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Chapter 1

Introduction

The relations between torus actions on manifolds and combinatorics has been
studied by many mathematicians. Among those, hamiltonian torus actions on
symplectic manifolds provides us a powerful tool to study their geometry and
topology from combinatorics. On one hand, we can consider symplectic toric
manifolds. The moment polytopes, the images of moment maps, are the best in-
variants for them in the sense that two symplectic toric manifolds are isomorphic
if and only if their moment polytopes are the same ([12]). On the other hand,
we can consider non-singular projective varieties with an algebraic torus action.
In some nice situations, the GKM theory ([20]) describes the torus equivariant
cohomology combinatorially in terms of the data of 0 and 1 dimensional orbits.
In this thesis, we will study torus actions on symplectic manifolds (or orbifolds)
in these two extremal situations.

In chapter 1, we will generalize the convexity theorem of moment polytopes
mentioned above. Let (M, w) be a compact symplectic manifold. Suppose that
a torus 1" acts on M in a hamiltonian fashion with a moment map p. Then the
image u(M) of the moment map is a convex polytope whose vertices are the
image of the fixed points of the T-action. This theorem is proved by Atiyah
[7] and Guillemin-Sternberg [23]. Our generalization is motivated by integrable
systems; the integrable structure of the Toda lattice has a distinguished property
that it admits two integrable structures in which their intersection gives the
hamiltonian function of the Toda lattice [6] and that these functions together
provides a super-integrable system. Namely, there are 2N — 1 independent
functions

va"' 7f2aHag27"' ygN

where both of {fn, -+, fo, H} and {H, g2, -+ ,gn} are pairwise Poisson com-
mutative and 2N is the dimension of the Toda lattice. We will formulate this
situation in terms of tangled hamiltonian torus actions on symplectic manifolds.
We will include many explicit examples. We will also discuss a relation between
our convexity theorem and super-integrable systems. This chapter is based on
[1] which is the detailed version of an announcement [2].
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6 CHAPTER 1. INTRODUCTION

In chapter 2, we will introduce and study the basic theory of equivariant
cohomology. For a topoplogical group G and a topological space X with a
G-action, the G-equivariant cohomolgy is H(X) is defined by

HA(X) = H(EG x¢ X)

where EG — BG is a contractible universal principal G-bundle, and the G ac-
tion on EG x ¢ X is given by g(a,x) = (ag~t,gx) forg € G,a € EGand x € X.
In particular, torus equivariant cohomology H7(X) is interesting since, under
some topological condition of X, the equivariant cohomology Hx (X)) can be pre-
sented combinatorially and we can also study the non-equivariant cohomology
H*(X) from the equivariant cohomology. This chapter includes approximations
of equivariant cohomology, constructions of equivariant fundamental classes of
subvarieties, and the GKM theory ([20]). We will use all of these techniques in
the next chapter.

In chapter 3, we will study Schubert calculus on weighted Grassmannians
wGr(d,n). Let d < n be positive integers and aP1(d,n) C A?C™ the non-singular
variety defined by the Pliicker relations. We consider a linear C*-action on C"
with weights wq,--- ,w, € Z>o, and we then we get the induced linear C*-
action on AYC™ which preserves aP1(d,n). Although we will not give the precise
description of these actions here, but it will follow that these actions have at
most finite stabilizers, and the weighted Grassmannian wGr(d,n) is defined by

wGr(d,n) = (aP1(d,n)\{0})/C*.

This is a projective variety, with at worst orbifold singularities which was in-
troduced by Corti and Reid [11]. Since there is a natural C*-invariant sym-
plectic form on aPl(d,n), we can also think of wGr(d,n) as a symplectic orb-
ifold. Although Schubert calculus has been studied only on partial flag vari-
eties which are smooth, recently some progress has been made for Schubert
calculus on singular spaces ([25], [8], [13] etc). The weighted Grassmannian
wGr(d, n) is particularly nice, because wGr(d, n) is presented by the quotient
of a non-singular quasi-projective variety by a C*-action with finite isotropies
as mentioned above. This picture enables us to introduce the weighted Schubert
classes. In fact, we consider a natural torus action on wGr(d, n) and introduced
equivariant weighted Schubert class, and we compute the equivariant structure
constants with respect to this basis. We will derive our structure constants by
twisting the structure constants with respect to equivariant Schubert classes in
H}.(Gr(d,n)) studied by Knutson-Tao ([35]). An interesting corollary of this
computation is that the non-equivariant structure constants are non-negative
rational numbers when the weights of wGr(d,n) are increasing. This chapter is
based on [3] in collaboration with Tomoo Matsumura.

In chapter 4, we will introduce polynomials which represent weighted Schu-
bert classes in the cohomology ring of the weighted Grassmannian, and will
study the cohomology ring of infinite dimensional weighted Grassmannians in
terms of these polynomials. These polynomials are generalizations of Schur
polynomials and factorial Schur polynomials representing the cohomology and



equivariant cohomology of Grassmannians. This chapter is based on [4] in col-
laboration with Tomoo Matsumura.

Acknowledgment

The author would like to thank Yoshinobu Kamishima for his guidance and en-
couragement. He expresses his gratitude to Takashi Otofuji for many valuable
discussions and helpful suggestions. He also thanks Martin Guest for leading
him to study torus actions on symplectic manifolds. He is gratitude to Mikiya
Masuda for his thoughtful encouragement. He also thanks Tomoo Matsumura
for many collaborations on the study of Schubert calculus for weighted Grass-
mannians. He thanks Tatsuya Horiguchi for many helpful conversations on
Schubert calculus for Grassmannian manifolds and for his careful reading of
the preprints [3] and [4]. He appreciates his family for their support and trust.
The author was supported by JSPS Research Fellowships for Young Scientists
(2011-2012).






Chapter 2

A Convexity Theorem for
Three Tangled Hamiltonian
Torus actions, and
super-integrable systems

2.1 Background and Results

In this chapter, we give a generalization of the convexity theorem in symplectic
geometry as an approach to a special class of integrable systems, called super-
integrable systems. We explain some background and our results in this section,
and prove them in later sections. We also present some examples which illustrate
our main theorem.

A symplectic manifold (M,w) is a pair consisting of a smooth manifold M
and a non-degenerate closed two-form w on M. Let G be a Lie group and g
its Lie algebra. A G-action on M is hamiltonian if the action preserves the
symplectic form w and has a G-equivariant map p : M — g* such that

w(Xﬁv'):d:uX (XEQ)7

where X* is the vector field on M induced by the infinitesimal action X, and puX
is the function on M defined by u* = (u, X). The map u is called a moment
map.

Atiyah and Guillemin-Sternberg proved that the image of a moment map
of a hamiltonian torus action on a compact connected symplectic manifold is a
convex polytope ([7], [23]).

Theorem 2.1.1 (Atiyah [7], Guillemin-Sternberg [23]). Let (M,w) be a compact
connected symplectic manifold. Let T be a torus and t its Lie algebra. Suppose
that M has a hamiltonian T-action with a moment map p: M — t*. Then the
image of u is the convex hull of the image of the fixed point set of the action.

9



10 CHAPTER 2. A CONVEXITY THEOREM

Kirwan gave a generalization of Theorem 2.1.1 for hamiltonian group actions
of compact connected Lie groups ([33]).

Theorem 2.1.2 (Kirwan [33]). Let (M,w) be a compact connected symplectic
manifold. Let G be a compact connected Lie group and g its Lie algebra. Suppose
that M has a hamiltonian G-action with a moment map u : M — g*. Then
the intersection of the image of p with the positive Weyl chamber is a convex

polytope.

Recently, other various generalizations of Theorem 2.1.1 have been studied
(see [22]).

Before stating our main theorem, we explain some physical background. Let
(M, w) be a symplectic manifold. By Darboux’s theorem, w looks locally like the
standard linear symplectic form on an even dimensional Euclidean space. On
this Euclidean space, the integral curves of the Hamiltonian flow of a function are
the solutions of the Hamiltonian equation for this function, and this gives us the
relations with classical mechanics. To analyze a physical system, it is important
to find its symmetries since they give integrals of motion of the Hamiltonian
equation. We can regard a moment map of a hamiltonian action on a symplectic
manifold as a vector-valued map whose components are integrals of motion.
If the manifold is compact and the group is a torus of dimension %dimM
which acts effectively, we have a completely integrable system. In terms of
integrals of motion, a super-integrable system is a completely integrable system
with %dimM pairwise Poisson commutative integrals of motion (including the
hamiltonian function) which also has k (1 < k < 3 dim M — 1) extra integrals
of motion where the total %dimM + k functions are independent. Roughly
speaking, a super-integrable system is a completely integrable system in which
each trajectory is contained in a smaller torus than the Liouville tori. For an
analogue of Arnold-Liouville theorem for super-integrable systems, see [16] and
[44].

Several important completely integrable systems are super-integrable: the
harmonic oscillators, the Kepler sysetem, the Euler top, the non-periodic Toda
lattice, etc. In the case k = %dimM — 1 (which is called maximally super-
integrable), there are dim M — 1 independent integrals of motion which implies
that the generic trajectory has to be periodic if M is compact.

Let H be the hamiltonian function of the non-periodic Toda lattice of dimen-
sion 2N. It is well known that this system is a completely integrable system (i.e.
there exists IV pairwise Poisson commutative independent functions including
H). In [6], Agrotis-Damianou-Sophocleous showed that the non-periodic Toda
lattice is maximally super-integrable. As they show, this system has an addi-
tional property: it has 2N — 1 independent functions

fNa"' 7f2aHa92a"' yIN

where both of {fn, -, fo, H} and {H, g2, -+ ,gn} are pairwise Poisson com-
mutative. In this paper, we give a generalization of Theorem 2.1.1 motivated
by this additional property. It takes a somewhat different form compared to



2.1 BACKGROUND AND RESULTS 11

Theorem 2.1.2. In particular, we compose the moment map M — g* with the
restriction map to the dual of a sum of two commutative Lie subalgebra, and
study its convexity. We will see that the convex property also holds for these
maps.

Now, let us give the explicit statement of our main theorem.

Theorem 2.1.3. Let (M, w) be a compact connected symplectic manifold. Let G
be a compact Lie group and g its Lie algebra. Suppose that M has a hamiltonian
G-action with a moment map p : M — g*. Assume that the Lie algebras t1, 2, t3
of maximal tori Ty, T3, T3 of G satisfy the condition

t=ttNteNty+ [fj,fk] for {Z,j,k} = {1,2,3}. (2.1.1)

Let Rij : 9" — (t; +t;)* be the restriction map. Then for any i,j,k satisfying
{i,7,k} ={1,2,3}, the image of Rijjopu: M — (; +t;)* is the convex hull of
the Ad*(Ty)-orbit of the image of the fized point set of the T;-action.

Remark 1. This is an extension of Theorem 2.1.1, which is the case T} = To =
Ts.
Remark 2. We need the third 7}, to study the convexity of R;; o u. It will be
shown that T} acts on (t; + t;)* through the adjoint action of G.
Remark 3. The fibers of R;; o ;x may not be connected, though the fibers of
g in Theorem 2.1.1 are connected. Also, the image R;; o u(M) may not be a
polytope.
Remark 4. The main technique we use in this paper is Lie theoretic, and we
will use Theorem 2.1.1 itself to prove Theorem 2.1.3.

We also characterize the Lie subalgebras generated by t;,ty and ts3 that
satisfy equation (2.1.1) :

Proposition 2.1.4. Let G be a compact Lie group and Ty, T, T mazimal tori
of G. Then the Lie subalgebras t1,ta,t3 of T1, T, T3 satisfy the condition (2.1.1)
if and only if the linear subspace h = t; + to + t3 is a Lie subalgebra of g, and

h=R™ @su(2)®  (as Lie algebras)

where t; Nty Nts corresponds to R™ and m+n = rank G, and for each summand
in su(2)®", there exists a basis {e1, e2,e3} of su(2) such that e; € su(2)Nt; (i =
1,2,3) which satisfy [e1,e2] = es, [e2,e3] = e1 and [e3, e1] = ea.

Finally, we obtain a super-integrable system by the following proposition.
We denote by (T3 NTy NT3)o the identity component of Ty N'Ty N Ts.

Proposition 2.1.5. Under the assumptions of Theorem 2.1.3, if T1 of dimen-
sion 3 dim M acts on M effectively and T3 = (R/Z) x (Ty N To N T3)o, then for
any X € t; Nty, the triple (M,w, ) is a super-integrable system which has
%dimM + 1 independent integrals of motion.
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This chapter is based on [1] which is the detailed version of an announcement
[2].
Organization: We will give a proof of Theorem 2.1.3 in section 2, and will study
the equation (2.1.1) in section 3. In section 4, we will explain some examples
illustrating Theorem 2.1.3. We will discuss a relation between Theorem 2.1.3
and super-integrable systems in section 5.
Acknowledgment. The author is grateful to Martin Guest and Takashi Otofuji
for their useful advice. This research is supported by JSPS Research Fellowships
for Young Scientists.

2.2 A proof of the main theorem (Theorem 2.1.3)

In this section, we prove Theorem 2.1.3. Let us rewrite the theorem in a con-
venient fashion to give a proof. Let 4,7,k satisfy {7,7,k} = {1,2,3} below.
Because G is a compact Lie group, we can take a G-invariant inner product
¢ :gxg— R. Let us define identifications ¢ : g — g* and ¢’ : t; +t; = (t; +¢;)*
by 6(X) = ¢(X, )(X € g) and ¢'(Y) = ¢(Y: - |1,41,)(Y € & +1;). The orthog-
onal decompositions g = (t; + t;) @ (t; + t;)1 with respect to ¢ induce the
projections

mij = (t+t)® 4+t >4+t

In fact, we have Ad*(0x)(t; +t;) C t; +t; (see Lemma 2.2.2(a) below) and the
following commutative diagrams for any 6j, € Tj:

Ad(6

g SELTEN 4+ t+t M t+t

‘ /| ls
Ry . Ad*(0

g s (G4 ) (6 + )" 0 (¢ g

Let us define pt = qNS_l op: M — g. Although the target space of i is g rather
than g*, we regard both of u and & moment maps. For any subset A of g, let
us denote by

cvx(A)

the convex hull of A in g. In this settings, we can rewrite theorem 2.1.3 as
follows.

Theorem 2.2.1. Let (M,w) be a compact connected symplectic manifold. Let G
be a compact Lie group and g its Lie algebra. Suppose that M has a hamiltonian
G-action with a moment a map 1 : M — g*. Assume that the Lie algebras
t1,ta, t3 of mazimal tori Ty, T, T3 of G satisfy the condition (2.1.1). Then the
following holds for any {3, j, k} = {1,2,3}:

mij o (M) = cvx (Ad(Tk) -5 O [ (MT")) = cvx (Ad(Tk) T O (MTJ')) .
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Without loss of generality we may assume i = 1,7 = 2. We first prepare a
few lemmas.

Lemma 2.2.2. The following hold for any {i,j,k} = {1,2,3}:
(a) Ty acts on t; + t; via the adjoint action of G;
(b) i+t = Ad(Tk)ti.

Proof. First, let us prove (a). It is sufficient to show that T3 acts on t; + ta via
the adjoint action of G because of the symmetry of the assumption (2.1.1) with
respect to the symbols 4, j, k. By the two conditions [ts, t;] C t2 and [t3, t2] C #;
implied by the assumption (2.1.1), we have

[fg,fl + fg] Cty +to.
Hence, for every element X3 of t3, we have
Ad(exp X3)(t1 + t2) = exp(ad(X3))(t1 +t2) C t; + to.

Now we obtain (a) from the fact T3 = expts. Next, let us prove (b). It suffices
to prove t; + to = Ad(T5)t;. We have t; + to D Ad(73)t; by (a). Let us show
the converse. That is, we show that for any element X of t; + t5, there exists
an element 03 of T3 which satisfy

Ad(03)X € t,. (2.2.1)

To begin with, recall that there exists an element X’ of t; which satisfies
Zg(X') = Z4(t1) because t; is a Lie algebra of T} which is a maximal torus
of the compact Lie group G. Here, for any subset S C g, Z4(.S) is defined to be
the centralizer of S, i.e.

Zy(S)={Weg|[W,A =0,A€e S}

Now, we have Zg(t1) = t; because t; is a maximal abelian subalgebra of g.
Hence X' satisfies

Zg(X') = t4.
Let us define a function F' : T35 — R by
F(0) = ¢(Ad(0)X, X") for 0 € Ts.

Since T3 is compact, there exists an element 63 of T5 for which F(f3) is a
maximum value of F'. Then, for any element Y3 of t3, we have

d
aqs(Ad(eﬂ“s93))(, X' =0,
t=0

and the left hand side can be calculated as

¢(ad(Y3)(Ad(03)X), X) = ¢([V3, Ad(03) X], X') = ¢(V3, [Ad(03) X, X]).
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Thus we obtain
(Y3, [Ad(03) X, X']) =0 for Y3 € t3. (2.2.2)
Since (a) implies that Ad(f3)X is an element of t; + t2, we have
[Ad(63)X, X' € [t1 + to, 1] = [to, 1] C 83

by the assumption (2.1.1). This and (2.2.2) show that [Ad(f3)X, X'] = 0 by the
non-degeneracy of the inner product ¢ on t3. Hence, we obtain

Ad(93)X S Zg(X/) =1t
by the choice of X’. This shows (2.2.1). O
We denote m;; o i by ;1 for brevity.
Lemma 2.2.3. 7 : M — t;+1t; is T -equivariant for any {i,j,k} = {1,2,3}.

Proof. First, the statement makes sense by lemma 2.2.2. Since the moment map
11 is G-equivariant, it is enough to notice the T3-equivariance of the projection
T2 : g — t1 + to. This equivariance follows because the inner product ¢ is G-
invariant and hence T3 preserves the orthogonal decomposition g = (t; + t2) @
(tl + tg)l‘. O

Let us define
t,={Xet|oX,Z2)=0, ZetyNtaNts} (1=1,2,3). (2.2.3)
Then the following holds.

Lemma 2.2.4. t; Lt} (i # j)

Proof. 1t is sufficient to prove that t{ L t,. Take an element X| of t]. By the
assumption (2.1.1), we have

ty Cto =t Nta Ntz + [ts, ty]. (2.2.4)

Recall that [ts, t1] is the linear subspace of g generated by the subset {[Y3,Y1] €
g| Y5 €t;5,Y] €t1}. For any element Z of t; Ntz N t5, we have

¢(X1,Z) =0,

by the definition of tj. For any element Y3 of t3 and any element Y7 of t;, we
have

o(X1, [Y3, Y1]) = o([Y1, X1], Y3) = 6(0,Y3) =0,

because t; is abelian. Now (2.2.4) shows ¢(X1,t2) = {0}. O
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The orthogonal decomposition g = t; @ ti with respect to ¢ induces the
projection

Wlig:fl@tf'g)tl.

Then we can identify m (M) with the moment polytope of the Tj-action as
usual.

Lemma 2.2.5. For any T)-invariant subset M' of M, we have mpu(M') C
7T12/7(M/).

Proof. Take any point p of M’. Then mo3/i(p) is an element of ts + t3. Lemma
2.2.2 (b) and Lemma 2.2.3 shows that there exists an element 6; of T} where
mosli(01-p) is an element of t3. The definition of ¥, and Lemma 2.2.4 shows that
we have an orthogonal direct sum decomposition

to+t3 =t, Dts.

Since ma3pi(61-p) is in t3, the element fi(61-p) is orthogonal to t;. By the similar
orthogonal direct sum decomposition

i+t =t Ot
we can deduce that m1271(01-p) is an element of ¢;. Hence we we have
mi2fi(01-p) = m172(01-p).
Thus, the Tj-invariance of M’ shows that

T (p) = mju(01-p) = m2p(01-p) € leﬁ(M/)' U

Let us prove the convexity of mio(M) with the aid of the above lemmas.
Take two points p and p’ of M and a point ¢ of [0,1]. Then (1 — t)m24(p) +
tmiopi(p’) is an element of t; 4 to, and so Lemma 2.2.2 (b) and lemma 2.2.3 show
that there exists an element 63 of T3 where (1 — t)m12/1(03-p) + tmi2fi(f5-p') is
an element of t;. Let us define ¢ and ¢’ by

q="03p and ¢ =03-p'.

Let ™ : 1 + t2 — t; be the orthogonal projection with respect to ¢, then we
have

%(}/1) =Y, forY et. (225)

We also have Tms = m1. Since (1 — ¢)mi2/2(q) + tm12/2(q’) is an element of t;,
we have
(1 = t)mefi(q) + tmizfi(q') = 7((1 — t)m2fi(g) + tmi2ii(q’))
= (1 = t)7mi2fi(q) + tAmi2pi(q)
= (1 = t)ymp(g) +tmp(d),
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and this is an element of w1 (M) by theorem 2.1.1. By lemma 2.2.5, we obtain
(1 = t)mi2fi(q) + tmi2fi(q') € m2p(M).
Thus m22(M) is convex.
Next, let us prove that m27i(M) is equal to the convex hull of Ad(T},)miof(MT)

by using the convexity of mi2/(M). By an argument similar to that of (2.2.5),
we have

mp(M)Nt =7 (repn(M)Nty) C mp(M).
Hence we obtain
miop(M) Nty = mp(M) (2.2.6)
by lemma 2.2.5. By applying Ad(73) to the this equality, we have
Ad(Ts)m (M) = Ad(T3) (12 (M) N t)

= {J (Ad(Bs)mi27i(M) N Ad(65)t1)
03€T3

= U (7'['12/](M) ﬁAd(93)t1)
03€T3

= m2p(M) N (Ad(T3)t1)
= mop(M) N (t; + t2)
= 7T12/.~L(M) (2.2.7)
by lemma 2.2.2 (b) and lemma 2.2.3. Since T} acts on M 7! trivially, we obtain
ma(M™) C map(M™)
by Lemma 2.2.5. Thus we have
miofi(M) = Ad(T3)m1a(M)
= Ad(T3)cvx(mip(M™))
C cvx (Ad(T3)ma(M™))
C evx(Ad(T3)miom(M™))
= CVX(Tl'lgﬁ(Tg'MTl))
C cvx(map(M))
= ngﬁ(M).
Here, we used the convexity of miofi(M) at the last equality. This shows

mofi(M) = cvx(Ad(T3)m2i(MTr)). This completes the proof of Theorem 2.2.1
(and hence Theorem 2.1.3).
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2.3 The characterization of the Lie subalgebras
generated by t;,t; and {3

In this section, we characterize the Lie algebras t,ts and t3 satisfying the con-
dition (1.1). We use the classification of the compact simple Lie algebras for
this purpose.

In the following, we give a proof of Proposition 2.1.4. First of all, let us prove
that b is a Lie subalgebra of g. Take any two elements X = X7 + Xs + X3 (X; €
t), Y =Y1+ Y2+ Y;5(Y; €t;) of h. Then we have

3
X, Y] =) [X;,Y)). (2.3.1)
ij=1
Since the condition (2.1.1) implies that
[fi,fj] C (232)

for any i, j, k satistying {i, 7, k} = {1,2, 3}, the right hand side of (2.3.1) is an
element of h. Thus b is a Lie subalgebra of g. Define

h =1t +t, + 5. (2.3.3)
where t} (i = 1,2,3) are the ones defined in (2.2.3). Let us show that b’ is a Lie

subalgebra of h. For this, it is suffices to show

[, ¢] C 4, (2.3.4)

for any i, j, k satisfying {4, j,k} = {1,2,3}. So let us show this property. Note
that [t}, t}] is the linear subspace of g generated by the subset {[X;, X;] € g |
X € t;, X; € t;}. For any elements X] and X} of t; and t} respectively, we have

(X7, X7] €[4, 4] C [ti, 4] C t, (2.3.5)

(2 ]
and for any element Z of t; Nt N t3, we have
o([X;, X1, Z) = (X}, [X}, Z]) = ¢(X;,0) = 0.

Since this shows (2.3.4), we proved that b’ is a Lie subalgebra of b.
Next, let us show that we have an orthogonal decomposition

h=(tNtNt)ab (2.3.6)

which is also a decomposition as Lie algebra. By the definition of t;, we have
an orthogonal decomposition

t=tNtnt)at (i=1,23). (2.3.7)

So we obtain h C t; Nty Nt3 + b’. Since h’ and t; Nty N t3 is orthogonal with
respect to ¢ by the definitions of ', their intersection is {0}. Thus we obtain
the orthogonal decomposition h = t; Nta Nt3@h’. This is in fact a decomposition
of h as a Lie algebra because each t; is abelian.



18 CHAPTER 2. A CONVEXITY THEOREM

Lemma 2.3.1. t;(i = 1,2,3) is a mazimal abelian subalgebra of h'.
Proof. We prove this only for t;. Suppose that an element X’ of h’ satisfies
(X7, 1] = {0}

Then, since t; Nt2 Nt3 commutes with ', we obtain [X’,t;] = {0}. Hence, by the
maximality of t;, X’ is an element of h’ Nt;. Since (¥} +t5 +t5) L (t1 NtaNt3),
we obtain

HNti= +t+t) Nt Ct.

So X' is an element of ;. O

Lemma 2.3.2. §’ is a compact semi-simple Lie algebra.

Proof. The reason for §’ being compact semi-simple is that §’ is a Lie subalgebra,
of the compact Lie algebra g and that " has trivial center. Here, we give a proof
for the reader. Let X’ be an element of h’ which satisfies

Tr(adh/(X’) o adh/(Y/)) =0 (Y/ S f)/) (238)

We show that X’ = 0. Since g has the G-invariant inner product ¢, the adjoint
action can be written by Ad : G — O(g) with respect to ¢. Differentiating this,
we obtain

ad: g — o(g).

Let us write the adjoint action of b’ by ady : h’ — gl(h’). The inner product ¢
on g induces an inner product ¢’ on h’, and this map can be written by

ady : b’ — o(h') (2.3.9)

with respect to this inner product ¢’. Now, by choosing a basis of §’, ady (X’)
is represented by a skew-symmetric matrix. Let us denote this matrix by (a;;).
Choosing X’ as Y in (2.3.8), we obtain

Tr(ady (X') o ady (X')) = 0.
Since the left hand side of this equation can be written by
Z AjjQ5; = — Z aijz (2.3.10)
i,j=1 ij=1

with respect to the above representation, we obtain a;; = 0(,j7 = 1,--- ,n).
This means

adp (X') = 0. (2.3.11)
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Now let us show that (2.3.9) is an injection to prove X’ = 0. Here, since the
injectivity of (2.3.9) and the triviality of the center of h’ are equivalent, we show
the latter. Let W be an element of the center of §’. That is, we have

W, Y']=0 forY' ep'.

Since ¥} C ', we have [W,t|] = {0}. Then Lemma 2.3.1 shows that W is an
element of t;. Similarly, we can show W € ;. Since we have t{ Nt, = 0 by
Lemma 2.2.4, we obtain W = 0. This shows that the center of f is 0 as desired,
and (2.3.9) is injective. Thus we obtain X’ = 0 by (2.3.11). This shows that b’
is semi-simple. Now by (2.3.10), b’ is a compact Lie algebra. [

Since b’ is a compact semi-simple Lie algebra, there exists ideals b%, - , bl
of b’ which satisfy

1) by, -, b, are compact simple Lie algebras,
2)h =h @ ahy,

Then Lemma 2.2.4 and Lemma 2.3.1 shows that
dimbp’ = dimt] + dimt, + dimt; = 3dimt] = 3rankh’. (2.3.12)
Also, the decomposition h’' = b} & --- @ b),, means

dimbh’ = dim b} + - -- + dim b,
rank b’ = rank b} + - -- + rank b

/
n

Combining these equalities, we obtain
(dimb} — 3rankb}) + -+ + (dim b}, — 3rankh,) = 0. (2.3.13)

The classification of compact simple Lie algebras shows that, for any compact
semi-simple Lie algebra a, we have

dima — 3ranka > 0,

and we have equality if and only if a = su(2) (i.e. dima = 3 and ranka = 1).
Thus (2.3.13) shows that

hy 2su(2) forl=1,---,n.
Now the decomposition h = t; Nty Nt3 @ ' (as Lie algebras) shows that b =
R™ @ s5u(2)®" where t; Nty N t3 corresponds to R™.
In the following, we regard su(2)®™ = §' = t| +t, +t; C t; +to +t3. Lemma
2.2.4 shows that

3dimt; = dim(t] + t; + t;) = dim(su(2)®") = 3n.
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So t; is an n-dimensional abelian Lie subalgebra of su(2)®" (i = 1,2,3), and
this shows that m + n = dimt; = rank G. Let us define

1(i 0 10 1 10 i
X12<0 —i)’X22<—1 0)’X32<i o>'

Then each (span{X;})®™ C su(2)®" is a maximal abelian Lie subalgebra of
dimension n for ¢ = 1,2,3. This shows that t| is also a maximal abelian Lie
subalgebra of s5u(2)®" because of its dimension. Now Cartan’s theorem shows
that there exists elements g;1,- - , gin of SU(2) such that

Ad(gir, -+, gin) ((span{X; })®") = t;
So we obtain
Ad(gin) (span{Xi}) @ - - @ Ad(gin) (span{Xi}) = €;,
and this shows
dim(t, N su(2)) = 1 (2.3.14)
for each summand in su(2)®". That is, we obtain
t) = (t;Nsu(2) @ @ (t Nsu(2)) (2.3.15)

because of its dimension.

Fix a summand su(2) of su(2)®", and choose a basis e; of t;Nsu(2) (i = 1,2, 3)
where each e; is a unit vector with respect to the inner product —2Tr(-,-) on
su(2). Then (2.3.14), (2.3.15) and the condition (2.1.1) now state that [e, ea] #
0, [e2, e3] # 0, [e3,e1] # 0 and

leise;] € ty Nsu(2) for {3,5,k} ={1,2,3}.
So there exists a,b,c € R — {0} such that
[e1, e2] = aes, [e2, €3] = bey, [es, e1] = cea.

Since [e;, e;] has to be orthogonal to e; and e;, this condition shows that
{e1, €2, e3} forms an orthonormal basis of su(2) (with respect to the above inner
product on su(2)). Recalling that the adjoint action Ad : SU(2) — O(su(2)) =
SO(3) is a surjection, there exists en element g € SU(2) such that
Ad(g)X; = e1, Ad(g) X2 = ea, Ad(g9) X5 = es,
or
Ad(g)Xl = €1, Ad(g)Xg = €3, Ad(g)Xg = €92,

depending on their orientations. Since we have

(X1, Xo] = X3, [Xo, X3] = X, [X35,X1] = Xo
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by direct calculations, we obtain
[e1, e2] = e3, [e2,e3] = e1, [e3, 1] = ea,
or
[e1, €2] = —e3, [e2, €3] = —e, [es, e1] = —ea.
Retaking e3 by —es in the latter case, we obtain
[e1, e2] = e3, [e2, e3] = eq, [e3,e1] = e2

as claimed in Proposition 2.1.4.

Let us prove the converse. Assume that t;,t; and t3 satisfy the conditions
in Proposition 2.1.4. The standard basis of R™ = t; Nty Nt3 and the collection
of e; in each summand in su(2)®" form a basis of t; (i = 1,2,3) since m +n =
rankG = dimt;. Let 4,7,k be integers such that {i,5,k} = {1,2,3}. Then
the conditions [ej,ex] = e; on each summand in su(2)®™ insist that [t;, t;] is
contained in t; and we have dim[t;, t;] = n. Take a G-invariant inner product
¢ on g. Then t; Ntz N t3 is orthogonal to [t;, t] because of G-invariance of ¢.
Hence we obtain

(fl Nty mfg) + [fj,tk] = (fl Nty mfg) D [fj,fk] C t;.
Since we have m 4+ n = rank G = dim t;, we obtain
(tl Nt N tg) + [tj,fk] ={.

This completes our proof of Proposition 2.1.4.

2.4 Examples

In this section, we give some examples which illustrate Theorem 2.1.3. It is
convenient to use Theorem 2.2.1 rather than Theorem 2.1.3 for those examples.
Observe that (2.2.6) and (2.2.7) show the following corollaries, and those will
be useful to understand examples in this section.

Corollary 2.4.1. Under the assumptions of Theorem 2.2.1, the following holds.
(maop(M))Nty =m o (M)
Corollary 2.4.2. Under the assumptions of Theorem 2.2.1, the following holds.
m12 0 fi(M) = Ad(T3)(my o a(M))

That is, the image w12 o (M) is the Ad(T3)-orbit of the moment polytope for
the T7 action.

Remark 2.4.3. By the symmetry of the indexes in the assumption 2.1.1, the
same statements hold after replacing 7y oi(M) to mooi(M) where 7; : t1+t — ;
is the orthogonal projections.
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2.4.1 Example 1: the 2-dimensional sphere

The 2dimensional sphere S? is a symplectic manifold whose symplectic form is
the pull-back of the standard orientation form on R3. The standard SO(3)-
action on S? is a hamiltonian action. Let us define a SO(3)-invariant inner
product ¢ : 50(3) x s0(3) — R by

H(X,Y) = Te(’XY) (X,Y € s0(3)).
Then the map i : S? — 50(3) defined by
1 0 —Xs3 i)
u(x) = 5| @ 0 —-x (x € S?)

—T2 T 0

is a moment map of the SO(3)-action on S?. Now, define

= €s0(3)|0 R,
to = €so(3)[neR ,,
tg = €s0(3)|E€RH,

and define
Ty =expty, T = expts, T35 = exp s,
then T3, Ty, and Ty are maximal tori of SO(3). Now, the map mp 01 : S? —

t; + to is written by

(x € S?).

From this explicit form, it is clear that the image 72 o fi(S?) is a closed disc.
Let us calculate the image 5 o [1(.5?) by Theorem 2.2.1. First, we have

(ST = {(0,0,1),(0,0,—1)}.

So we obtain

—_

0 010
0].=|=1]0 0o ,. (2.4.1)
0 00

Tz 0 ((S3)T) = { +

O =IO
o O |
N |

o
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We also have

1] 0 0
Ts =expts = 0]cos¢ —sing | € SOB)|E€eR ). (2.4.2)
0|siné cosé

Now a direct calculation shows

1 0 ‘—cos«f —siné
Ad(T3)(mz2 0 i((S*)™)) = 4 5 | cos€ | 0 0 | €so(3)|¢eRr
2 \sine| o 0

Since this is a circle in the plane t; +t2, by Theorem 2.2.1, the image 715 01(S?)
is a closed disk which is given by the convex hull of this circle (Figure2.4.1).
Note that, from Figure 2.4.1, it is obvious that generic level sets of w5 0 i :
52 — {1 + 5 are not connected.

Remark 2.4.4. In general, we always have (m120/1)~(0) = (m o)~ 1(0)N (70
£)~1(0) under the assumption of Theorem 2.2.1 where 7; o fi — t; is a moment
map of the T;-action for i =1, 2.

-

Figure 2.4.1: S2, 715 0 fi(S?) and the moment polytope for 77 action

2.4.2 Example 2: the complex projective spaces

The complex projective space CP™ is a symplectic manifold whose symplectic
form is the Fubini-Study form. The standard SU(n + 1)-action on CP™ is a
hamiltonian action with a moment map pu : CP™ — su(n + 1)*. We identify
su(n+1) and su(n+1)* by the SU(n+ 1)-invariant inner product —Tr(- x-) on
su(n+1). First, we construct t;, t2 and t3 in su(n +1). For simplicity, let us as-
sume n = 2k(k > 1). We note a similar construction for the case n = 2k+1(k >
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0) in the appendix. Define Xi,---,X,,, Y1, , Y, Z1, -+, Z,,Wh,--- Wy €

su(2k + 1) by

0 0
—i 0 0 0
0 0 0
0 0
X1: 0 O ) '7Xk_
0 0
0 0
0 0
0 -1 0 0
1 0 0 0
0 0
le 0 0 ) '7Y/€:
0 0
0 0
0 0
0 =2 0 0
) 0 0
0 0
Z) = 0 0 ,"'7Zk:
0 0
0 0
9 Y
i 0
1
0 0
W1: 0 0 ) '7Wk:
0 0
0 0

We define the Lie subalgebras t;,to and t3 of su(2k + 1) by
tl - Span{le' o aWkale' o an}’
ty = span{Wl, e Wi, Y1, ’Yk}7
t3 = Span{Wla T aWIW Z17 o )Zk}

o O

o o

o O

o O

o o

o O

s o

—1

O .

O .

S
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Then these satisfy the condition (2.1.1), and
Ty =expty, To =expts, T35 = expts
are maximal tori of SU(2k + 1). Now we consider the map
mT12 Oﬁ : (CPQk — t; + to.
Theorem 2.2.1 states that the image of this map is the convex hull of the Ad(7T3)-
orbit of the image of the fixed point set M™* of the Tj-action. Here, the fixed
point set (CP?*)T1 is
(Cp%)Tl ={[1,0,---,0],[0,1,---,0],---,[0,---,0,1]}.

In the following, we study the case k£ = 1 in detail.
The case k = 1 (the complex projective plane CP?):

Let us give the explicit description of the image of 715 o u for the case of

the complex projective plane CP? with the standard hamiltonian SU (3)-action.
We can take

i |z0* — |2|2/3 2071 20722
a(lz]) = ToLp Z1Z0 |z1|? = |2[2/3 2172 (zeC®—{0})
2270 2221 |za|? — [2[7/3

as a moment map of this action. The above construction gives us

—2i¢C| 0 0 0]0 0

t, = 0 [ 0]|+[0[i6 0 |esuB)|c,0erR},
0 |0 i 0|0 —i0
—2i¢| 0 0 00 o0

ty = 0 [ 0|+|0]0 —n|esuB)|cnery,
0 |0 i 0ln 0
~2i¢] 0 0 00 0

ty = 0 [i¢ 0|+|0[0 i€]|esuB)|¢.eery,
0 [0 i 0] 0

Now, the map 75 0 i : CP? — t; + ty is given by

|20 — |22/3 | 0 0
0 |21 — [2]?/3  ilm(z122) (z € C* - {0}).
0 —ilm(z122)  |22]® — |2|?/3

i
2|z

T2 0 fi([2]) =

Let us calculate the image 15 o i(CP?). At first, we have

(CP?)™ = {[1,0,0],[0,1,0],[0,0,1]},
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1 0 0N 4 (2 1
T2 0 G((CP?)T) = sl olio).glof-20).¢
0 0 = 0 0 )
We also have
e 10 0 0] o 0
Ty = expty = 0 [e< 0 0] cos€ isiné | €su3)|(,£€R
0 0 €% 0]ésiné cos&

So we obtain

_JL
L (0] 0 0
U ~1 0| icos2  sin2¢ esu(3)|€eR
0| —sin2¢ —icos2¢
Defining
0|0 O
ayp = , A2 = , a3 = 0 0 1 )
0-1 0

we have t; = span{ay,as}, t1 + to = span{ay, as,as}. Now we can write
Ad(T3) (12 0 i((CP?)™))

1 1 1 1
= {6a2} U {—12&2 - Z(COS 28)ay — Z(Sin 28)as € su(3)‘ £ e R} .
This is a union of a point and a circle in t; 4+ t5 + t3, and Theorem 2.2.1 states
that the image 712 o fi(CP?) is the closed cone with its interior which is given
by the convex hull of the point and the circle (Figure2.4.2).

Figure 2.4.2: 712 o fi( CP?) and the moment polytopes for 71 and Ty actions
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2.4.3 Example 3: the flag manifolds

The flag manifold F'l,,(C) is a symplectic manifold as a coadjoint orbit of SU(n).
The SU(n)-action on Fi,(C) is a hamiltonian action and the inclusion of the
orbit into su(n + 1)* is a moment map. Denote this inclusion by p : Fi,(C) —
su(n)* Taking the same Lie subalgebras t;,t; and t3 of su(n) as in previous
example, we can consider the map

maop: Fl,(C) — ¢ + to.

Theorem 2.2.1 states that the image of this map is the convex hull of the
Ad(T3)-orbit of the image of the fixed point set M7Tt. Here, the fixed point set
M™t is the coordinate flags. In the following, we study the case n = 3 in detail.

The case n = 3 (the flag manifold Fl3(C)):
Let X be an element of su(3) of the form

0
0

—1

X =

O O =
o OO

We identify the flag manifold Fi3(C) with the SU(3)-adjoint orbit of X via
the SU(3)-invariant inner product —Tr(-,-). Then we can take the inclusion
t: Fl3(C) < su(3) as a moment map i of the SU(3)-action on Fl3(C).

Composing ¢ : Fl3(C) — su(3) with the orthogonal projection 7 : su(3) —
t; + t2, we obtain a map

7T120L2Fl3((C) — t; + to.

Let us calculate the image w2 o t(Fl3(C)). At first, we have

i 0 0 —i 0 0 00 0
Fl3(C)1 = 00 o])],lo oo],[o i 0],
00 —i 0 0 i 00 —i
0 0 0 - 0 0 i 0 0
0 —i 0], i 0,10 —i 0O
0 0 i 0 0 0 0 0
Let us define
00 0 L (2 00 0 0 0
ai=(0 i 0 |,aa=—=| 0 i 0|,a3=[0 0 1
0 0 —i V3 \ o i 0 -1 0

Then we have

t; = spanf{ai, a2}, t1 + to = span{ai, az,as},
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and

1 V3 1 V3
Flg(C) :{2‘“‘2“2’ Tt o

V3 1 \/??a}

T gt Tz, mom T

Now 7120t : Fl3(C) — t; + t2 maps each of elements in M7t to itself since they
are elements of t;. That is to say, we obtain

1 V3 1
’/T120L(Fl3((C)T1):{2(11_2042, —§CL1—|— 2 az, ai,
U S VA SRS SRR VA
Lo ofl gt mofm otz

So the image 712 0 ¢(Fl3(C)T*) is the vertices of a hexagon in t; C t; + t. Now
by an argument similar to that in previous example, Theorem 2.2.1 states that
the image of the map ma0¢: Fl3(C) — t; + t3 is the convex set which is given
by the trajectory of rotation of the hexagon along as-axis (Figure2.4.3).

Figure 2.4.3: 72 0 1(Fl3(C)) and the moment polytopes for 77 and T» actions

2.5 A relation between Theorem 2.1.3 and super-
integrable systems

In this section, we discuss a relation between Theorem 2.1.3 and super-integrable
systems.

To begin, we first quote some definitions. In the following, we let (M,w) be
a symplectic manifold.
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Definition 2.5.1. Smooth functions fi,--- , f, on M are independent if
{pe M| (df1)p, -, (dfn)p are linearly independent.}
is an open dense subset of M.

Equivalently, we can also say that fi,---, f, on M are independent if and
only if the vector-valued map (f1,-- -, fn) : M — R™ is a submersion on a open
dense subset of M. Now let H be a smooth function on M and n = %dimM
in the following.

Definition 2.5.2. A triple (M,w, H) is an integrable system if there exists
independent smooth functions fi(= H),---, f, such that these are pairwise
Poisson commutative.

For a triple (M,w, H), the function H is called the hamiltonian function,
and a smooth function f on M which Poisson commutes with H is called an
integral of motion.

Definition 2.5.3. A triple (M,w, H) is a super-integrable system if there

exists pairwise Poisson commutative smooth functions fi(= H),---, fn, and
there exists smooth functions ga,- -, gx (2 < k < n) where each of them is Pois-
son commutative with H, and the total functions fi(= H), -+, fn,92, " » gk

are independent.

Remark 2.5.4. We do not require the connectivity of the fibers of the map
(fi, s fns G2, -+, g) : M — R™ ¥ =1 though some other authors([16], [44]) re-
quire this connectivity and some other propoerties to make this map into a torus
bundle. Also, since n is the maximal number of pairwise Poisson commutative
independent smooth functions, the total functions fi(= H), -+, fn,92, " , gk
can not be pairwise Poisson commutative.

We now study the critical point set of the map mop : M — t3 + to.

Proposition 2.5.5. Under the assumption of Theorem 2.2.1, we obtain
Cr(mgu) = T3 . CI‘(ﬂ'lp,).

Proof. By the definition of critical points, we have Cr(mapu) D Cr(mp). Recall
that the map mopn : M — t; + to is T3-equivariant. Thus, for any 05 € T3, we
have the following commutative diagram.

T2/

M —— t] + 1

egl lAd(Gs)

T2/

M —— 1t + £
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For any point p € M, this induces

T, Ty,

(Qa)wl JVAd(ez)

(m12t) vo5p

T93PM — t; + 5.
Hence Ts-action restricts to Cr(map). That is, we obtain
Cr(mop) D T3 - Cr(mip).

On the other hand, if the top map (m124)., on the above diagram is not sur-
jective, there exists a line ! in t; + t; whose intersection with (mi2p).p (T M)
is the origin. By the lemma 2.2.2, there exists an element 04 of T3 such that
Ad(6%)l C 41 (because [ is 1-dimensional, [ can be written as [ = Ra for some
a € t1 + t2). Now we have (m1244) 05 (Lo, M) = Ad(03)((T1244)4p(TpM)) and
Ad(05)((m12p)sp (T, M) 0 Ad(03)1 = Ad(05) ((m1210)sp (T, M) N1)

— Ad(83)({0})

= {0}.
This shows that (mu)*gép : M — t +t — t; can not be surjective because

the second map of this composed map is identity map on t;. Hence we obtain
p =05 "04p € T3 - Cr(my ) which justifies our claim. O

Now let us suppose

(1) Th acts on M effectively,
(1) Ts =2 (R/Z) x (Ty N T2 NT3)p (as Lie groups)
where (Th NTy N T3)p is the identity component of Ty NTe N T5. By (i), we
identify T3 and (R/Z) x (Ty N T2 NT3)o in the following. Since mp is a moment
map of T; action, it is Ty-equivariant, and the intersection T3 N Ty N T5 (C T1)
preserves Cr(mp). So we have
T - Cr(mip) = (R/Z) x (T1 NT2 N T3)o) - Cr(mip)
= (R/Z) . (T1 NTyN T3)0 . Cr(mu)
— (R/Z) - Cr(myp).

By the first assumption, we can write
oo
Cr(mp) = U Z;
i=1

where each Z; is a proper closed symplectic submanifold of M. Especially, we
have dim Z; < dim M — 2. Hence we obtain

oo

Ty - Cr(mip) = U((R/Z) - Zy).

i=1
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Consider a map f: R/Z x Z; — M via the G-action on M :
([a],p) = [a] - p for [a]| e R/Z,p € Z;.

Since this map f is a restriction of the group action G x M — M, f is a
smooth map. Note that f(R/Z x Z;) is closed in M because its compact. Here
we have dim(R/Z x Z;) < dimM — 1. Now Theorem 10.5 in [39] states that
M- (R/Z)-Z;(= M — f(R/Z x Z;)) is open dense in M. Hence, by Baire’s
theorem, the subset

M — Cr(myap) = M = Ts - Cr(mp) = [ (M — f(R/Z x Z;))

=1

is dense in M, and is also open since Cr(miop) is closed in M. Now we obtain
the following.

Proposition 2.5.6. Under the assumptions of Theorem 2.2.1, if T1 acts on M
effectively and Ts = (R/Z) x (Th N Te N T5)q, then mi2u is a submersion on an
open dense subset of M.

Corollary 2.5.7. Under the assumptions of Theorem 2.1.8, if Ty acts on M
effectively and Ty =2 (R/Z) x (Th N Ta N T3)o, then for any X € 1 N ta, the
triple (M, w, u™) is a super-integrable system which has % dim M +1 independent
integrals of motion.

Proof. We have (Rqz0p, X) = (u, X) = pX. Since X € t; Nty commutes with
t; + to, u~X Poisson commutes with (Rigou, Y)(=u¥) forall Y € t; +t3. Let n
be dim ¢;. Then there exists a linear isomorphism ¢; + to = R?*t! where ; Nty
corresponds to a coordinate linear subspace of R?"*1, Let Yi,---,Ya,,1 be the
elements corresponding to the standard basis of R?"+!. Then we have

Rizop= ((Rizop, Y1), -+, (Rizop, Yani1)) : M — R

Recall that we have a commutative diagram given above Theorem 2.2.1. Since
one of Y7, ,Ya,41 is X, Proposition 2.5.6 provides our claim. [J

Example 2.4.1 is trivially a super-integrable system, because every two di-
mensional completely integrable system is always a super-integrable system in
a trivial sense.

In Example 2.4.2, it is well known that a moment map 7y of the hamiltonian
Ti-action on CP™ provides a completely integrable system with the hamiltonian
function x"V where W is

W =W+ -+ W

We can understand this system as a compactification of the system of harmonic
oscillators on C™. Now Corollary 2.5.7 provides a super-integrable system on
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CP?F with k + 1 integrals of motion whose hamiltonian function is V. This
argument also works for the case n = 2k+1 (k > 0) in a similar way. In fact, it is
known that these completely integrable systems are maximally super-integrable.

Appendix

In this appendix, we construct a triple t;,t; and t3 in su(2k) (k > 1). Let us
define Xy, , Xp, Y1, -+, Yi, Z0, -+, Zig, Wi, -+, W1 € su(2Kk) by

—i 0 0 0
0 0 0
0 0 0 0
X1: 00 ) 'an_ 00 )
0 0 —i 0
0 0 0 3
0 -1 0 0
1 0 0 0
0 0 0 0
Y, = 0 0 Y = 00 ,
0 0 0 -1
0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 0
le 00 5 '7Zk_ 00 )
0 0 0 1
0 0 )
—i 0 -1 0
0 —1 0 —
1 0 0 0
W].: 0 @ ;"'7Wk71: 00
0 0 i 0
0 0 0 1




2.5 A RELATION TO SUPER-INTEGRABLE SYSTEMS
Now define Lie subalgebra t;,t; and t3 by

tp = span{Wy, -, Wi_1, X1, , Xy},
ty =span{W1,--- , Wi_1,Y7,--- , Y3},
tS :Span{Wl7"' 7Wk717217“. 7Zk}'

Then the condition (2.1.1) is clearly satisfied.
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Chapter 3

Equivariant cohomology

3.1 Universal principal bundles

In this section, we study universla principal bundles. They will be used in the
construction of equivariant cohomology in the next section.

Definition 3.1.1. An covering {U)}xea of a topological space B is numerable
if it admits a refinement by a locally finite partition of unity, i.e., if there exists
a locally finite partition of unity {u, : B — [0,1]},er such that every set
uy *((0,1]) is contained in some Uy. A topological fiber bundle E — B is
numerable if B admits a numerable open covering {Ux}, such that E|y, is
trivial bundle for each A € A.

Proposition 3.1.2. A topological fiber bundle E — B is numerable if B is
paracompact.

Proof. See 2.1 of [14]. O

Let G be a topological group. In this note, a principal G-bundle is defined
with its right G-action.

Definition 3.1.3. A wuniversal principal G-bundle EG — BG is a numerable
topological principal G-bundle which satisfies the following;:

1. For any numerable topological principal G-bundle E — B, there exists a
continuous map f : B — BG such that E is isomorphic to the pull back
bundle f*EG.

2. Two continuous maps f,g : B — BG induces an isomorphism f*FEG =
g*EG if and only if they are homotopic.

The base space BG of a universal principal G-bundle is called classifying space
for G.

For the proof of next proposition, see 7.5 in [14].

35
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Theorem 3.1.4. A numerable topological principal G-bundle is a universal
principal G-bundle if and only if the total space is contractible.

3.1.1 TUniqueness of universal principal G-bundles

In this section, we use the following property which we refer [14] for a proof. Re-
call that a vertical homotopy of a topological fiber bundle E — B is a continuous
map H : I x B — FE such that po H = idp.

Proposition 3.1.5. Let E — B be a topological fiber bundle. If the fiber is
contractible, then a continuous section s : B — E exists unique up to vertical
homotopy. As a corollary, the projection map E — B is a homotopy equivalence.

Proof. Since the fiber is contractible, 3.2 in [14] shows that the map E — B is
shrinkable. Now our claims follows from 1.5 (c¢) in [14]. O

Lemma 3.1.6. Let E — B be a numerable topological principal G-bundle, Y be
a topological G-space. If Y is contractible (not necessarily G-equivariantly), any
two G-equivariant continuous maps f,g : E — Y are G-equivariantly homotopic.

Proof. There is a natural one to one correspondence between G-equivariant
continuous maps E — Y and continuous sections B — (E x Y)/G of the
associated Y-bundle (see the appendix for this section). So f and g induce
continuous sections sy and s, of the associated Y-bundle. Since the fiber of this
associated Y-bundle is contractible, sections of this associated Y-bundle are
unique up to vertical homotopy (Proposition3.1.5). Thus there exists vertical
homotopy between sy and s;. Since the correspondence written above also
holds for G-equivariant homotopy I x E — Y and vertical homotopy I x B —
(ExY)/G (again, see the appendix for this chapter), we obtain a G-equivariant
homotopy between f and g. O

Let EG — BG and EH — BH be universal bundles of topological groups
G and H. Let p: G — H be a homomorphism of topological groups.

Corollary 3.1.7. A p-equivariant continuous map EG — EH exists unique up
to p-equivariant homotopy.

Proof. Consider the associated principal H-bundle EG xg H — BG. By the
universality of EH, there exists a pull back diagram

EG xg H—— FEH

L

BdG BH

where the left vertical map is the associated principal H-bundle defined by the
condition [a, h] = [ag™!, gh] for any a € EG,h € H and g € G, and the top
map is H-equivariant. Combining the top map and EG — EG xg H given
by a — [a, 1], we obtain a p-equivariant continuous map FG — EH. The
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uniqueness of such maps is a direct consequence of the previous Lemma as
follows. Think of FH as topological G-space via p. Then p-equivariance is
equivalent to G-equivariance. Let f,g: EG — EH be p-equivariant continuous
maps. Then f and g are G-equivariant continuous maps. By the previous
lemma, there exists a G-equivariant continuous map F' : EG x I — EH such
that F(«,0) = f(z) and F(a,1) = g(x). Now, of course, F' is p-equivariant
because of the definition of the G-action on EH. O

Uniqueness of universal bundle:

Proposition 3.1.8. The G-equivariant homotopy type of contractible universal
principal G-bundles is uniquely determined. As a result, the homotopy type of
the classifying spaces is uniquely determined.

Proof. Let EG — BG and E'G — B’G be universal principal G-bundles.
By the property 1 in Definition 3.1.3, there exists a G-equivariant continuous
map [ : F'G — EG. Similarly, there exists a G-equivariant continuous map
g : EG — E'G. Now the composition fog : EG — EG have to be G-
equivariantly homotopic to the identity map because of the previous Lemma,
and the same holds for o f. Thus EG and E'G are G-equivariantly homotopic.
As a result, BG and B’G are homotopic. O

We list some useful properties (up to homotopy) of universal bundles. Let
EG — BG and FH — BH be universal principal bundles for G and H, respec-
tively.

— FEG x FH — BG x BH is a universal principal bundle of G x H.

— If H is a subgroup of G, the quotient map EG — EG/H is a universal
principal H-bundle.

— A homomorphism p : G — H induces a p-equivariant continuous map
EG — EH unique up to p-equivariant homotpy.

The first claim is follows because of the uniqueness of universal principal G x H
bundles. For the second claim, we can use the locally trivializations of EG —
EG/G = BG and its G-equivariance and the contractibility of the total space
EG. The third one is Corollary 3.1.7. O

Existence of universal bundles:

Theorem 3.1.9. Let G be a topological group. Then there exists a universal
principal G-bundle EG — BG.

In fact, there is an explicit construction of a universal principal G-bundle
(sometimes called the Milnor join of G) for any topological group G due to
Milnor ([42]). Note that Theorem 3.1.4 ensures that the total space of universal
bundle is contractible.
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Appendix for section 3.1

Let G be a topological group, and 7 : E — B a topological principal G-bundle.
Let X be a topological G-space, then we obtain the associated topological X-
bundle p: F x¢ X — B.

Proposition 3.1.10. For any topological space W (without G-action), we have
the following.

1. A continuous G-map F: W x E — X induces the continuous map

F:WxB—=ExgX ; (w]a])~ [a, F(w,a)]
such thatpoF:Wprng.

2. A continuous map H : W x B — E xg X satisfyingpoH =W x B ey
induces the continuous G-map

H:WxFE-—>X
defined by the condition H(w,[a]) = o, H(w, ®)].
3. By 1. and 2., we obtain a natural correspondence:

{continuous G-map F: W x E — X}
$1:1

{continuous map H: W x B — E x¢g X s.t. poH:Wprng}

Corollary 3.1.11. For any topological principal G-bundle = : E' — B’, we
have natural correspondences:

{continuous bundle map F : E — E'}

I1:1

{continuous section H : B — E xg E'}

{G-equivariant homotopy H : I x E — E' between Fy and Fy}
I1:1

{vertical homotopy H : I x B — E x¢ E' between Fy and Fy}

(Note: A wertical homotopy is a homotopy H:Ix B — E xgE' such that
poH =idg.)
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3.2 Equivariant cohomology

In this section, all cohomologies are treated over a principal ideal domain with
the unit, otherwise specified.

Let G be a topological group acting continuously on a topological space X
from the left. Recall that, in this note, the G-action on a topological principal
G-bundle is the one from the right.

Definition 3.2.1. Let EG be a universal principal G-bundle. The Borel con-
struction of X for with respect to EG is the defined by

EG xg X :=(FGx X)/G
where the G-action on EG x X is given by

g9-(p,x):=(pg~", g)
forallge G, p € EG and x € X.

Observe that the Borel construction EG xg X is the total space of the
associated X-bundle over BG ;

EG x¢ X =(EG x X)/G — EG/G = BG. (3.2.1)
Let H* be the singular cohomology over a principal ideal domain.
Definition 3.2.2. The G-equivariant cohomology of X is defined by
HE(X) := H(EG x¢ X) (3.2.2)

where FG is a universal principal G-bundle. The map induced by (3.2.1) makes
H{(X) into an H*(BG)-algebra with the cup product.

This is well-defined up to isomorphism since the homotopy type of the Borel
construction EG x ¢ X is uniquely determined up to homotopy (See Proposition
3.1.8).

Let K be a topological group, and p : G — K a homomorphism of topological
groups. Then a p-equivariant continuous map (which exists uniquely up to p-
equivariant homotopy) FG — EK induces a ring homomorphism

He(X) — Hi(X)
As a special case, let K = {e} the identity group. Then the induced map is
HiH(X) — HY(X). (3.2.3)

This map coincides with the pull back homomorphism by an inclusion X <
EG xg X (which does not depend on the choice of an inclusion). This map is
called forgetful map or non-equivariant limit. Under some assumptions, (3.2.3)
will be surjective and H(X) can recover the ordinary cohomology H*(X) as
HY(X)/(H(BG)) = H*(X).
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3.2.1 Relations with the cohomology of the quotient space

In some nice situations (as the following), H(X) and H*(X/G) are the same
as rings. A similar statement in a more subtle situations will be explained in
detail in section 3.4.

Suppose that a topological group G acts on a topological space X in a way
that the quotient map X — X/G is a topological principal G-bundle. Under
this assumption, the natural projection map

EG x¢ X — X/G

is the associated EG-bundle where EG is a universal principal G-bundle. Since
the fiber EG is contractible, the induced map

HEL(X) = H*(EG x¢ X) «+ H*(X/G)

is an isomorphism by Proposition 3.1.5. This means that, if the quotient
X — X/G is “good”, then the Hf(X) coincides with H*(X/G) as rings. How-
ever, the equivariant cohomology H{(X) is better than H*(X/G) in the sense
that H(X) can recover the ordinary cohomology in many situation in which
H*(X/G) does not.

3.2.2 Finite dimensional approximations

The explanation in this section is essentially due to Fulton’s lecture note [19].
Let 7 : F — B be a topological principal G-bundle such that

e H.(FE) is a finitely generated free graded module (i.e. each H;(E) is a
finitely generated free module and only finitely many H;(E)’s are non-
zero), and

e there exists an integer k > 0 such that H*(E) = 0 for all i < k.
Then there is a canonical isomorphism
HY(EG xg X) = H(E xg X) foralli<k (3.2.4)

in the following sense. The trivial G-equivariant FG-bundle EG x X — X
induces the associated EG-bundle

(EGX E)xgX — Exg X

where G acts on EG x E diagonally. Similarly, the trivial G-equivariant E-
bundle £ x X — X induces the associated E-bundle

(EGXE) XGX—>EGXGX.

Combining them, we obtain an E-bundle (on the left) and an EG-bundle (on
the right)

EGxgX +— (EGxE)gxX — E x¢gX. (3.2.5)
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Here, E and EG are path-connected, and H,.(EG) and H,(FE) are finitely gener-
ated graded modules by the assumptions. Hence we can use the precise version
of the Leray-Hirsh theorem in the appendix, and we obtain

HY(EG x¢ X) = H'((EG x E)g x X) +— H'(E x¢ X) (3.2.6)
for all i < k, which gives the desired isomorphism (3.2.4).

Remark 3.2.3. If we have a G-equivariant continuous map F — EG, the
canonical isomorphism (3.2.4) is equal to the pull back

H'(EG x¢ X) — HY(E xg X) (for all i < k).

This can be explained as follows. In this case, the right map in (3.2.5) (which
is an FG-bundle) has an obvious section s : (FG X E)g x X + E x¢g X,
and the composition of s and the left map in (3.2.5) gives the induced map
E xg X — EG xg X. It is easy to show that the inverse of the right map in
(3.2.6) has to be the induced map s* by using a property of a section (i.e. the
composition of the projection and a section is the identity).

Example 3.2.4. Let S?™T1(C C™*1) be the 2m + 1-dimensional sphere. Con-
sider a sequence of inclusions of spheres S* € $% C --- C §?m+! C ... given
by

ng+1 AN 52m+3 : (xh' .. ,mm) — (J}l,' o ,-Tm70)a

and let S := U,,,enS?™ 1. This sequence induces a sequence of the inclusions
of complex projective spaces P C P2 C --- C P™ C --- given by

P™ s P s [z, @] e [21,0 0 T, 0], (3.2.7)

We endow S°° a topology as follows; a subset of S°° is an open set if and only if
the intersection with S?™*! is an open set of S?™*! for each m € N. A topology
on P> := U,,,enP™ is defined similarly.

The 1-dimensional torus S'(C C) acts on S?™*! from the right by

Z- (21, ) = (012, , T 2).

for all 2 € St and (21, ,2,,) € S?™ L. We think of this as a right action,
and the natural projection map S?™+! — P™ is a principal S'-bundle. This S*-
action extends to a continuous S'-action on S>°. Since each S™ is a Hausdorff
space, we have

lm dopp, : im H;(S?™: 2) 5 Hy(S™ : 7)
— —

for each i € Z, where each ig,, 41 : S+ — S is the inclusion. Also, the
inclusion $?m*! — §2m+3 induces H;(S?™*1) — H;(S?™*3), and this is an
isomorphism for ¢ < 2m + 1. Hence, we see that the induced map

iny : Hi(S™ 1 Z) — H;(S* : Z)
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is an isomorphism for i < 2m + 1. From this, we obtain

HZ-(SOO:Z):{OZ ((;;g)) and Hi(S"o:Z):{f (?;0).

Hence, we have the canonical isomorphism
H (X :Z) =2 H (5% xg1 X : Z). (3.2.8)

Remark 3.2.5. In fact, it is know that S°° with the above topology is con-
tractible. Hence S* is a universal principal S*-bundle, and P> is a classifying
space for S*.

Example 3.2.6. Let V;(C**™") be the Stiefel manifold of unitary k-frames in
C*+". Then the unitary group U(k) naturally acts on Vi, (C*¥*") from the right.
There is a standard way to see Vi (C**") as a finite CW-complex such that
the boundary map of the chain complex of the CW complex V3 (CF+") are zero
maps. Hence the homomology H. (Vi (C**™)) is a finitely generated free graded
module. Since this CW complex has no cells of dimension between 1 and n, we
see that

H{(V,(CE*™) =0 for all i < n.
Hence we obtain the canonical isomorphism
Hiy ) (X) = H' (Vi (CH) xyry X)) for all i <n.

Example 3.2.7. Let G be a compact Lie group. Recall that G can be embedded
into the unitary group U(k) for a sufficiently large k as a closed subgroup. Then,
G acts on Vi ,(C) freely, via this embedding G — U(k). Hence the quotient
map Vi »,(C) — V4, (C)/G is a principal G-bundle. Now we obtain the canonical
isomorphism

HL(X) 2 H (Vin(C) xg X)) forall i <n.

Appendix for section 3.2

A graded module {Cy }rez (over a commutative ring with the unit) is said to be
finitely generated if ®5C), is finitely generated module (equivalently, each Cy, is
finitely generated module and only finite Cj’s can be nonzero).

Let (E, E°) and (F, F°) be pair of topological spaces, B a topological space,
p: E — B a continuous map. The tuple & = ((E, E°),p, B, (F, F)) is said to
be a fiber bundle pair if, for any b € B, there exist an open neighborhood V of b
in B and a homeomorphism ¢ : V x (F, F?) 5 (p~1(V),p (V)N EY) satisfying

pop(,y)=V (b eV,yerF).

In the following Leray-Hirsch theorem, we use the singular cohomology over a
principal ideal domain.
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Theorem 3.2.8. (Leray-Hirsch) Let ¢ = ((E, EY),p, B, (F, F°)) be a fiber bun-
dle pair. Suppose that H.(F,F°) is a finitely generated free graded module,
and there exist an integer n € Z and a module homomorphism (of degree 0) 0 :
H*(F,F%) — H*(E, E°) such that, for any b € B, the map j; o0 : H*(F, F°) —
HFY(Ey, EY) is an isomorphism for any k < n where jy, : (Ey, EY) < (E, E°) is
the inclusion. Then, we have the following homomorphisms (as graded modules)

®:H,(E,E°) — H,(B)® H,(F,F),
®*: H*(B) ® H*(F,F°) — H*(E, E")
defined by

k
D) => pu(0(as)Ne)) @a; (e € Ho(E,E)),
=1

P (f@a)=p"(B)Uba) (B€H"(B), acH (FF),

and both of ® and ®* are isomorphism for any component of degree k < n. Here
{ay, -+ ,ar} is a basis of Hy(F,F°) and {a1, - ,ax} is a basis of H*(F, FY)
satisfying (o, a;) = 0;5, and the map © does not depend on the choice of these
basis.

Corollary 3.2.9. Let £ = (E,p, B, F) be a fiber bundle. Suppose that H.(F) is
a finitely generated free graded module, and there exists an integer n € Z such
that H*(F) = 0(k <n). Then, p* : H*(B) — H*(E) is isomorphism for any
k<n.

3.3 Induced homomorphisms

Let G be a topological group acting on a topological space X, and K a topo-
logical group acting on a topological space Y. Let p : G — K be a homomor-
phism of topological groups, and f : X — Y a p-equivariant continuous map.
For a universal principal bundles EG — BG and EK — BK, there exists a
p-equivariant continuous map Fp : EG — EK unique up to p-equivariant ho-
motopy (Corollary 3.1.7). So we obtain a commutative diagram of continuous
map
EG xg X —=FEK xgY

l l

BG — BK

which induces a commutative diagram

H (V) — Hg(x)

T !

H*(BK) — H*(BG).
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In this sense, the induced map f* : Hy (Y) — HE(X) is an algebra homomor-
phism with respect to the ring homomorphism H*(BK) — H*(BG). By the
uniqueness (up to p-equivariant homotopy) of the map FEp, this diagram does
not depend on the choice of Ep. Moreover, this diagram does not depend on
the choice of universal principal bundles FG — BG and EK — BK in the fol-
lowing sense. For a universal principal bundles E'G — B’G and 'K — B'K,
there exists a p-equivariant continuous map E'p : E'G — E’K (unique up to p-
equivariant homotopy), and we obtain a continuous map E'GxgX — E'KxgY
which induces H*(E'K X Y) — H*(E'G x¢ X). Now we have a commutative
diagram

H*(EK xx V)~ H*(EG x¢ X)

:1 [:

H*(E'K xx V) —L = H*(E'G x¢ X).

where the vertical isomorphisms are the canonical isomorphisms given in (3.2.4)
in section 3.2.2. The commutativity follows from the definition of the canonical
isomorphism (3.2.4).

Furthermore, suppose that a topological principal G-bundle Fy — B; and
a topological principal K-bundle Fo; — By satisfy the assumptions in section
3.2.2 and there is a p-equivariant continuous map F; — E5. Then we have a
commutative diagram

H*(EK xx V) —— H*(EG x¢ X) (33.1)

(-

H* (B xx Y) — H*(Ey x¢ X).

3.3.1 Equivariant cohomology of a point

In this section, we study the equivariant cohomology of a point. Let G be a
topological group, acting trivially on a point. Then we have

HE(pt) = H*(EG x¢ pt) = H*(BG)

where EG — BG is a universal principal G-bundle. That is, the G-equivariant
cohomology of a point is the cohomology of a classifying space for G.

Example 3.3.1. Let S* be the 1-dimensional torus and ES! — BS! a universal
principal S'-bundle. Recall the principal S'-bundle S* — P>. Then there
exists a pull back diagram of principal S*-bundles

Goo *¢>E51

L,

P> 4¢>le
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For a positive integer, let C, = C be an S'-representation given by
g-z:=g" forallge S'(cC)andzecC,.
One can see that we obtain a pull back diagram of associated complex line

bundles

S5 X g1 (Cl 4¢>E51 X g1 C,

L,

P BS*.
Here, the induced map H*(P>~) « H*(BS!) is an isomorphism (see (3.2.8)
in Example 3.2.4). It is easy to show that the vector bundle S xg1 C; is

isomorphic to the tautological vector bundle over P*°. Since the first Chern
class of tautological line bundle generates the ring H*(P*>°), we conclude that

H*(BS':7Z) =17]t] (as rings)

where t := ¢;(ES! x g1 Cy).

Let T be an n-dimensional torus, and t; the dual Z-module of the integral
lattice tz (which is the kernel of the exponential map t — T") of T. An element
A € t induces a homomorphism A, : T — S! and hence an S'-representation
Cy =Cby

t-z:=X(t)z forallte S! and z € C,.
So we get the associated complex line bundle
ET xp Cyx — BT ; [a,z] = [a]. (3.3.2)
Taking its first Chern class, we obtain a map
t;, - H*(BT : 7). (3.3.3)
This is a homomorphism as additive groups because

Cl(ET X7 (C)\Jr)\/) = Cl((ET X (C)\) ® (ET X7 C/\/))
= Cl(ET X7 (C)\) + Cl(ET X7 (C)\/)

for any A, N € t}. Since H*(BT : Z) is a commutative ring as explained above,
this naturally induces a ring homomorphism

S(t,) — H*(BT : Z) (3.3.4)
where S(t}) is the symmetric algebra over Z of t.

Proposition 3.3.2. The homomorphism (3.3.4) is an isomorphism.



46 CHAPTER 3. EQUIVARIANT COHOMOLOGY

Proof. Without loss of generality, we can assume that T = (S1)". Let Lie(S!)z(=
Z) be the integral lattice of (S')". Then we have t; = ®7_; Lie(S')z where we
identify Let A; € t; be the element given by \;(Xi,---,X,) = X;. Then
t;, = ®j_,Z);, and we have

S(tz) = Z[Ar, -+, AL

Recall that there exists a T-equivariant homotopy equivalence (ESY)" — ET.
The homomorphism A; gives us the vector bundle (3.3.2), and we have the
following pull-back diagrams

ESl X g1 CM < (ESl X g1 CA7) X (BSl)n71 — > FET XT (C)\i

| | |

BS! (BSH)" BT.

R

Since H*(BS" : Z) is a free Z-module of finite type, Kiinneth theorem ensures
that the map

H*(BS':Z)®---®@ H*(BS' : Z) — H*((BS')" : Z)

given by (a1, ,an) — pjog U--- Upla, is a ring isomorphism where p; :
(BSY)™ — BS' is the projection to the i-th BS'. With Example 3.3.1, we see
that H*((BS')") = @, H*(BS?') is the polynomial ring generated by the first
Chern classes of the middle vector bundle for Aq,--- , \,. Hence, we see

H*(BT :Z)=1Zy1, - ,yn] where y; =c1(ET x1 Cy,).
Since (3.3.4) maps \; to y;, we conclude that (3.3.4) is an isomorphism. O
Suppose that we have a homomorphism p : T — T” between tori. Then we
have the obvious induced map
Pt S(t) « S(t).

Observe that T acts on T” (from the left) via p : T — T’. So we have the
associated T”-bundle

ETxpT' = BT : [o,t]+ [a]. (3.3.5)

T’ naturally acts on ET X7 T” on the T’'-component from the right, and this
T’-action makes (3.3.5) into a topological principal T’-bundle. Hence, there
exists a continuous map

Bp: BT — BT’ (3.3.6)

such that the pull back of ET" — BT’ gives (3.3.5) because BT is a classifying
space for T’ (see the property 1 in Definition 3.1.3). Since such a continuous
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map BT — BT’ is unique up to homotopy (the property 2 in Definition 3.1.3),
we obtain a canonical homomorphism

p* H*(BT :Z) + H*(BT' : Z) (3.3.7)

which does not depend on the choice of the continuous map (3.3.6). The naming
p* makes sense because of the next proposition.

Proposition 3.3.3. The following diagram commutes.
S(t) — H*(BT : 7)
p*T Tp*
S(t%) —> H*(BT' : 7.)
Proof. 1t suffices to check the commutativity of the diagram
t, — = H*(BT : Z)
p*T Td}p
', —— H*(BT' : Z).
Let X : t'7 — Z, then we have the associated vector bundle
ET" x7 Cyxr — BT'. (3.3.8)

By taking the pull back p*(\) : t — Z, we also have the associated vector
bundle

ET XT (Cp*()\/) — BT. (339)

Recall that Bp pulls back the principal T’-bundle ET’ — BT’ to the principal
T’-bundle (3.3.5), i.e., we have a pull back diagram of principal 7’-bundles

ET xp T/ —— ET'

L.

Bp
BT — BT".
So the following diagram of associated complex vector bundles is a pull back
diagram:
(ET XT T/) X (C)\/ — BT X (C)\/

.

BT BT'.

Now, the map

(ET XT T/) X7 Cxr — ET X (Cp*()\/) ; [a,t’,v] — [O(,t/?]]
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is well-defined since
[ag™, p(g)t' W'~ 1] = [ag ™", p(g)t'h' = h'v] = [ag ™", p(g)t'v],

and is an isomorphism as complex vector bundles because each fiber is mapped
isomorphically. Now, we see that the complex line bundle (3.3.9) is isomorphic
to the pull back of (3.3.8) by Bp which completes the proof. O

Remark 3.3.4. As in the proof of Proposition 3.3.2, H*(BT) = Z[y1, - , Yn]
is a polynomial ring where y; = ¢1 (ET X7 Cy,,). In this sense, any T equivariant
cohomology H7(X) is an algebra over the polynomial ring Z[yi, - - - , yn]. Here,
each y; acts on Hx(X) as the multiplication of the first Chern class of the
complex vector bundle

(ET x M x C,,)/T — (ET x M)/T.

3.4 Vietoris-Begle mapping theorem

In some nice situations, Hj(X) and H*(X/G) describe the same ring as ex-
plained in section 3.2.1. In this section, we treat a more subtle situation, and
we will obtain the similar statements in Q-coefficient.

Let Hyq be the Alexander-Spanier cohomology. We refer [46] for the defini-
tion of Hyg and the proof of the following theorem.

Theorem 3.4.1. (Vietoris-Begle mapping theorem) Let f : X' — X be a closed
continuous surjective map between paracompact Hausdorff spaces. Assume that
there exists an integer n > 0 such that Hig(f~'(z)) = 0 for all x € X and
q < n. Then the induced map

Jr i Hig(X) — Hig(X')
is an isomorphism for ¢ < n and a monomorphism for ¢ = n.

Since the Alexander-Spanier cohomology and the singular cohomology are
naturally isomorphic for locally contractible paracompact Hausdorff spaces ([46],
Cor.5, Sec.9, Chp.6), we obtain the similar claim (with an assumption about
locally contractibility for then fibers f~1(x)) for singular cohomology.

Corollary 3.4.2. (Vietoris-Begle mapping theorem) Let f : X' — X be a closed
continuous surjective map between locally contractible paracompact Hausdorff
spaces. Assume that f~'(z) is locally contractible and there exists an integer
n > 0 such that HI(f~*(x)) = 0 for all z € X and ¢ < n. Then the induced
map

£ HI(X) — HY(X')

is an isomorphism for ¢ < n and a monomorphism for ¢ = n.

We apply this corollary to equivariant cohomolgy.
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Proposition 3.4.3. Let G be a compact Lie group acting on a compact manifold
M with discrete stabilizers. Then the projection 0 : EG xg M — M /G induces
a ring isomorphism

0" : H*(M/G;Q) — H(M; Q).

We can prove this by using Vietoris-Begle mapping theorem (Corollary 3.4.2)
directly, but this Proposition follows from the following more general statement.

Proposition 3.4.4. Let M be a compact manifold with a smooth action of a
compact Lie group K. Let G C K be a closed normal subgroup that acts on
M with discrete stabilizers. Then the projection 8 : M — M/G induces an
isomorphism as H*(B(K/G); Q)-algebras

0" : H}/g(M/G»Q) — H}'}(M,Q)

where the ring Hj,(M;Q) is an H*(B(K/G);Q)-algebra via the induced map
H*(B(K/G);Q) — H*(BK; Q).

Proof. Let R := K/G. We will show that 6* : Hi(M/G;Q) — Hi(M;Q) is
a ring isomorphism for each i > 0. Let EK — BK and FR — BR be universal
principal bundles for K and R, respectively. Since K is a compact Lie group, K
can be embedded into U(k) for a sufficiently large k as a closed subgroup. Let
Vien = Vin(C) be the Stiefel manifold of univtary k-frames in C¥*". Then,
K acts on Vj ,,(C) freely, via this embedding G — U(k). Hence the quotient
map Vi, — Vin/K is a principal K-bundle. Now we obtain the canonical
isomorphism

‘b:H;((X%Q)%Hi(Vk,n xg X;Q) foralli<n.

as in Example 3.2.7. In the following, we fix i € Z arbitrary, and take a suffi-
ciently large n(> 7).

There exists an equivariant continuous map FK — ER with respect to the
quotient homomorphism K — R. Since Vi, — Vi /K is a principal K-bundle,
there is a K-equivariant continuous map Vi, — EK by the universality of
EK — BK. So the composition map ¢ : Vi, = EK — ER is also equivariant
with respect to the quotient K — R. Denoting the natural maps as

0:FEK xx M — ER x (M/G)
Qn:Vkm XKM%ERXR(M/G),

the diagram of pull backs

Hy(M/G; Q) —— Hic(M;Q)

H (Vi X M;Q)
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is commutative (see (3.3.1) in section 3.2.2). Since ¢ is an isomorphism, it
suffices to show that 6 is an isomorphism. Observe that we can write 8,, = fos
where

§:Vin Xk M = ERXp (Vikn xag M) ; [a,z]x — [p(), [o, ] R,
fiERxg (Ven xg M) = ER xg (M/G) ; [B,[o,2]c]r + 8, []c] &

It is easy to see that s is a section of the ER-bundle g : ER xg (Vi X M) —
Vien Xk M sending [8, [, ]g]r — [, x] k whose fiber is the contractible space
ER. Therefore s* is an isomorphism ([14], 1.5 (c¢) and 3.2). On the other hand,
the preimage of f at [, [z]g]r is homeomorphic to Vi /G, where G, is the
isotropy of the G-action at € M. Then we have

HP(Vin/Ge;Q) =0 for 0<p<n (3.4.1)

(we can use Theorem 5.30 in [30] with Theorem 5.8 and the comment in Example
1in p. 250 to prove this claim). The projection f': Vi, Xxg M — M/G is a
closed map since it is a map from a compact space to a Hausdorff space (here,
Vi is the set of unitary k-frames in C**™). This implies that f is a closed
surjection, by chasing the following commutative diagram of projections

ER x (Vi xo M) —T L R (M/G)

| |

ERXR(Vk’n X(;'M) ERXR(M/G)

where the vertical maps are closed since R is compact (c.f. Proposition 1.58
in [30]). Observe that M/G is locally contractible because of the equivariant
tubular neighborhood theorem. Hence, ER X (Vi n Xg M) and ER xr (M/G)
are locally contractible, paracompact Hausdorff spaces. Also, Vj /G, is locally
contractible again by the equivariant tublar neighborhood theorem. Together
with (3.4.1), Vietoris-Begle mapping theorem (Corollary 3.4.2) shows that

[ H(ER xg (Vi xa M); Q) = H'(ER x g (M/G); Q)
is an isomorphism since n > ¢. Finally we conclude that
05 : Hy(M/G;Q) — H (Vi xx M;Q)

is also an isomorphism because 6, = f o s. O

3.5 Equivariant classes of invariant subvarieties

In this section, we will construct equivariant cohomology classes associated to
irreducible invariant subvarieties of non-singular quasi-projective varieties. Each
of those classes is supported on the corresponding subvariety. Throughout this
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section, we assume that G is a compact connected Lie group, and H* always
denotes the singular cohomology over Z. We emphasize that ambient varieties
need mot to be projective.

Here, we summarize the results. Let G be a compact connected Lie group
acting on a non-singular quasi-projective variety X in which each element of
G acts on X as an automorphism of a quasi-projective variety. Let V be a
G-stable irreducible subvariety of X. We will construct the G-equivariant class
[Vlg € HE(X) which is supported on V' (strictly, the Borel construction of V).
This satisfies the following property; for any G-invariant non-singular Zariski-
open set U C V, the restriction map

He(X) = Hg(U)

sends [V]g to the G-equivariant Euler class of the normal bundle of U in X.

3.5.1 Equivariant Thom isomorphism

Let G be a compact connected Lie group, N a complex G-manifold and M
a complex G-submanifold of N of codimension ¢ which is a closed subset of
N. Then the normal bundle F' of M in N is a G-equivariant complex vector
bundle. Since G is a compact Lie group, there exists a G-equivariant tubular
neighborhood U of M with an identification (equivariantly) with F. That is,
we have an equivariant open embedding F — M whose image is U. Note
that this induces an open embedding Fg — Mg whose image is Ug where
Mg = EG x g M is the Borel construction of M and similar for others. We call
Ug a tubular neighborhood of Mg in Ng, though Mg and Ng are not finite
dimensional manifolds. Since Fg is a complex vector bundle of rank 2¢ over
My, we have the Thom isomorphism

HG(M) = H' (Mg) — H'(Fg, Fo\Mg) = HG (F, F\M).
Now we have a sequence of isomorphisms:

Hiy (M) 28 HEP2(F, F\M) — H52¢(U, U\M) “E2" gir2e(N, N\(M). |
3.5.1

Lemma 3.5.1. The isomorphism (3.5.1) does not depend on choice of equiv-
ariant tubular neighborhood U .

Proof. Suppose that we have G-equivariant tubular neighborhoods of M in N
¢:E— N, and ¢ :E— N.
Here is a diagram which we want to show its commutativity:

HE,(M) 222 fid2e (B, B\M) <2— HEF2(N, N\M) (3.5.2)

: :

Hi(M) 2% giv2e(p g\ M) <2 HIP2¢(N, N\M)
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Since G is a compact Lie group, there exists a positive integer p such that G
can be embedded as a closed subgroup of the unitary group U(p). Let V,, ., :=
V,.m(C) be the Stiefel manifold of unitary p-frames in CP*™. Then G acts
freely on V,, ,, via the inclusion G < U(p) Consider M,, := V, ,, Xxg M for a
sufficiently large m, and similar for N,,, U,, and F,,. Observe that M,, and N,,
are finite dimensional smooth manifolds (they may not be complex manifolds).
Also, F,, is a complex vector bundle over M, of rank 2¢ which coincides with
the codimension of M,, in N,, as real manifolds. The maps ¢ and ¢’ obviously
induce tubular neighborhoods

¢m i By — Ny and ¢, B, — Ny,

of M,, in N,,. By the uniqueness theorem of tubular neighborhoods, there
exists an isotopy (of embeddings) ¥ : R x F,, — N, and an isomorphism
A: E,, — E,, of complex vector bundles such that ¥ = ¢ and ¥; = ¢’ o A
(See Lang, Differential Manifolds, IV-6, and the construction of A\). Hence we
obtain a commutative diagram

Hi(M,,) —2% fit2e(E,, | B\ M) O Hi*2¢(N,,, N,\M,,)  (3.5.3)

idI AT: idI

Hi(M,,) —2% [it2¢(B,, B\ M) I H+2¢( Ny, N\ My, ).

Between the diagram (3.5.2) and (3.5.3), we have the isomorphisms Hj ¢(M) =
H2¢(M,,) etc for a sufficiently large m, constructed in Example 3.2.7. It is
easy to see that these isomorphisms commute with ¢* and ¢'* (see section
3.3). They also commute with the Thom isomorphisms in (3.5.2) and (3.5.3) by
considering the Thom isomorphism of the complex vector bundle

(EG x V,(C™)) xg M + (EG x V,(C™)) xg E
since this vector bundle is given by both of the pull backs of the vector bundles
EG Xa M + EG Xa F and Vp((Cm) Xa M + Vp((Cm) xa F.

by the maps induced by projections EG x V,,(C™) — EG and EG x V,,(C™) —
Vp(C™), respectively. Combining all the commutativity, we obtain the commu-
tativity of the diagram (3.5.2). O

By this lemma, we obtain a canonical isomorphism (constructed as above)
o P HE(M) — HEP¢(N, N\M). (3.5.4)

which is determined only by the equivariant closed embedding M — N.

If M is connected, then we obtain Z = HY%(M) = H2(N,N\M). So
HZ(N,N\M) has a canonical generator called orientation class which corre-
sponds to the unit 1 € Hg(M). Considering the special case that N is a G-
equivariant complex vector bundle over M, we see that this naming is reasonable
because (1 is nothing but the equivariant Thom isomorphism.
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Backing to the original situation, let N be a complex G-manifold and M a
complex G-submanifold of N which is a closed subset of V.

Proposition 3.5.2. Consider

HE(M) 2% HEP(N, N\M) — HZ (M)

where the right-map is the restriction map. This map is given by the cup product
with the equivariant Euler class xg(E) of the normal bundle of M in N.

Proof. Take an equivariant tubular neighborhood U of M in N. We have the
following commutative diagram

HE(M) 2% HEF?(B, E\M) — H5(U,U\M) <— H4 (N, N\ M)

S

HE )

where sg : M — (E,E\M) is the zero section of the normal bundle. The
composition of the horizontal maps is the canonical isomorphism ;. Now the
claim follows because the pull-back of the equivariant Thom class by the zero
section sg is the equivariant Euler class. O

Let W be a G-invariant open subset of M, and set P := M\W. Then N\P
is a complex G-manifold, and W is a complex G-submanifold of N\ P which is
a closed subset of N\P. So we have the canonical isomorphism

N\P ; i+2c
" HE(W) — HE?(N\P, (N\P)\W).
Lemma 3.5.3. The following diagram is commutative:

N
Hi (M) —22— HIF2¢(N, N\M)

|

Pw

HE(W) —— Hg¢(N\P, (N\P)\W)
where the vertical maps are restriction maps.

Proof. Let ¢ : ' — N be a G-equivariant tubular neighborhood of M in
N where F' is the normal bundle of M in N. Since ¢ is inejctive and sends
P(C M C F) bijectively onto P(C N), the image of F|w = F|ynp = F\F|p
has no intersection with P(C N). So, we obtain a map

Flw — F % N\P, (3.5.5)
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and this is a G-equivariant tubular neighborhood of W in N\P. Let U be the
image of ¢ and Ul the image of (3.5.5). Now, consider the following diagram:

Thom

HE,(M) HL24(U, U\M) H5P4(N,N\M)

| |

HE(W) P25 HEP2 Uy Ul \W) —= HE24(N\P, (N\P)\W)

where the vertical maps are restriction maps. It suffices to show that this
diagram commutes.

The right box is commutative since the maps are all induced by inclusions.
For the left box, the middle vertical map sends the equivariant Thom class of
F to the equivariant Thom class of F'|y because F|y is the pull back of F' by
the inclusion W < M. Hence it also commutes. O

3.5.2 Equivariant class of invariant subvarieties

Let G be a compact connected Lie group, X a quasi-projective variety with
G-action where each element of G serves as an automorphism of the algebraic
variety X, and V a G-subvariety of X. We consider singular equivariant coho-
mology of these varieties with respect to the Euclidean topologies. Note that a
subvariety may not be irreducible in our convention.

Proposition 3.5.4. If X is non-singular, then we have

7o (if i = 2¢)

He(X, X\V) = {0 (if i < 2c¢)

where r is the number of d-dimensional irreducible components of V. (d =

dim V).

Proof. We first show the claim for the case V' is non-singular and pure-dimensional
(for arbitrary non-singular ambient space X). In this case, V is a complex G-
submanifold of X with r connected components. So we have the canonical
isomorphism ¢ir (see (3.5.4)) :

HE (X, X\V) &5 HG (V)
Since E'G is connected, we have

- 7% (ifi—2c=0
Hi?(V) = (if s ~2c=0)
0 (if i — 2¢ < 0).
This shows the claim for the case V' is non-singular.
Next, we prove the claim for general V' by induction on the dimension of V.
We first consider the case dimV =0 (i.e. ¢ = dim X). Since V has r irreducible
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components, we can write V = {z1,--- ,xz,.}. Here, each z; is a G-fixed point
since G is path-connected. In this case, V' is non-singular, and we obtain

HG (X, X\V) = @ Hg () =

7o (if i —2c =0)
0 (ifi—2c<0)

where the middle map is the canonical isomorphism (see (3.5.4)). Now we
consider the case dimV > 0. Let Z(C V) be the union of the singular locus of
V and all irreducible components of V' of dimension smaller than d = dim V.
Then obviously Z is a G-invariant subvariety of X satisfying dim Z < dim V.
By induction hypothesis, we have

I (A A
where ¢z := dim X — dim Z. Observing 2c¢ < 2c¢z, the long exact sequence
s HA(X, X\Z) — HE(X, X\V) — HE(X\Z, X\V) — -+~
for a triple (X, X\Z, X\V) gives the following isomorphism
HL(X, X\V) — HL(X\Z, X\V) (i <2¢). (3.5.6)
Since V\Z # 0, it is not hard to check

X\Z is a non-singular quasi-projective variety, and
V\Z is non-singular irreducible pure dimensional subvariety of X\Z, and
X\V = (X\2)\(V\Z) (since Z CV C X).

Moreover, the irreducible components of V\Z are exactly given by the restric-
tions of the d-dimensional irreducible components of V' (d = dim V'), that is,
V\Z has r irreducible components. Also, we have

dim(X\Z) =dimX and dim(V\Z)=dimV.

Hence, by the claim for non-singular irreducible pure-dimensional subvarieties
(which we have already proved), we obtain

7o (if i — 2c = 0)

HG(X\Z, X\V) = Hg(X\Z, (X\Z)\(V\Z)) = {o (if i — 2¢ < 0)

Combining with the isomorphism (3.5.6), the claim is proved. O

In the rest of this section, we assume that

e X is non-singular in which G acts smoothly, and
o V is irreducible ( dimV = d and codimV = ¢ ).
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Let S be the set of singular points of V', and put V° := V\S and X° := X\S.
In the proof of the previous lemma, we proved that the restriction map

HE(X, X\V) — HE(X°, X°\V°) (3.5.7)
is an isomorphism. Composing with the canonical isomorphism cp%fj , we obtain
an isomorphism

Xx©

HX(X,X\V) — HE(X°, X°\V°) &2 HY(VO). (3.5.8)

Definition 3.5.5. The G-equivariant refined class ny € HZ (X, X\V) is de-
fined to be the element which is mapped to 1 € H, g(Vo) under the isomorphism
(3.5.8).

Note that, if V' is non-singular, the refined class 7y is nothing but the G-
equivariant orientation class discussed in section 3.5.1.

Definition 3.5.6. The G-equivariant class of V in X, denoted by [V]g, is the
image of 7y under the restriction map HZ*(X, X\V) — HZ(X).

Let U be a G-invariant Zariski-open subset of X. Then U is a non-singular
quasi-projective variety. Also, Vi := V N U is irreducible G-subvariety of U of
codimension c.

Proposition 3.5.7. Under the restriction map H¥ (X, X\V) — HZ (U, U\Vy),
the equivariant refined class nyv is mapped to the equivariant refined class nvy, .

Proof. For brevity, we write W := V N U(= Vy). Let S C W be the set of
singular points of W, and put U° := U\S’ and W° := W\S’. We have

S'=8SNnW=8nU
where the right equality holds because S C V. Hence, we obtain W° C V° since
We=W\S' = VnU\SNU)=(V\S)NU=V°nU cCV°. (3.5.9)

Now, consider the following diagram:

HZ(X, X\V) — H2(X°, X°\V°) <= HY(V°)
| }
HE (U, U\W) — HZ(U°, U°\W°) <> HY,(W°)

where the vertical maps are the restriction maps. Since W° C V°, we define
D°(C V°) by the condition

Ve =W°I[D°® (as sets).
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Then we have U° N D° = () because
Uenve=(U\S)N(V\S) c (U\S)NV =(VNnU))\S =W\S =w°.
Noticing that
(XADINW?® = X*\V®,
U° C X°\D°

(where the second assertion follows since U° = U\S" = U\(SNU) = U\S C
X\S = X° and U° N D° = (), consider the following diagram:

HE (X, X\V) HE(X°, X°\V?)

| o |

HZ(X°\D, (X°\D°)\W°) <= HO,(°)

| .l

HE (U, UN\W) ———— HZ (U, U\W?°) <————— Hg(W°)

where the right-top diagram is exactly the one in Lemma 3.5.3 (and hence it is
commutative) since

V° is a closed set of X°,
W*° is an open set of V° (see (3.5.9)),
W?° is the complement of D° in V°.
Our goal is to show that this diagram is commutative. The left box is obviously
commutative since all the maps are induced from inclusions, and so is the right-
top diagram because of Lemma 3.5.3.
We show the commutativity of the right-bottom box. Recall that we have

U° C X°\D° C X°. Since U° and X°\D° are open subsets of X°, we obtain
that U® is open in X°\D°. So we see that

U*® is an open set of X°\D°.

Hence, by of the construction of the canonical map in (3.5.4), the composition
u° -
HE(W®) 25 HE(U°, US\W®) “E" HE(X°\D®, (X°\D°)\W°)

is exactly the canonical map wﬁi\[’o t HA(W°) — HZ(X°\D°, (X°\D°)\W°).
This completes our proof. O]

Corollary 3.5.8. If Viy is non-singular (i.e. Viy C V\S), then the restriction
HE(X) — HE(Vy) maps Vg to the equivariant Euler class xa(Ev, ), where
Ey,, is the normal bundle of Viy in X.
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Proof. We have the following commutative diagram:

HE(X, X\V) — HE(X)

| LN

He(Vy) — HE (U,U\Vy) — HE(U) — HE (Vu).

Proposition 3.5.7 shows that [V]g is mapped to [Vy]g by the right vertical
map. Since Vy is non-singular by the assumption, the restriction HE(U) —
HE(Vy) maps [Vyle to the equivariant Euler class x(Ev,, ) by Proposition
3.5.2. Observe that the normal bundle of V; in U is the normal bundle of Vi,
in X since U is an open set in X. O

3.5.3 Behavior under group homomorphisms

Let X and G as above. Let K be a compact connected Lie group. Suppose that
we have a homomorphism ¢ : K — G as Lie groups. Then K acts on X via ¢.
We obtain the pull back homomorphism ¢* : H(X) — Hj (X) as constructed
in section 3.3.

The G-invariant irreducible subvariety V' C X defines the G-equivariant class
[Vle € H:(X) as above. Since K acts on X via ¢, K acts on X smoothly and
each element of K preserves the structure of algebraic variety X. The subvariety
V is also K-invariant, and there is the K-equivariant class [V]x € Hj (X).

Proposition 3.5.9. ¢*([V]g) = [V]k-

Proof. By the definition of equivariant classes of subvarieties, it suffices to show
that the G-equivariant refined class n{, is sent to the K-equivariant refined class
77{,( under the map

HE (X, X\V) = Hig (X, X\V).
With the notation in the previous section, this suffices to check that the map
HZE(X°, X°\V°) — H¥(X°, X°\V°)

sends the G-equivariant orientation class of V° to the K-equivariant orientation
class of V°. This suffices to show that the following diagram is commutative

XO
0 Pve

HEG(V®) —— HE(X°, X°\V°)

e

X
HY (V) % HE(X°, X°\V°)

because the G-equivariant orientation class is the image of 1 € H2?(V°) and
similar for K-equivariant orientation class. By the definition of the canonical
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isomorphisms go%fj , it suffices to show that the following diagram commutes

HQ.(V°) T H2¢(N°, N°\V°)

Thom

Hy (V) === Hi¢(N°, N°\V?)

where N° is the normal bundle of V° in X°. This is equivalent to show that
the map

HE(N°,N°\V°) — H#¥(N°,N°\V°) (3.5.10)

sends the G-equivariant Thom class to the K-equivariant Thom class. Consider
the following commutative diagram.

EK xj N° —= EG xg N°

| l

EKXKVOHEGXGVO

This is obviously a pull back diagram of complex vector bundles. Hence (3.5.10)
sends the G-equivariant Thom class to the K-equivariant Thom class, as desired.
O

3.5.4 Behavior under equivariant morphisms

Let G be a compact connected Lie group. Let X and Y be non-singular quasi-
projective varieties in which each element of G acts as automorphism of the
variety. Let F' be an irreducible quasi-projective variety in which each element
of G acts as automorphism of the variety. A G-invariant irreducible subvariety
V' C X defines the G-equivariant class [V]g € HE(X) as above. Let f : Y —
X be a G-equivariant fiber bundle. Then it follows that f~'(V) C Y is an
irreducible G-subvariety since the fiber F' is irreducible. So we have the G-
equivariant class [f~1(V)]g € H5(Y).

We assume that f is equivariantly locally trivialized. That is, for each point
x € X, there exists a G-invariant open neighborhood of x in X and a G-
equivariant isomorphism ¢ : f~1(U) — U x F where G acts on the target in an
obvious way. Under these assumptions, we have the following.

Proposition 3.5.10. [f~ (V)¢ = f*([V]a).

Proof. By the assumptions, Proposition 3.5.7 ensures that it suffices to assume
that the bundle f is a trivial bundle. That is, denoting the fiber by F', we can
write f as the projection

[ Y=XXF—=>X (z,9—x
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where G acts on Y = X x F' in an obvious way. Also, by the isomorphism (3.5.7)
and the construction of the equivariant classes of subvarieties, Proposition 3.5.7
ensures that V' C X is non-singular. Hence, again by Proposition 3.5.7, we can
assume that X is the normal bundle of V' in X and Y = X x F' is the pullback
bundle of X by by the projection V' x F' — V. Now our claim follows from the
naturality of the equivariant Thom classes with respect to pullbacks. O

3.6 GKM theory for torus actions

In this section, we study a combinatorial presentation of a torus equivariant
cohomology developed by Goresky-Kottwitz-MacPherson ([20]). This presenta-
tion will allow us to do elementary computations on the equivariant cohomology.
In this section, the cohomology H* = H*( ;Q) is of rational coefficient unless
otherwise specified.

3.6.1 GKM theory for a general setting

Let T = (S1)" be the n-dimensional torus acting on a locally contractible,
Hausdorff space X. We also assume that

(i) X is compact, and
(ii) H3(X) is a free module over H*(BT)
where H7 is the singular T-equivariant cohomology. Denote

Xo := {[z] € X | corank T},; = 0} = X7,
X1 = {[z] € X | corank T}, < 1}

where X7 is the fixed point set of the T-action. There exists a natural iso-
morphism between the Cech cohomology theory and the singular cohomology
theory for any closed pair of locally contractible, paracompact, Hausdorff spaces.
Thus, the results in [10] applies for the singular T-equivariant cohomology: the
restriction map Hiy(X) — Hiy(Xo) is injective, and so is the connecting ho-
momorphism H}(X, Xo) — Hi5(X1,Xo) of the exact sequence for the triple
(X, X1, Xo) because of the second assumption above. Combining the exact se-
quences for the pair (X, X) and the one for triple (X, X7, Xj), we obtain the
following exact sequence.

Proposition 3.6.1. Under the above assumptions, the following sequence (of
coefficient in Q) is exact:

0= Hi(X) 5 Hi(Xo) S HIY(X4, Xo)

where the middle map is the restriction, and the right map is the connecting
homomorphism of the exact sequence for the pair (X1, Xo).
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We now make some additional assumptions on the T-action on X:
(iii) #Xo and #{connected components of X; — Xy} are finite, and

(iv) for each connected component E of X; — Xy, its closure E is given by
E U {z,y} where z,y € X — E, and is homeomorphic to the complex
projective line P!, and

(v) the T-action on restricts on P! — {co} = C (by [2,1] — z) through the
above homeomorphism, and is identified with the (complex) representation
of T

By Proposition 3.6.1, we have
Im:* = Kerd. (3.6.1)

Consider the inclusions iy : {2, yx} < Xo and jx : (Ex, {7k, yr}) — (X1, Xo).
Then we obtain a commutative diagram

H(Xo) ——2—— H:M (X, X) (3.6.2)

@ki,*;l J/eakj,:

* ®x I * T
S Hy ({zk, yn}) —= @kHT+1 (Ek-, {xlmyk}) .

Combining the assumptions (iii)-(v) with (3.6.1), we obtain the following,.
Proposition 3.6.2.

Kerd = Ker(&,0), o @xif) = (&rif) ! (@xKerdy) = (1)(i) "' Kerdy
k

Proof. We prove the left equality. Other equalities can be checked by direct
calculation. It suffices to show that, in the diagram (3.6.2), the right vertical
map @j; is an isomorphism. Let Eq,---, E; be the connected components of
X1\ Xo. We first fix 1 < k < I. Let us write By, = Ey U {xy,yx}. We have a
homeomorphism ¢y, : E;, — P'. For each i such that z; € E;, we define

Dy(ay) = {@;1{[1 cw] €P ] w| <} if pi(ay) =[1:0],
i o [z 1] € P | |w] <¢}  if pia) =[0:1]

where ¢ > 1 is a real number, and define D;(y) similarly. Define, for each j,
Ap = {1 w] € P 1/M < Jw| < M},
0 ifi =k,
i (2k) U Dj (yr) if i # k and xy, yx, € Ej,
(k) if z, € Ej and yy, ¢ Ej,
i (Yrk) if 21, ¢ E; and yi, € Ej,

D
Bj = D
D

Ej if Tks Yk %FJ
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Let us denote

Y; ::Xl—UBj, Yy = X; — A
J

(here, Y7 and Y, depend on k).

}/2:

Figure 3.6.1: The case k = 2

Since Ay and the finite union |J, By are compact, Y; and Y5 are open in X;
(recall that X is assumed to be a Hausdorff space). The condition (v) shows
that T-action on X restricts on A and By. Also define

Fy = {xp, yi}, Fy := X,.
Observing that X is a finite set,
idYe=X;, FiUF =Xy

are T-invariant open coverings of X; and Xy. So we have the Mayer-Vietoris
exact sequence :

s — H;(Xl,Xo) — H%(Yl,Fl) @H;«(Yl,Fl) — H;«(Yl ﬂYQ,Fl ﬂFg) — e

By assumption (v), we identify the corresponding T-action on P! — {oo} with
the the representation given by a weight in Hom(7', S'). This is possible since
irreducible (complex) representations of S' are all one dimensional given by a
weight function. So, by shrinking T-equivariantly, we have

Hi(YiNYs, Py N Fy) = HA(Fy, Fy) = 0,

Hi (Y1, Fy) = Hy (Ex, {zk, ur})
H’}(YVQa FQ) = H'}: (Xl - EkHXO) .
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Hence, the exact sequence splits into

o

H7 (X1, Xo) = H} (Ex, {zr,yx}) ® H} (X1 — Ex, Xo) -
Continuing this process, we obtain
Hp(X1,Xo) = &pHy (Er, {zk, yi}) © Hi (X1 — UpEr, Xo) .
Since we have X; — Uy E, = X by definition, we get
Hi (X1, Xo) = @rHy (B, {zk,yk}) ® Hr (Xo, Xo)
= ®rHy (E» {»Tmyk}) .

Recalling that this isomorphism is just a direct product of the homomorphism
induced by inclusions, we complete the proof. O

For an one-dimensional orbit Fj, we have a homeomorphism ¢y : F S p!
by the assumption (iv). Let T} be the isotropy subgroup of a point in Fj
(which dose not depend on this point), and let tx be its Lie algebra. Also, let
tp = Q@ t7(C t7).

Proposition 3.6.3. Under the identification H7.(pt) = H*(BT) = Sym(ty),
we have

Kerdy = {(f,g) € Sym(y) & Sym(ts) | fly, =gl }.  (363)
Proof. Consider the long exact sequence of the pair (Eg, {Zr, yx});
= HY(Br) = B (o) ® Hi(ye) % HE™ (Br {anam)) > -

Recall that {zy,y.} is the T-fixed point of the T-action on P! by assumption
(v). Since H°44(P') = 0, the equivariant cohomology H%(E}) is a free module
over H*(BT). This shows that the left map is injective by Proposition 3.6.1.
Also, by the Serre spectral sequence, we have H99(E},) = H944(Pl) = 0. Hence,
the above sequence splits into the following short exact sequence

- i —
0 — H(By) — Hf(xx) ® Hi-(yr) = HE ' (Br, {zx, yr}) = 0.
Next, consider the Mayer-Vietoris exact sequence;
<= HL(E,) - HLU)® HL(V) = HL(UNV) = -+

where U := Ej, — {z}} and V := Ej, — {y;} are T-invariant open subsets of
E, = P'. By the same reason, this sequence also splits into the following short
exact sequence

0— H}(Ey) — H}(U) ® HL(V) —» HL({UNV) = 0.
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Now, considering the homomorphisms induced by the inclusions, we obtain

- 5 .
0 — HL(Ey) — Hi(xr) ® Hi(yx) — H%H(Ek, {zp,yx}) —=0

| |

0 —— Hi(Ey) — Hp(U) © Hi(V)

HL(UNV) 0
Since the two horizontal sequences are exact, we obtain a homomorphism HZ.(UN
V) — HE (B, {1, yr}). This map is in fact an isomorphism since the the
other vertical maps are isomorphism (since {0} — U is a T-homotopy equiva-
lence). Now, by chasing the diagram, we obtain

Ker [H%(xk) @ H? (yk) HE (Br, {wk, vk })
= Ker [H ) @ Hi(yx) 25 HE By, {2, mi}) & HLU N V)}
= Ker [H% o) ® H () & HL(U) & HA(V) — HA(U N V)}
= Ker [Hi.(x) ® H}(yr) — HF(UNV)].

Here, the last map is ¢ — ¢ where ¥ and ¢ are the homomorphisms induced by
the one-point maps UNV — {ax} and UNV — {yx}.

By the assumption (v), there exists a T-homotopy equivalence S — U NV
where T acts on this S' transitively. So we have a homeomorphism S =
T/K where K is the isotropy subgroup of a point of S'. We have an obvious
continuous map ET Xk {pt} = ET xp (T'/K) sending [v, pt] — [v, [1]] where
1 is the identity element of 7. This is a homeomorphism. In fact, the inverse
continuous map is constructed as follows. Consider a continuous map ET xT —
ET x {pt} by (v,t) — (vt,*). This induces ET x (T/K) — ET xx {pt}
by (v,[t]) — [vt,*]. We finally obtain a continuous map ET xp (T/K) —
ET x gk {pt} by [v,[t]] = [vt,*], and this gives the inverse map. Recalling that

we can take ET as FK, we obtain H}(T/K) 5 Hj (pt). Now the map
Hy (o) 5 HP'(UNV) 5 Hy(51) 5 HP(T/K) 5 H (oY)

Since 1 is identified with the structure map of an H;q(mk)—algebra (i.e. the
multiplication map of equivariant parameters), we see that this composition is
the group-restriction map induced by K — T. Considering similarly for ¢, we
obtain that

Ker {H%(ack) & Hi.(yr) % H%H(Eik’ {7k, yr})

= Ker [Hf (1) & Hf(y) » HE(U N V)]
— Ker [H} (er) & Hj(y) — i (pt)]
= Ker[(f.9) = (/= 9)le
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by Proposition 3.3.3. O

Now, with (3.6.1), we obtain the main theorem. Recall that we let T = (S1)"
be a torus acting on a locally contractible, Hausdorff space X.

Theorem 3.6.4. (Goresky-Kottwitz-MacPherson,)
If the conditions (i)-(v) are satisfied, then the image of the restriction map
H;(X;Q) = Hj(XT;Q) = @xrSym(t}) is given by

{p € @xrSym(ty) [ pler)le. = p(yw)ly, for all k}

where ty, is the Lie algebra of the isotropy subgroup of a point in a connected
component Ey of the 1-dimensional orbits of T.

Remark 3.6.5. In [24], they provide a similar theorem for generalized equiv-
ariant cohomology,

3.6.2 GKM theory for algebraic torus actions

There is a natural situation for Theorem 3.6.4. Let X be a (possibly singular)
complex projective variety equipped with an algebraic action of a complex torus
Tc = (C*)™. Let T = (S')" C T¢ be the real torus. We consider the singu-
lar equivariant cohomology H7(X;Q) with respect to the Euclidean topology.
The condition (i) is obviously satisfied. By Bialynicki-Birula’s T¢-invariant cell
decomposition of X, we have H°44(X;Q) = 0. Hence, the equivariant coho-
mology H3(X;Q) is a free H*(BK;Q)-module, that is, the condition (ii) also
holds. Recall that we denote

XT=Xo={[z] € X | corank Tj,; = 0}, Xy = {[z] € X | corank T}, < 1}.
We now assume that
(a) #Xo and #{connected components of X; — Xy} are finite, and

(b) for each connected component E of X; — Xy, its Zariski closure E is
isomorphic to the complex projective line P! (as algebraic varieties).

Let Eq,---, E; be the connected component of 1-dimensional orbit X; — Xj.
Recall that the automorphism group (as an algebraic variety) of P! is PSLy(C).
So the assumption (b) implies that there are exactly two Tr-fixed points x, and
yr in Fj, and the condition (iv) and (v) is automatically satisfied. Let T} be
the isotropy subgroup of a point in Ej, (which dose not depend on this point),
and let t; be its Lie algebra. Then Theorem 3.6.4 shows the following which is
in fact the original statement provided in [20].

Theorem 3.6.6. (Goresky-Kottwitz-MacPherson [20])
If the conditions (a) and (b) are satisfied, then the image of the restriction map
H3(X;Q) = Hj(XT;Q) = @xrSym(ty) is given by

{p € ©xrSym(ty) | p(zx)le. = P(yk)l, for all k}.
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As the closing of this section, we explain a back ground of this theorem in
equivariant symplectic geometry as follows. Let X be a T¢-invariant subvariety
of a projective space PV equipped with an Hamiltonian Tc-action. Then the
T-action on X is also a Hamiltonian action with a moment map p : X — t*. Let
A € t;, be the weight of the Tr-representation on C = Ej\{xx} (equivalently, —\
is the weight of the Tr-representation on Ej\{yx}). Then A € t; C t* describe
the direction (in t*) of the edge u(E})) of the moment polytope u(X). Also, t;
can be written by

fk:{XEf|)\k(X):0}.
This shows that
H7(X;Q) = {p € xrSym(t)) | p(zx) — p(yx) is divisible by Ay for all k} .

Because of this equality, in many situation, it is easy to see the equivariant coho-
mology H7(X;Q) in terms of the moment graph; the vertex set of the moment
graph is X7, and the edges are the image y1(E}y) of the invariant projective lines
equipped with the label ), € t;, which is the weight of the T-representation on
Ej (this has an ambiguity of signs, but this will not matter when we compute
the equivariant cohomology). Then we can say that the combinatorial data of
the moment graph determines the equivariant cohomology H5(X; Q).



Chapter 4

Schubert Calculus of
Weighted Grassmannians

The cohomology ring of the complex Grassmannian manifold Gr(d, n) has been
attracting mathematicians for several decades. This ring can be calculated very
explicitly, and the Schubert classes play the important roles connecting geome-
try, algebraic topology, combinatorics and representation theory. The Schubert
variety €2 for each Young diagram A (contained in the d x n rectangular box) is
an irreducible subvariety of the Grassmannian Gr(d,n), and their fundamental
classes, the Schubert classes, provides us a Z-module basis of H*(Gr(d,n);Z).
There is a natural question to ask; the number 5, In the product expansion

SaSu = &,y (4.0.1)

where the sum runs over all the Young diagram contained in the d x n rectan-
gular box. Mathematics around these types of coefficients for other spaces (e.g.,
partial flag varieties, Hessenberg vaeities, etc), or other rings (e.g., K-theory,
quantum cohomology, symmetric polynomial ring, etc) is called Schubert calcu-
lus. The most striking phenomenon of this problem which attract mathemati-
cians is the fact that there is a surjective ring homomorphism

R, (GL(d,C)) — H*(Gr(d,n); Z)

where R, (GL(d,C)) is the subring of the representation ring of GL(d, C) gen-
erated by the polynomial representations. In fact, for each Young diagram A,
there is the irreducible representation V) of GL(d,C) whose highest weight is
A = (M, -+, Aq) where each )\; is the number of boxes in the i-th row. As a
matter of fact, they form a Z-module basis of the polynomial representation
ring of GL(d,C), and the tensor product can be decomposed into irreducible
representations

Vi@V, =KV

67
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Here, if A, p and v are contained in the d X n rectangular box, then
= Cxpe

In this sense, the Schubert classes are in an intersection of geometry, algebraic
topology and representation theory.

As a generalization of this problem, Knutson-Tao studied the torus equivari-
ant cohomology H7.(Gr(d, n),Z) of Grassmannians, and gave a beautiful combi-
natorial rule which describes the equivariant Schubert calculus where T' = (S1)"
is the n-dimensional torus acting on Gr(d, n) as the induced action from the stan-
dard T-action on C™. Since each Schubert variety is a T-invariant irreducible
suvariety of Gr(d, n), there is the T-equivariant fundamental class Sy, called the
T-equivariant Schubert calss, associated to this Schubert variety. They used so-
called equivariant puzzle rule to calculate the equivariant structure constants
¢y, with respect to the classes Sy. See [35] for detail.

Recently, Tymoczko ([47]) studied a torus equivariant cohomology of weighted
projective spaces in Z-coefficient. The weighted projective space wP™ is a very
important example of orbifolds which admit mild singularities. Since they are
singular as varieties in general, there are no nice notion of fundamental classes
(in cohomology) for subvarieties of wP™. In fact, she used a combinatorial
Schubert-type module basis of Hy(wP";Z). On the other hand, Corti-Reid
([11]) defined weighted partial flag varieties which can be thought as an orbifold
version of the partial flag varieties for general Lie type. They provides a class of
orbifolds which can be calculated explicitly. In this chapter, we will study the
equivariant Schubert calculus of the weighted Grassmannian wGr(d,n), where
our definition of Schubert classes is geometric in a sense of orbifolds (or stacks).
This chapter is based on the paper [3] collaborated with Tomoo Matsumura.

4.1 Weighted Grassmannians and weighted Schu-
bert varieties

In this section, we recall the definition of the weighted Grassmannian wGr(d,n),
following [11]. We study the coordinate charts and obtain a quasi-cell decompo-
sition which generalizes the usual Schubert cell decomposition of the ordinary
Grassmannian Gr(d, n). This allows us to define the weighted Schubert varieties
by taking the closure of each cell and also as a consequence, we show that the
odd degree classes of the rational cohomology of wGr(d, n) vanish.

For positive integers d and n such that d < n, let [n] := {1,--- ,n}, and

{i} ={rcClnl [ [\l =d}.

We denote the elements of A by A1, -+, g where Ay < --- < Agq. For A\, u € {},
we define the Bruhat order by: A < p if

A >p;foralli=1,--- d. (4.1.1)
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We define the lexicographic order by: A <je, p if there exists an integer 1 < j < d
such that

A = i for al i < 7 and )\j < - (4.1.2)
An inversion (k,l) of X is a pair of k € X and | ¢ X such that k¥ < I. Let
inv(A) be the set of all inversions of A\. The length I(\) of X is defined to be the

cardinarity of inv(X). For each (k,1) € inv(\), let (k,I)A be the element of {f}
obtained by replacing k in A by l. Let

W= {pe{ ] Anu=d—1}.

Then [A] = [AJ4 T[]~ where [l := {p € [A] | p < A} and A4 = {p € [A] |
p > A}. Note that there is a bijection inv(A) = [A]_, sending (k,1) to (k,I)A.
We say that A covers p if p € [A]— and [(A) = () + 1, and denote A\ — p.

"
[

4.1.1 The weighted Grassmannian

Let C" be the complex n-plane with the standard basis {e;,i € [n]} and A® C"
its d-th exterior product with the induced basis

{6)\ =ex, N /\6)\{17A € {2}}

n
We identify /\d C™ with the coordinate space cld} where each o € /\d cr
corresponds to the coordinate vector (I)‘)AE{Z} with respect to ey’s. We also

denote each coordinate x) by z(A1---\,). Let Tg := (C*)™ and (CX){Z} be
the complex tori acting canonically on C™ and (C{:il} respectively. Consider the
following T-equivariant map

d times

—N—
T xCT o N'C (21, s za) A A Az
where T¢ acts on the domain diagonally and, to the target through the map
p:Tec — ((CX){d} ;o t= (tl,"' 7tn)t—> (t>\ = Hle/\tl),\e{g}' (413)

Let aPl(d,n) be the image of A% which is Tc-invariant.
Let w := (w1, ,wy) € (Z>0)" and a € Z>1. We introduce

wDe = {(t%wrFe ... tdunta) e To |t € C*} and  wRc := Te/wDc.

Note that
p(wD¢) = {(tw*)A € ((Cx){g} ‘ te (CX}, where wy :=a+ Zwl.
lex
In the case when w = (0,---,0) and a = 1, we write D¢ for the diagonal in

(C{Z} and R¢ = Tg/Dc. We denote the corresponding compact real tori in the
complex tori by T, wR,wD, R and D respectively.
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Definition 4.1.1 (Corti-Reid [11]). Let aPl(d,n)* := aPl(d,n) — {0}. The
weighted Grassmannian wGr(d, n) is the projective variety with at worst orbifold
singularities, given by

wGr(d,n) := aPl(d,n)* /wDc¢.

The quotient torus wR¢ acts on wGr(d,n). The ordinary Grassmannian Gr(d, n)
is the special case when w; = -+ = w, = 0 and a = 1, i.e. Gr(d,n) =
aPl(d, n) x /Dc.

Remark 4.1.2. In [11], the C*-action which defines wGr(d,n) as a quotient
of aPl(d,n)* is actually given by the map C* — p(wDc), t — (t**),, but
obviously it defines the same algebraic variety.

4.1.2 The Charts for aPl(d,n)* and wGr(d, n)

Extend the notation z(lq,---,l;) to any (not necessarily increasing) sequence
(I3, -+ ,1q) of integers in [n] by the rule
il'(ll, e 7lp7lp+17 e 7ld> = —(E(ll, e ulp+17lp7 e 7ld)

for any integer 1 < p < d — 1. It is known that aPl(d,n)* is a non-singular
quasi-projective variety in cldt - {0} defined by of the Plicker relations (c.f.

[34]): for any sequence of integers 1 < jyi, -+, Ja—1, 1, ,lar1 < n,
d+1 _
> D) T G daen a, Gy la) = 0. (4.1.4)
i=1

Consider the following T¢-stable open neighborhood of ey in aPl(d, n)*:
aU» := {z € aPl(d,n)* | z) # 0} .

It is clear that aP1(d,n)* is covered by alU’s, and moreover we have the natural

Te-equivariant coordinates on each al/*. Let CM be the subspace of Cld}
corresponding to the subspace generated by {e,,n € [A]} and consider the
natural projection

Yy:alUr 5 CX xC 5 2 (zx, () pey)) - (4.1.5)

This is a Tg-equivariant homeomorphism where Tt acts on the target through
the map

pa: Te — (@A 5 € x (@ s (b, () pep)-

Indeed, the inverse of ¢ is constructed as follows (c.f. [34, p.1065]). For each
i=1,---,dand [ € [n], let

FTCYRETD VIRT) VIRUS W)
T

pi(l) =
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and consider the vectors p; := >.;'  pi(l)e, € C". The numerator of each
coefficient is +x, with p € [A] if I € {A1, -, Ag}\{ N}, @x if | = A;, and zero
otherwise. Thus we can define i by assigning y := x p1 A -+ A pg to each
&= (zx, (Tu)pepy) € C x CH. 1t is straightforward to check that y, = z,
for all p € [A] and yy = zy, i.e. Yr(y) = 2.

Passing to the quotient, we obtain the natural wRc-equivariant affine charts
of wGr(d,n). Let

wU? := aU> /wDc.
Then 1) induces a homeomorphism
Py s wU =5 (C* x CM)/pa(wDe) = CH /Gy,

where G is a finite cyclic subgroup of (C*)N given by

Gr = {(t" ey € () | te X and ¢ =1}
4.1.3 The Schubert cell decompositions and Schubert va-
rieties
Consider the (CX){Z}—invariant decomposition of cldy - {0}
clit —{o1:= I o
re{i}
where

Cy = {xEC{g} —{0}’;3)\ #0 and z, =0 for all p >, )\}.

By restricting the above decomposition to aPl(d,n)*, there is the Tr-invariant
decomposition

aPl(d,n)* = H a0y where aQg :=aPl(d,n)* NC). (4.1.6)

re{d}

Since aPl(d,n)* N Cy C aU?*, we have aQ3 = aU”* N Cy. The following lemma
helps us to describe the image of aQ)§ under the chart 1, (Cor 4.1.4).

Lemma 4.1.3. Let x € aU>. The following are equivalent:
(1) x, =0 for all p e [N_.
(1t) x, =0 for all p >1ep A (i.e. x € aQ25).

(1tt) x, =0 for all p 2 A.
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Proof. Since we have the implications v € [A|- = v >0 A = v 2 A, it is
clear that (#ii) = (i7) = (¢). We prove that (i) implies (iii). Assume (i) and
let v 2 A\. We use induction on the number k:=d—|vNA. Tk=1,v % A
implies v € [A\]-. Thus x,, = 0. In general, choose an integer 1 < s < d such
that v, ¢ . For 1 < i < d such that \; & v, let v := (1\{vs}) U {\;} and
MO = (A\{\i}) U {vs} in {%}. Then we claim that

A £ A or A £ D), (4.1.7)

Indeed, A < X% implies v, < A;, i.e. v® < v. Therefore, together with
A < v it implies » > A. Thus the negation of (4.1.7) leads to a contradic-
tion. Now, consider the Pliicker relation for the sequences vq,--- ,Us, -+, Vg
and.Al,-~-,Ad,uS

T,xy = Z +2,0) T\ (4.1.8)

1<i<d
X; v

where the signs are chosen appropriately according to (4.1.4). Since we have
d— v N\ <d—|vn\ and d—|A® N\ = 1, the induction hypothesis implies
that x,i) = 0 or s = 0 by (4.1.7). Therefore (4.1.8) becomes z,x) = 0.
Since x # 0 by x € aU?*, we have z, = 0. O

Corollary 4.1.4. Under the chart ¥y, we have aQ)§ = C* x CP+ x {0}~

Since the decomposition (4.1.6) is Te-invariants, it descends to the quotient
wGr(d,n) and gives the wR¢-invariant decomposition. We call this decomposi-
tion a quasi-cell decomposition because each “cell” is actually homeomorphic to
a Euclidean space modulo a finite group.

Proposition 4.1.5.

wGr(d,n) = HAE{Z}WQK where w3 := aQ$ /wDc.

Under the chart 1, w3 = N+ /G,

Definition 4.1.6. For each A € {Ij}, we define the Schubert varieties in aP1(d, n)*
and wGr(d,n) as Euclidean closures of a3 and w{23 respectively, i.e.

afly :==af)y and Wl = w3
We will call w)y the weighted Schubert variety corresponding to A.

The next proposition seems well-known but for the sake of completeness we
will give a proof.

Proposition 4.1.7.

afdy = H aQZ.

n>A
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Proof. First, we show af)y C HHZA aQZ. Let x € af)y. Then there exists a
sequence {xn}F_, C aQ such that zy converges to x as N goes to co. By
Lemma 4.1.3, (zn), = 0 for all n # A. Therefore z,, = 0 for all n # A, i.e.
x ¢ aQp for all u #2 X. By the decomposition (4.1.6) of aP1(d,n)*, we obtain
z € [[y<,aQ;. Next, we show aQy D [[,-,a;. If 4 = A, then there is a
covering sequence p = pu® — p*~t — .- — ut — X where s = (i) — I(\). Thus
it suffices to show that a2y D aQ);, for any p such that u — A, ie. for some
1<p<d,

tp=XAp—1 and ps=2Xx; forall ¢#p.

Let y € aQ);,. We construct a sequence {zn}nen C a0 which converges to y
as N goes to oo. For brevity, we omit the index N and write zx = x. Since
any point in aU? is determined by its coordinates of the indexes in {A\}]][)\],
we define x to be the element of all’* uniquely given by

zy:=N"1

2y =y, forallve AN ({u}lu),

Lpga = {y(uh'" 7/Iq7"' ﬂud7a)x(ﬂ17"' vlipa"' 7Md7>\p)
(_1)6+r

_y(Mh 7/Ip7"' ,/J/d7O[)y(/141,"' aﬂq7"' 7/1/d7>\p)} Y
o
where 6 =0 if p < ¢ and § = 1 if ¢ < p, and

qu,a = (_1)T‘T(/~"17"' 7/Iqa"' 7/zpv"' y Hdy Oy )‘p)

for some integer 7 in the extended notation given at Section 4.1.2. Here we have
used the decomposition of [A] into [A] N ({u}]][u]) and

DNEHD) = { pga = {1, Aa, o\ {A} | ¢#p and a € AU {p,} }.

This « is an element of aQ)§ since x,, = 0 for all n € [A\]_ by Lemma 4.1.3. Indeed,
ifn € AJN({p}LI[u]), then n € [u]- so that z; =y, = 0 by y € ald). If n = pg.a,
then pg = A\g < «, ie. {p1,--- g, -, pa, 0} € [u]—. Hence, the first term
of x,, . vanishes. Moreover, if j1, < o, we have {1, -+, fip, - , pta, @} € [u]—,
and if not, py < a < pp, < Ay, we have {p1, -+, g, , td, Ap} € [#]—. In both
cases, the second term of z,, , vanishes.

Since z € aU* by x, =y, # 0, we can compare z and y under the chart .
In fact, ¢, (z) and ¥, (y) coincide except for the A-component, therefore x goes
to y when N goes to oo, as desired. By the definition of x, it suffices to check
that z¢ = ye for any & € ({3 [p])\({A}LI[A]). Observe that £ can be written as
{1, fig,- -, hd, o} where g # p and o ¢ AU {u,}. By the Pliicker relation
for the sequences i1, -+, flg, " , Hp, ", fhds 0 and fo1, -, fp, =, fhds Aps thp,
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we have

1’(/117"' ’/Iq’... 7#d7a)x(u1,... ,ﬂp,-” aﬂda)‘p)
= (—l)d_p+5x(u1,--~ gy s iy »Mda%ﬂp)ﬂf(ﬂh“' iy 7/1'd7)\p)
:x(ﬂl,"' S Hp,y - 7ﬂd7a)x(ﬂla"' Mgy 7,u'da)‘p)
(1)@ gy iy s 0 Ap) T (i, pa)
=y, oty ks Y, figy e Has Ap) + (1), Ly,
:y(,ula”' a,dqa"' ’Mma)x(‘ul,... aﬂpa"’ 7,Ud;/\p)

where we used the definition of z,,_ ., at the last equality. So we obtain

93(,&1,"‘ hdqa"' a:udva):y(:ula"' 7/ZII7"' ,,LLd,()é)

since x(lula"' 7.[ij5"' aﬂd?Ap):iI)\#O' O

The following proposition is a corollary.

Proposition 4.1.8.

wiy = [ wey,

B>

Proof. 1t is clear from Proposition 4.1.7 that w2 D [\, wQ;. Let [z] € wQ,.
There exists a sequence {[z?]}5°, C w23 such that [2!] — [z] as i — co. Lemma
4.1.3 shows mﬁ, =0 for all n # A\. This implies that z,, = 0 for all n # \. Thus
x must lies in w(2;, for some p > A. O

As corollaries, we can also write a)y and w2y explicitly as subvarieties of
aPl(d,n)* and wGr(d,n) respectively.

Corollary 4.1.9. aQ, = {z € aPl(d,n)* | z, =0 for all v # A}. In particular,
the complex codimension of aQly in aPl(d,n)* is the length () of A.

Proof. Let x € aQ)\. By Proposition 4.1.7, z is contained in af)}, for some

p> A If v # A then v # pso that z, = 0 by Lemma 4.1.3. On the other

hand, suppose that z is in the RHS. Then z ¢ af, for all v # A. Therefore

z € [[,5yaQ; = aQy. Finally dimaQy = dimaQ§ = d(n — d) — I(A) by

Corollary 4.1.4. O
The previous corollary immediately implies the following.

Corollary 4.1.10. wQy = {[z] € wGr(d,n) | 2, = 0 for all v # \}. In partic-
ular, the codimension of wQdS in wGr(d,n) is the length l(X) of A.

Remark 4.1.11. The varieties aQ)y is irreducible in aPl(d,n)* since it is a
closure of 25. From this, it also follows that w(2, is an irreducible variety.
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4.1.4 Vanishing of the odd degree

The quasi-cell decomposition in Proposition 4.1.5 allows us to show that the
odd degree of the rational singular cohomology H*(wGr(d,n)) vanishes. As a
consequence, the Serre spectral sequence for the fibration EwR X wgwGr(d, n) —
BwR degenerates at Fs-stage and the wR-equivariant cohomology is free over
H*(BwR). In this paper, all cohomologies are assumed to be over Q-coefficients
unless otherwise specified.

Let us denote H, the Borel-Moore homology over Q. We first quote a lemma
which will be used in the proof of the next proposition.

Lemma 4.1.12. Let D™ be the closed unit disc in R™. Let ¢ : {0} — D™ be
the inclusion. Then v, : H,({0}) = H..(D™) is an isomorphism.

Let ay,- -, am, b be positive integers. Then C* acts on C™ by
g.(zl, e ’Zm) — (galzl, . 7gamzm)

for any g € C* and (21, ,2m) € C™. Let G := {g € C* | g* = e}. Observe
that the Borel-Moore homology H;(C™/G) is defined (C™/G can be realized
by an open subset of wlP(ay,- - ,am,b) which can also be realized as a closed
subset of a projective space PV for some integer N).

Proposition 4.1.13.

Q (i=2m)
0 (otherwise)

Hi(C"/G) = {

Proof. Let D?*™ = {z € C™ | |z| < 1}. Then the G-action on C™ restricts on
intD?>™ since G C S' ¢ C*, and the G-equivariant homeomorphism intD?™ =
C™ defined by

Z (zl/ 1— 22, 7Zm/\/m)

induces an homeomorphism intD?™ /G = C™/G. We calculate H;(intD*™/Q)
in the following.

The Borel-Moore homology H,.(D*"/G) is also defined because D?™/G is
a closed subset of C™/G. Then, we have an exact sequence associated to the
open embedding intD*™ /G — D*™ /G

e — Hz(Dzm/G) — FZ(IHtD?m/G) — Fi_l(Smel/G) i) Fl_l(DQm/G) — e

where ¢ : §?m~1 < D?™ is the inclusion. Since the spaces D*™/G and S*™~1/G
are compact, locally contractible spaces, we have

Q (i=0)

0 (otherwise),

Q (i=0,2m-1)
0 (otherwise).

H;(D*"/G) = H;(D*"/G) = {

Hi(SQm—l/G) o Hi(SQm_l/G) o {
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(see [46, Lem.14, sec.10, chap.6]). Hence, the above exact sequence shows

Q (i=2m)

H,(intD*™ o~
Hi(int D™ /C) {0 (i #0,1,2m).

We prove H(intD*™/G) = Hy(intD?*™/G) = 0. Since we have
0 — Hy(intD*™/G) — Ho(S*™1/G) 5 Ho(D*™/G) — Ho(intD*™/G) — 0,

it suffices to show that Ho(S*™~'/G) © Ho(D?*™/G) is an isomorphism. Recall
that D?™ /G is compact and can be embedded into RM for some M. Without
loss of generality, we can assume that there is a sequence of closed embeddings

{0} = S*™71/G — D*™ /G — D(— RM)

such that the compositions of embeddings coincides with the natural inclusion
j : {0} = D, where D is the closed unit disk in RM and 0 is the origin of R.
Out of this sequence of closed embeddings, we obtain

Ho({0}) = Ho(S*™"'/G) — Ho(D*"/G) — Ho(D)

which coincides with j, : Ho({0}) — Ho(D). Since all the entries in this
sequence are isomorphic to Q, it is enough to show that j, is an isomorphism
which is proved by Lemma 4.1.12. U

Proposition 4.1.14.

i o 1By Q ifiis even,
H(wGr(d,n)) = {O o if i is odd

Proof. The argument of Appendix B in [18] can be applied to the quasi-cell
decomposition, and we obtain

Hi(wGr(d,n)) = P Hi(ws) (4.1.9)
dim wGr(d,n)—2l(\)=1

where H, is the rational Borel-Moore homology. By Proposition 4.1.13, we
obtain

Q ifi=2(\),

] i (4.1.10)
0 if otherwise.

Hi(we}) = H,(CY-/Gy) = {

Hence, we obtain

Q if 7 is even,

IT7 ~ @ imwGr(d,n)— =1
Hy(wGr(d,m)) = {0 e ks odd
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Since wGr(d, n) is covered by the locally contractible charts {wU?*}, we see that
wGr(d, n) is a compact locally contractible space. Hence, the singular homology
and the Borel-Moore homology agree ([46, Lem.14, sec.10, chap.6]):

H;(wGr(d,n)) = H;(wGr(d,n)).

By applying the rational Poincaré duality (c.f. [5, Proposition 1.28]), we obtain
the claim. O

Recall that the rational equivariant cohomology for the wR-action on wGr(d, n)
is defined as the cohomology of the Borel construction, i.e. the total space of
the fibration

wGr(d,n) < EwR x g wGr(d,n) — BwR,

where EwR — BwR is a universal principal wR-bundle with the contractible to-
tal space and EwR X wrwGr(d,n) := (EwRxwGr(d,n))/wR. The pullback of the
projection to BwR defines the H*(BwR)-module structure of H}p(wGr(d,n)).
Since the fiber wGr(d, n) is path-connected, the vanishing of odd degree classes
implies that the Serre spectral sequence of this fibration collapses at Es-stage.
This implies the freeness of H,(wGr(d,n)) as a H*(BwR)-module:

Proposition 4.1.15. As H*(BwR)-modules,
Hp(wGr(d,n)) &2 H*(BwR) ®g H*(wGr(d, n)).

In particular, H}p(wGr(d,n)) is a free module over H*(BwR).

4.2 Equivariant weighted Schubert classes

Recall that T, wRR and R be the real tori in T¢, wRc, Rc respectively. In this
section, we discuss the relations among the rational equivariant cohomologies
Hiy(aPl(d,n)*), Hip(wGr(d,n)), and H}(Gr(d,n)). In fact, they are iso-
morphic as rings, while they are modules over different polynomial rings. In
H:(aP1(d,n)*), there are geometrically defined cohomology classes aSy associ-
ated to the varieties af2y. We define our equivariant weighted Schubert classes
wSy in HYx(wGr(d,n)) as the classes corresponding to aSy under the isomor-
phism.

The quotient maps from aPl(d,n)* to wGr(d,n) and Gr(d, n), and from T to
wR and R, induce the following commutative diagram of the Borel constructions:

ER % Gr(d,n) <— ET x7 aPl(d,n)* — EwR x g wGr(d,n)

| | |

BR BT BwR

By the functoriality, the pullback maps
h* : Hy(Gr(d,n)) — Hy(aPl(d,n)*) and wh*: Hip(wGr(d,n)) — Hj(aPl(d,n)>)
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are homomorphism of rings over the polynomial rings H*(BR) and H*(BwR).
The proof of the following proposition is postponed until after we define the
weighted Schubert classes.

Proposition 4.2.1. The maps h* and wh* are isomorphisms as rings over the
poylnomial rings H*(BR) and H*(BwR) respectively.

Proof. The claim follows essentially from the Vietoris-Begle mapping theorem,
but we need to prepare the description of wGr(d, n) as the quotient of a compact
space by a real torus.

Since the wD-action on C{d} factors through the canonical (Sl){g}—action,
it is hamiltonian with the standard moment map. Since aPl(d,n)* is a wD-

invariant symplectic submanifold of C{g}7 there is the induced moment map
1

1
U :aPl(d,n)* - R ; T =5 z;l dwy|zx|?.
re{id}

For a regular value &, the preimage M := ¥~1(£) is a compact T-invariant
submanifold of aPl(d,n)*. Moreover there is a T-equivariant deformation re-
traction from aPl(d,n)* to M given by the homotopy

F:aPl(d,n)* x I — aPl(d,n)* ; (x,s) — ((s E/U(x) + (1 — SD:EA)AE{Z} .

Thus, the inclusion ¢ : M < aPl(d,n)* induces the isomorphism:
& Hy (M) — Hi(aPl(d,n)™). (4.2.1)

Passing to the quotients, we obtain the wR-equivariant map 7 : M/wD —
wGr(d,n). This map can be shown to be a homeomorphism by a direct com-
putation (See also [32, Theorem 7.4]). Hence, we obtain the isomorphism:

T Hig(M/wD) — Hp(wGr(d,n)). (4.2.2)

Let 0 : ET xo M — EwR Xwr M/wD be a map induced by the quotient maps
M — M/wD and T — wR. Then we have the following commutative diagram.

Hp(wGr(d,n)) — Hx(aPl(d,n)>) (4.2.3)
H (M /WD) ————— H(M)

Thus wh* is an isomorphism if 8* is an isomorphism, which we proved in Propo-
sition 3.4.4. O

lHere we identify Lie(wD) = Lie(S') = R by the map S! — wD(t
(tdw1+a7. .. ’tdwnJra)).
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Definition 4.2.2. Let A € {{j}. Since variety a2y is a closed T-invariant irre-
ducible subvariety in a non-singular quasi-projective T-variety aPl(d,n)*, there
is the T-equivariant fundamental class [a€2]r associated to a2y in H.(aPl(d, n)*
(see section 3.5):

~—

aSy = [al]r € HZ™ (aPl(d, n)*).
We define the wR-equivariant weighted Schubert class by
wSy i= (wh*) "1 (aSy) € HAM (wGr(d, n)).

The equivariant Schubert class Sy for the ordinary Grassmannian Gr(d,n) is
defined as the R-equivariant class associated to the ordinary Schubert variety
Q) as usual. We will see that S maps to aSy by h* in Section 4.3.6.

Remark 4.2.3. As a natural generalization of [15] and [40], H}(aPl(d,n)*)
can be identified with the wR-equivariant cohomology of the quotient stack
[aP1(d,n)* /wDc] and the isomorphism wh* is nothing but the identification
of the (equivariant) rational cohomology rings of the weighted Grassmannian
orbifold stack [aPl(d,n)* /wD¢] and its coarse moduli space wGr(d,n). In these
identifications, aSy and wSy should be regarded as the class associated to the
wR-invariant substack [a$2y/wDc]. It should then coincide with the Poincaré
dual of the cycle [wQ\] up to the multiplicity of the substack [aQy/wDc] in
[aP1(d, n)* /wDc]. We leave this aspect of the theory to elsewhere.

4.3 GKM descriptions and Schubert classes

In this section, we study the combinatorial presentations of Hp(wGr(d,n))
and Hy(aPl(d,n)*), now known as the GKM theory developed in [20]. This
allows us, in particular, to show that the equivariant weighted Schubert classes
wSx, A € {1} form an H*(BwR)-module basis of Hp(wGr(d,n)).

Recall that H*(BT) can be canonically identified with the symmetric alge-
bra Sym(Lie(T)} ® Q) where Lie(T'); is the space of Z-linear functions on the
integral lattice Lie(T)z C Lie(T). Since T = (S)", we identify its Lie algebra
Lie(T) with R™, so that we have the Z-basis {y1, - ,yn} of Lie(T)3 dual to the
standard basis of Lie(T)z. Let

Q[T"] := H*(BT) = Sym(Lie(T)7 ©® Q) = Q[y1, - - -, yn]-

We adapt the same notation for all other tori except that T' is the only standard
torus such that the canonical generators y;’s of H*(BT) are given. The quotient
map T — wR induces the injection Lie(wR)} < Lie(T)} and hence we will
identify Q[wR*] with the image of the induced embedding Q[wR*] — Q[T™].
Similarly we will identify Q[R*] with the image of Q[R*] — Q[T™].

We shall start with the GKM theory for R-action on Gr(d,n) studied in [35].
The R-fixed points in Gr(d,n) are the points [e,] corresponding to the vector
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e, in aPl(d,n)*. We identify Hj([e,]) with Q[R*]. The restriction map to the
fixed points

Hp(Gr(d.n)) = €D QR v (V) e qmy (4.3.1)
ne{d}

is injective and the image is given by

- . a(X) — a(p) is divisible by yx — y,
o= () € @ QR for any A and p such that [ANp|=d—1
ne{d}
(4.3.2)

where y, := >, v; for all p € {G}. Note that yx —y, € Lie(R); since the
linear function y) — y, restricted to Lie(D)z is 0.

Remark 4.3.1. In [35], the authors consider the action of 77 = (S')" on
Gr(d,n) though a map 7" — R. Their presentation is valid in our set-up since
H}(Gr(d,n)) injects to Hi (Gr(d,n)) as rings over Q[R*].

Now we turn to wGr(d, n) and then aPl(d,n)*. The fixed points of the wR-
action on wGr(d,n) are also the points [e,] € wGr(d,n) corresponding to the
vectors e,. We can naturally identify H},(le,]) = Q[wR*] and so we have the
restriction map

wr(WGr(d,n)) — € QwR*], v~ Vi) ey (4.3.3)

ne{id
For aPl(d,n)*, we restrict Hy(aPl(d,n)*) to complex 1-dimensional orbits of
Tt instead of restricting to the fixed points. The complex 1-dimensional orbits

of Tg are given by C*e,. For each p € {}j}, let T}, be the isotropy subgroup at
e, for the T-action on aPl(d,n)*. It is the kernel of the map 7' — S! sending

(t1,--- ,tn) tot, :==1t,, ---t,, so that it is not hard to see that T}, is connected.
Thus, with the natural isomorphisms Hr(C*e,) = Hr, (e,) = Q[T};], we obtain
B P ) — @) QL P (Pl (434)

ne{d}

Putting (4.3.1), (4.3.3) and (4.3.4) together with h* and wh*, we have the
commutative diagram

Hp(Gr(d,n)) — @D, QIR"] (4.3.5)

h*lu K*iu

Hi(aPl(d,n)*) — @, Q[T}]

Wh*T: WK*T:

H:(wGr(d, n)) — @, Q[wR"]
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where the right vertical maps are induced from x, : 7, = T — R and wk, :
T, — T — wR and they are isomorphisms because x, and wr, have finite (or
trivial) kernels. Also note that the inclusion 7, — T induces the surjection
Lie(T');, — Lie(7T},);, and Lie(T},);, = Lie(T);/(yu). Thus we identify

QT = QIT™]/(y)-

The following are obtained by translating (4.3.2) to H.(aP1(d, n)*) and H}p(wGr(d, n))
via the diagram (4.3.5).

Proposition 4.3.2 (GKM for wGr(d,n)). The restriction map (4.3.3) is in-
jective and the image is given by

«| @A) —a(p) is divisible by w,yx — way,
o€ @} Q[wR"] for any A and p such that [ANp|=d—1
nEY g

Here note that w,yx — way, € Q[wR*].

Proposition 4.3.3 (GKM for aPl(d,n)*). The restriction map (4.5.4) is in-
jective and the image is given by

- PA)=P(p) in QIT*]/(yr,yu)
re G{%}Q[T‘] for any A and p such that |A Nyl :ud -1
HEY g

Proof of Proposition 4.3.3 and Proposition 4.5.2

The injectivity of the maps (4.3.3) and (4.3.4) follows from the injectivity of
the map (4.3.1) by the commutativity of the diagram (4.3.5). What is left is
to check that the GKM conditions are equivalent under the isomorphisms s*
and wk*. We prove it for wk because k is a special case of wk. First note
that, in Proposition 4.3.2, a(A\) — a(u) is divisible by w,yx — way, if and only
if a(X) —a(pn) = 0 in QwR*]/(wuyxr — wry,). Therefore the GKM conditions

are equivalent under wx* if wr} and wkj, induce the isomorphism

Q[wh*] Q[T™]
(Wpyx — wWrYy) - (Yr, Yu)

o fewal () = wey(f).

This map is obviously well-defined. It is also easy to check that this is an
isomorphism. O

Remark 4.3.4. Proposition 4.3.2 can be proved directly as a consequence of
[20, Theorem 7.2] by studying the data of 0 and 1-dimensional wR-orbits and Lie
algebras of isotropic subgroups of wR-action on wGr(d,n). For this alternative
proof, see section 4.3.1. Proposition 4.3.3 can be also shown directly from
Theorem 5.5 in [26] by using the description of wGr(d,n) as the symplectic
quotient of aP1(d,n)* by the real torus wD explained in Section 4.2.
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In the rest of the section, we compute the certain values of the Schubert
classes aS, and wS, under the restriction maps. As a corollary, we show
that the Schubert classes Sy in H%(Gr(d,n)) correspond to the classes aSy in
H}.(aPl(d,n)*) under h* as expected. Also we show that the weighted Schubert
classes wSy will form an H*(BwR)-module basis of H,(wGr(d, n)).

Proposition 4.3.5.

~ 0 if A, .
aSx|, = . in Q[T"]/(yy)
" {H(k,l)einv(/\) Ykor i p=A 8

Proof. Let Y := aPl(d,n)* for brevity. By the construction (c.f. [18, Appedix
B.3]), the class aS, maps to the equivariant Euler class x7(N°) by the pullback
along the inclusion aQ)§ < Y where N° is the normal bundle of a2 in Y. This
maps further to xr, (Ng,) via the pullback map H7(af2) — Hr, (e,) where
N, is the fiber of N° at e,. Since the normal bundle N° is T-equivariantly

identified with al/*, the equivariant chart ¢ given at (4.1.5) allows us to find
the weight of the representation T ~ N, to be

H Ya,a  as an element of Lie(T)7/(ya) = Lie(Ty)7. (4.3.6)
(k,l)€inv(X)

This proves the case when p = X. The case u # X follows from e, & af),
(Proposition 4.1.7). O

It is a well-known fact that Sy|) = [k 1y cinoon) Wkna — ya) and Sxlx =0
for all 1 # X (c.f. [35]). Also a class having such values at fixed points is unique
[35, LEMMA 1]. Therefore Proposition 4.3.5, together with the diagram 4.3.5,
has the following immediate corollary.

Corollary 4.3.6. For each \ € {1}, h*(Sy) = aS).
The next proposition is also immediate from Proposition 4.3.5.
Proposition 4.3.7.

0 if A

W[ = W(k,1)A )
| H(k,z)einv(,\) (y(k,l))\ — (U)A) y,\) if =\

Proof. Since wS) := (wh*)~!(aSy) and y(k,l)kfw(j}%y,\ = yu,or I Q[T*]/(yx),
we only need to check that

Wk, )\

Yk, DX — Yx € Lle(WR)E ® Q. (437)
This can be checked by a straightforward calculation. O

Having the upper-triangularity of the weighted Schubert classes as above,
the proof of [35, Proposition 1] can be applied words by words to obtain
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Proposition 4.3.8. {wSy}, is an H*(BwR)-module basis of Hip(wGr(d,n)).
Example 4.3.9. The followings is wS14 in H} 5 (wGr(2,4)):

(Y23 — 225 412) (Y21 — 22 12)

{1,2}
wWas Ws
2y13) (Y34 — 224 y13)
0 (21 = 52y14) (Y34 — 2 y1a) 231 & 4 {14}
{3.4}

0

where the vertices are the elements of {3} and there is an edge for each pair of
A and p satisfying |[ANp| = 1.

4.3.1 An alternative proof of Proposition 4.3.2

We give an alternative proof of Proposition 4.3.2 as a direct consequence of
[20, Theorem 7.2], by studying 0 and 1 dimensional orbits and Lie algebras of
isotropy subgroups of wR.

We start with notations. For A € {j} and v € Lie(T), we denote v, :=
> ica Vi- Since Lie(wR) = Lie(T')/ Lie(wD), we write an element of Lie(wR) as
[v] where v € Lie(wR). Define

O 1= {l] € WB(AIC™) | 2(A) # 0,2(1) # 0,2(n) = 0.y # A, 1)}

Let P*(wy, w,) be the weighted projective line with weight wy and w,,. Consider
a continuous map f : C2\{0} — aPl(d,n)* defined by

x (ifn=2A)
fy)n) = qy  (fn=np)
0 (otherwise).

Then the map f induces a continuous map f : P*(wy,w,) — wGr(d, n) which
is a homeomorphism onto Oy, = Ox, U {[ea], [en]}-
For brevity, let X := wGr(d,n), and denote

Xo := {[z] € wGr(d,n) | corank wR,] = 0},

X1 = {[r] € wGr(d,n) | corank wRy,; < 1}.
where wR|,; is the isotropy subgroup of wR at [x] and corank wR[,) := (n —1) —
rank wi[;]. In other words, X is the set of wR-fixed points, and X is the set of

0 and 1 dimensional orbits of wR. The data in the next proposition will provide
us the GKM description of H}p(wGr(d,n)) (Proposition 4.3.2).
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Proposition 4.3.10. For the wR-action on wGr(d,n), the followings hold:

(1) Xo consists of the points ey for all X € {}j}.
(2) X; is the union of Oy, for all X and p such that |]ANp|=d— 1.
(3) For any [x] € Oy, where (AN pu|=d—1,

Lie(wRy,]) = {[7] € Lie(wR) [ wuyx — wayu = 0}

Proof. Let [z] € wGr(d,n), and write {\ € {3} | zx # 0} = {A(D ... A@)}
We show

Lie(WR(y)) = {[7] € Lie(WR) | (wxa - wye )@ =+ = (Wxa) Wy ) Vo }-
(4.3.8)

By the definition of the isotropy subgroup, we have

wR(,) = {[t] € wR | for some € € C*,tyu) = €@ (1 <i < p)}. (4.3.9)
Denoting
H:={[t] € WR | (t\a))"xD¥s@ ¥\ = ... = (t/\(m)%(1)"'7”%711”{@) 1

we have wR[,; C H which implies Lie(wR[;) C Lie(H). Observe that Lie(H)
is equal to the right hand side of (4.3.8). For any v € Lie(H), putting E :=
tya) /Wy, we have tyo) = w @ E (1 <7< p). So, for any s € C, we have

(exp(s7))ac) = exp(s7aa) = exp(swyi E) = (exp(sE))“r®

for all 1 <4 < p. This shows exp(sy) € wR[, for any s € C which implies
7 € Lie(wR[,)). Hence, we obtain Lie(wR[,)) = Lie H, i.e. the equality (4.3.8).
Now we see

corank wR[,; = 0 if and only if [{\ € {G} [ zx # 0} =1,
corank wR[,) = 1 if and only if [{\ € {7} | zx # 0}] = 2.

Hence, we obtain the claims (1) and (3). For (2), let A\, u € {}}, and consider
Oxu- Suppose that we have [ANu| =d—1. Let us write A = {1, -+, A\g} C [n]
and = {A1, -+, X, , Ag, @} C [n] for some a ¢ \. Then any [z] € Oy, can
be written as

[x] =[aex, A---Nex, +bex, A= ANex, A= Aex, Aeq)

=[ex, Ao Aea, Alaes, + (=1)%bey) Aea, A Aey,]

s+1

for some a,b € C*. Hence, we obtain Oy, C wGr(d,n) since aPl(d,n)* =
Im A? —{0}. On the other hand, suppose |A N pu| < d — 1. For any element
[z] € Oxy, NwGr(d, n), we have z¢ = 0 for any £ # A, 1 because of the definition
of Oy,. The condition |AN 7| < d — 1 means that all the coordinates of the
orbifold chart 1, of [z] are zero. This means that [z] = [e)] which contradicts
to [z] € Oy, and we obtain Oy, N wGr(d,n) = 0. O
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There exists a natural isomorphism between the Cech cohomology theory
and the singular cohomology theory for any closed pair of locally contractible,
paracompact, Hausdorff spaces. Thus, the results in [10] applies for the sin-
gular wR-equivariant cohomology: the restriction map H}p(X) — Hyp(Xo) is
injective, and so is the connecting homomorphism H (X, Xo) — H: (X1, Xo)
of the exact sequence for the triple (X, X1, X) since H(X) is a free module
over H*(BwR) (Proposition 4.1.15). Combining the exact sequences for the
pair (X, Xy) and the one for triple (X, X1, Xo), we obtain the following exact
sequence.

Proposition 4.3.11. The following sequence is exact:
0 — Hip(X) — Hip(Xo) — HifE (X1, Xo)

where the middle map is the restriction, and the right map is the connecting
homomorphism of the exact sequence for the pair (X1, Xo).

Now, observing that P! (wx, wy) = CP' as algebraic varieties, the argu-
ment in the proof of Theorem 7.2 in [20] directly applies for the wRc-action on
wGr(d, n), and we obtain Proposition 4.3.2.

4.4 Structure constants and positivity

Since {wSy}» is an H*(BwR)-module basis of H,(wGr(d,n)), we can expand
their pairwise cup product uniquely over H*(BwR):

wSh\wS, = ZWEKMWS,/ where wey,, € H*(BwR). (4.4.1)

Knutson-Tao [35] gave an explicit combinatorial formula for the equivariant
structure constants cx, of the R-equivariant cohomology of Gr(d, n) in terms of
the equivariant puzzles. Their formula of 5, is mamnifestly positive in a sense
that ¢§, is a polynomial in u;’s with non-negative coefficients where {u; :=
Yi+1 — yi} is a basis of Lie(R)z. In this section, we derive the formula for wey ,
from their formula by passing it through Hr(aPl(d,n)*) via h* and wh*. Also
we find a Q-basis {wu;} of Lie(wR); ® Q such that our formula of wc¥, is
manifestly positive with respect to the basis {wu;} when wy < --- < w,. The
manifestly positive formula for the structure constants {wcj ,} of the ordinary
cohomology H*(wGr(d, n)) is also obtained by specializing the one for wey,, at
Wup = - = Wiy_1 = 0.

We start with introducing new terminologies which extend the ones provided
in [35, p.227]. For every puzzle, we choose a total order on the set of equivariant
pieces once and for all. Let P be a puzzle satisfying 0P = AY . Let p be an
equivariant piece in P, whose weight is wt(p) = y; —y; where j > 4, i.e. p pokes
out the i-th and j-th place on the south side of P. For each ¢ € {}}, we define
the w-weight of p with respect to & by

w(p)

wts(p) == (y; — i) — w—gyg € QwR*] where w(p) == w; —w;.  (4.4.2)
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Let (p1,--- ,pr) be the ordered set of equivariant pieces in P. For each covering
sequence &8 — .- — €0 in {7} with k& < r, we define the w-weight of P to be
an element of Q[wR*]

i i L wtE Y (p,
wit o (py= Y wpn) | wpi) El:[z,1W gf) . (4.4.3)
1<y < <ip<r weo Wek—1 wt (pi1) cewt (pik)
where s is a function on {1,--- ,r} defined by
0 if i < iy
s@) =41 i <i<ipgl=1,- k-1
kooifd, <1

As a special case when k = 0, we have
wts(P) = wt(p1) - - - wtt(py.). (4.4.4)

Remark that this expression (4.4.3) depends on the order of the equivariant
pieces in P in general.

Lemma 4.4.1. Letid be the unique minimum in {(j} with respect to the Bruhat
order and div the unique element with I(id) = 1. Let v € {j}. Then

aSaiv = Yid ; (4.4.5)
0=—yaS, + »_ aS, . (4.4.6)
v—v

Proof. Since Saiv|, = yia — Y, ([35, Lemma 3]) for each p € {%}, we have
aSaiv]y = Yid — Y = via, 0 Q[T7]/(y,).

Therefore (4.4.5) holds: aSqiy = yidagid = 1iq - 1. On the other hand, the
equivariant Pieri-rule given in [35, Proposition 2] holds also in H}(aPl(d, n)*)
by the isomorphism h*, and hence we have

aSqivasS, = (yia — yu)aS, + Z aS, (4.4.7)
V' —=v

which, together with (4.4.5), implies (4.4.6). O
The following is the essential equation, immediate from (4.4.6), to relate the
Q[R*]-action to the Q[wR*]-action in H}.(aPl(d,n)>).

Proposition 4.4.2. Let p be an equivariant piece of a puzzle. Then

wt(p)asS, = wt”(p)aS, + Z wu(}p) aS,, in Hi(aPl(d,n)).

vl —v
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Proof. Let wt(p) = y; — y; be the weight of p. The formula is obtained by
multiplying (w; —w;)/w, and then adding (y; — y;)aS, to the equation (4.4.6).
O

Now we are ready to prove the main theorem of this section.

Theorem 4.4.3. For each A\, u,v € {7j}, the equivariant structure constant
wcy,, is given by

wey, = Z wt’(P) | + Z Z wt Q). (4.4.8)

puzzlcf' vyl  puzzle@
oP=A3, o 2N 9Q=nY)

Remark that the w-weights in this expression depend on the orders of the
equivariant pieces in P and @, but wéy " doesn’t depend on the order.

Proof. By the isomorphism h*, Theorem 2 in [35] translates to

~n
CA;L

aSyaS, = > > wt(p)---wt(p)aS,  in Hj(aPl(d,n)*),
n>A\,u puzzle P

dP=AY,

where (p1,-- - ,p,) denotes an ordered set of all equivariant pieces in P. Remark
that the number of equivariant pieces in P must be I[(\) +1(u) — I(n). For each
I <r, by applying Proposition 4.4.2 repeatedly, we obtain

l
wt(p) - wt(p)aS, = wt"(p1) - wt(p)aS, + > > >
k=1 n

ko \1<ii < <ip<l
—nlon
W pP; 1 1 wp; 2
wt"(py) - - - wt(pi, 1) - (pi) Wt (piy 1) - W (Piy—1) - 151212) Wt (piy+1)
n n
k-1 w(pi, k k ~
cwtT (pi—1) - w( :kl) Wt (piy 1) o wt (m)) aSyn.
e

It is straightforward to prove this formula by an induction on I < r. When
l=r,

) ) ) o )
wt(py) - - - wt(p1)aS, = wt"(P)as, + Z Z wt" T (P) - aS, k.
k=1 By

nF—
—nlon



88 CHAPTER 4. WEIGHTED GRASSMANNIANS

Therefore

L)+ () —1(n)

aS\aS, = Z Z wt"(P) - aS, + Z Z wn e’ (P)-aS,x

n>\,u puzzle P k=1 k..

oP=A3, —nt—=n

= Z Z wt"(P) - aS, + Z Z Wt"’"l"”’"kfl’”(P) -asS,

n>Ap puzzle”P V*}nk—lﬁ... puzzleUP
OP=A%, —nton>a,u OP=4%,

V2NN puzzle P v—vl—  puzzle Q
=AY k k
OP=A4%, o 2N Q=Y

Since wt”(P) and wt”" " *(Q) are in Q[wR*], wh* maps this equation to the
desired equation in H},(wGr(d,n)). O
Let
w; — W; %

wu; = (Yir1 — ¥i) — zi_dyid € Q[wR™]. (4.4.9)
We can easily check that {wuq, -, wu,_1} is a Q-basis of Lie(wR)} ® Q. Then
the next positivity theorem is a direct consequence of Theorem 4.4.3 and Propo-
sition 4.4.5 which is proved right after.

Theorem 4.4.4. If w; < wy < -+ < wy, then Wéiu 18 a polynomial in
WU, , Wi,—1 With non-negative coefficients.

Proposition 4.4.5. Let P be a puzzle whose south string is v. Suppose that P
involves an equivariant piece p. If wy < wg < -+ < wy,, then wt¥(p) is a linear
combination of wuy, - - ,Wu,_1 with non-negative coefficients.
Proof. We prove, by induction on the length [(r), that the linear polynomial
(yj—yi)— ij—uwi, Y, is a linear combination of wu1, - - - , Wu,,—; with non-negative
coefficients for each 1 <i < j < n and each v € {jj}.

If [(v) = 0, the statement is obvious since v = id. We assume that the claim
holds for all v/ with I(v') < m — 1 for some integer m. Let [(v) = m. Observe

Yv
) — (W — w2
(y; — vi) — (w; l)wl,
= y Yid _ Y
d id
= Z [((ykJrl — k) — (Wr1 — wy) = ) + (Why1 — wk)( = - V)} :
i Wid Wida Wy
We show that 24 — £ is written non-negatively. Let v oo™ e {4} such

that v = v™ — .-~ = v! — id, and write

Vi Y e [y y
d _Jv _ ve _ Hutr
Wid Wy Z (U),/s )

=0 Wy s+1

3 SoowrP) [+ > > wt Q) | -l
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where vy := id. Since v*t! — v®, there exists an integer 1 < a < n such that
vl = (a,a + 1)v*, and therefore

Yus Yys+1 1 Yys
- = (Ya+1 — Ya) — (Wat1 — Wa) .
Wy s Wy s+1 Wy s+1 Wy s
By the induction hypothesis, the RHS is a linear combination of wu;’s with
non-negative coefficients, and so is %4 — 2 and (y; —y;) — (w; —w;) 2. O
id Wy Wy

As a corollary of Theorem 4.4.3, we givé an explicit formula of the structure
constants in H*(wGr(d,n)). For each A € {}j}, define

WSy = (*(wSy) € H*(wGr(d,n))

where ¢* : H! p(wGr(d,n)) — H*(wGr(d, n)) is the surjection mentioned in Sec-
tion 4.1.4. Under the natural isomorphism H*(wGr(d,n)) = H*,(aPl(d,n)*)
that also follows from Proposition 3.4.4, this wS) corresponds to the wD-
equivariant cohomology class associated to af2y. By Proposition 4.1.15, those
classes form a Q-basis of H*(wGr(d,n)). The structure constants wcy, of
H*(wGr(d,n)) are defined with respect to this basis {wSx}x. Since ¢* is the
ring homomorphism given by

Hgr(wGr(d,n)) = Hip(wGr(d, n)) ®qpwr Q = H* (wGr(d, n)),

these non-equivariant structure constants are obtained by evaluating wcy , at
wup = -+ = wu,_1 =0, i.e.

v ~V
wey,, = wey, (wuy = -+ = wu, 1 = 0).

In particular, the structure constants cy, of H*(Gr(d,n)) with respect to the
ordinary Schubert classes Sy, that are computed in [36, Theorem 1] also in terms
of puzzles, can be obtained from S evaluating at u; = -+ = u,—1 = 0. Here
we recall that ¢§ , is a polynomial in u;’s where {w; =yiy1—yi,t=1,--- ;n—1}
is a basis of Lie(R)g.

Corollary 4.4.6. Let A\, u,v € {ij}. The structure constant wey,, s given by

P ‘
Z U =wip1 —wi,i=1,---,n—1)

Wyt - - Wyk

v o _ v
WC}\M—C)\H+

v—vl—
A2
if IA) +Up) = Uv) and is O otherwise. If w1 < wa < -+ < wy, Wy, is
non-negative for all A\, u,v € {7j}.

Proof. After the evaluation, the first summation of 4.4.8 vanishes unless [(\) +
I(p) — l(v) = 0 since only the puzzles P without equivariant pieces can survive.
Therefore, if [(A) 4+ () = I(v), by [36, Theorem 1] the first sum in the RHS of
(4.4.8) becomes

puzzle P
OP=AY,
no equivariant pieces
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In the second sum, only the puzzles () with exactly k equivariant pieces survive
after the evaluation, and so the summation vanishes unless [(A)+1(u)—1(v) = 0.
Therefore the second term becomes, if I(A) + I(p) = I(v),

>y whrE

,,_>,I€1_> puzzleC?c
=N 0Q=A%,

PPV il

1,4)%14) puzzler
R S 2P W) Q=A%

WU =+ =WlUp_1=0

ok .
- Z U = wip1 —wii=1,--- ,n—1)
7 w[j]‘ .- .. wyk :
V=V —
R 2
Combining these terms, we obtain the desired formula. The positivity is a direct
consequence of the equivaraiant positivity (Theorem 4.4.4). O

Remark 4.4.7. We can say that our positivity theorem holds for all weighted
Grassmannians in a sense as follows: for a given wGr(d, n) with the weight w =
(wy,--+ ,wy,), we can always perform a permutation on the basis {ej, -+ ,e,}
of C™ so that the new order on the weight is non-decreasing. Then we can re-
define the Schubert classes {wSy}x to make sure that the structure constants
are positive.

We conclude this section by listing the equivariant weighted Pier:i rule and
working out a few examples. First, by Equation (4.4.5) interpreted through wh*
and wk*, we obtain the restriction of wSg;, to the fixed points:

Wid

Yx-
W

WSdiv|x = Yid —

Then we apply the translation formula in Proposition 4.4.2 to the usual equa-
variant Pieri rule (4.4.7) and obtain the equivariant weighted Pieri rule:

Lemma 4.4.8.

Wid ~
- WS,\/.

wSaiy WSy = (WSaiv|n)wSx + Z

A=

Remark 4.4.9. From the equivariant weighted Pieri rule, it is easy to show

a recursive formula for the structure constants wcy ,, in the exactly same way
shown in [35, Theorem 3]:

% G W Wid -, Wid !
(WSdiv|V - WSdiv|>\) wey, = ( Z w—)\wc)\,u — Z w/wc/\u> . (4.4.10)

A=A v—v/

However this equation (4.4.10) plays no role in the derivation of our main for-
mula, while the recursive formula in [35] plays a crucial role in their process of
obtaining the original puzzle formula for & u
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Example 4.4.10 (wGr(2,4)). Here we demonstrate the computation of the
product wS53w.So3. By the upper triangularity of the GKM description of wSs3,
the product must be written by

Q Q ~23 Q ~13 Q ~12 Q
WSQSWSQ?, = W023$23WSQ3 + W023’23W513 + WC23’23W512,

where
~23 _ 23
WC3393 = E wt=(P)
puzzle P
OP:A%,%
Wéégas = E wt'(P) + E wt*13(Q)
puzzle P puzzle Q
8P:Aég,% aQ:Agg,zB
~12 12 13,12 23,13,12
Wlp303 = g wt“(P) + g wt Q)+ E wt (@Q).
puzzle P puzzle Q puzzle Q
BP:Aég,zs aQ:Aég,zs 8Q:A§§,23

We can compute the above from the product for ordinary Grassmannian
523523 = (ya — y2) (Ya — ¥3)Sas + (Y4 — y3)S13 + Sha;
or equivalently by the fact that:

e there is exactly one puzzle P such that P = A33 53 with two equivariant
pieces p; and py with the weights wt(p1) = y4 — y3 and wt(p2) = ya — yo;

e there is exactly one puzzle P such that 9P = A3 ,3 with a equivariant
piece with the weight y4 — ys;

o there is exactly one puzzle P such that 9P = A}3 55 without equivariant
pieces.

Here are the computation:

. Y23 Y23
wcggzg = <y4 —yo — (wg — wz)wzs) <(y4 —y3) — (wg — w3)w23>
~ Y13 Wy — W2 Y13
WC%% 03 = (Ya—y3)— (wa—w3)—+ — | (y4 —y3) — (w4 —wz) =
’ w13 Wa3 w13
Y23 | Wq4 — W3
+ ((y4 —y2) — (wg — wz)) e
w23 w23
- Wy — W Wy — Wo Wy — W
WC%§723 - 4 3+ 4 2 Wy 3

w13 W23 w13

Similarly we can also work out

& & S13 & 12 &
WS3WS14 = Wéa3 1,WS13 + Wia3 14WS12
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from Sy3514 = (y4 — y1)S1s:

~ 1
Wil = 3L wER(P) = (g1 —yr) — (wa —w) 2
puzzle P w13
BP:Aég,lzl
~ Wy — W
il = Y whizg)=
puzzle Q 13
3Q:A§§,14

4.5 Factorial Schur functions

We discuss the relation between equivariant weighted Schubert classes and the
factorial Schur functions. More precisely, we show that the restriction wS A
of the weighted Schubert classes can be obtained by specializing the factorial
Schur functions.

Let = (z1, -+ ,z4) and a = (a;);ez be sequences of variables. Let

(lea)k =(rj—a) - (xj—ap) (1<j<d).

The Young diagram A corresponds to each A € {j} by setting the number of
boxes in the i-th row to be A :=n—d+1i—\; wherei =1,--- ,d. The factorial
Schur function corresponding to A (c.f. [43]) is defined by
det |: . Ai+d—i:|
et |(sla) 1<i,j<d

Hi<j (w5 — xj)

sx(zla) = (4.5.1)

For any sequence b = (b;);ez, let b = (b;)icz be defined by b; := b, ;. For
each p € {{i}, let

b(p) = (buy, -+ s bpy)- (4.5.2)

The vanishing theorem ([45], [43, Theorem 2.1}, [35, Section 6]) shows that the
restriction of the equivariant Schubert class Sy to [e,] is given by

Silp = sx(=y(W)| = 7). (4.5.3)

To generalize this equation to the weighted Schubert classes, we introduce the
u-shifted sequence associated to each sequence b = (b;);cz by

b
v = (b= wi ) where b, = > by,
wy, /i€ ken

Theorem 4.5.1. For all A\, u € {3}, we have

WS = sx(=y" ()| — yP).
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Proof. We rewrite (4.5.3) as

g — A Hd—i
Sxlu X Tlicj (=¥ +yp;) = det [(—yw\ -7 Lgi’jgd~

Now recall the diagram (4.3.5). By the isomorphism kj,, we can regard this
equality as in Q[T™]/(y,) so that we can shift it by multiples of y,, to obtain

ag/\|u X Hi<j(_(y#)m + (yu)uj) = det {H%:id_i(_(y'u)uj + (y“)n+1—p)] \<ii<d

Since —(y*)u, + (¥")p, and —(y*), + (¥*)n+1-p are elements of Q[wR*], this

becomes, under the isomorphism wk,,

WS % [Lic; (") s + (")) = det[(—(y") ;| — YA <a
which is the desired equation. O

Remark 4.5.2. In fact, wS) |, can also be obtained by specializing the weighted
factorial Schur functions that will be introduced and studied in the next chapter.






Chapter 5

Weighted Schur functions

5.1 Introduction

Let P(d) be the set of partitions with at most d rows. For every A € P(d), the

Schur function is a polynomial in the variables (x1,--- ,24) defined by
b +d—i
detlar; T i< j<a

AR ) P

They form a Z-module basis of Z[z]®¢ which is the ring of symmetric polyno-
mials in z-variables. One of the important aspects of Schur functions is that
they are the characters of irreducible polynomial representations of GL(d,C).
Let Ry (GL(d,C)) be the polynomial representation ring. Then there is a ring
isomorphism

R, (GL(d,C)) 24 7[2]® (5.1.1)
by taking the character. Let A = (A1,--+,Aq) be a partition with at most d

rows. Then there is the irreducible polynomial representation V) of GL(d,C)
corresponding to A (see [18] for an explicit construction). Now, the character of
V' is given by the Schur function sy (z), i.e., the isomorphism sends V> to sy (z).
Let n(> d) be an integer. Since Z[z]®¢ is generated by the Schur polynomials
5(k) () (where (k) € P(d) is the partition given by (k)1 = k, (k)2 = 0,--- ,(k)a =
0), the coincidence of Pieri-rules in Z[x]®¢ and H*(Gr(d,n)(d,n);Z) ensures
that, there is a surjective ring homomorphism

Z[x]®¢ — H*(Gr(d,n)(d,n); Z) (5.1.2)

which sends sy(z) to the Schubert class Sy if A € P(d,n), or 0 otherwise. In
this sense, the Schubert classes in the cohomology are incarnations of Schur
functions as Tkeda mentioned.

In fact, the surjective ring homomorphism generalizes to an equivariant set-
ting. For every A € P(d), the factorial Schur function sy(z|a) ([9]) is defined

95
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as a polynomial in the variables (z1,---,zq4) and (a;)ien (see (5.2.1) for the
defining formula). They form a Z[a]-module basis of Z[a][z]®¢ which is the
ring of symmetric polynomials in z-variables with the coefficients in the poly-
nomial ring of a-variables. The standard n-torus T" action on C" induces the
Tr-action on the Grassmannian Gr(d,n)(d,n) and we have the equivariant co-
homology Hf.(Gr(d,n)(d,n);Z) which is an algebra over the polynomial ring
H*(BT*;Z) = Zly1,- - ,yYn). The Schubert varieties in Gr(d,n)(d,n) are T"-
invariant subvarieties indexed by the partitions A € P(d,n) where P(d,n) is
the set of the partitions contained in the d x (n — d) rectangle. The corre-
sponding equivariant Schubert classes Sy form a Z[y1,- - ,yn)-module basis of
the equivariant cohomology. The factorial Schur functions represent the equiv-
ariant cohomology rings of Grassmannians in a sense that there is a surjective
Z[a]-algebra homomorphism

Z[a][z]®¢ — H3.(Gr(d,n)(d,n); Z) (5.1.3)

that sends sy(z]a) to Sy if A € P(d,n), or 0 otherwise ([35]). Here the Z[a]-
action on the RHS is given by the projection Zla] — Z[y1,--- ,yn] sending
a; ¥ —Ynt1—i if 1 < 7 < n, or 0 otherwise. This picture specializes to the
Schur functions and the ordinary cohomology of Grassmannians by setting a-
variables and y-variables to zero, i.e. the map (5.1.3) induces a ring surjec-
tion (5.1.2). One of the advantages of these correspondences is that we can
study the structure constants by multiplying actual polynomials. Similar ex-
amples include the (double/quantum) Schubert polynomials ([17, 38, 41]) for
(equivariant/quantum) cohomolgoy of full flag varieties and (factorial) Schur
Q-polynomials ([27, 28, 29]) for (equivariant) cohomology of Lagrangian Grass-
mannians, e.t.c.

In this chapter, we introduce the weighted (factorial) Schur functions that
are obtained as a variant of the factorial Schur functions sy(x|a). In the sense
mentioned above, these functions will present the equivariant cohomology of the
weighted Grassmannians introduced by Corti-Reid [11]. The contents are based
on the paper [4] collaborated with Tomoo Matsumura.

5.2 Weighted (Factorial) Schur Functions

5.2.1 Preliminaries

Fix a positive integer d. Let P(d) be the set of partitions with at most d rows.
For each \ € P(d), the number of boxes at the i-th row is denoted by b} where
i=1,---,d. Let x = (21, -+ ,24) and a = (a;);en be sequences of variables.
Let Zla] be the polynomial ring in a;’s, by which we mean the ring of finite
linear combinations of monomials in a;’s with finite degrees. Let Z[z]®¢ be
the symmetric polynomial ring where G4 denotes the permutation group on d
letters. Recall that the factorial Schur function sx(x|a) is defined as follows
(c.f. [43]). For each k > 0, let

(yla)® = (y —a1) -~ (y — a).
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Define, for each partition A € P(d),

det[(zj]a)" 1< j<a
[Lic;(zi — ;)
Although sy(x|a) is a rational function a priori, it is actually a positive degree

polynomial function that involves finitely many variables. In fact, we have the
following combinatorial formula

sa(@la) =[] @1 — ar(@)+e(@)

T a€eX

sx(zla) = (5.2.1)

where T runs over all semi-standard tableaux of the shape A with entries in
{1,---,d}, T(a) is the entry of the box a in A, and ¢(a) := j — 4 if « is in
the i-th row and the j-th column. The ordinary Schur functions s)(z) can
be obtained by specializing sy(z|a) at a; = 0 for all I € N. The factorial
Schur functions form a Z[a]-module basis of Z[a] ®7 Z[z]®¢ and the Littlewood-
Richardson type formula for the structure constants c¥ M(a) € Zla] is obtained
by Molev-Sagan [43]. They actually computed more general structure constants
X,.(a,b) € Z[a,b] defined by

sx(x[b) - su(zla) = Z cxula, b)s,(zla), (5.2.2)
veP(d)
where b = (b;);en is another infinite sequence of variables.

Definition 5.2.1. For each A € P(d), let A = (A > -+ > \g) be the strictly
decreasing sequence of integers defined by

Ni=b+(d—-i+1) foralli=1,---,d. (5.2.3)
For each p € P(d), we introduce a Z[a]-algebra homomorphism
Y, Zla) @7 Z[x]®* — Z[a] by xivrap, foralli=1,---.d.  (5.2.4)

Lemma 5.2.2 (Vanishing Lemma, [45], c.f. [43]). Let ay := 23:1 ay, for each
A € P(d). For each A\, u € P(d), we have

0 if A

[pepy (ax—ap) if p=2A, (5.2.5)

%(SA(J?W)) = SA(aﬁda T ’a/]d‘a’) = {

where [N is the set of partitions p such that p C X and |[{p1,---,pda} N
{M, At =d—1.

5.2.2 Definition of Weighted (Factorial) Schur Functions

In order to define the weighted Schur functions, we introduce new sets of vari-
ables w := (wy)jen and v = (vq,--- ,vq). Let Z[w] and Z[v] be the corresponding
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polynomial rings. Let Z[w]jo. be the localization of the ring Z[w| at the multi-
plicative subset

{WA(I) s Wy (k) | )\(1), s ,)\(k) € P(d),k € Zzo}

where wy, 1= Z?:l wy, for each A € P(d). Similarly let Z[v];oc be the localization
of Z[v] at the multiplicative subset {vl; | I € Z>¢} where v, := vy + -+ -vgq. We
denote Z[w]ioc[a] := Z[W]ioe @7 Z[a]. Let (Z[v]ioc[z])©* be the invariant ring of
ZV)1oc[x] := Z[V]10c ®7z Z[x] under the simultaneous permutations on the variable
sets z and v. We denote Z[w]ioc[a]([V]1oc[2])S¢ for Z[w]ioe[a] @z (Z[v]ioc[z])®¢.
We adapt the same notational convention for Z[w]ioc([V]1oc[2])®¢ and so on.

We introduce the shifted sequences «¥ = (zY,--- ,x}) and " = (a}")ien by
Vo, Vi . W, wj
xy = xi—ﬁxch foralli=1,---,d and qa]":= al—HxCh foralll e N
C C

where zoy = 21 + - + 2q4. We denote 0" := a}’w|al:0,l € N, and the corre-
sponding sequence by 0"W.

Definition 5.2.3. For each A € P(d), the weighted factorial Schur function
sY(v; z|a) € Z[wlioc[a][V]ioc[x] is defined by

sY(v;z|a) := sx(zV]a™)

Similarly for each A € P(d), the weighted Schur function s¥(v; x) € Z[w)ioc|[V]ioc[2]
is defined by
sV (v;x) := sy (z¥|0™).

Since sx(x]a) is invariant under the permutations on x-varianbles, it is not hard
to see from this definition that s{(v;z|a) is invariant under the simultaneous
permutations on x and v variables, i.e.

s\ (v;zla) € Z[W]IOC[G]([V]IOC[CE])Gd and  s\(v;z) € Z[W]IOC([V]IOC[CE])Gd-

Example 5.2.4. We list a few examples of s{(v;z|a) and s{(v;x). Let wey ==

2?21 w; and ag, = Zle a;. Let O € P(d) be the partition given by bY = 1
O _ — 0

and by =--- =bg =0.

sti(v;zla) = Weh Teh — Gch (5.2.6)
Vch
w
shviz) = —Lag, (5.2.7)
Vch
Let A € P(d) be a partition with one box only at the first and second row, i.e.
b} =by =1land by =--- =b) = 0. Then
Vi —W; Vi — W]
sy (v;xla) = Z (fcz —a; — ZV Zl"ch) (ﬂﬂj —Qj—1 — jvijwch)-
1<i<j<d ch ch

(5.2.8)
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Definition 5.2.5. We extend the homomorphism ¢, to a Z[w]is|a]-algebra
homomorphism "

wpw : Z[W]loc [a]([v]loc [x])gd — Z[W]IOC[G]3

by sending x; to ap, and v; to wy, for all ¢ = 1,--- ,d. Observe that this is
well-defined since ven, maps to w, # 0. We denote 1/);’)” by 1, when there is no
confusion.

Lemma 5.2.6 (Vanishing Lemma). For each A\, pu € P(d), we have

0 if s A
Ipein- (;’V—ia,\ - a/’) if p=A.

Proof. Let a* = ((a*);)ien be the p-shifted sequence of a defined by

Pu(sX(vizla)) = {

w
(a")yi=a; — W—iaw
Since ¢, (x}) = (a*)g, for i =1,--- ,d and ¢, (a)") = (a*); for I € N, we find
from (5.2.5) that
Pulsa(@*]a™)) = sx((@)pys - (@) ggla®)
0 ifup A
ey ((@)a = (a%),)  if p= A,

We finish the proof by computing

A_A:_ﬂ>_(_ﬁ):ﬂ_
(a™)x —(a%), (a,\ W)\a,\ a, W)\aA W}\a,\ ap.

5.2.3 Algebras of weighted (factorial) Schur functions

Let wSch be the Z[W]ioc[a]-submodule of Z[w]ioe[a]([V]ioc[z])¢ generated by
sY(v;z|a)’s:
wSch := Z Zwioc[a] - s¥ (v; z|a).
AEP(d)

Similarly let wSch be the Z[w]joc-submodule of Z[w]ioe([V]1oc[])¢ generated by
sY(v;z)’s:
wSch := Z ZwW)ioc - S¥(v; x).
A€P(d)

Our goal in this section is to show that these submodules wSch and wSch are acu-
tually subalgebras and also to prove that the weighted factorial Schur functions
form a Z[w]joc[a]-module basis of wSch. The linear independency of weighted
Schur fucntions will be postponed until Section 5.4.
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To begin with, observe that we have

s (vizld) - sp(v;xla) = Z cKu(a"W,a"’W’)s‘,’}(v;ﬂa) (5.2.9)
veP(d)

by substituting a — a*, @’ — ¢ and z — 2 in (5.2.2). This is not an

expansion formula of a product of two weighted factorial Schur functions over a-
and a’-variables: one should notice that each cf ,(a"", a"") contains z-variables.

Here, the product is taken in the ring Z[w]ioc[a] @ Z[w'|ioc[a’] @ (Z[V]1oc[2])®¢.
Lemma 5.2.7 (Weighted Pieri Rule).

, w’ W
o8 (vale) s viale) = (Bay = oy ) s(uialo) + 3 St ialo)
A=A
(5.2.10)
/ W/
sty (vszx) - sy (vsx) = Z WC; s\ (v ) (5.2.11)
A=

Proof. From Theorem 3.1. in [43], we find that

sa(zld) - sx(xla) = (ax — aly)sx(xla) + Y sy (la).
N oA

By substituting a — a*", @’ — o’ and z — 2" as in (5.2.9), we obtain
so(@¥]a™) - sa(@¥]a™) = (a% — a )sa(2¥]a"™) + Z sy (zV]a™)
PN
By the definition of " and (5.2.6), we have

/ /
WA — Wey WX WX = Wep w/

Ten = (ax — Fach) T W, o (v; z|a’)

vw ww'o /
ay’ —ag’ = (ax —ag,) —
Vch ch ch

After substituting this to the previous equation, it is straightforward to obtain
the desired formula.

Lemma 5.2.8. As submodules of Z[wioc[a]([V]ioc[2])®¢, we have
wSch = Z[a] ® wSch.

Proof. First we prove that wSch ¢ Z]a] @ wSch, i.e. for each A, s¥(v;z|a) €
Zla] ® wSch. Setting 4 = 0, a; = 0 and w; = w; for all ¢ € N, and substituting
a; — a; for all i € N in (5.2.9), we obtain

s{(vizla) = D a0, a™)s (v ).
veP(d)

1 vw __ Zch VW Zch v VW VWY 3 : :
Since a)™ = a;—w; e and 0" = —w; v, g (a"™,0"") is a polynomial in Z¢p /Ven

with coefficients in Z[w]joc[a]. Since we have (5.2.7), the weighted Pieri rule
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(5.2.11) implies that s¥(v; z|a) is a linear combination of s} (v; z) over Z[wioc[al.
Thus we conclude that s¥(v;z|a) € Z[a] ® wSch.

To prove that wSch D Z[a] ® wSch, it suffices to show that sY(v;z) € wSch
for each \. We use the similar argument as above. After setting 1 = () and
a; =0 for all [ € N in (5.2.9), the equation (5.2.6) and the weighted Pieri rule

(5.2.10) imply that sY(v;z) € wSch.

Proposition 5.2.9. wSch is a Z[w]joc-subalgebra of Z[wioe([V]ioc[z]) 4. In par-
ticular, wSch is a Z|w)ioc[a]-subalgebra of Z[wlioc[a]([V]ioc[z])S9.

Proof. By evaluating a; = aj = 0 and w; = w; for all [ € N in (5.2.9), we have

S(viz) - si(via) = Y KL 0™, 0™)sy (vi ).
veP(d)

Since X, (a,a) is a polynomial in {ay—a;, k,1 € N}, ¢§ (0", 0") is a polynomial
in
sthlvsx
_Wkl'ch . (—WlmCh> _ _(Wk _Wl)@ _ _(Wk _ Wl) l:l( ) )
Vch Vch Vch Wch

Therefore by the weighted Pieri rule (5.2.11), the product sy (v;z) - sjj(v;x) is a

linear combination of {s}(v; )}, ep(d) over Z[w]ioe. Now the latter claim follows
from Lemma 5.2.8.

Proposition 5.2.10. {sY(v;z|a)}rep(a) i5 a Z[w]ioc|a]-basis of wSch.

Proof. By the definition of WSACE, it is sufficient to show the linear independency.
Suppose

Z a(w,a) - sX(v;z|la) =0

AEP(d)

for some fy’s in Z[w]iocla]. Let 1 be a minimal (with respect to the inclusion)
partition among those A such that fy is not identically zero, i.e. there is no A
such p C A and fy # 0 except p itself. Thus by the Vanishing Lemma 5.2.6, we
have

0=t | ¥ sl | = ftstiala) =1, TT (320 a,).
AEP(d) pElul— N H

Since Z[wlioc[a] has no zero divisor, we have fy = 0. This is a contradiction.

5.3 (Equivariant) Cohomology of Weighted Grass-
mannians

In the rest of the paper, all cohomologies are over Q-coefficients unless otherwise
specified.
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5.3.1 Review of Weighted Grassmannians and Weighted
Schubert Classes

Let us fix an infinite sequence {w;};en of non-negative integers and a positive
integer u. In this section, we recollect from the previous chapter a few facts
about the cohomology of the weighted Grassmannians WGr(d, n) with the weight
(@1’... Jjjn) — (wm... 7w1).

For a natural number n > d, let P(d,n) be the set of partitions that are
contained in the d x (n — d) rectangle. Upon a choice of n, we identify P(d, n)
with the set {3} of subsets of {1,--- ,n} with cardinality d by

A= {1 < <N} where XN :i=n+1-)X;, i=1---,d (5.3.1)

where ); is defined at (5.2.3).
Let {e1, -+ ,en} be the standard basis of C" for each n > d. We define
aPl(d, n) to be the image of

C"x - xC" = AIC",  (aq,--,ad) = a1 A--- Aag
—_———
d

and let aPl(d,n)* := aPl(d,n)\{0}. The standard action of the n-dimensional
complex torus T® on C" induces an action of T® on aPl(d,n)*. The twisted
diagonal subgroup WD of T is defined by

WD(C = {(tdﬂ)1+u7. . 7tdﬂzn+u) | te CX}

The weighted Grassmannian WGr(d, n) for the weights (@, -, @,) is defined
by
wGr(d, n) := aPl(d,n)*/wD¢ .

The real subtorus T" in T¢ acts on WGr(d, n) through the quotient map T" —
wR"™! ;= T"/T" NwD®. There is the bijection between P(d,n) and the fixed
point set F, for the T"-action on WGr(d, n) sending A € {3} = P(d,n) to the
equivalent class of ey, A--- A ey, which we denote by [e].

The linear inclusion AYC" +— AYC™*! sending ey, A- - -Aey, F> ex, 11/ - €x 41
for each {A\; < --- < Aq} € {§} induces a map ¢, : aPl(d,n)* — aPl(d,n 4 1)*.

This is equivariant under the homomorphism p, : T¢ — T(.E+1 which sends
(t1,-++ ,tn) to (1,¢1,- -+ ,t,), and hence induces the p,-equivariant map

Win : WGr(d,n) - wGr(d,n+ 1).

This restricts to the inclusion F,, < F,+1 which corresponds to the natural
inclusion P(d,n) C P(d,n + 1) and the inclusion {§} < {"§'} given by {A\; <
o< M= {M+1< - < AN+ 1} Let y,- -+, yn be the standard basis of
the weight lattice Lie(T");, for every n. We identify H*(BT") = Q[y1, - , Yn]
and p, induces the projection

p:: :Q[y17"' 7yn+1] _>Q[y17 ayn]
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which maps x; to az, and v; to wy, for all ¢ = 1,--- ,d. Recall that for each

A € P(d,n), the equivariant weighted Schubert class W:S’v% is defined as a class

in HX.. .(WGr(d,n)) and that they form a H*(BWR" ")-basis. We use the
same symbol ng‘\ for the image of ng‘\ under the map HX.. ,(WGr(d,n)) —
Hf.(WwGr(d,n)) induced by the quotient map T" — WR"™!. The following are
easy to check and will be used in the rest of the paper.

(i) The equivariant weighted Schubert classes WSy, A € P(d,n) form a basis
of H},(wGr(d,n)) as Q[y1, - - , yn]-module.

(ii) The restriction map
Hio(WCr(d,n)) = H(F) = €D Hu(le) = @ Qv+ wil
len]€F, nEeEP(d,n)

is a Q[y1,- - - , Yn]-algebra homomorphism, and it is in fact injective. The
image WS4 |, of WS} at the fixed point [e,] € F, is computed in Theorem
4.5.1 in the previous chapter ;

W§R|u = S)\(—<y“)u1, U 7_(yu)ud| - (yu)m T _(yu)l)

W;

Wy, y#'

where y,, 1= Z?zl Yu, and w, = Zle Wy, and (y"); = y; —

(iii) The pullback map wi, : Hi. (WGr(d,n + 1)) — Hi.(wGr(d,n)) is a
Q[y1, -+ ,Yns1]-algebra homomorphism with respect to pi and for each
€ P(d,n), we have

i () = WSt if A e P(d,n),
mTA 0 if A ¢ P(d,n).

In particular, we, is surjective.

(iv) For each A € P(d, n), the weighted Schubert class WS, is the image of WSy
under the natural map H+,(WGr(d,n)) — H*(WGr(d, n)) and they form a
Q-basis of H*(WGr(d, n)). The pullback map we! : H*(WGr(d,n + 1)) —
H*(wGr(d, n)) satisfies

wSh if A e P(d,n),

* —Sn—&-l _
win (W53 {o it A ¢ P(d,n).

In particular, we), is surjective.

5.3.2 Cohomology of WGr(d, o)

By using the inclusions {wt,, n € N}, we define

WGr(d, 00) := limwGr(d,n) = | | wGr(d, n).
—_—
neN
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Since wu is surjective for each n, we have lim' H*(wGr(d,n)) = 0 for each k.
—

Therefore there is the Q-linear isomorphism

H*(WGr(d, 0)) — 1i(£nHk(WGr(d, n)) for each k > 0.

The cup products on H*(wWGr(d, n)) for all n € N canonically define a structure
of Q-algebra on the direct sum of 1131 H*(%Gr(d,n)) over all £ > 0 and we have

Proposition 5.3.1. The inclusions induces a canonical Q-algebra isomorphism

H*(wWGr(d, 00)) — @hg H*(wGr(d, n)).
k>0

The property (iv), together with this proposition, defines the classes WSY° in
H*(WGr(d, 00)) such that the pullback H*(wGr(d, o)) — H*(WGr(d,n)) sends
WS to wSY if A € P(d,n) and 0 otherwise.

Proposition 5.3.2. {WS°}acp) forms a Q-basis of H*(WGr(d, 00)).

Proof. For each k > 0, the pull back gives us an isomorphism

H*(WGr(d, o)) = H*(WGr(d,n)) = P Q- S}

XEP(d,n)
1(\)=k

for a sufficiently large n > k where I()\) = Z?:l b2 is the number of boxes in .

By the definition of the elements {W.S°}, they correspond to {W.S%} which is a
Q-basis of the image, the claim follows.

5.3.3 Cohomology of equivariant analogue of WGr(d, o)

Let ET" — BT" is a universal principal T"-bundle in which ET" is contractible.
We choose a py-equivariant continuous map ET" — ET"*! for each n. Hence
we have the induced maps p/, : BT" — BT""! whose cohomology pullbacks are
exactly the surjection p;. Let BT, := liin BT" be the corresponding inductive

limit. As in the last section, there is no lim" and hence we have a Q-algebra
isomorphism

H*(BTx) = @IEDQ[ZJM”' ayn}(k) (5.3.2)
k>0
where Q[yq, - - ,yn](k) is the component of the cohomological degree 2k. Let

(7,)1en be an infinite sequence of variables and let Q[7] be the ring of polynomials
in 7;’s which are possibly infinite linear combinations of finite degree monomials.

Then the RHS of (5.3.2) can be identified with Q[g] through the homomorphisms

. _ Ynp1— f1<01<n
O, : — s, Unls —
Q7] — Qly1 Ynls W {0 1>
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By using the p,-equivariant map wt,, define
wGr(d, 00) := im(ET" x1 WGr(d, n)),
—

then we have the commutative diagrams for all n:

wGr(d, 00)T <—— ET" X wGr(d, n) (5.3.3)
BTy BT"

Note that the cohomology H*(WGr(d, 0o)T) and the pullback we, do not depend
on the choices of ET"’s and the maps ET" — ET"t! up to isomorphisms.

As in the last section, we have no lim' term for the propjective system
{H%,(wGr(d,n)),wi,} for each k, therefore the top map in the above diagram
induces the Q-algebra isomorphism

H*(wGr(d, 00)T) — @1131 HE,(wGr(d, n)). (5.3.4)
E>0

Since the right vertical maps of (5.3.3) commute with p/, and wi, : ET" Xn
wGr(d,n) — ET"™! x1u1 WGr(d,n + 1), the ring @5] acts on the RHS of
(5.3.4). Thus, by the commutativity of (5.3.3), the map (5.3.4) is actually a @\[5]—
algebra isomorphism. With the property (iii), the isomorphism (5.3.4) defines
the classes ngo in H*(WGr(d, 00)1) such that the pullback H*(wGr(d, c0)t) —
H%,(WwGr(d, n)) sends W§§° to ng‘\ if A € P(d,n) and 0 otherwise. Finally it is
not difficult to see from the RHS of (5.3.4) that W§§°,>\ € P(d) form a @]—
module basis of H*(WGr(d,00)t). We conclude this section by summarizing
above as follows.

Proposition 5.3.3. H*(WGr(d,00)T) is a Q[y]-algebra and there is a Q[y]-

module basis {WS°, A € P(d)} such that WSS° maps to WSY under the pullback

H*(WGr(d, 00)1) = Hi. (WGr(d, n)) for each n.

5.4 Correspondences of functions and cohomol-
ogy

Recall from Proposition 5.2.9, wSch is a Z[w)oc[a]-subalgebra of Zw]ioc[a]([V]ioc[])

Let {w }ien C Z>¢ and u € Zsg. For each n € N, define a ring homomorphism

or  Zwloclal = Qy1, -+ ,yn]; Wi — w+u/d and a; — )
0 ifl >n

where [ runs all the natural numbers N. It is well-defined since

d d
W#:E WﬁiHﬁ#:E Wy, +u #0.
i=1 i=1

—Yn+1-1 if 1 < l <n



106 CHAPTER 4. WEIGHTED GRASSMANNIANS

These ¢’s induce the algebra homomorphism

w%  Lwlecla] = Q[7]; a;— —7; and w; — w; +u/d forallleN.
Theorem 5.4.1. There is a Z[w]ioc[a]-algebra homomorphism

WSt if A e P(d,n),

&, : wSch — Hi,(WGr(d, n)); sY(v;zla) ,
0 otherwise,

where the action of Zwliecla] on the RHS is given by o¥. In particular, this
defines a Z[w|ioc[al]-algebra homomorphism

d. : wSch — H*(wWGr(d, 00)71); s¥(viz|a) — WSS
where the action Z[w]ioc[a] on the RHS is given by o .

Proof. Consider the Z[w]ioc[a]-algebra homomorphism

o Z[W] oc[a] Q[ Lot "]
wSch ( H : H g’ Y

- >
Vi) uer@)  peP(d) REP(d,n)

(5.4.1)
where the second map is given by ¢ if 1 € P(d, n) and a trivial map if otherwise.
If A ¢ P(d,n), then for all 4 € P(d,n), we have ;1 2 A and therefore the image
of s¥(v;z|a) under (5.4.1) is 0. If A € P(d,n), then for all y € P(d,n), under
the map (5.4.1) we have

w vy ; N ; w;
sx(vizla) = sx((a")p,, - (@")g,la"), (@)1 = a— —ap
M

& SA(_Q/“)MN T _(y'u)udl - (yu)n’ o —(y“)1,070, T )
w,
sx(z|a) does not involve a; for all i > nif A € P(d, n) by definition. The property
(ii) in Section 5.3.1 implies that the image of sY (v; z|a) is exactly the restriction
of ng‘\ to the fixed points if A € P(d,n) and 0 otherwise. Moreover it follows
from the injectivity in (ii) that the map (5.4.1) factors through the desired map
®, : wSch — H%,(wGr(d, n)). By introducing degz; = dega; = 2 (and degv; =
degw; = 0) for alli =1,--- ;d and I € N, the map P, is a homomorphism as
graded Q-algebras. The obvious commutativity we, o 5n+1 = <T>n allow us to
take the projective limit of the maps &)n on each degree, and taking their direct
sum, we obtain the desired map ®..

By tensoring Z over Z[a] with respect to the homomorphism Z[a] — Z, (a; —

0), we obtain the Z[w]joc-algebra homomorphism @, := Z ®z(,) ®s

where (y"); = y; — =ty,. Here for the second map, we have used the fact that

Q, 1 Z ®zq) wSch — Z ®7[q] H1+(WGr(d, n)).
The LHS is exactly wSch by Lemma 5.2.8. The action of Z[a] on H.(WGr(d, n)
is through Zla] — Q[y1, - ,yn] that sends a; to yop1-; if 1 < 4 < n and
0 otherwise. Therefore the RHS is H*(WGr(d,n)). Thus the following is an
immediate consequence.
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Theorem 5.4.2. For each n € N, the map E)n induces the Z|w]ioc-algebra ho-
momorphism

WS if A e P(d,n),

@, : wSch — H*(wGr(d,n)); sV (v;z) — ‘
0 otherwise.

In particular, this defines a Z|w]ioc-algebra homomorphism
o 1 wSch — H*(WGr(d, 00));  sX(v;z) — WSS

Proposition 5.4.3. The weighted Schur functions s{(v;x),A € P(d), form a
ZW)1oc-module basis of wSch.

Proof. 1t is enough to check the linear independency. Suppose that

Z w)sy(v;z) =0

AEP(d)

for some fx(w) € Z[w]ioc. There exists n such that, for all A appearing in the
sum, f(w) involves only wyq, - - ,w,. Then ®, send the equality to

Z f(wy +u/d, -+ wy +u/d)wSy = 0.
AEP(d)

This holds for arbitrary wy, - - - , wy € Z>o and u € Z~¢ and since {WS }xep(d;n)
is a linearly independent set, we conclude that fy(w) is identically 0 for all A
appearing in the sum.

Remark 5.4.4. The homomorphisms 500 in Theorem 5.4.1 and ®, in Theorem
5.4.2 can be made into isomorphisms by evaluating the w-variables. Namely, let

wSch = Q ®z[w),,. wSch C (QV]ioc[])

wSch = Qla] @z, o) WSch C Qla]([V]ioc[z]) .

where the tensor products are given by Z[wlioc = Q (w; — w; + u/d). Then
clearly ¢, and @, induce the isomorphisms

®Y : wSch 5 H*(WGr(d,00)) and @Y : wSch = H*(wWGr(d, 00)T).
Here ®% is an algebra isomorphism with respect to @T(;] = @[Vy] defined by
a; — —7,; for all [ € N. Then these isomorphisms send the evaluated weighted
(factorial) Schur functions

X (Vi @) i= SNV )l =wituyaaen  and  s3(v;zla) = sX(V; 2[a) lw,=w 4u/d.ien-

to wS§° and ngo respectively.
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