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Chapter 1

Introduction

In the following, we work over C. Let (X,z) be a normal Q-Gorenstein
singularity and f : ¥ — X be a resolution of a singularity with excep-
tional divisors E; (i = 1,2,...,r). Then the adjunction formula Ky =
[*Kx+>;_, discr(E;) holds for rational numbers discr(E;), which are called
discrepancies. If discr(F;) = 0 for all 4, f is called a crepant resolution. (X, z)
is called canonical (resp. terminal) if the inequality discr(E;) > 0 (resp. > 0)
holds for all 7.

Varieties with nonsmooth terminal singularities do not admit any crepant
resolutions by definition. Although, canonical Gorenstein quotients of those
varieties, if they exist, may admit a crepant resolution. In this thesis, we
give a series of toric canonical Gorenstein quotients of the toric conifold by
toric group actions which admit crepant resolution. Moreover, we consider a
McKay correspondence for those quotients. For three dimensional canonical
Gorenstein quotient singularities, the existence of crepant resolution and the
McKay correspondence are well known (see Theorem 1.0.1 and Theorem
1.0.2), but for three dimensional canonical Gorenstein quotients of singular

varieties, these problems have been left untouched.

The crepant resolution plays an important role in the study of the McKay
correspondence. The McKay correspondence is often expressed as “a bridge”
connecting the representation theory and the geometry. In [21], J. McKay
found out a strange coincidence of two graphs for two-dimensional quotient



singularities C?/G where G is a finite subgroup of GL(2,C). One of the
graphs is given by the nontrivial irreducible representations of G and the
other is the dual graph of exceptional set, where the vertices are the ex-
ceptional divisors of the minimal resolution of C*/G and the edges are the
intersections. The coincidence of graphs was interpreted as an isomorphism
between the/(\}—/equivariant K-theory of C? and the K-theory of the minimal

resolution C?/G of C?/G in [11]. A finer interpretation is given by [18] as an
equivalence between the derived category of G-equivariant coherent sheaves

on C? and the derived category of coherent sheaves on C?/G. The McKay
correspondence was generalized to three-dimensional Gorenstein quotient sin-
gularities by using crepant resolutions. The three-dimensional set-theoretical
McKay correspondence was given by Y. Ito and M. Reid as follows.

Theorem 1.0.1 ([14]). Let Y be a crepant resolution of three-dimensional
Gorenstein quotient singularity C*/G. Then there exists a correspondence
between the set of canonical bases of H*(Y,Q) and the set of conjugacy
classes of G with weight i where i is in Z N[0, 3.

On the other hand, the existence problem of crepant resolution for three-
dimensional Calabi-Yau varieties raised by physicists on 1980’s. Y. Ito, D.
G. Markushevich and S. S. Roan answered to the problem in the case of
quotient singularities.

Theorem 1.0.2 ([12][19][25]). Any three-dimensional Gorenstein quotient

singularity C° /G admits a crepant resolution.

For three-dimensional Gorenstein quotient singularities, T. Bridgeland,
A. King and M. Reid gave a construction of crepant resolution and the McKay
correspondence by using Hilbert scheme of G-orbits and Serre functor of
derived category in [1]. In the case that the dimension is higher than three,
crepant resolutions of Gorenstein quotient singularities do not always exist.
Nevertheless, for some special cases, sufficient conditions for the existence of
a crepant resolution was found out by [7][26] and other papers.

In the studies of the McKay correspondence and the existence problem
of crepant resolutions, quotient singularities have been main objects. By the
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way, if the dimension is greater than two, a minimal model has terminal
singularities in general. So, it will be natural to consider a generalization to
quotient spaces of terminal 3-folds.

We consider the existence of toric crepant resolutions for Gorenstein sin-
gularities which are given as quotients of the toric conifold X by finite groups
G acting toroidally (see Definition 2.2.1) and compute the Euler number of
the crepant resolutions. Moreover, we consider an analogy to Theorem 1.0.1
for X/G. Throughout the thesis, we always take a toric model of the singu-
larity, and we sometimes denote a singularity (X, z) by X for simplicity. It
is known that any affine toric terminal 3-fold X is smooth or isomorphic to
either of the following two:

(i) the quotient singularity of type %(a, —a, 1) where a and r are coprime,
(ii) the hypersurface singularity Spec(C'|z,y, z, w]/(xz — yw)).

See Theorem 2.2.2 and Theorem 2.2.3. If X is smooth and X/G is a Goren-
stein singularity, then there exists a crepant resolution for X/G by Theorem
1.0.2. In the case that X is a quotient singularity of type %(a, —a, 1), then
there exists a crepant resolution for X/G. This is because the existence prob-
lem for X/G can be reduced to the existence problem for C* /G’ where G’ is
a small finite subgroup of SL(3,C). For details, see Section 2.3. In the case
of the hypersurface Spec(C[z,y, z,w]/(xz — yw)), which we call the conifold
in the following, we assume that the quotient X /G has a Gorenstein singu-
larity. In Section 2.4, we give a classification of the toroidal group actions
on the conifold. In Section 2.5, we show that X/G admits a toric crepant
resolutions and compute the Euler number. The main result of this thesis is

as follows.

Theorem 1.0.3. Let X be the conifold and G be a finite group acting on X
toroidally. Assume X/G is a Gorenstein singularity. Then X/G admits a
toric crepant resolution )/(76 The Euler number of)/da is 2|G| where |G|
is the order of G.



Corollary 1.0.1. Let X be an affine toric terminal 3-fold and G be a finite
group acting on X toroidally. Assume X/G is a Gorenstein singularity. Then
X/G admits a toric crepant resolution X/G.

We remark that, in the case that X is the conifold, the Euler number
of a crepant resolution )/(76 is 2|G|. This implies that the usual McKay
correspondence on )/(76 does not hold. Indeed, every conjugacy class of G
corresponds to two toric prime divisors on )/('76 . However this complexity can
be interpreted by the string theoretic Hodge theory and the strong McKay cor-
respondence advocated by V. V. Batyrev and D. I. Dais in [3]. Roughly, the
strong McKay correspondence is the McKay correspondence limited on the
exceptional divisors, and that is hold for G'V-varieties: varieties which have
a stratification by affine charts with at most Gorenstein toric or Gorenstein
quotient singularities. Therefore, in the case of GV-varieties, we can con-
struct the McKay correspondence on every affine chart. In our case, a small
resolution )?/E is covered by two Gorenstein quotient singularities which are
isomorphic to each other. There exists a crepant resolution )/('76 which is
covered by two crepant resolutions of the Gorenstein quotient singularities
and go through the small resolution. Therefore, for )/(767* , the strong McKay

correspondence holds on every affine chart. For the detail, see Section 3.
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1.1 Basic knowledge on toric varieties

In this section, we shall recall basic knowledge of affine toric varieties which
is the main object of our study. Toric varieties are suitable for constructing



examples of the McKay correspondence because it is easy to observe the
cohomologies on a toric crepant resolution.

Definition 1.1.1. We define T as follows and call it an n-dimensional torus.

T":=C"xC"x---xC"
n—times

Sometimes, T" is denoted by T for simplicity when the dimension of the

torus is clear.

Definition 1.1.2. A normal irreducible variety X is said to be toric if T is
contained in X as a Zariski open dense subset and the group action of T' on
itself extends to an algebraic group action of T on X, which we denote by

.

In this thesis, we call 7 a torus action on X. For a = (a1, as,...,a,) €
Z", a group homomorphism e(a) : T — C* which is called a character is
given as follows.

e(a)(ty,ta, ... ty) = t715% -+ - tom

It is known that all characters of T' is given by this way. Characters of
T form a free abelian Z-module M which is called the character lattice.
We may identify M with Z". Let N be the dual Z-module of M, i.e.,
N = Homgz(M,Z). We note that N is naturally isomorphic to Z". In
the case that X is of finite type, the orbit space of X by my corresponds
to a finite set (N, A) of the faces of a rational strongly convexr polyhedral
cone 0 in Ng := N ® R, which is called a finite fan. When N is clear, we
sometime denote a finite fan (N, A) by A for simplicity. The intersection of
the dual cone of ¢ and M is a semi-group in M, which we denote by Sx.
Let {€1,6,...,€,} be the canonical Z-basis of M. By using the canonical
pairing ( , ), we have the dual Z-basis of N denoted by {ej,es,...,e,}. For
(b1,ba,...,b,) € N, a group homomorphism =, : C* — T which is called a
one parameter subgroup of T is defined as follows.

Talt) = (2%, )



By the above discussion, an affine toric variety X has coordinates induced
by the coordinates {e(e;),e(ez),...,e(e,)} of T.

Let {m; € M | 1 < i < s} be a system of minimal generators of Sy,
hence Sx = >°7_; Z-ym;. We have local coordinates (e(m1),--- ,e(ms)) on

X, and the action 7 can be written as follows:
mr(t, (e(ma), -+ e(my))) = (t(mi)e(m), - - t(ms)e(ms))

where ¢ is an element in T' and e(m;) is the character of T' for m; € M.

1.2 Toric quotient singularities

In this section, we shall recall a relation between age and discrepancy in case
of toric quotient singularities. The main references are [10] and [22].

For a finite fan (N, A), we denote the corresponding toric variety by
X (N, A), which is written as X (N, o) if A consists of the faces of a cone o.

Proposition 1.2.1. A toric variety X(N,A) is nonsingular if and only if
each o € A is generated by a part of a basis of N. (See p.15 of [22].)

We shall use the following.

Corollary 1.2.1. Let o be an n-dimensional simplicial convex cone generated
by n primitive elements x1, ..., x, in N. Then X(N,o) is nonsingular, if
and only if {x1,...,x,} is a basis of N.

Let g be an element of finite order in GL(n,C). Then g is diagonalizable
and there exists h € GL(n,C) such that

627ri91 O
hgh™' =
0 e27ri9n
where 61,05, -+ , 0, are rational numbers in [0, 1). We define the age of g as

age(g) =01 + Oy + -+ + 0,.
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The age is independent of the choice of h. The age of g is an integer if g
is in SL(n,C).
We shall use the following vector notation:

e27ri91 0
1
g(t17t27 Tt 7tn> =
0 627ri9n
where 6; equals to % and t1,t9,--- ,t, are nonnegative integers which are

less than s. The age of g equals to %(tl + -+ +t,). We denote the vector
L(t1,ta,...,t,) by v(g).

Let g1,92," -+ , gm be elements in SL(n,C). If g1, 92, - , gm are commu-
tative each other, then the elements gy, ¢o, - - - , g, are simultaneously diago-
nalizable.

Let G C SL(n,C) be an abelian finite subgroup. We may assume that G
is diagonalized. We consider the natural action of G on C". In this case, the
action of groups is represented as the following theorem by toric technique.

Theorem 1.2.1. Let {e1, e, -+ ,e,} be the canonical basis of N. Let N’ =
N+>cqv(9)Z. Then N is a submodule of N' with finite index.

Let A be the finite fan which is generated by o := (e1, e, - ,en)R.,
and ¢ : (N,A) — (N',A) be the natural morphism of finite fans. Then
corresponds to the morphism of toric varieties denoted by X (¢) : X(N,A) —
X(N',A) and X (v) is the quotient map by N'/N ~ G.

It is known that any toric variety admits an equivariant resolution of
singularities.

Theorem 1.2.2. Let A’ be a locally finite nonsingular subdivision of a fan
A in N. Then the equivariant holomorphic map id, : X (N, A") — X (N, A)
corresponding to the natural map (N, A") — (N, A) is proper birational and
is an equivariant resolution of singularities for X (N, A).

Moreover, for a primitive vector v € N’ such that vR is in A', there
exists an element g in G such that v(g) = v by the quotient map in Theorem
1.2.1. For an exceptional divisor E,, the following formula holds:

discr(E,) = age(g) — 1,
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where Ey, = orb(R-,v(g)).

For the details of the above proposition, theorems or corollary, see [22]
(especially Section 1.4 and 1.5) and see [24] for the assertions with respect
to age and discrepancy.

Next, we shall review a projectivity condition for toric morphisms.

Definition 1.2.1. An R-valued function h on the support |A| is called a
A-linear support function if h is Z-valued on N N |A| and linear on each
o € A where |A] means U,cao.

The set consisting of all A-linear support functions becomes an additive
group. The group is denoted by SF(NN, A). In Definition 1.2.1, if A is a finite
fan and h is Q-valued on N N |Al, h is also A-linear support function by
taking some multiple. Let A(1) be the set of all 1-dimensional cones in A.
For p € A(1), we denote the primitive element in N N p by n(p).

Proposition 1.2.2. There exists an injective homomorphism
SF(N,A) — z2W

h— (h(n(P)))peAu)'

A support function h is determined by integers h(n(p)).
If X is nonsingular, there exists an isomorphism such that

SF(N,A) & z2W,

Proposition 1.2.3. A toric resolution ¢ : X (N,A) — X(N,A) is complete
if and only if |A| equals to |A.

Definition 1.2.2. Suppose |A| equals to |A|. A A-linear support function h
is said to be strictly upper convex on A if h satisfies the following conditions.
(a) (I, ) > h(x) for all 0 € A and for all z € Ng,

(b) (ly,x) = h(x) if and only if = € o,

where [, is an element in M such that (l,,z) equals to h(z) if z is in ¢ and
(lo, z) equals to (I, z) for x € 7 if 7 is a face of o.
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Let (N, A) be a finite fan and A(n) be the set of the n-dimensional cones
in A. Aset {l,; 0 € A(n)} C M is determined uniquely by h € SF(N, A).

Proposition 1.2.4. For a complete toric resolution ¢ : X(N,A) — X (N, A),
the following conditions are equivalent.

(a) ¢ is projective.

(b) There exists h € SF(N, A) such that h is strictly upper convex on A.

1.3 Complete intersection quotient singular-
ities

In this section, we shall describe a part of the results of [29] and [28]; which
give the criterion for some quotient singularities to be complete intersection.
Notations used here is similar to the previous sections.

Definition 1.3.1. Let R be the ring C[X7, X5, -+, X,,] and I be the index
set {1,2,3,--- ,n} of the variables, D be a set consisting of subsets of I and
w be a map from D to the set of the positive integers Z_,. The pair (D,w)
is said to be a special datum, if D and I satisfy the following conditions.

(a) the subset {i} is an element in D for any i € I,

(b) if J and J' are elements in D, then J and J’ satisfy the condition J C J',
JcJorJNnJ =g,

(c) if J is a maximal set in D, then w(J) equals to 1,

(d) if J and J" are elements in D and if J' contains J properly, then w(J’)
divides w(J) and w(.J) is bigger than w(J'),

(e) if Ji, Jo and J are elements in D and if J; < J (i = 1,2), then w(J;)
equals to w(.Jy), where the notation < means that J; is a subset of J and

there exist no element in D between J; and J.

Definition 1.3.2. Let D = (D, w) be a special datum, we put Rp to be the
subring C[X; | J € D] of R where X; = ([, X;)*".

We denote the diagonal matrix whose (i,7) component is a (resp. (i,1)
component is a and (j, j) component is b ) and the other diagonal components
are 1 by (a;i) (resp. (a,b;i,7)) here.
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Definition 1.3.3. Let D = (D,w) be a special datum. A group Gp is the
one generated by the following elements: {(e,, e;';4,5) | Ji,J2,J € D,i €
Jl,j S JQ, Jp < J, Jo < J and w = w(Jl) = w<J2>}

Proposition 1.3.1. If D = (D,w) is a special datum, then
(1) the ring Rp is a complete intersection,

(2) Rp is the invariant subring under the action of the group Gp.

Theorem 1.3.1. If G is a finite abelian subgroup of SL(n,C) and if the
invariant ring R® is a complete intersection, then there is a special datum

D such that R® = Rp and G = Gp.
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Chapter 2

Existence problem of crepant

resolution

It is known that a crepant resolution always exists for a quotient singularity
by a finite subgroup of SL(n, C) if n is equal to three or less [25][12][13][19][20],
but not in the case in general when n is greater than three. Since around
1990, arithmetic conditions for the existence of a crepant resolution have
been shown for some series of cyclic quotient singularities [8][6][5]. It is also
shown that a crepant resolution exists for c.i. singularities [7][4].

2.1 Crepant resolutions of quotient singular-
ities
For Gorenstein quotient singularities with dimension smaller than four, ex-

istence problem solved affirmatively.

Theorem 2.1.1 ([25][12][13][19][20]). Any n-dimensional Gorenstein quo-
tient singularity C" /G admits a crepant resolution when n is smaller than

four.

In special cases, sufficient conditions for the existence of a crepant reso-

lution are known.
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Theorem 2.1.2 ([7]). All Gorenstein cyclic quotient singularities C" /G of

type
1
—— (1, k, IS SR A k”_l)

(%)

admit toric projective crepant resolutions for alln > 3 and all k > 2.

Theorem 2.1.3 ([7]). All abelian quotient c.i.-singularities admit projective

crepant resolutions in all dimensions.

We note that the quotient singularities in Theorem 2.1.2 are non-c.i.-
singularities.

In the remaining part of this section, we introduce the result in [26]. We
have found some infinite series of noncyclic and non-c.i. finite subgroups G
of SL(4,C) such that C*/G admits a toric projective crepant resolution.

Through this section, the coordinate ring of C* and the invariant ring
under the action of the group G are denoted by R and R® respectively.

R = C[X17 X27 X37 X4]

Proposition 2.1.1. Let p be a prime number and G be an abelian finite
subgroup of SL(4,C) generated by order p elements. Then G is a vector
space over the prime field of order p. The dimension of G as a vector space
is at most three and G is conjugate in SL(4,C) to one of the followings:
(1) (dimG = 1) A cyclic group

(%(a, b,c,d)) = Z/pZ

(2) (dim G = 2) Noncyclic groups with two generators

G)(l,(),a,p —a— 1)7 %(07 1,b,p— b— 1)> = (Z/pZ)2 (212>
(A(L,a,0,p—a—1),3(0,0,1,p— 1)) = (Z/pZ)%, (@ #£0) (21)
<Z_1;(071a07p_1>7;1;( ,O,Lp—l))rﬁ)(Z/pZ)z (223)

(3) (dim G = 3) Noncyclic groups with three generators

<%(170707p_ 1)7 %(07 170,]) - 1)7 %(0707 1,]) - 1)> = (Z/pZ)3
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where p is a prime number and a,b,c,d are integers in [0, p).

Proof. Let G be an abelian finite subgroup of SL(4, C') generated by diagonal
matrices. We define an injective homomorphism of groups ¢ : (R/Z)%* —
GL(4,C) as

627Ti:v 0
2y
(,y, 2z, w) —

2miz

0 €2m’w

and ¢ : (R/Z)% — SL(4,C) as

627ri:c 0
2miy
(x,y,2) —

2miz

0 627ri(1—ac—y—z)

Then we have the following diagram.

(R/Z)% < SL(4,C)

L !
(R/Z)** — GL(4,C)

And we also have the following diagram where the vertical arrows are canon-
ical quotient maps.

G+ Z% — R

+ +
G — (R/Z)%

We denote G+ Z®% by G. G is a free abelian group of rank at most three. We
choose an isomorphism p : G 5 Z®. Then the composition of the inclusion
map Z%" — G(= Z%") and p is Z-linear. We write the composition: Z%* —
G5 Z% asv.

We may assume the image of v equals to d1Z ® doZ & d3Z where dy, do
and dj are integers with dy|ds|ds. Clearly, G is isomorphic to G/Z%3. Hence,
G is isomorphic to Coker v = (Z/d1Z) ® (Z |d2Z) & (Z /d3 Z).
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By assumption, d; equals to p or 1 where 7 is a positive integer smaller
than four. Hence an abelian finite subgroup of SL(4, C) generated by order
p elements becomes the type (1), (212), (213), (223) or (3) using a change of
bases. O]

Theorem 2.1.4. There exists a projective toric crepant resolution for the
following types:

(a) Type (212) witha =b=1,

(b) Type (213) with a =1, ’%1, p—2orp—1,

(c) Type (223),

(d) Type (3).

Proof. The case (a).
We will prove this case at the latter part of the proof of the case (b),
a=p—2.

The case (b).

We define the plane section of the cone spanned by the elements (1,0, 0,0), (0,1,0,0),
(0,0,1,0) and (0,0,0,1) as H. Let G be a group of the type (213).

If a equals to 1 and p # 2, the quotient space C*/G corresponds to the
toric variety X (N’, A) where the lattice set N is Z* + 1—1)(1, 1,0,p—2)Z +
i((), 0,1,p—1)Z and A is the finite fan which consists of the faces of the cone
generated by the points (1,0,0,0), (0,1,0,0), (0,0,1,0) and (0,0,0,1). We
define the subset {%(i,i,j,p—%—j) i€ [0,22]NZ,j € [0,p—2i|NZ} C N’
as P. The age of all the points in P equals to 1.

We give a resolution for the singularity X (N’, A) by subdividing A N H
as the figure [Fig 1].
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2 (0,0,1,0)

[Fig 1]

(0,
On the edge connecting (%, %, p_T?k, 0) and (
2k + 1) points where the integer k satisfies the condition 0 < k < 1%1 — 1.

10.0)
—2
%, %,0, p—p ), there appear (p —

See [Fig 2].

p+1times

[Fig 2]

The figure [Fig 1] includes p? triangular pyramids of the following types: [Fig
3], [Fig 4], [Fig 5], [Fig 6], [Fig 7], [Fig 8] and [Fig 9.
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,0,1)

_P_P;
p 27
(1,0,0,0) 1 e
‘;<p2171121717)

(0,1,0,0)

[Fig 3]

p($173€17$2>p — 211 — 56'2)

Loy =1, — Loy +2,p — 201 — 25)

(1,0,0,0)
[Fig 4]

i(whl’l,l'z +1,p—2x; —x9 — 1)

xl—l r1— L, x0+2,p— 211 — 9)

]%(931@17552,]? —2r) — 952)
(0,1,0 0)

1’1,$1,$2+1 p—2r — 13— 1)

[Fig 5]
Lo — Ly — Lya+2,p— 201 — 1)
(1,0,0,0) X
s =Ly — Ly + Lp—2y —yp +1)
%(yhyla?h +1Lp—2y1 —y2— 1)
[Fig 6]

y1 Y, Y2+ 1,p =2y —yo — 1)

i(ylaylayZ + 17p - 2y1 — Y2 — 1)‘(07 17070)

y1—1y1 Ly+1,p—2y1 —y2+ 1)
[Fig 7]



%(21721707]9 - 22’1)

1,214+ 1,0,p — 22, — 2)

(1,0,0,0) A

[Flg 8] %(217217 17p - 221 — ]_)

i(zhzlvoap - 221)

i(zl + 1721 + 1,0,p_ 221 — 2) <0717070)

. §(21721717p_221—1)
[Fig 9]

The variables satisfy the conditions z1,y1,21 € [, ;%1] NZ, x9,ys €
[O,p%l]ﬂZ,p—Qxl—xQ >1and p—2y; —ys > 0.

All the determinants of the matrices made by the generators of the tri-
angular pyramids equal to # for the [Fig 3], [Fig 4], - - -, [Fig 9]. Therefore,
the cones generated by the four vertices of each triangular pyramid are non-
singular and the variety corresponding to the fan (N’, A) is a resolution for
X (N',A) where A is the finite fan decomposed as the figure.

The age of every lattice point corresponding to the exceptional divisors
for this resolution equals to 1. Hence, the resolution is crepant.

Next, we prove that this resolution is projective.

We shall define A-linear support function A which is strictly upper convex
on A by giving a Q-value for each lattice point in A N H. If h is strictly
upper convex on AN H, h is strictly upper convex on A. Let h have the
following Q-value (3; at each lattice point in A N H, then h is strictly upper

convex on A,
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[Fig 10]
where B =1+, %, (1 €[0,5%] N Z).

From here, we shall construct a projective crepant resolution for the case
a equals to p — 1. We also treat the case p = 2. The lattice set N’ is
Z' + ]lg(l,p —1,0,0)Z + %(0,0,1,p — 1)Z. We define a subset {é(z’,p -

p
i,0,0), %(0,0,j,p—j) |i,7 € [0,p)NZ} C N’ as P. The age of the elements
in P is always 1. We shall give a resolution for X(N’, A) by subdividing

AN H as the figure [Fig 11].
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The figure [Fig 11] only contains the triangular pyramids as shown in [Fig

12.
i(oaoayl - 17p_ Y1 + 1)

%(07071/17}9 - yl)

i(xl—l—l,p—xl—l,o,()) '

5(961’]9 —20,0) [Fig 12]

By the similar way as the case that a equals to 1, the cone as shown in

[Fig 12] is nonsingular and the variety X (N’,A) is a crepant resolution for
X(N', A) where the finite fan A is decomposed as the figure [Fig 11].

Next, we prove that this resolution is projective. If h is determined by

the value at each point as follows, then the A-linear support function & is

strictly upper convex on A where v, := 24+ 3! L=, (i€0,52]n 2).

n
Y0

In the remaining case a = 1 and p = 2, the condition that G is the type

(213) and @ = 1, p = 2 is a equivalent one that G is the type (2;3) and

a=p—1,p=2. So, we have proved the case a = 1, p — 1 of the type (213).

[Fig 13]

In the following, we shall prove the case a = ’%1, p — 2. First, we

consider the case @ = p — 2 where p # 2. The lattice set N’ is Z* +
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%(1,19— 2,0,1)Z + I%(O, 0,1,p—1)Z and A is as above. We define the subset
{(1,0,0,0), 2(0,0,i,p — i), 2(j, b, L, i = 1) [ i € [0,p)N Z,j € [0, 251N Z | =
p—2j4,l€[0,5]NZ} C N as P.

The age of all the points in P equals to 1. We will give a resolution for
the singularity X (N, A) by subdividing A N H as the figure [Fig 14].

(0,0,0,1)

[Fig 14]

\

(07 17 07 O)

On the edge connecting (zl;’ 17_72]" %, 0) and (1%, p_T%’ 0, %), there appear j+1

points where the integer j satisfies the condition 0 < j < p%l. See [Fig 15].

p + 1times

[Fig 15]
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The figure [Fig 14] includes p? triangular pyramids of the following types:
[Fig 16], [Fig 17], [Fig 18], [Fig 19], [Fig 20], [Fig 21] and [Fig 22].
5(0,0,4,p — 1)

50,0,i+1,p—i—1)

i(]?kvoap _j_ k)
S0 = 1Lk+2,0,p—j—k—1)

[Fig 16]
(0,0,1,0)

SOk =20+ 1Lp—j—k—1+1)

1 . .

1g

(0,0,1,0)

S0k =20p—j—k—=1+2)g .
=2, 1+1,p—j—k—1+1)

[Fig 18]
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SOk =21—-1,p—j—k+2)
(j,k;—2,1+1,p—j—k—l+1)

[F1g19
(],k 2+ 1L,p—j—k—1+1)

—LklLp—j—k—1+4+1)
(1,0,0 O)

[Fig 20]

p(0707i7p - Z)

50,0,i+1,p—i—1)

(1,0,0,0)
[Fig 22]
The variables satisfy the conditions j € [1, ’%1] NZ,k=p-—241 €
0,p—j—klNZ andie [0,p—1]NZ.
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All the determinants of the matrices made by the generators of the trian-
gular pyramids equal to z% for the [Fig 16], [Fig 17], - - -, [Fig 22]. Therefore,
the cone generated by the four vertices of each triangular pyramid is non-
singular and the variety corresponding to the fan (V' A) is a resolution for
X(N',A), where A is the finite fan decomposed as the figure.

The age of every lattice point corresponding to the exceptional divisors
for this resolution equals to 1. Hence, the resolution is crepant.

We define h as the similar way for the case a = 1. Then it is confirmed
that the crepant resolution is projective.

Here, we consider the case p = 2. The invariant ring is as follows.
RE = C[X}, Xa, X3, X3, X1 X2 X,

This case is clearly complete intersection type (see Section 3) and there exist
projective crepant resolutions.

Finally, We get the case a = ’%1 from the case a = p — 2 by interchang-
ing bases (1,0,0,0) and (0,1,0,0) and also the type (a) from this case by
changing bases and by changing generators of the group. So we have proved
the case (a) and (b).

The case (¢) and (d).
The quotient singularities of this type are c.i. singularity. In the case (c)

(resp. (d)), the invariant ring is
RY = C[X, X%, X8, XP, X5 X5 X,]
(resp. R® = C[XP, X}, X%, XP, X1 X2 X3X4]).

We can define a special datum D as D := {{1}, {2}, {3}, {4},{2,3,4}} (resp.

{{1},{2},{3},{4},{1,2,3,4}}) and a map w as {1} — 1, {i} — p (i
2,3,4) and {2,3,4} — 1 (resp. {i} = p (i = 1,2,3,4) and {1,2,3,4} — 1

).
So there exist projective crepant resolutions. O

Comment

For the group G of the type (213), if @ equals to p — 1 then C*/G is c.i.

1

singularity. We shall show C*/G is non-c.i. if a equals to 1, B=.p—2by
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showing that there are no special datum D for the group. Let I be the set
{1,2,3,4}. Assume that group G is the type (213) and a equals to 1. Then
the invariant ring is as follows:

RE = C[X/P, XoP, Xs", X", Xi' XoP ™', X1* X3 Xu, Xo* X3 Xy, X1 X0 X3 X,
where 1 < i < p— 1. We define a set D as follows.

D= {{1}, {2}, {3}, {4}, {1, 2}, {1,3,4},{2,3,4}, {1,2,3,4}}

Let w be a map from D to Z_,. Then the pair (D,w) never becomes a
special datum, since the images of w for the elements {1,2}, {1,3,4} and
{2,3,4} do not satisfy the condition that w(FE) equals to 1 or p where FE is
{1,2}, {1,3,4} or {2,3,4}. Hence, in this case, we have the fact that G is
non-c.i. type.

We conjecture that there exists a projective crepant resolution for type
(213) for any p and a.

2.2 Quotients of affine toric terminal 3-folds

Let V be a toric variety. The notations follows Chapter 1. If V' is an affine
toric variety, then there exists a semi-group Sy = > | Z >om; in M, and
we have local coordinates (e(my),---,e(ms)) on V, and the action 7 can
be written as follows:

mr (L, (e(ma),-- - e(ms))) = (t(ma)e(ma), - -, t(ms)e(ms))

where ¢ is an element in T" and e(m;) is the character of T for m; € M.

On the other hand, let H be a finite abelian group acting on V' and 7y be
the action. If (V/H, ) is an s-dimensional quotient singularity, then we may
assume that V' is a vector space over C' and G is a subgroup of GL(s, C) by
the following theorem. See Theorem 6.4.5 in [15].

Lemma 2.2.1. Let (W,w) be an n-dimensional quotient singularity. Then
there exists a finite subgroup H of GL(n,C) such that (W,w) = (C"/H,0)
as germs. In particular, quotient singularities are algebraic.

25



We introduce one more theorem on isomorphisms of quotient singularities
(see also [23]).

Theorem 2.2.1 (Prill’s isomorphism criterion). Let Hy, Hy C GL(s,C) be
two small finite subgroups where s is equal to or greater than 2. Then there
exists an analytic isomorphism (C°/H,,0) = (C*°/H,,0) if and only if H,
and Hy are conjugate to each other within GL(s,C).

By using the simultaneous diagonalization of all elements in H and Prill’s
isomorphism criterion, we may assume that the action 7y of H is given as

follows:

mi(h,c) :=diag(aq, - ,as) (c1, -, cs)
where diag(aq,---, ) is a diagonalization of the matrix h € H, «; (i =
1,...,s) are the eigenvalues of h and (¢, ,¢5) are local coordinates on

C°. We note that C*® contains the algebraic torus (C*)® and the semigroup
Scs can be written as Sgs = Y7 | Z5¢; where {¢; | i =1,...,s} is a Z-
basis of M. Therefore we can recognize H as a finite subgroup of T', and we

have the formula:
nr(t,my(h,c)) = mg(h,7r(t,c)), YVt € T ,Vh € HVc e V.

This formula says that 7y is equivariant with respect to wr. In this paper,

we consider group actions on affine toric varieties having such equivariance.

Definition 2.2.1. Let X be an affine toric variety and GG be an abelian finite
group acting on X. The action 7 is said to be toroidal if the action 7g is
equivariant with respect to 7, i.e., mg satisfies the following formula:

mr(t,m¢(g,x)) = 7a(g, mr(t, x)), Vt € T Vg € G,Vx € X.
In addition, we say that G acts on X toroidally.

In the following, we assume that all group actions on X are toroidal. The
usefulness of toroidal actions is that X/G is also a toric variety. Hence we
can describe, explicitly, the toric equivariant geometry of (X/G, ) with the
language of fans.
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Let us introduce a classification of affine toric terminal 3-folds. Theorem
2.2.2 was proved by G.K.White, D.Morrison, G.Stevens, V.Danilov and
M. Frumkin and Theorem 2.3 was in [9]. The definition of type %(a, —a, 1)
follows [24].

Theorem 2.2.2. Let X be an affine toric Q-factorial 3-fold. Then X is
terminal if and only if X is of type %(a, —a, 1) where a is an integer coprime
to r. In particular, if X is Gorenstein, then X is smooth.

Theorem 2.2.3. Let X be an affine toric non-Q-factorial 3-fold. Then X
has a terminal singularity if and only if X = Spec(C'lz,y, z,w]/(xz — yw)).

2.3 Gorenstein quotients of the singularity of
1
type F(a’a —a, 1)
Let X be an affine toric terminal 3-fold of type %(a, —a, 1) and G be a group
acting on X toroidally. Then X/G has a toric quotient singularity. We
assume that the singularity is Gorenstein. For three-dimensional Gorenstein

quotient singularities, the following theorems are known.

Theorem 2.3.1 ([12][19][25]). All three-dimensional Gorenstein quotient
singularities admait a crepant resolution.

By Theorem 2.3.1, the quotient singularity (X/G,z) admits a crepant
resolution. The remaining problem is whether there really exist quotient
morphisms from X to X/G which has a Gorenstein singularity. In the fol-
lowing, we shall give a way to construct an isolated Gorenstein quotient
singularity (X/G, 7).

Theorem 2.3.2 ([17]). Let n be an odd prime number. Let H be a finite
subgroup of GL(n, C) which is small. Assume that the C"/H is Gorenstein
with an isolated singularity. Then C"/H has a cyclic quotient singularity.

This theorem is a generalization of Theorem 23 in [27]. By Theorem 2.2.1
and Theorem 2.3.2, the singularity (X/G, z) = (C*/G,0) is a cyclic quotient

27



singularity where G is a small finite subgroup of GL(3,C). So it is enough to
prove that, for any cyclic quotient C*/ @, there exists a quotient morphism
from X to C*/ G by a group acting on X toroidally. Let G’ be the finite
subgroup of GL(3, C) generated by

er 0 0
0 g% 0
0 0 e

where ¢, is a primitive r-th root of unity and a,r are positive integers which
are coprime. Let ¢; be the quotient morphism from C? to C? /G, and let
$2 be the quotient morphism from C? to a cyclic quotient C*/ G. See [Fig
23]. In the following, we shall construct a quotient morphism ¢ such that

¢ o d1 = ¢
C?
\b\l
®2 X
o
C?/G

[Fig 23]

We fix the coordinate ring R := C|z,y, 2] of C® on the top of [Fig 23]. The
torus action 7 on C? defining the coordinate ring C|x,y, 2] is as follows:

TrT((tla t?a t3)a (1'7 Y, 2)) = (t1x7 t2ya th)
where (t1,19,t3) is an element in (C*)3. So it is clear that the action of G’ is
toroidal for mp. The following example gives a construction of the quotient
morphism ¢.
Example 2.3.1. Let G” C GL(3,C) be the subgroup generated by the

matrices

e 00 1 0 0 1 0 0
0 1 0], e 0,10 1 O
0 01 0 0 1 0 0 &
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In [Fig 24], let ¢; and ¢, be the quotient morphisms of C* by G’ and G re-
spectively. Since G’ is a normal subgroup of G”, there is a quotient morphism
from X to Spec(Clz",y", 2"]).

We define a small finite subgroup G"” C GL(3,C) as

/

ev 00
G":=([0o & o]
0 0 &

T./

where g,/ is a primitive r’-th root of unity, a’, ¥, ¢’ are elements in Z N[0, ")
and satisfy GCD(a', V', ¢, ") = 1. G clearly acts on Spec(C|#, 7, Z]), and we
denote the quotient morphism form Spec(C|z, 9, Z]) to Spec(C[z,y, 2])/G"
by ¢3. The image of ¢3 is of type 7%(a’, v,d).

C® = Spec(Clz,y, 2]) C® = Spec(C|z, 7, 7))
Vl
b2 /X ¢3
C® = Spec(Clz", y", 2")) C?/G"
[Fig 24] [Fig 25]

We shall consider the composition of [Fig 24] and [Fig 25] by the changing
of variables

=z oy =y, 2 e 2
See [Fig 26]. Let ¢4 be the composition of ¢o and ¢3. In the following, we

ascertain that there really exists ¢5; which is the quotient morphism by a
group acting on X toroidally.
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C3 / G///

[Fig 26]

We define a subgroup G of GL(3,C) as the direct sum of G” and G", i.e.,
G is as follows:

/

e, 00 1 0 0 0 ey 00

10
G=( 0o 1o0]|,]oe. ofl,Jo1 of,[o0o &% ol
0 0

0 01 0 0 1 e 0 0 &7

rr! rr!

where ¢,,» is a primitive rr’-th root of unity. Clearly, G acts on Spec(R),
and RY coincides with C [Z,9,2]%" via the changing of variables. This is
why ¢4 is the quotient morphism from Spec(R) by G. Since G is a nor-
mal subgroup of é, there exist a quotient map ¢5 and a group G act-
ing on X such that (C*/G,0) = (X/@,z). Moreover (X/G,Z) is a quo-
tient singularity of type %(a’ 0 ,c), and G is isomorphic to é/G’ . Let
{ui(z,9,2), -+ ,us(x,y,2)} be a system of minimal generators of RY', i.e.,
RY = Cluy(z,y, 2), - ,us(x,y, 2)]. The torus action on X is as follows:

T ((th, ta, ts), (ur, - -+, us))
= (wi(tr, to, ta)ur(x,y, 2), -+, us(te, ta, ts)us(z, v, 2))

where (t1,19,t3) is an element in T'. Similarly, the action of G on X is as
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follows:

WG(({;‘??{,’ 5?72”’7 5?«?’)7 (u17 U ’US))

J— ay az as ay a2 asz

- (ul (grr” Eprs grr’)ul(‘x? Y 2)7 T us(grr” Eppss 8r7“/)u5(x7 Y Z))
where €%, (i = 1,2, 3) are diagonal components of an element in G. Therefore
ma is toroidal for mr /g

In summary, we have the following.

Proposition 2.3.1. Let X be a quotient singularity of type %(a, —a, 1) where
r and a are coprime. Then there exists a finite group G acting on X toroidally
such that X/G has an cyclic quotient singularity of type %(a’,V',c’) where

GCD(d, V', ) r") = 1.

Additionally, we can prove that X/G has an isolated Gorenstein singu-
larity if and only if '+ V' +¢ =0 (mod ') and GCD(d/,r") = GCD(V,7") =
GCD(c,7") = 1. See Chapter 3 of [27].

2.4 Toroidal group actions on the conifold

Let X be the conifold Spec(C'[x,y, z, w]/(xz —yw)). In this section, we shall
classify groups G acting on X toroidally such that X/G has a Gorenstein
singularity via a finite fan corresponding to X. The conifold X is a toric
variety, and there is a torus action 7 on X by the algebraic torus T' = (C*)3.
The character lattice M is Z* and Sx is a semi-group Zle Zsom; C M
where m; (i = 1,2,3,4) are elements in M satisfying m; + ms = may + my.
In this paper, we choose the canonical Z-basis €7, €5, €3 of M as mq, mq, ms.
Then the semigroup ring C[Sx] is C|[z,7, 2, %] ~ Clr,y, z,w]/(xz — yw).
Let N be the dual Z-module of M and {ej, e3, €3} be the canonical basis of N.
Let A be the finite fan which consists of all the faces of the rational strongly
convex polyhedral cone o := R qe1 + Roges + Rog(er +e2) + Rog(ex +e3) in
Ngr := N®z R. In this case, the finite fan corresponding to X is (N, A). We
first introduce a lemma on group actions on hypersurfaces (see also Lemma
7.3.8 in [15]).
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Lemma 2.4.1. Let (V,0) C (C"™,0) be an n-dimensional hypersurface
singularity, H be a finite group acting on V and (W,w) be the quotient of
(V,0) by H. Then there exists a small finite subgroup H' of GL(n + 1,C)
such that H' acts on' V' and (V,0)/H' = (W, w).

By Lemma 2.4.1, since the quotient X /G matters, we may assume that the
group G is a small finite subgroups of GL(4, C). We denote the action of G on
X by mg. The torus action on X is given as (x,y, z, w) — (t1x,tay, t32, %w)
where (x,y, z,w) is a point in X C C* and ty,ty,t3 € C*. Therefore, if the
action of GG is toroidal, then all the elements in GG are diagonal 4 x 4-matrices.

Proposition 2.4.1. Let G C GL(4,C) be a group acting on the conifold X
toroidally and g be a generator of G. If the quotient X/G is Gorenstein, then
g can be written as

€0 0 0
0 ¢ 0 0
0 0 &2 0 (21)
00 0 &°

where €, is a primitive r-th root of unity, a,b € [0,7)NZ and GCD(a,b,r) =
1.

Proof. All elements in G are diagonal matrices in GL(4,C), and g € G can
be written diag(e?, b, ¢, e4

and GCD(a, b, c,d,r) = 1.

Since G acts on X, the defining function xz — yw is semi-invariant under

) where r is a positive integer, a,b,¢,d € [0,r)NZ

7. Moreover, since X/G is Gorenstein, the top form - L_drAdyAndzAdw is

z—yw

invariant under 7. By the action of g, xz—yw and ——dx AdyAdzAdw are

€a+b+c+d ey .
o dz Ndy ANdz N\dw respectively.

a+c b+d 2
transformed to e*"“rz —&" ™ yw and 5 —7a

Therefore, we have the equations
a+c=b+d and a+b+c+d=a+c (modr).
In short, the formula
a+c=0 and b+d=0 (mod r)
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holds. Therefore, g can be written as (2.1), and, clearly, the action 7¢ is
toroidal. n

If G is generated by the matrices

€0 0 0 e 00 0
0 e 0 0 0 & 0 0
0 0 = 0| 0o 0 &% 0
0 0 0 & 0 0 0 &b

where 7; is a positive integer, ¢,, is a primitive 7;-th root of unity and a;,b; €
0,r7;,) N Z for i = 1,...,k, then, by changing r; into r := LCM(ry,--- ,7%)
for all 7, these generators of G can be written as follows:

ghar g 0 0 gha 00 0
0 ehtr 0 0 bt 0 0
0 0 echa o [77] 0 0 b 0
0 0 0 gk 0 0 0 e

where [; is - for all 7. In the following, we assume that all elements in G
are the ones after the above commonization with respect to r;. Hence it is
enough to classify G for an fixed integer r.

Let us fix an integer r. Let G, be the subset of GL(4, C') which consists of
all diagonal matrices in the form of (2.1) where r is fixed and a,b € [0,7)NZ.
In this section, we denote the matrix (2.1) by the vector notation 1(a,b). By
the isomorphism ¢ : G, — (Z/rZ)* defined by L(a,b) — (a,b), a finite
subgroup G of G, corresponds to a finite (Z /rZ)-submodule. We denote the
submodule of (Z /rZ)? corresponding to G by G. We shall classify subgroups
G C G, into two families: (i) {G C G, : X/G is an isolated Gorenstein
singularity}, () {G C G, : X/G is not so } via submodules of (Z/rZ)’.

Let ¢ be the natural surjection Z?> — (Z/rZ)>. The inverse image
Y~1(G) is a discrete submodule in R*. Hence, the rank of ¢y ~*(G) as a module
is at most two, also the cardinality of a system of minimal generators of G
is at most two. We denote the cardinality of a system of minimal generators
of G by #SMG(G). For instance, if G is a cyclic group, then #SMG(G) is
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one. Assume systems of minimal generators {(a,b)} (resp. {(a,b),(c,d)}) of
G satisfy GCD(a,b,r) = 1 (resp. GCD(a,b,¢,d,r) = 1).

Proposition 2.4.2. For all submodules G of (Z /rZ)* which satisfy
#SMG(G) = 2,

there exists a system of minimal generators which is in the form of either of
the following two:

{(d",0),(0,d)}, (2.2)
{(d,V), (', 0)} (2.3)
where a', b, d" are integers in [0,7) N Z and GCD(d', V', ¢, d',r) = 1.
Proof. Assume that the set
{(a,0), (c;d)} € (Z/rZ)’

is a system of minimal generators of GG where the integers a, b, c,d € [0,7)NZ
and GCD(a, b, ¢, d,r) = 1. Because #SMG(G) is two, there do not exist non-
zero elements ki, ke € Z /rZ such that ki-(a,b) = (¢,d) and k- (¢, d) = (a, b).

Let o be GCD(a, ¢). Then there exist integers s1, s, € Z N[0, r) such that
a = sia and ¢ = sea. The integers s; and s, are coprime. Therefore, there

exist integers ¢; and ¢y such that ¢;s1 + ¢80 = 1, and we have the equation
C1a + CcoCc = (v .
By the above discussion, the formula
— 1 0\ [0 —1 0
@) =(“ (mod )  (2.4)
b d) \ si ) \-k 1/\1 0 d g
holds where k = s1—59, d' = bei+dcey, 5 = kd'—b and b’ = bsy—ds; modulo r.
In the formula (2.4), the second matrix, the third one and the fourth one are
elementary transformations because those matrices are regular. The integers

a,d and 8 are elements in [0,7) N Z. Since GCD is not changed under the

elementary transformations of matrices, so we have the equation
GCD(a,b,c,d,r) = GCD(a, d', 5,7) = 1.
Clearly, (o, d') and (0, 3) generate G. ]
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We note that if a set {(a,0),(0,d) € G : ad = 0 (mod 7)} generates G,
then #SMG(G) is one and {(a,d) | ad =0 (mod 7)} is a system of minimal
generators of GG. Moreover, the converse is also true. We admit interchanging
variables  and y while classifying the group actions, and, hence we do not
have to distinguish between (2.2) and (2.3). For all submodules G, there,

uniquely, exists a system of minimal generators

C(G) :={(a,b),(0,d)} (or {(a,b)}) C G (2.5)

where the integers a, b, d are integers in [0, r) which satisfy GCD(a, b, d,r) =
1 (or GCD(a,b,r) = 1) and the conditions: (i) GCD(a,r) = a, (i) b =
min{t’ € [0,7 — 1] | (a,) € G}, (i) GCD(d,r) = d. We call the set C(G)
the canonical form of G in this paper. In fact, the order of the element
(a/,b') in (2.2) is Gop@ T and, hence, GCD(d/,r) is the minimum of the set
{a" € [1,r = 1] : (d",%) € G}. Similarly, GCD(d’,r) is the minimum of
the set {d” € [1,7 — 1] | (0,d") € G}. Therefore, by the minimality of the
integers a, b, d, the uniqueness of the canonical form of G follows.
We define submodules C; and C5 of G as follows:

C = {(a',O) € G}, Cy = {(O,d/) S G}

We shall explain a relation between the orders of C, Cs and the isolatedness
of a singularity X/G by using a finite fan (N’ A) corresponding to X/G. If
the canonical form of G is C(G) = {(a,b),(0,d)} (resp. {(a,b)}), then the

formula
o1 1 1
N' = ;(a,b, —a)Z + ;(O,d, 0)Z + N (resp. ;(a, b,—a)Z +N) (2.6)

holds. It is known that there is an isomorphism G = N’/N as groups (see
22]). We define S C Ng as the quadrangle {lie; + la(e1 + e2) + l3(e2 +
es) + lyes | I, 1o, 15,14 € R, Z?:l l; = 1}. Since G is isomorphic to G, there
is a surjection v from N’ to G. We have the restriction of v on N’ N S as
Vnvns(2(s,t,m —s)) + (s,t). We denote the points in N’ which are in the
inverse image v|yi~g() by V(g). See [Fig 27] where the largest square is S.
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r-sections

e1te V%
.................... Vi((3a,30)):. 5. . i
O T T U S A N Tdentify
: . : . : . ;V 2@;2()' :

r-sections
e ()
L bsectionh
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Each cone 7 in A corresponds to a toric subvariety W of X, and the
dimension of 7 is equal to the codimension of W. Therefore X has an isolated
singularity if and only if the maximal cone ¢ in A is singular and the other
cones are not singular. We have the following.

Proposition 2.4.3. X/G has an isolated singularity if and only if the canon-
ical form of G is as follows:

C(G) ={(a,b)} (2.7)
where the integers a,b,r are pairwise coprime.

Proof. Assume that G is given by (2.7). Let o' be an i-dimensional cone

in A where i = 0,1,2,3. Clearly, o is generated by part of a basis of

3

N’ for ¢ = 0,1, but the maximal cone ¢° = ¢ is not. There are four two-

dimensional cones o3, 03, 05, 03 in A which are generated by {es+e3, €3}, {e1+
e, ez + e}, {e1, e1 + ez}, {e3, e1} respectively. We denote generators of o7

(7 =1,2,3,4) by {15,925} Since GCD(a,r) = GCD(b,r) = 1, there is an
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element %(al, ag,a3) € N’ of which a component «y, is one where k = 1,2, 3.
Let g3r be an element of which k-th component ay, is one. By the formula
(2.6), we may assume that the components aq, ag of g3 satisfy the equation

a1 = —ag. By computations, we have the following equations:

| det(gikgargsr)| = %, | det(914924932)| = %

where k = 1,2,3. Hence {gix, 9ok, g3x} and {g14, go4, g32} are bases of N’
where k£ = 1,2, 3, and all two-dimensional cones in A are smooth. Therefore
X/G has an isolated singularity.

Conversely, we assume that G is given by another canonical form. Let g;
and gy be generators of o2. To show that X/G has no isolated singularities,
it is enough to prove that there exist a two-dimensional cone 02 € A which
has an element h € N’ No? which can not be written as a linear combination
of g1 and gy over Z. In fact, assume that there is an element g3 € N’ such
that {g1, 92, g3} is a basis of N’. Then h can be written a linear combination
of g1, g2 and g3 over Z. Since h, g; and g, are elements in o2, the element g;
belongs to 0. This is a contradiction. Therefore there do not exist elements
g3 € N’ such that {g1, g2, g3} is a basis of N'.

If #SMG(G) is two, then N’ is given by the equation of the left side
of (2.6). The element 1(r,d,0) (resp.(0,d,r)) belongs to of (resp. o%),
and this element can not be written as a linear combination of g13 and go3
(resp. g11 and go1) over Z. Hence the cones o3 and o7 are singular. Hence
there are toric subvarieties of X /G which are singular, and the singular locus
Sing(X /@) is not isolated.

Assume that #SMG(G) is one. In this case, by the definition of the
canonical form of G (see (2.5)), the formula GCD(a,b) = 1 holds. So the
remaining are two cases: (i) GCD(a,r) # 1, (&) GCD(b,r) # 1. First
of all, we consider the case of (i). We denote the integer - by [. Since
GCD(a,b) = 1, we have an element I(a,b) = (0,V) in G, and ¥ is not
zero. The lattice point 1(0,b',7) (resp. 2(r,b',0)) in the two-dimensional
cone o3 (resp. cr%) can not be written as a linear combination of g;; and g
(resp. g13 and go3) over Z. So the singular locus Sing(X/G) is not isolated.
Finally we treat the case of (i). Let I’ be the integer ;. There is an element
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I'(a,b) = (a’,0) in G, and @ is not zero. The lattice point %(a’,O,r —a)
(resp. X(a’,r,r —a’)) in the two-dimensional cone o3 (resp. ¢3) can not be

written as a linear combination of g1 and goo (resp. g14 and go4) over Z. [

In other words, X/G has an isolated singularity if and only if both of the
orders of the submodules C; and C5 are one. The following is an example
that X /G has an isolated singularity Sing(X/G).

Example 2.4.1. Let X be the conifold and G C GL(4, C) be a group acting
on X toroidally. We assume that r = 5 and C(G) = {(1,2)}. Let (N, A)
be the finite fan corresponding to X/G. Then Sing(X/G) is an isolated

singularity. The quadrangle S is as follows.

it ete
--------------- ><V((24))
><V((4ila3))--é--------: -------
------ XV((1,2))
--------------- XV-((?;-,-I))---------
“ . €3 [Fig 28]

Excepting for the generators of the maximal cone, there are no lattice points
on the edge of S. By Proposition 2.4.3, X/G has an isolated singularity at
the origin.

2.5 The proof of Theorem 1.0.3

Let X be the conifold and G be a finite group acting on X toroidally. For
Note 2.5.1, see [22] and [24].
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Note 2.5.1. Let f : (A, N') — (A, N') be a resolution corresponding to a
triangulation of S and ¢ be a support function on |(A, N')|. Then we have
the formula
Ky = Kx + S (1 - (V@)
geG

where X and Y are the toric varieties corresponding to (A, N') and (A, N')
respectively and Ej is the exceptional divisor orb(V(3)). Moreover, the value
of @ is given by %(a +c¢) for %(a, b,c) € N', and discr(E;) = 0 for all g € G.

Note 2.5.2. Lett be an even number, and let P; be an two-dimensional lattice
polygon with i lattice points on its boundary. For any maximal triangulation
P! of P; by all lattice points in P;, the equation

7

2F =3F +1
holds where E (resp. F') is the number of edges (resp. faces) of P!.

Theorem 2.5.1. Let X be the conifold Spec(Clz,y, z,w|/(zz — yw)), and
let G be a finite group acting on X toroidally. Assume that the quotient
X/G has a Gorenstein singularity. Then the quotient admits a toric crepant

resolution. Moreover, the Euler number of the crepant resolution is equal to
2|G.

Proof. Isolated case.

Assume that X/G has an isolated singularity. By Proposition 2.4.3 and
[Fig 27], there are no lattice points on 9.5 except for ey, e, e1+e, ea+e3 where
dS is the boundary of S. By the relation between g € G and V(g) € N'Nn S
in the discussion of [Fig 27], the number of the elements in N'N S is |G| + 3.
Let S’ be a maximal triangulation of S C Ng by using all lattice points in
NN S. By Note 2.5.2, we have the equation

2
E=-F+2
3 +

where F (resp. F') is the number of edges (resp.faces) in S’. By combining
with the Euler’s polyhedral theorem, the formula

2
|G|+3—§F—2+F:1
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holds. Therefore, the number of the triangles in S’ is 2|G|.
Let T be a minimal triangle in S’ and t1, t, t3 be the vertices of T. Then
the formulas
Vol(T) = | det(ts, ta, ts)| > % |

Vol(S) = | det(eq, ea + €1, 62 + €3)| + | det(eq + e3,e3,e1)| = 2

hold. Therefore, for all minimal triangles 7" in S’, we have the equation

1

This says that every maximal cone in A which is generated by the vertices
of T'is smooth. By Note 2.5.1 and the above discussion, the triangulation S’
determines a toric crepant resolution, and the Euler number of the crepant
resolution is equal to 2|G].

Non-isolated case.

Suppose that X/G has no isolated singularities. Then the order of C; or
(5 is not one, and there are lattice points V' (C;) on 0S where i = 1,2. The
number of lattice points in N’ NS is |G| + |Cy| + |Cs| + 1. Since there are
2(|C1| + |Cy]) edges on 9S, S can be seen as a lattice polygon Pa(cy|+|cs))
(see Note 2.5.2). By Note 2.5.2, we have the formula

3
E = 5F+ |C1| + |C4.

By the Euler’s polyhedral theorem, the equation
3
|G|+ |Cy| +|Ca] + 1 — (§F+ |G| +]Cs])+ F =1

holds. Therefore, there are 2|G| minimal triangles in S’. By the same reason
as the isolated case, this triangulation determines a toric crepant resolution,
and its Euler number is 2|G|. O
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Chapter 3

McKay correspondence for
Gorenstein toric quotients of
the conifold

Let X and G be as in Theorem 2.5.1. In this section, we shall consider the
strong McKay correspondence for X/G. We note that X/G is a G V-variety
in Remark 6.4 in [3].

3.1 Small resolutions of Gorenstein toric quo-

tients of the conifold

For X, there are two small resolutions ; : X5 X (1 =1,2). Since G acts
on X toroidally and the small resolutions are toric, the group action lifts
on Xi. Moreover, 7; is compatible with the quotient map by G. The small
partial resolution of X/G denoted by 7' : X /G — X/G (i = 1,2) is covered
by two affine charts X ; / G;, (j = 1,2) on the exceptional set isomorphic to
P! where X ; is isomorphic to C® and Gé- is isomorphic to a finite subgroup
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of SL(3,C). i.e., X}/G’ is a Gorenstein quotient singularity.

2
X'G=\]Jx;/aG;

j=1
Therefore, for every affine chart X:/G"%, there is a crepant resolution fi; :

Xi/G% — X}/G". These two morphisms patch together to give a crepant
resolution of the hole X/G.

Proposition 3.1.1. Let X, G and X}/G% (i = 1,2, j = 1,2) be as above.
Then X /GY is isomorphic to X3/GY.

Proof. By computing Laurent polynomial rings of affine charts of small reso-
lutions of X, we have the fact that a small resolution of X is covered by two
affine charts Spec(C[%,z, %Z]) and Spec(Clz,y, %]) or Spec(C[Z,y, 2]) and
Spec(C'z, %, %%]). We set the notations as follows

)z

X11 = Spec (C {g,z, %}) , X21 = Spec <C [x,y, f}) ,
z Yy Yy

X} = Spec (C F,y, z]) , X3 = Spec <C [:c, g, ﬁ}) .
Yy r 'y

We assume that the order of G is r and the canoniccal form of G is C(G) =
{(a,b)}. Tt is easy to check that X; (j = 1,2) is the Gorenstein quotient
singularities of type (a b, —a — b) and XJ2 (j = 1,2) is the one of type
L(a,—b,b— a). O

We note that, in general, X}/G} is not isomophic to X7/G7. If (i) X/G
is a non-isolated singularity or (ii) G is cyclic and |G| is even number, then
X} /G% is non-isolated singularity. X?/G% is not necessary isolated singularity
even if (ili) X/G is an isolated singularity and |G| is odd number, however
either X} /G or X7 /G? is always an isolated singularity. Fig 7 (resp. Fig 8)
is the quadrangle S = {l161 + ly(er + e) + Is(ex + e3) + lyes | U1, 12,153,104 €
R,>: I = 1} C Nj of X'/G (resp. X2/G) and explains the relation
between the way of small resolutions and the isolatedness of X?/G% in the
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case of (iii).

The S of X'/G. The S of X2/G.
epte  ertes erte , ___exteg

D W

S R 057ttt SE [ [P SRR (SR IO

......... Ao
............. : ><
e es el 1 €3

[Fig 29] [Fig 30]

Two triangles in [Fig 29] (resp. [Fig 30]) are corresponding to the quotient
singularities of type %(a, b, —a — b) (resp. %(a, —b,b—a)). In the following,
we assume that, if G satisfies the condition (iii), then X /G is covered by
affine charts with an isolated singularity.

In general, crepant resolution of X/G is not unique. However, by us-

ing toric flops, arbitrary crepant resolution of X/G can be reduced to the

special ones which are coverd by X; / Gz For every j, the McKay correspon-

—_——

dence on X}/G" holds. It is proved that, if two smooth irreducible projective
Calabi-Yau algebraic varieties are birational, then the ¢-th cohomologies with
coefficient C' of these varieties are isomorphic. See [2], [16]. Therefore, when

we consider the strong McKay correspondence for X/G, it is natural to take
the above reduction by toric flops.

3.2 Example of Mckay correspondence

Finally, we give an example of the strong McKay correspondence in the case
(iii).

Example 3.2.1. Let X and G be as in Example 2.4.1. Then the quadrangle
S of a small resolution of X/G is as follows.
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The S of X'/G. The S of X2/G.

e1 + e — ey + e3 €1+ €9 — es + e3
vl )
S N L)
B VN
[Fig 31] [Fig 32]

In this case, X! /G (resp. X2 /G) has two isolated singularities of type
5(1,2,2) (resp. £(1,3,1)).

Let H be an abelian subgroup of SL(3, C) generated by the diagonal ma-
trix diag(es, €2,¢2). The McKay correspondence for the quotient singularity
of type £(1,2,2) is as follows:

I, = {%(1,2,2), %(3, 1, 1)} — HA(Y,Q)

1 1 1 1
1 —=172(1,2.2).2(3.1.1 I, =4 2(2.4.4), =(4.3.3
1 {5(a7)75(a7) <_>2 5(a7)75(’7)

o H'(Y.Q) & HX(Y,Q)

where Y is a crepant resolution of the singularity. We follow notation in [14].
The Euler number e(Y') is as follows:

e(Y) =Y, Q) + P*(Y,Q) + h*(Y,Q) =1 +2+2 =5,

On the other hand, there is a correspondence between H and G.

1 1 1 1
HOI = {5(1,2,2),5(3, 1, 1)} > {5(1,2,4,3), 5(3,1,2,4)} e

1 1 1 1
H D) FQ - {5(2,4,4)75(4,3,?))} < {5(2,4,37 1), 5(4,37 1,2)} - G
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The figure [Fig 33] is a crepant resolution )/(76 of X/G which is covered
by crepant resolutions of C*/H.

The S of )/(76’
e1 + e : . : . es + e3

O [Fig 33]
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