || f||,.) < 1. Taking supremum all such f, we have

1
KN o) poe) 2 @HXRHLWHXRHLM (9-2)

for all R € By. Since p(-) € LH implies p(-) is continuous, we can find two closed
squares By and Bs in R? with |By|,|Ba| < 1, such that

p+(B1) = sup p(z) < inf p(x) =p-(Ba). (9.3)

Without loss of generality, rotating By and Bs if necessary, we can assume
By =[s—¢es+e|x[t—et+e], Bo=[s—¢g,s+e] x[t' —et +¢]

for some ¢ > 0,0 <e <1/2 and s,¢,t. Let R be the smallest rectangle containing By
and By and a := [t —t'| +- 2. We take N with a/N < 2¢, and choose R C R with sides
parallel to R and its size is a x a/N. We have

2ae

Observe now that the following embeddings hold:

LPU)(By) — LP-(B2)(By)
L O)(By) < Lw+BU)(By),
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B
where (p1(By)) := %. We have that

1 _
(9.2) @HXRHLM-)HXRHL;;'(») > R Ix B, oo IXRAB, N o)
> |R’71||XRﬂBzHLP7<BZ>(BQ)||XRﬂB1HL(P+(31))'(BI)
1 1
= |R|™! - |[RN By|?~B2) . |R N By| @+

1 1 1
= a2 (2ae)7 B Torm0Y N o 1

1
P+(Bl)’
where m — WlBg) > 0 by (9.3), and we have used the fact that |Bi|,|B2| < 1 in

SR S
the second inequality. This implies || Kn|| ;»()_, o) has a lower bound N7+F1) p—(B2)

9.3 Proof of Theorem 9.1.1

In what follows we shall prove Theorem 9.1.1. Recall that we set

1 1
p(), N) := p--sup <p—(R) - p+(R)> ’

where the supremum is taken over all rectangles R € By with |R| < 1. We need two
lemmas.

Lemma 9.3.1. Let N > 1. Suppose that p(-) : R? — [1,00) belongs to LH and
p+ < 00. Then, for any rectangle R € By and any x € R,

|R[P@)—P+(R) < ¢ NP+ (R)=p@) | Rp-(R)—p(2) < o NP(@)—P—(R),

where Cy, is independent of N .

Proof. We prove the first inequality; the proof of the second is identical. When |R| > 1,
there is nothing to prove. Suppose that |R| < 1 with the size a/N x a. We observe
|R| = a?/N and a < v/N. In particular, since p(-) is continuous, there exists y € R
such that p(y) = p4+(R). If 1/4 < a, then

|R|P@)—PW) = (g2 N~1yP@) =)

L\ P)—p(a)
_ (2> . NPW)-p(@)
a

< 16P+—P- NP+ (B)=p(@)
If 0 < a < 1/4, then
NPW=P@) exp{2(p(z) — ply)) log a} < NP+ =P expl2]p(z) — p(y)| log(1/a)}
< NP2 exp(2[p(x) — p(y)| log(2/|x — y|)}

log 2 — log |:1:—y|}

< NP+(B)=P(@) oxp {9
- —log |z — y|

< ANPHER)=P(@),
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where we used |z —y| < 2a and the local log-Hélder continuity of p(-), because |z —y| <
1/2 holds for all z,y € R from a < 1/4. O

The following lemma is due to [15]:

Lemma 9.3.2. Let p(-) : R? — [1,00) be such that p(-) € LHu, and let P(x) :=
(e+ |z|)™™, M > 2. Then there exists a constant C depending on M and the LHx,
constant of p(+) such that given any set E and any function F such that 0 < F(y) <1

yekE,
/F PW) dy < C/ dy+C’/ ) dy, (9.4)

/F yp(ee) dy<C/ dy—i—C’/ (9.5)

Proof. We will prove (9.4); the proof of the second inequality is essentially the same.
By the LH,, condition,

P(y) PPl = exp(N log(e + [y])Ip(y) — p(00)]) < exp(NCxo).

Write the set E as Ey1 U Es, where E1{x € E: F(y) < P(y)} and Es = {z € E: P(y) <
F(y)}. Then

/ F(y)p(y) dy < p(y)p(y) dy
E1 El

< P(y)p(oo)P(yf'p(y)*p(oo)‘ dy < exp(NCoo)/ P(y)p(OO) dy.
Eq B

Similarly, since F(y) <1,

/ F(y)PW dy < F(y)P() F(3y)~IPw)=p()l g
E2 EQ

< | Fy)"™Py) 0 ldy < exp(NCx) / F(y)"™ dy.
E> By

Proof of Theorem 9.1.1 We may assume that f is nonnegative. We first linearize
the operator K. For k € N, we denote by Dj the family of all dyadic cubes @ =
27%(m +[0,1)2), m € Z%. For each Q € Dy we choose a rectangle R(Q) € By, such
that R(Q) D Q. We denote the operator T}, as

Tif(z) = ) R(Q |/ y) dyxq ().

QEDy,

By definition it is easy to see that
Tif(z) < Ky f(x) (9.6)
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for any choice of rectangles { R(Q))}. On the other hand, there is a sequence of linearized
operators {7} f} which converge pointwise to K f as k tends to infinity. Thus, we need
only prove Theorem 9.1.1 with K replaced by T} with a constant C' not depending
on k.

By homogeneity we may assume that || f||,.) = 1. Then

Pp() (f) = f( )P dar < 1.

Decompose f as fi + f2, where f] := fX{z:f(x)>l} and f2 := fX{z: f(x)<1)- Then
Py (fi) < N fillpey <1

It will suffice to show that, for i = 1,2, if A > CN®():N)(1og N)2/P~ then

, , p(z)
Po() (T];ﬂ) = /R ) (ka;(x)> dv <1

The estimate for f;. It follows from Holder’s inequality that

Pr() (kal> Z/ (AIR R(Q)fl(y)dy>p(z) d‘r

QEDy,
p_p(x)
N)p(z) 1 P (R(Q) P_(R(@Q))
< f — d.
QZ;/ 1ogN (\R(Q)I wa W y) ’
(9.7)
There holds by Lemma 9.3.1
o) < { CpNPO=P-UOR(Q)|7P- QD) if |R(Q)] < 1
R <{ {20 it|R(Q)] > 1
which yields
p_p(x)
Cp A, . Li@)) P—(R(@Q)
(9-7) < G (logNQQ; /N [R(Q)| (/R(Q)fl(y) dy dz,
where we have used p_/p_(R(Q)) < 1 and
. { (p(e) ~ p-(RQ)) jfrgyy — elp) Mpla), i |R(Q)| < 1
—c(p(+), N)p(z), if [R(Q)] > 1.
Then we find A, < 0. Indeed, if |R(Q)| < 1, then
Aoy (L P@ >_ < pz)  p) > g, PHEBQ)
<2 (s-tmoy 1) - (fmey ~ mtmay) < 7+ mop <°
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If |R(Q)| > 1, there is nothing to prove:

p_p(z)

Ty f1 C, P (R(Q) P (R@)
< —
Pr() < A ) CP~(log N)? Z [R(Q /Q</R(Q) fi(y) dy dx

QEeDy,

Cp
< —P E |R(Q
)2
Cr=(log N) el

p(3) p- p—{p_%??cz))*l}
/ / fily)P= dy / Ay)PY dy dx
o \Jr© R(Q)

p—
p(y)
fily) *= dy dx,
logN22/< o1

QEDy,

where we have used

{5ty 1} {5y — 1t
[ nroa < ([, s ay) <1
R(Q) R

Therefore, since for Q C R(Q),

T f C )/p-
e / Kl )@y do

c, C,Cx
= Cr=(log N)2 x (log ) / hile - Cr-

Therefore, choosing C' with (C,Cx)'/P~ < C, we have pp() Tk f1/N) <

The estimate for fs. Since fo <1, we immediately see that

y)dy < 1.
!R )| /R

Therefore, by Lemma 9.3.2, with R(x) = (e + \:U|)* ,

Po() <ka2> Q% / ( RO Jra fz(y)dy>p($) dx
=t Z/<AIR 7 o )wd”“"

QEDy,

rot 3 [ ey

QEDy,

We can immediately estimate the second term: since p(co)ge2 and the sets ) € Dy, are
disjoint for each k,

Z / () gy = @) R(z)P>) dz < C".
QEDy, R?
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We estimate the first term. Since p(co) > 2, Ky is bounded on LP(>). Therefore,

& (St g ) o

= CP(OO)(logN 5 2 /KNf2 ) do

QEDy,
c®
-z K p(e<) g4
CP() (log N )2 /Rz v /2(2) v
CMCx(log N)?
= CP(®)(log N)?2 Jre

fo ()P da,

since fo <1 we can apply Lemma 9.3.2 again,

cWCog co
pleo) K (4) p(o0)
Cr(2)  Jpo f2() 4w < C'p(c0) < f2( )P da + C o R(x) dx)
C(l)CK

Cc® 4+ "),

- Cp(OO)

Combining the above constants, we can find sufficiently large constant C' such that
Pp()(Tif2/A) < 1. O
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