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Chapter 0O

Introduction

Let N = {1,2,3,...} be the set of positive integers and Z = {0,+1,£2,...} the
set of integers. The study of the problem to ask whether a sum of two powers
is a power or not is one of the main themes of number theory. In other words,
it is to search the solutions of equation

X*+YYV=277

where X,Y,Z, x,y,z € N. There are a very large number of works in cases
where some of X,Y, Z, x,y, z are variables. A good example is the (generalized)
Fermat equation

where X,Y,Z € N and n is a fixed positive integer with n > 2. In this thesis
we consider the problem in case where x,y, z are variables.

Let a,b, c be pair-wise relatively prime positive integers. Then we consider
the exponential Diophantine equation

a® +b¥ =c* (1)

where z,y,z € N. This field has a long history. Originally this problem was
considered for fixed triples (a, b, ¢). Using congruences, the quadratic reciprocity
law and factorizations in number fields, several authors determined complete
solutions of (1) (cf. [Hal, [Ma], [Na], [Uc]). We consider the case where a, b, ¢ > 1.
By the theory of Diophantine approximations, we can examine the solutions of
(1). By Baker’s theory of linear forms in logarithms, we can obtain effectively
computable upper bounds for the size of solutions of (1), which may be generally
very large. According to [Hi|, under certain assumptions on a, b, ¢, we have the
following upper estimate:

max(z,y, z) < 228 Vabe log(abc)

for all solutions (z,y, z) of (1). On the other hand, equation (1) can be regarded
as a kind of unit equations. Let N = N(a,b,c) be the number of solutions of
(1). Mahler [Ma] first showed the finiteness of N. The theory of unit equations
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2 CHAPTER 0. INTRODUCTION

gives upper bounds for N. In particular, using a result in [BS], we obtain an
absolute upper bound:
N < 2%,

In case where divisibility properties of xz,y,z are given, we may connect (1)
to other Diophantine equations, in particular, generalized Fermat equations
(cf. [Co, Ch.14]). We remark that these upper bounds above are generally not
useful to determine the solutions of (1).

We generally observe that N is very small. It seems no triple (a,b,c) for
which N > 3. The only known case for which N = 3 (at least as far as the
author knows) is

3+45=2% 3 +5=2° 34+5°=2"

One of the main themes on exponential Diophantine equations is to show that
N is very small, such as N < 3, which is known to be true in case where ¢
is a prime ([Sc, Theorem 6]). For this purpose we should treat triples (a,b, c)
for which (1) has one solution (z,y,z) = (p,q,7). In this direction there is
a celebrated problem suggested by Terai [Te2]. In [Mi, Miy2] we proposed a
modified version of it as follows.

Conjecture 0.1.1 Let p,q,r be positive integers with p,q,r > 2, and let a,b, c
be pair-wise relatively prime positive integers such that a? 4+ b? = ¢". Assume
that (a,b,c) is not any of the following cases (up to any change a into b):

(2,7,3), (2,2P72—1,2P"241);p> 3.
Then (1) has the unique solution (x,y,z) = (p,q,r).

In what follows, we call Conjecture 0.1.1 Terai’s conjecture. This is one
of the most famous unsolved problems in the field of exponential Diophantine
equations. Note that

2 4+72=3% 247=23%
20 4 (272 1) = (20724 1)3 24 (2072 -1)=2P"2+1 (p>3).

Terai’s conjecture is the main theme in this thesis.

In Chapter 1, we consider Terai’s conjecture in the case p = ¢ = r = 2, which
is just the conjecture of JeSmanowicz [Je|. JeSmanowicz’ conjecture is a famous
unsolved problem on Pythagorean numbers, also in the field of exponential Dio-
phantine equations. We first introduce several known results on Je$manowicz’
conjecture, and prove the results obtained in [Miy6].

In Chapter 2, we consider Terai’s conjecture more generally. We first in-
troduce several known results on the conjecture, and prove some of the results
obtained in [Miy2, Miy3].

In Chapter 3, we consider an analogous problem of the conjecture of JeSmanowicz.
We prove the result obtained in [Miy4].

In Chapter 5, we give several results concerning upper bounds for solutions
of (1) under certain assumptions. Furthermore, using them, we solve equations
(1) in case where a, b and ¢ are Fibonacci numbers.



Chapter 1

Jesmanowicz’ conjecture

1.1 Jesmanowicz’ conjecture

For positive integers a, b, ¢, we call (a,b,c) a Pythagorean triple if a* + b = 2,
and further primitive if a, b, ¢ are relatively prime. We know that Pythagorean
triples appear in many mathematical subjects, especially, Diophantine equa-
tions. In 1956 Leon Jesmanowicz [Je] proposed the following problem.

Conjecture 1.1.1 Let (a,b,c) be a primitive Pythagorean triple such that a® +
b% = c%. Then (1) has the unique solution (x,y,z) = (2,2,2).

This is one of the most famous unsolved problems on Pythagorean numbers,
also in the field of exponential Diophantine equations. For the most famous
Pythagorean triple (a,b,c) = (3,4, 5), Sierpinski [Si] considered (1), that is,

3% +4Y = 5%,

He proved that the above equation has the unique solution (z,y,z) = (2,2,2)
in positive integers x,y and z. Later, JeSmanowicz [Je] further showed similar
results for each of the following equations:

5% +12Y =13%, 7% 4+24Y =257, 9% +40Y =417, 11 +60Y =617,

and he proposed his conjecture.
It is well-known that, for any primitive Pythagorean triple (a, b, ¢) satisfying
a? +b? = ¢® (we may assume that b is even), we can write

a=m?—n? b=2mn, c=m?+n>
where integers m,n satisfy the condition
m>n>0, gedim,n)=1, m#n (mod2).

We will always consider the above expressions.
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4 CHAPTER 1. JESMANOWICZ’ CONJECTURE

1.2 Results

In this section we introduce several known results on Conjecture 1.1.1.
After the work of JeSmanowicz mentioned in the Section 1.1, Lu [Lu] showed

Proposition 1.2.1 Ifn =1, then Conjecture 1.1.1 is true.

We remark that m may be any positive even integer if n = 1, and that n =1
if and only if ¢ = a + 2. Proposition 1.2.1 is the only result in which Conjecture
1.1.1 is true for fixed n.

Later, extending earlier results in several papers [Ko, Ko2, Po], Dem’janenko
[De] proved

Proposition 1.2.2 Ifc=b+ 1, then Conjecture 1.1.1 is true.

Propositions 1.2.1 and 1.2.2 include the results of Sierpinski and JeSmanowicz.
Also they are crucially important since they are used in many earlier works. For
other known results, see for example [Ca, DC, HY, Le, Miy].

The purpose in this chapter is to generalize both Propositions 1.2.1 and 1.2.2
by proving the following results.

Theorem 1.2.1 If a = %1 (mod b), then Conjecture 1.1.1 is true.
Theorem 1.2.2 If c =1 (mod b), then Conjecture 1.1.1 is true.

Both Theorems 1.2.1 and 1.2.2 are generalizations of Proposition 1.2.1. In-
deed, if n = 1, then m is even and b = 2m, so a = m? — 1 = —1 (mod b) and
c=m?2+1=1 (mod b). Theorem 1.2.2 is also a generalization of Proposition
1.2.2.

From Theorem 1.2.1 we obtain the following corollary, which can be regarded
as an analogue of Proposition 1.2.2.

Corollary 1.2.1 If |b— a| = 1, then Conjecture 1.1.1 is true.

For the Pythagorean triples (a, b, ¢) satisfying a? + b = ¢? and |b — a| = 1,
we can find a topic on them in Section “RIGHT TRIANGLES WHOSE LEGS
DIFFER BY UNITY” in the famous book of Dickson “History of the Theory of
Numbers”: Vol. 2 (Chelsea) (see [Di, pp.181-183]). Some histories are written
in it. For example, Fermat gave an easy method to find such triples (see Remark
1.4.1 below).

In the next section we prepare some lemmas for proving Theorems 1.2.1
and 1.2.2. It is crucially important to examine parities of exponential variables
x,y, z for Conjecture 1.1.1. Using the parameters introduced by the author in
[Miy], we give useful lemmas to examine parities of x and z. Further, we quote
a well-known result on Diophantine equations due to Euler.

In the remaining sections we prove Theorems 1.2.1 and 1.2.2. An important
step in the proofs is to show that z,y,z are all even. We observe that this
yields sharp upper bounds for x,y, z. On the other hand, by congruence reduc-
tions, we can obtain congruence relations among the solutions, which yield sharp
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lower bounds for hypothetical solutions. Finally we observe that hypothetical
solutions lead to contradictions, and complete the proofs.
In what follows, we consider the equation

(m? —n?)" + (2mn)Y = (m? + n?)* (1.2.1)

where z,y, z € N.

1.3 Preliminaries

In this section we prepare some lemmas for proving Theorems 1.2.1 and 1.2.2.
First we give lemmas to examine parities of exponential variables z and z. It is
crucially important to know parities of x,y, z for Conjecture 1.1.1.

The following notation have already been defined by the author in [Miy].
By Proposition 1.2.1, we may assume that n > 1. We define integers «, 3, e
(e >1,8>2,e==l1), and odd positive integers i, j as follows:

m=2%, n=2%+e if m is even, (13.1)
m=2%+e, n=2%  ifmisodd. o

In what follows, we consider the case where 2a # 3 + 1. The following two
lemmas will be used to determine parities of exponential variables. In particular,
Lemma 1.3.1 will play an important role in the proofs. For a non-zero integer
k, we denote the 2-adic valuation by ords.

Lemma 1.3.1 Let (z,y,2) be a solution of (1.2.1). Ify > 1, then z = z
(mod 2).

Proof. This is a direct consequence of [Miy, Lemma 3.1]. But, for the sake of
completeness, we prove this lemma here.

Assume that 2a # 5+ 1. We consider the case where m is even. As defined
in (1.3.1), we put m = 2% and n = 25 +e.

Let (x,y, z) be a solution of (1.2.1). It is easy to see that z is even by taking
(1.2.1) modulo 4. Suppose that x Z z (mod 2), that is, z is odd. Taking (1.2.1)
modulo 22¢F! we have

2mn)? = (m* +n?)” — (m* —n?)"
= m2n2z72z + n2z + m2n2a:721, o n2w
=m2(n** 2z + nh_zx) +n?* —n?*  (mod 2%,
Put
A _ m2(n22—22 4 'I’LQ$_2.’IJ), B _ n2z _ n?w'

Then
(2mn)Y = A+ B (mod 22**1).

Since n is odd and x # 2 (mod 2), we see that n?*~2z + n?*~2z is odd, hence

ordy(A) = ordy(m?) = ordy(2%2%4%) = 20,
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ordy(B) = ordy(n?*=21 — 1)

Since orda((2mn)¥) = (a+ 1)y and 2« # B+ 1, it follows that

20 if 2a < B+1,

a+1l)y=

( v {ﬂ—l—l if 2a>p+1.

This implies that « = 1 and y = 1, or @« = # and y = 1. Therefore, if y > 1,
then = z (mod 2). Similarly, we can prove the lemma for the case where m
is odd. O

Lemma 1.3.2 Let (z,y,2) be a solution of (1.2.1). If x and z are even, then
X =7 (mod 2), where X =x/2 and Z = z/2.

Proof. We consider the case where 2ae # 4+ 1. Let (z,y, z) be a solution of
(1.2.1). Assume that z and z are even. We can write z = 2X and z = 27,
where X, Z € N. We define even positive integers D and E by

D= (m2+n2)Z+(m2_n2)X, E = (m2+n2)Z_(m2_n2)X.
Then (2mn)¥ = DE by (1.2.1). Since
(2mn)¥ > D > m? +n? > 2mn,

it follows that y > 1. It is easy to see that ged(D, E) = 2. Since DE is (exactly)
divisible by 2(@TD¥  we see that the congruence

(m* 4+ nHX £ (m? —n?)? =0 (mod 2(0‘+1)y_1)

holds for the proper sign.

First, we consider the case where 2ac > $+1. Then, since (a+1)y—1 > 2a >
B + 2, the above congruence can be reduced to (m? + n2)X + (m? — n?)% =0
(mod 2°%2). Substituting «, 3 expression in (1.3.1) into this congruence, we
have 29%t1ejX = 4+20%1ejZ (mod 2°%2). This implies that X = Z (mod 2)
since ej is odd.

Finally, we consider the case where 2a < 3+ 1. Then, since (o + 1)y —
1>2a+1and 8+ 1 > 2a+ 1, it follows from the above congruence that
22042 X = 422927 (mod 222*1). This implies that X = Z (mod 2) since i is
odd. O

The following is a classical well-known result due to Euler [Eu]. It is an
analogue of the case n = 3 for Fermat’s last theorem, and will be used in the
proof of Theorem 1.2.1.



1.4. PROOF OF THEOREM 1.2.1 7

Lemma 1.3.3 The equation
X3 4+v3 =273
has no integral solutions with ged(X,Y) =1 and XY Z ¢ {0, +1}.

Proof. For example, see [Na, pp.244-246], [Wa]. O

1.4 Proof of Theorem 1.2.1

In this section we prove Theorem 1.2.1. We consider the cases a = —1 (mod b)
and @ = 1 (mod b) separately.

1.4.1 The case a = —1 (mod b)

In this section we prove that Conjecture 1.1.1 is true if a = —1 (mod b).
Assume that a = —1 (mod b), or

m? —n? = —1 + 2mnt, (1.4.1)

where ¢t € N. Then
m?=—1 (mod n), (1.4.2)
n?=1  (mod m). (1.4.3)

By Proposition 1.2.1, we may assume that n > 1. First we prove an important
lemma.

Lemma 1.4.1 With the notation in (1.3.1), we have
(i) n > 4t.
(ii) m is divisible by 2t. In particular, m is even and n is odd.

(iii) 20 # B+ 1.

Proof. From (1.4.1) we see that (U,V) = (m — nt,n) is a positive solution of
the Pellian equation
U= (P +1)V2=—1.

Since the fundamental solution of the above Pellian equation is ¢ + v/t2 + 1, all
of the pairs (m,n) are given by m = U; 4+ tV;, n = V}, where positive integers
U,V are defined by

U+Viviz+1=(t+Vt2+1); 1>1 odd.

(i) Since V; =n > 1, we see that [ > 3, hence n = V; > V3 = 4t? + 1.
(ii) This follows from the facts that Uy + tV4 = 2t and

Upo = 2+ 10U +2t(t* + 1)V, =U;  (mod 2t),
Vipa =2tUi + 22 + )V, =V, (mod 2t).
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(iii) As defined in (1.3.1), we put m = 2% and n = 2°j + e. We know from
(ii) that 227 is divisible by 2¢, in particular, ords(2t) < « since i is odd. It
follows from (1.4.1) that

B+1=ords((n—1)(n+1))
= ordy (m(m — 2nt))
= a + orda(m — 2nt).

Hence it suffices to check that ordy(m — 2nt) # a. If ords(2t) < «, then
ords(2nt) < a, so ordy(m — 2nt) = ordy(2nt) < a. If ordy(2t) = «, then
orda(m — 2nt) = a + orda (i — n(2t/2%)) > a. Therefore, 2a0 # 4+ 1. O

By (i) in Lemma 1.4.1, we see that m > n > 3.
Let (x,y, 2z) be a solution of (1.2.1). We prepare several lemmas.

Lemma 1.4.2 x and z are even.

Proof. Taking (1.2.1) modulo m, we have (—n?)* = (n?)* (mod m). Then
(1.4.3) yields (=1)* =1 (mod m). Hence x is even since m > 3.

Taking (1.2.1) modulo n, we have (m?)® = (m?)? (mod n). Then (1.4.2)
yields (—1)* =1 (mod n), hence z is also even since n > 3. O

By Lemma 1.4.2, we can write x = 2X and z = 27, where X, Z € N. Note
that y > 1 as we observed in the proof of Lemma 1.3.2.

Lemma 1.4.3 4tX = 4tZ (mod mn).

Proof. Taking (1.2.1) modulo m?, we have n** = n*? (mod m?) since y > 1.

On the other hand, we know from (1.4.1) that n? = 1 — 2mnt (mod m?). It
follows that (1 — 2mnt)?X = (1 — 2mnt)?? (mod m?), hence

4mntX = 4mntZ (mod m?).
Similarly, we can show that
4mntX = 4mntZ (mod n?)
by taking (1.2.1) modulo n2. Since gcd(m,n) = 1, we find that
4mntX = 4mntZ (mod m?n?),

hence 4tX = 4tZ (mod mn). O

We define positive even integers D, E as follows:
(2mn)Y = DE, (1.4.4)

where
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It is easy to see that ged(D, F) = 2, and

D=1+ (-1)%, E=1-(-1)* (mod 4).
Also, we see from (1.4.2) and (1.4.3) that

D=1+ (-1)% E=1-(-1)% (modm)

and
D=(-1)?+(-1)%, E=(-1)Z-(-1)* (modn).

Lemma 1.4.4 X and Z are odd.

Proof. By Lemma 1.3.2 and (iii) in Lemma 1.4.1, we see that X = Z (mod 2).
Suppose that X and Z are even. Then

D=2 (mod4), D=2 (modmn).

Hence (1.4.4) yields D = 2, which is clearly absurd. We conclude that X and
Z are odd. [

By Lemma 1.4.4, we see that
E=2 (mod4), E=2 (modm), D=-2 (modn).

It follows from (1.4.4) that

Lemma 1.4.5 y is even.

Proof. We see that (m? + n?)? = (D + E)/2 = 2Y"2mY + nY. Taking this
modulo m, we have
ny =1 (mod m)

by (1.4.3). If y is odd, then the above congruence yields n = 1 (mod m) by
(1.4.3). This is absurd since m > n > 1. Hence y is even. OJ

By Lemma 1.4.5, we can write y = 2Y, where Y € N. Since {a*,bY,c?}
forms a primitive Pythagorean triple, we can write

aX =k =12, b =2kl, =K+,
where integers k, [ satisfy the condition
E>1>0, gcd(k,l)=1, Ek#!l (mod2).
Since b < ¢ < a? and a® < ¢Z < b?Y, it follows that

I X -Z|<Z<2Y.



10 CHAPTER 1. JESMANOWICZ CONJECTURE

Since (k +1)(k —1) = a® and ged(k + 1, k — 1) = 1, we can write
k+l=uX, k—1=0%,

where integers u, v satisfy u > v > 0, ged(u,v) = 1 and uv = a. Note that u,v
are odd.
We will obtain a sharp upper bound for Y.

log(a + 1)

L 146 Y < ————.
erma ~ orday(b) log 2

Proof. Since X is odd and 4kl = (k+1)? — (k —1)? = u*X —v*X_ it follows that

2X _ 2X

Y ords(b) = ords(2kl) = ords < 5

) = ordy(u £ v),

where we take the proper sign for which ords(u£v) > 2. Since uxv <u+wv <
uv + 1 =a+ 1, we obtain
ords(u + v) < log(a+1)

orda(b) ~ orda(b)log2”

We are ready to complete the proof. If X # Z, then (i) in Lemma 1.4.1,
Lemma 1.4.3 and Lemma 1.4.6 yield

n mn log(a+1)  2logm
< — ) =—<|X-Z|<Z<2Y <

m_m(4t) 4¢ — | | - log 2 log 2
which does not hold. Hence X = Z.

Since X is odd and v*Y = ¢*X — ¢2¥, it follows that
ordy (b?Y) = ordy(c*X — a®X) = ordy(c? — a?) = ordy(b?),

which gives Y =1, so X = Z = 1. We conclude that Conjecture 1.1.1 is true if
a = -1 (mod b).

Example 1.4.1 As we observed in the proof of Lemma 1.4.1, we can obtain all
of the pairs (m,n) satisfying (1.4.1). For example, putting [ = 1, we have pairs
(m,n) = (2t,1) with ¢ > 1, which is just Proposition 1.2.1. Putting | = 3, we
have pairs (m,n) = (8¢3 + 4t, 4¢2 + 1) with ¢ > 1.

1.4.2 The case a =1 (mod b)

In this subsection we prove that Conjecture 1.1.1 is true if a = 1 (mod b). The
proof will proceed as well as the preceding section.
Assume that a =1 (mod b), or

m? —n? =1+ 2mnt, (1.4.5)
where ¢t € N. Then

m?=1 (mod n), )

n?= -1 (mod m).
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Lemma 1.4.7 With the notation in (1.3.1), we have
(i) n is divisible by 2t. In particular, m is odd and n is even.

(ii) 20 # B+ 1.

Proof. From (1.4.5) we see that (U,V) = (m — nt,n) is a positive solution of
the Pellian equation
U — (2 +1)V2=1.

Since the fundamental solution of the above Pellian equation is 2t2 + 1 +
2t+/t2 + 1, all of the pairs (m,n) are given by m = U; + tV;, n = V;, where
positive integers U, V; are defined by

U+VivE2+1= 02 +1+2t/12+1) 51> 1.

(i) This follows easily from the above.
(ii) Similar to Lemma 1.4.1. O

By (i) in Lemma 1.4.7, we see that m > n > 2.
Let (z,vy, z) be a solution of (1.2.1). We prepare several lemmas.

Lemma 1.4.8 z is even.

Proof. Taking (1.2.1) modulo m, we have (—n?)* = (n?)* (mod m). Then
(1.4.7) yields (—1)* =1 (mod m). Hence z is even since m > n > 2. O

By Lemma 1.4.8, we can write z = 27, where Z € N. From Lemma 1.3.1
and (ii) in Lemma 1.4.7 we observe that z is even if y > 1.

Lemma 1.4.9 x s even and y > 1.

Proof. Suppose that y = 1. We will observe that this leads to a contradiction.
Note that x is odd. Taking (1.2.1) modulo n?, we see from (1.4.5) that

(14 2mnt)” + 2mn = (1 + 2mnt)®  (mod n?).

Hence
2tx +2 =2tz (mod n).

Then (i) in Lemma 1.4.7 yields 2 = 0 (mod 2t), hence t = 1. Then a =b+ 1
by (1.4.5), so a® +a — 1 = (2a% — 2a + 1)? by (1.2.1). Taking this modulo a,
we have 2 =0 (mod a). This is clearly absurd. O

By Lemma 1.4.9, we can write z = 2X, where X € N. We define D, F as
in the preceding section. Similarly to the proof of Lemma 1.4.4, we may show
that X, Z are odd and 4tX = 4tZ (mod mn). From (i) in Lemma 1.4.7 we see
that 2X =27 (mod m). Hence

X =7 (mod 2m),
since m is odd and X — Z is even. Furthermore, since

D=2 (mod4), D=2 (modn), = -2 (mod m),
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it follows that
D = (m* 4+ n®Z + (m? —n?)X =2m?,

1.4.8
E = (m?+n?)% — (m? —n%)X =2v-1nv. ( )

Then (m? +n?)? = (D + E)/2 = mY + 2Y~2n¥Y. Taking this modulo n, we have
mY =1 (mod n)
by (1.4.6).

Using a classical well-known result due to Euler (Lemma 1.3.3), we will show
that y is even. For this we need a little complicated arguments.

Lemma 1.4.10 y is even.

Proof. Suppose that y is odd. We will observe that this leads to a contradiction.
Then m = 1 (mod n) by (1.4.6). We can write m = 1 + hn, where h € N.
Substituting this into (1.4.5), we have

np = 2(h —1t),

where p = —h? + 2th + 1. Note that p # 0 and h # t. From (ii) in Lemma 1.4.7
we see that A = 0 (mod ¢). In particular, h > 2¢. Then np = 2(h —t) > 0, so
0 < p= —h(h—2t)+ 1. This implies that h = 2t. Hence p = 1, n = 2t, m =
1+ n2

We consider the cases n Z 0 (mod 3) and n =0 (mod 3) separately.

First, we consider the case where n # 0 (mod 3). Since n? =1 (mod 3), we
see that m = 2 (mod 3) and m? —n? = 0 (mod 3). Taking the first equation in
(1.4.8) modulo 3, we have 22 = 2Y*! =1 (mod 3). This implies that Z is even,
which is absurd.

Finally, we consider the case where n = 0 (mod 3). Since m = 1+ n?, it
follows from (1.4.8) that

(1+n%)Y +2¢2n¥ = (1 4 3n? +n*)%,
(1+n2)Y —2v2n¥ = (1 +n? +nH)¥.
Note that y > 2. Taking the above equations modulo 3n2, we have (14 n?)X =

(1 4+ n?)Y =1 (mod 3n?). This implies that X = y = 0 (mod 3). But, the
second equation above can be rewritten as

(L+n%)Y + (=1 —n? —n*)X = 2(2v/371nv/3)3,

which contradicts Lemma 1.3.3. We conclude that y is even. [J

By Lemma 1.4.10, we can write y = 2Y, where Y € N. Similarly to the
proof of the preceding section, we may obtain the same upper bound for Y as
Lemma 1.4.6. As a result, we see that if X # Z, then
log(a + 1) 2logm

log 2 log 2

2m <|X —Z| <2Y < ,
which does not hold. Hence X = Z. This leads to the desired conclusion as we
observed in the preceding section. We conclude that Conjecture 1.1.1 is true if
a =1 (mod b), and complete the proof of Theorem 1.2.1.
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Example 1.4.2 As we observed in the proof of Lemma 1.4.7, we can obtain all
of the pairs (m, n) satisfying (1.4.5). For example, putting [ = 1, we have pairs
(m,n) = (4t2 + 1, 2t) with t > 1, so m = n? + 1 with even n.

Remark 1.4.1 We remark on the Pythagorean triples (a, b, c) satisfying a? +
b?> = ¢ and b = a + 1. According to [Di, pp.181-183] (also see [Si2]), Fermat
gave an easy method to find such triples. He found that, from one right triangle
(a,a + 1,¢), one sees that (4, A + 1,C) is also one right triangle, where A =
2¢c+3a+1 and C = 3¢+ 4a + 2. Generally, for any Pythagorean triple (a, b, ¢)
satisfying b = a+ 1, since a® + (a+1)? = ¢? or equivalently, (2a+1)?—2¢% = -1,
we observe from the theory of the Pellian equations (as we have already observed
before) that a and ¢ are given by

(2a4+1)+cvV2=(1+V2)* kg >1.

The first ten examples are in Table 1. These have already been given by A.
Girard (c.f. [Di, pp.181]).

Table 1.1: Pythagorean triples (a, b, ¢) satisfying a® + b = c? and b = a + 1

a b c

3 4 5

20 21 29
119 120 169
696 697 985
4059 4060 5741

23660 23661 33461
137903 137904 195025
803760 803761 1136689
4684659 4684660 6625109
27304196 27304197 38613965

1.5 Proof of Theorem 1.2.2

In this section we prove that Conjecture 1.1.1 is true if ¢ = 1 (mod b). The
proof will proceed as well as that of Theorem 1.2.1.
Assume that ¢ =1 (mod b), or

m? +n? =1+ 2mnt, (1.5.1)
where ¢t € N. Then
m?>=1 (mod n),
n?=1 (mod m)

By Propositions 1.2.1 and 1.2.2, we may assume that n > 1 and ¢ > 1.



14 CHAPTER 1. JESMANOWICZ’ CONJECTURE

From (1.5.1) we see that (U,V) = (m — nt,n) is a positive solution of the
Pellian equation
U? — (2 -1)Vi=1.

Since the fundamental solution of the above Pellian equation is ¢ + v/t2 — 1, all
of the pairs (m,n) satisfying (1.5.1) are given by m = U; + tV}, n = V}, where
positive integers Uy, V; are defined by

U+Vivi2—1=(t+V2-1)1>1.

From this we may show the following lemma.

Lemma 1.5.1 We have
(i) If I is odd, then the same conditions in Lemma 1.4.1 hold.
(ii) If I is even, then the same conditions in Lemma 1.4.7 hold.

Let (z,y, z) be a solution of (1.2.1). As we observed in the proof of Lemma
1.4.2, we may show that x is even. Similarly to the proof of Lemma 1.4.9, we
observe that if y = 1 then ¢ = 1, which is absurd. Hence y > 1, so z is even by
Lemmas 1.3.1 and 1.5.1. In the case where [ is even, we may show that y is also
even as we observed in Lemma 1.4.5.

Next, we will show that y is even in the case where [ is even as follows.
Suppose that y is odd. As we observed in Lemma 1.4.10, this leads to the
existence of a positive integer h such that m = 1 4+ hn. Substituting this into
(1.5.1), we have

np = 2(t — h),

where p = h? — 2th + 1. Then p # 0 (since t > 1) and h # t. From (ii)
in Lemma 1.5.1 we know that n is divisible by 2¢, so h is divisible by t. In
particular, h > 2¢. Then p=h(h—2t)+ 1> 0,s0t —h = (np)/2 > 0, which is
clearly absurd. We conclude that y is even.

Therefore, x,y, z are all even. Similarly to the preceding sections, we can
complete the remaining parts of the proof of Theorem 1.2.2.

Example 1.5.1 Let ¢t be a positive integer with ¢ > 1. As we observed at
the beginning of this section, we can obtain all of the pairs (m,n) satisfying
(1.5.1). For example, putting { = 1, we have pairs (m,n) = (2¢,1), which is
just Proposition 1.2.1 (¢ = 1 corresponds to (a,b,c) = (3,4,5)). Putting [ = 2,
we have pairs (m,n) = (442 — 1, 2t), som = n? — 1 with even n > 2 (t = 1
corresponds to (a,b,c) = (5,12,13)).



Chapter 2

Terai’s conjecture

2.1 Results

Terai’s conjecture (Conjecture 0.1.1) concerns all positive integers p,q,r > 2.
But we should treat exponents (p, ¢, ) which admit infinite number of triples
(a, b, c) satisfying a? + b? = ¢" (a, b, ¢ are relatively prime positive integers). By
the works of Darmon-Granville [DG] and Beukers [Beu], we can observe that all
of such (p,q,r) are given by (we take p > q)

(27 277‘); T Z 27
(P,q,7m) =19 (p,2,2); p >3,
(3,2,3),(3,3,2),(3,2,4),(4,2,3),(4,3,2),(3,2,5),(5,2,3), (5,3, 2).

Further, for each (p, ¢, ) above, all of the relatively prime positive integers a, b, ¢
satisfying a? 4+ b? = ¢" are given by several polynomials in two integral variables
with integral coefficients (see [Beu| and [Co, Ch.14]). Most known results on
Terai’s conjecture concern the first case above. For r > 2, we can find that all
of the relatively prime positive integers a, b, ¢ satisfying a? + b = ¢" are given
by (cf. [Co, p.466])

a=|A|, b=|B|, c=m?+n? (i)
where integers m,n, A and B satisfy the condition
m>n>0, gcd(m,n)=1 m#n (mod2)

and A+ B+/~1= (m+n+/—1)". There are a number of partial results in this
case. Many of them concern the case where m = 2 (mod 4) or n = 1. Some
well-known results in the case n =1 are as follows.

Proposition 2.1.1 Letr =2, and let a, b, ¢ be given by (i). Assume thatn = 1.
Then Conjecture 0.1.1 is true.

This is just Proposition 1.2.1 and it can be proved only by elementary con-
siderations.

15
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All of other known results on Conjecture 0.1.1 concern the case where r > 3
is odd (as far as the author knows). Historically, Terai first started to study such
case and gave some partial results (see [Te, Te2]). After several works on the
case r € {3,5}, Cao and Dong [CD2| succeeded in extending them as follows.

Proposition 2.1.2 Let r € {3,5}, and let a,b,c be given by (i). Assume that
n = 1. Then Conjecture 0.1.1 is true, that is, for each positive even integer m,
the equation

(m® — 3m)® + (3m?* — 1)Y = (m? + 1)~

has the unique solution (x,y,z) = (2,2,3) in positive integers x,y and z, and
the equation

(mm?* —10m? + 5))* + (5m* — 10m? +1)¥ = (m? +1)?
has the unique solution (x,y,z) = (2,2,5) in positive integers x,y and z.

In the proof of this result, Cao and Dong used results on lower bounds for
linear forms in the logarithms and on generalized Fermat equations. The former
are used to obtain sharp upper bounds for solutions and the latter are used to
reduce divisibility properties of solutions.

Later, some authors started to consider infinite pairs (r,m) and showed
similar results under certain assumptions. In particular, Le [Lem3] gave the
following which is one of the most progressive results in this direction (see also
[Lem2, Lemb5]).

Proposition 2.1.3 Let r be a positive integer such that r =5 (mod 8), and let
a,b, c be given by (i). Assume that m > r% r < 11500 or m > 2r/m,r > 11500,
and that n = 1. Then Conjecture 0.1.1 is true.

In the proof of this result, Le used similar tools as those of Proposition
2.1.2, in addition, he appealed to a celebrated result on the existence of primitive
divisors of Lucas and Lehmer sequences due to Bilu, Harnot and Voutier [BHV],
where the additional method is similar to that of [HY]. By Proposition 2.1.3,
we see, for each r with r = 5 (mod 8), that Conjecture 0.1.1 is true if n = 1
except for finite number of m’s. Also see [CD, CM, Lem] and their references.

In this chapter we first give results concerning the case where a, b, ¢ are given
by (i) as follows.

Theorem 2.1.1 Let r be a positive integer such that r = 4 (mod 8), and let
a, b, c be given by (i). Assume that n = 1. Then Conjecture 0.1.1 is true.

Theorem 2.1.2 Let v be a positive integer such that r = 6 (mod 8), and let
a,b, c be given by (i). Assume that m?/log(m?+1) > r3/log2 and n = 1. Then
Conjecture 0.1.1 is true.

Note that exceptional cases of Terai’s conjecture are essentially given by a
family of triples (a,b,c) = (2, 2P72 — 1, 2°=2 4 1); p > 3. In fact, letting p = 5,
we have (a,b,c) = (2,7,3%). So we may think that they essentially come from
the case where p > 3 and ¢ = r = 2. For p > 3, we can find that all of
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2

the relatively prime positive integers a, b, ¢ satisfying a? + b? = c? are given by

(cf. [Co, p.465])

p_ — p p _ p
T L -t N R 2 U g

(i)
where integers m,n satisfy the condition
m>n>0, gedim,n)=1, m#n (mod2),

or
a=2mn, b=I[2P"2mP —nP|, c=2P"2mP 4 nP, (iii)
where integers m,n satisfy the condition

m>0, n>0, gedim,n)=1, n=1 (mod 2).

Finally we show results concerning the case where a, b, ¢ are given by (ii) or
(iii) as follows.

Theorem 2.1.3 Let p be a positive integer such that p > 3 and p =1 (mod 4),
and let a,b,c be given by (ii). Assume that n = 1. Then Conjecture 0.1.1 is
true.

Theorem 2.1.4 Let p be a positive integer with p > 3, and let a,b,c be given
by (iil). Assume that n = 1. Then Conjecture 0.1.1 is true, that is, for each
positive integer m with m > 2, the equation

(2m)" + (272mP — 1) = (2" *m" + 1) (z,y,2 €N)

has the unique solution (x,y,z) = (p,2,2). Furthermore, if m = 1, then all of
the solutions of the above equation are given by

(3,6,2), (L,t,1);t>1 if p=3,
(m,y,z) = .
(p7272)a (1717 1) if p> 4.

2.2 generalized Fermat equations

Let P,@, R be non-zero pair-wise relatively prime integers, and let p,q,r be
positive integer with p, g, > 2. Then the equation

PXP 4+ QYY=RZ",

XY, Z€Z, gd(X,Y,Z)=1, XYZ#0

is called a generalized Fermat equation. As we know, the case where P = Q =
R =1and p =¢qg =1 =mn > 3 corresponds to Fermat’s last theorem. In
this case, Wiles proved that the equation has no solutions. After his work, the
interest shifted to the above general equation. In these 20 years many authors
have treated special cases of this equation. Most of their methods are based on
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Wiles’s method, or more sophisticated arguments in the theory of elliptic curves
and modular forms (see for example [Beu, DG]).

In this section we quote many results on generalized Fermat equations. They
play a prominent role in the proofs of Theorems 2.1.1 and 2.1.2. They will be
used to reduce divisibility properties of exponential variables. In the case P =
@ = R =1, for a solution (X,Y, Z) of the above mentioned generalized Fermat
equation, we call it non-trivial if XY Z # 0 and primitive if ged(X,Y, Z) = 1.

The following two lemmas are classical and well-known results due to Euler
and Fermat, respectively.

Lemma 2.2.1 The equation
X3 +Y? =273
has no integral solutions with gcd(X,Y) =1 and XY Z # 0, £1.
Lemma 2.2.2 The equation
Xt4y2=2z24
has no non-trivial primitive integral solutions.
Lemma 2.2.3 ([Co] pp.484—485) The equation
Xt +y3i=2%
has no non-trivial primitive integral solutions.

The following two lemmas are given by Cao and Dong in [CD, CD2]. These
are deeply based on the results due to Bruin [Br], Darmon and Merel [DM],
Poonen [Poo].

Lemma 2.2.4 ([CD] Theorem 3) Let N be a positive integer with N > 1.
Then the equation
XN py? =2

has no non-trivial primitive integral solutions with X =0 (mod 2).

Lemma 2.2.5 ([CD2] Lemma 10) Let N be a positive integer with N > 1.
Then the equation
X2N =+ Y4 — Z2

has no non-trivial primitive integral solutions.

By using Chabauty’s method, Bruin [Br, Br2, Br3] established the following
results.

Lemma 2.2.6 ([Br]) The equation
X6 4vy2=2z4

has no non-trivial primitive integral solutions.
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Lemma 2.2.7 ([Br2]) The equation
X24+yi=2*

has no non-trivial primitive integral solutions.

Lemma 2.2.8 ([Br3]) The equation
X?4+y®P=2*

has no non-trivial primitive integral solutions other than (X,Y, Z) = (£122, -3,
+£11), (£7,2, £3).

The following was essentially given in [Beu]. Here we use the following
formulation.

Lemma 2.2.9 ([Co] pp.474-475) All the non-trivial primitive integral solu-
tions of
X4 + Y3 — 22

are given by the following parameterizations (s and t are non-zero relatively
prime integers):

+(s% — 2ts — t2)(7Ts* + 20ts® + 241252835 + 4t4),

(82 + 2t2)(s? + 4ts — 2t?)(3s? + 4ts + 2t?)(5s? + 8ts + 2t2),

4s(s + 2t)(s% + ts +t2)(s* + 4ts3 + 161252 + 24t3s + 12t4)
x (195t — 4ts® + 812 + 4t?),

X
Y
Z

where s is odd and s Zt (mod 3),

X = £(3s? — t2)(9s* + 185%t2 + t1),
Y = (9s* + 2522 + 1) (9s* — 30522 + t4),
7 = 4st(3s% + 12)(3t* — 2522 + 35%)(81s* — 652t + 1),

where s Zt (mod 2) and s 0 (mod 3),
X = 6st(3s* + 4t?),

Y = 9s% — 1685t + 16¢8,
Z = £(3s* — 4t)(9s® + 408s*t* + 16t°),

where s is odd and t # 0 (mod 3),
X = 6st(12s* +t4),

Y = 14458 — 168s*t* + 8,
Z = +£(12s* — t4)(144s® + 408s%t* + 18),

where t is odd and t 20 (mod 3),
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X = +(s% + 40s3t3 — 32t5),

Y = —8st(s — 16t3)(s3 4 2t3),

Z = £(s% — 17653t> — 32t5)(s5 + 32t9),
where s is odd and s #t (mod 3),

X = +(9s% + 18s°t + 4552 + 6053t + 155%t* — 65t° — 5t°),
Y = —2(3s* — 65212 — 8st3 — t4)(3s% + 1253t + 65212 + 4st3 + 3t),
7 = 4(—27s'2 + 32451t + 17825942 4 356453

+326755t1 + 237657t5 + 2772555 + 3960s°”

+4059s51t8 4 242053t° 4 7265210 4 1565t + 29¢12),

where s Zt (mod 2) and t Z0 (mod 3),

X = £(1755 + 30s%t — 15542 4 20533 + 15s%t* + 65t5 — 1°),
Y = 2(3st — 853t — 6522 — t1)(7s* + 453t + 6522 — 4st® — 1),
Z = £(397s'? — 15651t + 20465'9¢? — 1188573
—148558t* + 23765715 — 924555 + 79255¢7
+99s18 — 4453t9 — 665710 + 12st!! — 3¢12),
where s Zt (mod 2) and s Zt (mod 3).

The following lemma plays an prominent role in the proof of Theorem 2.1.1.

Lemma 2.2.10 ([Iv, Sik]) Let n be a prime number with n > 7, and let o be
a positive integer with o > 2. Then the equation

X" 4207 = 72

has no solutions in mon-zero pair-wise relatively prime integers X,Y, Z with
XY #£1.

2.3 Preliminaries

Let r be a positive even integer, and let a,b, ¢ be given by (i). Assume that
n = 1. Then
a=|A[, b=|B|, C:m2+17

where m is a positive even integer, and integers A, B are defined by

o (TN, 2 _yr/2—1 r 2 /2
A=m <2>m +- 4+ (=1) (T_2>m + (=)=,

N A R AN

In this section we prepare some elementary but important lemmas for the
proofs of Theorems 2.1.1 and 2.1.2. In what follows, we denote the Jacobi
symbol by (Z)
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Lemma 2.3.1 The following hold.
(i) If r =0 (mod 4), then B =0 (mod 2m(m? — 1)).
(i) If r =2 (mod 4), then A =0 (mod m? — 1) and B =0 (mod 2m).

Proof. This follows from the definition of A and B. O

We consider the equation
|A]® + |BJY = (m? + 1)7 (2.3.1)
where z,y,z € N.

Lemma 2.3.2 Assume that r = 4 (mod 8). We write r = 4k, where k € N s
odd. Let (z,y,z) be a solution of (2.3.1). Then the following hold.
(i) If A >0 and m =2 (mod 4), then x = z (mod 2).
(ii)) If A > 0 and m =0 (mod 4), then x is even.
(iii) If A >0 and m =4 (mod 8), then = and z are even.
(iv) If A <0, then x is even.
(

v) If A< 0 and m £ 0 (mod 8), then x and z are even.

Proof. By (i) in Lemma 2.3.1, we know that b = 0 (mod m? — 1). Note that
A =1 (mod 4). We observe that

4k 4k
_ 4k k-2 2
A=m (2>m + <4k_2>m +1
4k 4k

= R((1+ vV=1)*)

= 4% cos(kr) (mod m? —1).

Hence a = —sgn(A)4* (mod m?—1) since k is odd. Then, taking (2.3.1) modulo
m? —1 and m — 1, we have

(GET) =) - GEP) - ()

respectively.

(i) Assume that A > 0 and m = 2 (mod 4). Then the first equality above
shows that (—1)* = (—1)* since m? — 1 =3 (mod 8). Hence z = z (mod 2).

(ii) Assume that A > 0 and m = 0 (mod 4). Then the first equality above
shows that (—1)* =1 since m?> — 1 =7 (mod 8). Hence x is even.

(iii) Assume that A > 0 and m = 4 (mod 8). Then the second equality
above shows that (—1)* = (—1)% since m — 1 = 3 (mod 8). It follows from (ii)
that z is even.

(iv) Assume that A < 0. Then a = —A = —1 (mod 4). Note that b
(mod 4) by (i) in Lemma 2.3.1. So, taking (1) modulo 4, we have (—1)*
(mod 4). Hence z is even.

(v) By (iv) and similar observations in (i) and (iii), we can prove the desired
conclusion. [

0
1
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Lemma 2.3.3 Assume that r =6 (mod 8). We write r = 2l, where l € N and
=3 (mod 4). Let (z,y,2) be a solution of (2.3.1). Then the following hold.

(i) If A > 0, then x is even.
(i) B = —2'm (mod m? — 1).

Proof. (i) If A > 0, then
21 20\ oo r 2 —
a=A=m"— L +o 4 o)™ —1=-1 (mod 4).
r—

Since B =0 (mod 4) by (i) in Lemma 2.3.1 and ¢ =1 (mod 4), it follows from
(2.3.1) that (=1)* =1 (mod 4). Hence z is even.
(ii) From the definition of B, we have

b (= Q) ()
(- ()6

= mS((1+ VD)
2lmsin(ir/2)  (mod m? —1).

Hence B = —2!m (mod m? — 1) since | =3 (mod 4). O

Lemma 2.3.4 Let (x,y,2) be a solution of (2.3.1). Then the following hold.
(i) If x and z are even, then x < 4y — 2.
(ii) If z,y and z are even, then (r/4) max(x,y) < z < rmin(z,y).

Proof. Since {a, b, ¢"/?} forms a primitive Pythagorean triple and b is even, there
exist positive integers 7 and j such that a = i2 — j2, b = 2ij and ¢'/? = % + j2.
This implies that a? > b and max(a, b) < ¢’/? < min(a?,b?).

(i) If 2 and z are even, then
a2y > Y = (Cz/2 +ax/2)(cz/2 . aa:/2) > Cz/2 +aw/2 > aa:/2.

This gives the desired conclusion.
(ii) Since {a®/2,b¥/2,c*/2} forms a primitive Pythagorean triple and b is
even, there exist positive integers s and ¢ such that

a®l? =% -2, b =2st, *? =35>+

From this we see that ¢*/2 = s2 + ¢? < min ((s? — ¢?)2, (2st)?) = min(a®, bY).
Hence we have ¢*/? < min(c¢"#/2, ¢"%/?), which gives that z < r min(z,y). Fur-
ther, since ¢/ < min(a?,b?), we see that max(a®,b¥) < ¢* < min(a®*/7, b**/7),
which gives that (r/4) max(z,y) < z. O



2.4. PROOF OF THEOREM 2.1.1 23

2.4 Proof of Theorem 2.1.1

In this section we prove Theorem 2.1.1. Let r be a positive integer such that
r =4 (mod 8), and let a, b, ¢ be given by (i). Assume that n = 1. In this case,
A and B are given by

_ ro_ r r—2 L r 2

A=m <2)m + (r—Q)m +1,
("Y1 (TN -3 r 3_ (T
Y O A I B

We put a = |A], b= |B| and ¢ = m? + 1.
Let (x,y,z) be a solution of (2.3.1). We prepare several lemmas. First we
dispose of the case y = 1.

Lemma 2.4.1 y > 1.

Proof. Taking (2.3.1) modulo m?, we have

—g(r —Dm2z 4+ =m?2z  (mod m?).

Suppose that y = 1. Then

2

—g(r —m*z+rm=m?z (mod m?).

It is clear from this congruence that r is divisible by m, and

_g(r —1l)z+— =2 (modm). (2.4.1)

r
m
Toward a contradiction, we will show that x and z must be even. Note that
m is not divisible by 8 since m divides r. Then, by Lemma 2.3.2, it suffices to
consider the case where m = 2 (mod 4) and # = z (mod 2). In this case, r/m
is even, so we can observe from (2.4.1) that z is even. Hence x and z must be
even. Then z = 2 by (i) in Lemma 2.3.4. Hence a® + b* = ¢" and a? + b = c*.
This yields b(b — 1) = ¢*(¢"* — 1). So ¢* divides b — 1 since ged(b,¢) = 1. In
particular, ¢* < b—1 (< b). But this is a contradiction since a? +b = ¢*. O

Lemma 2.4.2 x is even and z is divisible by 4.

Proof. From Lemma 2.4.1 we know that y > 1. Then ¥ =0 (mod 4m?) by (i)

in Lemma 2.3.1. Taking (2.3.1) modulo 4m?, we have —r(r — 1)m?z/2 = m?z

(mod 4m?), so
-

—5(7" — 1)z =2z (mod 4). (2.4.2)
Hence z is even since r/2 is even. Further, by (i), (ii) and (iv) in Lemma 2.3.2,
we see that z is also even. It follows from (2.4.2) that z is divisible by 4. O

By Lemma 2.4.2, we can write x = 2X and z = 47, where X, Z € N.
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Next, we will prove that y < 3 if y is odd. For this we will use many results
on generalized Fermat equations quoted in the previous section. This step is
crucial in the proof.

We define positive even integers D, E as follows:

b = DE, (2.4.3)

where
D=c?+a%, E=c7—a". (2.4.4)

It is easy to observe that ged(D, E)) = 2. Then, by (2.4.3) and (2.4.4), we can
write

D=2uY, E=2%"1¢ or D=2% 1Y E=2Y, (2.4.5)

where u and v are relatively prime positive odd integers, and 2“ is the exact
power of 2 in b. Note that a > 2 by (i) in Lemma 2.3.1. By (2.4.4) and (2.4.5),
we have

u¥ +2%972Y = 2% or 2TV ¥ = P2, (2.4.6)

We remark that
ay—22>2, w #1.

If uv = 1, then u = v = 1. This implies that 2°¥=2 = (¢Z 4+ 1)(¢? — 1). Since
c=1 (mod 4), so we have ¢Z 4 1 = 2, which is clearly absurd.

Lemma 2.4.3 If y is odd, then y = 3.

Proof. Suppose that y is odd. Then we see from Lemmas 2.2.8, 2.2.10, 2.4.1
and (2.4.6) that y must be a power of 3. Hence we can write y = 3Y, where
Y €N, and

(CZ)4 4 (_bY)S _ (CLX)Q.

By Lemma 2.2.9, we find that

c? = +(s% + 40533 — 32t9),
bY = 8st(s® — 16t3) (s + 2t°)

7 (2.4.7)

a® = +(s® — 17653 — 32t5)(s° + 32t9),
where s and t are non-zero relatively prime integers satisfying s = 1 (mod 2)
and s # t (mod 3).

Here we suppose that ¥ > 1. Then we can write Y = 3Y’ where Y/ € N
(since y = 3Y is a power of 3). Rewriting the second equality in (2.4.7), we
have

(b /2)% = st(s® — 16t%)(s® + 2t°). (2.4.8)

Since the left-hand side of (2.4.8) is even and s is odd, we see that t is even. Let
g = ged(s® — 1613, 3 + 2t3). It is easy to see that g =1 or ¢ =0 (mod 3), and
that four factors s, t, s® — 16t> and s + 2¢3 on the right-hand side of (2.4.8) are
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pair-wise relatively prime if and only if ¢ = 1. We claim that g = 1; suppose
not. Then s> + 2¢3 is divisible by 3. But this leads to

s—t=s+2t=s"+2t>=0 (mod 3),

which is absurd. Hence the claim is proved, that is, ¢ = 1. It follows from
(2.4.8) that s> +2t3 (# 0) is a perfect third power. But this contradicts Lemma
2.2.1. Therefore, y = 3. O

Lemma 2.4.4 y # 3.

Proof. Suppose that y = 3. We will observe that this leads to a contradiction.
By (i) in Lemma 2.3.4, we see that X € {1,2,3,4,5}. By Lemmas 2.2.3 and
2.2.7, we find that X € {1,5}. We will dispose of the case X = 5.

Suppose that X = 5. Then, by the third equality in (2.4.7), we can write

(+a)® = FG, (2.4.9)

where
F=s%—1765%" — 32t%, G = s + 3245 (2.4.10)

It is easy to observe that F' and G are relatively prime if and only if F' or G
is not divisible by 3. We claim that F and G are relatively prime. For this, it
suffices to show that F' is not divisible by 3 if G is divisible by 3. Suppose that
G is divisible by 3. Then, by (2.4.10) and ged(s,t) = 1, we have s Z 0 (mod 3)
and t Z 0 (mod 3). So s2 =12 =1 (mod 3), and s*t3 = st = —1 since s # ¢
(mod 3). These imply that F = 1+ 176 — 32 = 145 = 1 (mod 3). Hence the
claim is proved. It follows from (2.4.10) that G (# 0) is a perfect fifth power.
To sum up, it suffices to show that the equation

5% +321°% = U°

has no integral solutions with ged(S,7) = 1,STU # 0 and S = 1 (mod 2).
Suppose that there is such a solution (S,T,U). Then, by a factorization in

Z[v/—2], we have
(83 +4T3/=2)(8% — 4T3/ =2) = U®.

Since S is odd (hence U is odd), we can easily observe that two factors on the
left-hand side of the above equality are relatively prime in Z[v/—2]. Then, since
the ring Z[v/—2] is a unique factorization domain, we can write

S3 4 AT3 /=2 = (I + JV—2)°
for some non-zero relatively prime integers I and J. This gives that
S3 = I(I* — 20I%J? 4 20J%), (2.4.11)
AT® = J(5I* — 2012 J? + 4J%). (2.4.12)

Since S is odd, we see from (2.4.11) that I is odd. So, by (2.4.12), J must be
divisible by 4. We will consider the cases T # 0 (mod 5) and T'= 0 (mod 5)
separately.
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First we consider the case where T'# 0 (mod 5). Then we can observe from
(2.4.12) that
J=4M3, 5I* —20I%J% +4J* = N3,
where M and N are non-zero relatively prime integers. From this, we have
N3 +16J* = 5I* — 20I%J? 4 20J* = 5(1* — 2J%)?,
SO
N? + (4M?)° = 5W2,
where W = I? — 2J2. So it suffices to show that the equation
R ok =54
has no integral solutions with 213121 # 0. If there is such a solution (z1,y1, 21),
then it induces a rational point (X1, Y1) = (x1/y?, 21/25y3) on the elliptic curve
YE = X7 +125. (2.4.13)
Since this is 900B1 in Cremona’s tables [Cr], we find that elliptic curve (2.4.13)
has no rational points other than (X;,Y7) = (—5,0) and the point at infinity.
This implies that z; = 0, which is a contradiction.

Finally we consider the case where T = 0 (mod 5). Then S # 0 (mod 5)
since ged(S,T) = 1. In this case, we can observe from (2.4.11) and (2.4.12) that

I=K3 T*—20I*J% +20J* = L?,
J =100M3, 51* — 201%J% +4J* = 5N3,

where K, L, M and N are non-zero integers with ged(K, L) = 1,ged(M,N) =1
and L # 0 (mod 5). From this, we have

L3 +80J% = I* — 201%J% + 100J* = (I* — 10J%)?,
SO
L3 +125(20M%)% = W2,
where W = I? — 10J2. So it suffices to show that the equation
T+ 125y5 = 23

has no integral solutions with zoyszo # 0. But, if there is such a solution
(w2,Ya, 22), then it induces a rational point (X1,Y1) = (z2/y3, 22/y3) on the
elliptic curve (2.4.13) as seen before, and so we have the same contradiction.

Therefore, x = 2X = 2, so a® + b?> = ¢ and a® + b® = ¢*. This implies that
b2(b—1) = ¢"(¢*~" —1). Hence ¢" divides b— 1 since ged(b, ¢) = 1. In particular,
¢" <b—1(<b). But this is absurd since a2+ =c.0

We are ready to prove Theorem 2.1.1.

Proof of Theorem 2.1.1. Assume the hypothesis of Theorem 2.1.1. Let (z,y, 2)
be a solution of (i). By Lemmas 2.4.1-2.4.4, we see that x,y are even and z is
divisible by 4. Then y = 2 by Lemma 2.2.4. Tt follows from (i) in Lemma 2.3.4
that = € {2,4,6}. Further, by Lemmas 2.2.2 and 2.2.6, we see that « ¢ {4,6}.
Therefore, z = 2, so z = r. This completes the proof of Theorem 2.1.1. [J
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2.5 Proof of Theorem 2.1.2

In this section we prove Theorem 2.1.2. Let r be a positive integer such that
r =6 (mod 8), and let a, b, ¢ be given by (i). Assume that n = 1. In this case,
A and B are given by

T T
A: ro_ r—2 2_1
m <2)m + —|—<T_2)m ,
r r r r
B = r—1 _ r—3 el — 3 .

We put a = |A|, b = |B| and ¢ = m? + 1. In what follows, we consider the case

where
m? log 2 3

— 2 > 2.5.1
log(m2+1)_r (2:5.1)

Then

Lemma 2.5.1 We have m > r15. In particular, m > 2r/m.

Proof. This easily follows from (2.5.1). O

Lemma 2.5.2 Both A and B are positive, that is, a = A and b = B.

Proof. We define the real number 6 (0 < 6 < 7/2) by

tanf =

1
m
Since A = ¢/ cos(rf) and B = ¢"/?sin(rf), it follows from Lemma 2.5.1 that

1
0<rf=rarctan | — | < <
m

o

r
m
Hence A and B are positive. [

Let (z,vy, z) be a solution of (2.3.1). We prepare several lemmas.
Lemma 2.5.3 x,y and z are all even.

Proof. Since A > 0 by Lemma 2.5.2, we see that x is even by (i) in Lemma
2.3.3. Tt is easy to see that m divides r if y = 1 (as seen in the proof of Lemma
2.4.1). Hence y > 1 by Lemma 2.5.1. Then z is even by (2.4.2). Finally we
show that y is even. In view of (2.3.1), (ii) in Lemma 2.3.1, (ii) in Lemma 2.3.3
and Lemma 2.5.2, we have

1= (m—szl)y = (—1)¥.

Hence y is even. U
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Next we obtain sharp upper and lower bounds for y. By Lemma 2.5.3, we
can write z = 2X, y = 2Y and z = 27, where X,Y,Z € N. Since {aX,b",c?}
forms a primitive Pythagorean triple, we can write

aX =% — 12 (2.5.2)
by = 2st, (2.5.3)
? =52+ 12, (2.5.4)

where integers s,t¢ satisfy the condition s > t > 0, ged(s,t) = 1 and s £ ¢
(mod 2).

Lemma 2.5.4 X is odd.

Proof. Suppose that X is even. Then, by Lemma 2.2.5, we see that Y must be
1, that is, y = 2. This forces x =4 by (i) in Lemma 2.3.4. Then, by (2.4.2), we
see that z must be divisible by 4, which contradicts Lemma 2.2.2. [J

We denote the 2-adic valuation by ords. Put a = orda(m). Then ords(b) =
29+ gince r = 2 (mod 4).
Lemma 2.5.5 We have
orda(u + v)

a+1
for some integers u and v satisfying uw > v > 0, ged(u,v) =1 and uv = a. In
particular,

rlog(m? + 1)
4log 2

Proof. Since ged(s,t) =1 and s #t (mod 2), we observe that ged(s+t,s—t) =
1. Then, by (2.5.2), we can write

s+t=u~, s—t=0v%, (2.5.5)

where integers u, v satisfy the condition v > v > 0, ged(u,v) = 1 and uv = a.
Note that u,v are odd since a = A = —1 (mod 4). By (2.5.2) and Lemma 2.5.4,
we have s —t2 = —1 (mod 4). This implies that s is even and ¢ is odd. Since
ordy(b) = 29F1 it follows from (2.5.3) and (2.5.5) that

(a4 1)Y = ords(2s) = orda((u + v)w),

where < <
we YT X X2y X2 X
U+
is an integer. Since u,v and X are all odd, we see that w is odd, and so
(e +1)Y = ords(u +v), that is, Y = orda(u+v)/(c+ 1). The second assertion

follows from

log(u + v) < log(uv +1) _ log(a+1) < log(c"/?) .
log2 — log 2 log2 — log2

ords(u +v) <

We obtain a lower bound for Y by a usual congruence reduction.
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Lemma 2.5.6 IfY > 1, then

m2

Y > —.
” 2r(2r — 1)

Proof. Suppose that Y > 1. Then b?Y = 0 (mod m?*) by (ii) in Lemma 2.3.1.
Taking (2.3.1) modulo m*, we have —r(r — 1)m?X = 2m?Z (mod m?*), so

—r(r—1)X =27 (mod m?). (2.5.6)

In particular, m? < r(r — 1)X + 2Z. We know from (ii) in Lemma 2.3.4 that
rX <4Z and Z <rY. Hence

m? < 4Z(r —1)+2Z =2Z(2r — 1) < 2r(2r — 1)Y,
so the desired conclusion holds. [J

We are ready to prove Theorem 2.1.2.

Proof of Theorem 2.1.2. Assume the hypothesis of Theorem 2.1.2. Let (z,v, z)
be a solution of (2.3.1). By Lemma 2.5.3, we can write x = 2X, y = 2Y and
z =27, where X,Y,Z € N. Suppose that y > 1. Then, by Lemmas 2.5.5 and
2.5.6, we find that
2m? rlog(m? + 1)
r(2r—1) log 2 ’

or

m? log 2 - r2(2r — 1)
log(m? + 1) 2 ’

But this contradicts (2.5.1). Hence Y = 1. Then taking (2.3.1) modulo m?, we
have —r(r — 1)m?X + r?m? = 2m?Z (mod m*), so

r(r—1DX —r*+2Z=0 (mod m?). (2.5.7)

On the other hand, we see from (i) in Lemma 2.3.4 and Lemma 2.5.4 that
X € {1,3}. Note that Z < r by (ii) in Lemma 2.3.4. If X = 3, then, by (2.5.7),
we must have 2r2 — 3r + 27 =0 (mod m?) and 2r? — 3r +2Z > 0. Hence

rP<m?<2?-—3r+z<2r®—r

by Lemma 2.5.1. This is absurd. Therefore, x+ = 2X = 2, so z = r. This
completes the proof of Theorem 2.1.2. [J

By Theorem 4.2.2, it suffices to consider finite number of m’s in order to
prove Conjecture 3.1.1 in the case n =1 for a fixed r = 6 (mod 8).

Assume that r = 6 (mod 8) and n = 1. We know from Theorem 4.2.2
that Conjecture 3.1.1 is true for any m > mg, where mg is the minimal integer
satisfying (2.5.1). Hence we have to treat m’s with m < mg. In the range 2r/m <
m < mg, we may assume that solutions x, y and z are all even as seen in the proof
of Lemma 2.5.3. From Lemma 2.5.5 we know that y = 2ordz(u +v)/(a+ 1) for
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some integers u, v satisfying u > v > 0, ged(u,v) = 1 and uv = a. By Lemmas
2.3.4 and 2.5.6, if y > 2, then the following conditions:

m? 2ords(u + v)
—_— < y=———
r(2r—1) a+1

rmax(z,y)
’ 4

eN,

< z < rmin(z,y)

and (2.5.6) must hold. If, for any m with 2r/7 < m < mg and for any pair
(u,v), we verify that not all of the above conditions hold, then we can conclude
that y = 2. As the proof of Theorem 4.2.2, it suffices to show that the case
x = 6 does not hold. If we find a contradiction from x = 6, then Conjecture
3.1.1 is true for m’s with 2r/m < m.

At the end of this section we will demonstrate the above procedure in the
case r = 6.

Example 2.5.1 Assume that » = 6 and n = 1. In this case, mg = 50 and
3 < 12/7 < 4. Tt is not difficult to show that y = 2 in the case 2 < m < 50 by
the above observations. Further, as seen in the proof of Theorem 4.2.2, we see
that if z # 2, then = 6, and so z = 10 since 9 < z < 12 (by (ii) in Lemma
2.3.4) and z = 0 (mod 2). But these imply that 64 = 0 (mod m?) by (2.5.7).
This forces m = 4 or 8, which is a contradiction since a® + b* # ¢!? if m =4 or
8. It remains to consider the case m = 2, so we consider the equation

117% +44Y =5°  (z,y,z € N). (2.5.8)

Taking (2.5.8) modulo 3,5 and 8, we can observe that if y > 1, then z,y and z
are all even, and that if y = 1, then x is even and z is odd. We claim that y > 1;
suppose not. Then x is even and z is odd. We can write x = 2X, where X € N.
Taking (2.5.8) modulo 9, we have 5* = —1 (mod 9). This implies that z = 0
(mod 3). We will observe that this leads to a contradiction. By a factorization
in the ring of integers Q(y/—11), we have

(117% 4+ 2/=11)(117% — 2¢/=11) = 5°.

Since two factors on the left-hand side of this equality are relatively prime, the
class number of Q(1/—11) equals to 1 and z is divisible by 3, we can write

3
by /=11
117X +2/—11 =+ <a1+12>

for some integers a; and by. This leads to

+8 - 117% = a1(a? — 33b3),
+16 = by (3a? — 1107).
By the second equation above, we see that (aj,b1) = (+3,+1). Then, by the
first equation above, we see that +8 - 117X = 472, which is absurd.

Hence we may assume that x,y and z are all even. Then we can refer the
equations (2.5.2)-(2.5.4). As similar arguments in the proof of Lemma 2.5.5,
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we can show that y = ordy(u — v) for some integers u,v satisfying v > v >
0, ged(u,v) = 1 and wv = 117. We observe that (u,v) = (13,9) or (117,1). In
both cases, we find that u — v is exactly divisible by 4. Hence y = 2. It follows
from (2.5.2)-(2.5.4) that s = 11 and t = 2, further, 117X = 117 and 5% = 125.
Therefore, X =1 and Z = 3.

2.6 Proof of Theorem 2.1.3

In this section we prove Theorem 2.1.3. Let p be a positive integer such that
p>3and p=1 (mod 4), and let a, b, c be given by (ii). Since p is odd, we see

that
— (Pt 4 (P34 .. p 2
b<1>m +<3)m + +<p_2>m +1, (2.6.1)

C:mp_|_ pmp72+..._|_ p m3_|_ p m7
2 p—3 p—1

where m is a positive even integer. Note that
(m+1)P=c+b, (m—1)P=c—0b, c<b

We consider the equation

-y (R () g

2 2

where z,y,z € N.
Let (x,y, z) be a solution of (2.6.2). We prepare some lemmas.

Lemma 2.6.1 z > 2.

Proof. We know that ged(m — 1,m + 1) = 1 since m is even. Suppose that
z = 1. We will observe that this leads to a contradiction. Since b < ¢ < b2, we
see that y = 1. Hence (m? — 1)* = ¢ — b = (m — 1)? by (2.6.2). This implies
that (m — 1)» = 0 (mod m + 1), which is absurd since ged(m — 1,m + 1) = 1.
We conclude that z > 2. O

Lemma 2.6.2 z is odd.

Proof. By Lemma 2.6.1, we know that z > 2. Then taking (2.6.2) modulo m?,
we have (—1)* +1 =0 (mod m?). Hence x is odd since m? > 2. O

Lemma 2.6.3 z = 2.

Proof. Suppose that z > 3. We will observe that this leads to a contradiction.
Then taking (2.6.2) modulo m?, we see from Lemma 2.6.2 that

m2x—1+( p2>m2y+150 (mod m?),
p—
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SO .
x+ (p;) py =0 (mod m).

Since m and (p — 1)/2 are even integers, it follows from the above congruence
that = is even. But this contradicts Lemma 2.6.2. Hence z < 3, so z = 2 by
Lemma 2.6.1. O

Since ¢ < b%, we see from Lemma 2.6.3 that b¥ < ¢? < b*. Hence y < 3.
Therefore, it suffices to observe that the case y € {1,3} does not hold.

Suppose that y = 1. Then a® + b = a? + b%, so b(b — 1) = aP(a®P — 1).
Hence aP divides b — 1 since ged(a,b) = 1. In particular, a? < b — 1. On the
other hand, we see that a? = ¢® — b?> > ¢+ b > b. This is absurd.

Suppose that y = 3. Then a® + b® = a? + b%, so b*(b — 1) = a®(aP~% — 1).
Hence b? divides a?~* — 1 since ged(a, b) = 1. In particular, b> < a?~% — 1. On
the other hand, we see from (2.6.1) that

aP™% < aP7t <m®72 < pPm2P2 < B2,

which is absurd. This completes the proof of Theorem 2.1.3.

2.7 Proof of Theorem 2.1.4

In this section we prove Theorem 2.1.2. Let p be a positive integer with p > 3,
and let a, b, c be given by (iii). Assume that n = 1. In this case, we have

a=2m, b=2P"2mP -1, ¢=2P"2mP +1.

Note that 2m always divides 2P~2mP.
We consider the equation

(2m)® + (2P 2mP — 1)Y = (2P72mP + 1)* (2.7.1)

where z,y,z € N.
We will consider the cases m > 2 and m = 1 separately.

2.7.1 The case m > 2

In this subsection we consider the case where m > 2. Let (z,y, z) be a solution
of (2.7.1). We prepare several lemmas.

Lemma 2.7.1 y is even.

Proof. Taking (2.7.1) modulo 2m, we have (—1)¥ = 1 (mod 2m). Hence y is
even since 2m > 2. J

By Lemma 2.7.1, we can write y = 2Y, where Y € N.

Lemma 2.7.2 x > p.
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Proof. Taking (2.7.1) modulo 2°~2mP, we have (2m)® = 0 (mod 2P~2mP).
Suppose that x < p — 1. We will observe that this leads to a contradiction.

Since
2

9T—p+2 x—p _ S
" m(2m)p—1-2

and (2m)P~1=% are integers, we see that m(2m)P~1~% is a divisor of 2. Hence
m(2m)P~1=% = 2 since m > 2. This implies that m = 2 and x = p — 1. In
particular, 2P=2mP = 22P=2 = 4P~1 = 4% Then we can rewrite (2.7.1) as

4% + (4ac _ 1)2Y _ (4ac 4 1)z-

Taking this modulo 3, we have (—1)* = 1 (mod 3), so z is even. Then, since
{27, (4 —1)Y, (4 +1)#/?} forms a primitive Pythagorean triple, we can write

(4 —1)Y =% — 12, 2% = 2st,
where integers s,t satisfy the condition s > t > 0, ged(s,t) = 1 and s £ ¢t
(mod 2). Tt is easy to see from the second equation above that ¢ = 1, so
s = 2271 Then s — 2 < 4* — 1 < (4°* — 1)Y, which contradicts the first
equation above. We conclude that x > p. O

Lemma 2.7.3 z is even.

Proof. We know from Lemma 2.7.2 that « > p. Since (2m)® =0 (mod (2m)?)
and

(2P72mP—1)2Y = —2P2mP(2Y)+1, (2P 2mP+1)* =22 2mPz+1  (mod (2m)P),
it follows from (2.7.1) that

—2P7ImPY = 2772 mP2  (mod (2m)P),
s0 z = —2Y (mod 4). Hence z is even. [J

By Lemma 2.7.3, we can write z = 2Z, where Z € N. From (2.7.1) we can
define even positive integers D, E as follows:

(2m)” = DE, (2.7.2)

where

D= (2P 2mP +1)% 4+ (2P 2mP — 1)Y,
s ( )"+ ) (2.7.3)

(2P 2mP 4 1)Z — (2P 2mP — 1)Y.

Then ged(D, E) = 2, and
D=1+(-1)Y, E=1-(-1)" (mod 2P72m?P).

Lemma 2.7.4 Y is odd.
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Proof. Suppose that Y is even. Then D =2 (mod 2m). This gives that D/2 is
prime to m, so m® divides E and D divides 2*. But this leads to

2" >D>FE>m",
which is absurd since m > 2. We conclude that Y is odd. (I
By Lemma 2.7.4, we see that £ = 2 (mod 2m). In particular, F/2 is prime

to m. By (2.7.3), we see that m?® divides D, and E divides 2*. Further, D =0
(mod 2P~2mpP).

Lemma 2.7.5 D =2*"1m® and E = 2.

Proof. Suppose that E > 2. We will observe that this leads to a contradiction.
Since ged(D, E) = 2 and E is divisible by 4, we see that D is exactly divisible
by 2, hence p = 3 and m is odd. Furthermore,

D = (2m? +1)Z + (2m® —1)¥ =2m”,
E=02m*+1)% - (@2m®-1)Y =2°71,
Note that x > 3. Then
0=E=(-1)?-1=0 (mod 4),

so Z is even. We can write Z = 27Z', where Z' € N. Since (2m? + 1)27" =
(D+ E)/2=m"+ 222 and 2m3 + 1 is congruent to 3 modulo 4, we see that
x is odd. We can write z = 2X + 1, where X € N. It follows that

(2m3 . 1)Y _ (2m3 + 1)2Z’ . 22X
= (2m®+1)7 +2%)(2m® +1)7 - 2%)

It is clear that Y > 1. Since two factors on the right-hand side of the above
equation are relatively prime, we can write

em?+1)7 42X =u¥, @mP+1)7 —2X¥ =Y,
where integers u,v satisfy u > v > 0 and uwv = 2m?® — 1. Subtracting the first
equation from the second one, we have

(u —v)w = 25T,

where w = ¥ ! +uY 20 + --- + 0¥ 1 is a positive integer. Since w is a sum
of Y odd integers, we see from Lemma 2.7.4 that w is odd. Hence w = 1, so
Y = 1. This is a contradiction. We conclude that ' = 2. [J

By (2.7.2), (2.7.3) and Lemma 2.7.5, we see that
2572 m® — 1 = (2P 2mP — 1) (2.7.4)

If x > p, then 2°P~?2mPY =0 (mod 2P~'mP) by Lemma 2.7.4 and (2.7.4), so YV’
is even. This contradicts Lemma 2.7.4. It follows from Lemma 2.7.2 that = = p.
Then Y =1 by (2.7.4), so z = 2. This completes the proof of Theorem 4.2.2 in
the case m > 2.
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2.7.2 The case m=1

In this subsection we consider the case where m = 1. Then we can rewrite
(2.7.1) as
27 4 (2P72 —1)¥ = (P72 4+ 1)? (2.7.5)

where z,y, z € N.

Let (z,y, z) be a solution of (2.7.5). First, we consider the case p = 3. Then
2% + 1Y = 3%, As is well-known, this implies that (z,z) = (1,1) or (3,2), and
y > 1 arbitrary.

In what follows, we consider the case p > 4. It is easy to see that

y < 2z.

First, we want to obtain a sharp upper bound for z. We here use the following
result due to Scott and Styer ([SS]), which is based on technical elementary
arguments in quadratic fields (see [Sc]).

Proposition 2.7.1 ([SS] Theorem 5) Let C' be any odd positive integer, let
A and B be relatively prime integers greater than 1, let PQ) be the largest square-
free divisor of AB, with P and Q chosen so that (AB/P)'/? is an integer. Then
if there exists a positive integer Z such that

A+ B=C?%,
we must have 1
zZ < §QP1/2 log P
for P >3 and
7 < Q/2 when P =1,
| (@+1)/2 when P =2.
Using this result, we show the following.

Lemma 2.7.6 The following hold.
(i) 2 <2P72 -1,
(i) If  is odd and y is even, then z < 2P=2 — 1.

Proof. To apply Proposition 2.7.1 to (2.7.5), we put
A=2", B=2V?% -1, C=2""+1, Z==z

Note that B > 1 since p > 4.
(i) By Proposition 2.7.1, we have

p—2 _

Lo P2t
-2 = 2

(ii) Assume that z is odd and y is even. With the notation in Proposition

2.7.1, we see that P = 2, and Q < 2P~2 — 1. Tt follows from Proposition 2.7.1

that
Q+1
2

=2r2 1.

2 < <or3 9o 2_1.0

We consider the cases x > 1 and x = 1 separately.
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Lemma 2.7.7 If x > 1, then (x,y,2) = (p,2,2).

Proof. Assume that > 1. It is easy to see that if z = 1, then x = y = 1
by (2.7.5). Hence z > 1. Then we see that y is even by taking (2.7.5) modulo
4. We can write y = 2Y, where Y € N. Taking (2.7.5) modulo 2P~2, we have
2% =0 (mod 2P~2). This means that x > p — 2.

To complete the proof, it suffices to show that x > p—1. In fact, if z > p—1,
then we see that z is even by taking (2.7.5) modulo 2P~1, further, by similar
observations in the case m > 2, we can obtain (z,y, z) = (p, 2, 2).

Suppose that £ = p — 2. We will observe that this leads to a contradiction.
Then, by the above remark, we may assume that z is odd. We can rewrite
(2.7.5) as

P72 1 (2P72 — 1)2Y = (272 4 1), (2.7.6)
If p is even, then 2°~2 = 1 (mod 3), so (—1)* =1 (mod 3). This means that z is

even. So we may assume that p is odd (hence z is odd). Then, by a factorization
in Z[v/—2], we see from (2.7.6) that

(272 —1)Y +2"7 V=2) (202 = 1)Y —2"7 V/=2) = (2P 2 + 1)

It is easy to see that two factors on the left-hand side of the above equality are
relatively prime in a unique factorization domain Z[v/—2]. Hence we can write

2P 2 —1)Y 42" /Z2 = (u+vvV—2)%, (2.7.7)

where integers u, v satisfy u? 4 2v? = 2P~2 4 1. Note that u is odd and v is even
(since u? +2v% =1 (mod 4)). Comparing the coefficients of v/—2 in (2.7.7), we

have
z—1 z—1

2" = 2y — 2(2)u2%3 ot ()T 2T 05 (2.7.8)

3

Since u,z are odd, we see that the right-hand side of the above equality is
exactly divisible by the exact power of 2 in v. On the other hand, it is clear
from (2.7.8) that v divides 2°2". Then v = £2"2", so u = +1. Dividing (2.7.8)
by v, we have

z
3

z—1 z2—1 1

>U2 +o (=1)7Z 277 vFT

:I:lzz—?(

This implies that 2 = +1 (mod 2P~?) since 2v? = 2P=2, Hence z > 2P~ 2 — 1.
But this contradicts (ii) in Lemma 2.7.6. O

Lemma 2.7.8 Ifx =1, then (x,y,2) = (1,1,1).
Proof. Assume that x = 1. Then

24 (2P72 1) = (272 +1)%. (2.7.9)
Taking (2.7.9) modulo 4, we see that y is odd. Since

(P2 1) =202y 1, (224 1)*=2P"22 41 (mod 2%P7Y),
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it follows from (2.7.9) that
242072y —1=2"22+1 (mod 2%P7%),

0
y=z (mod 2P72).

Suppose that y # z. Since |z — y| > 2P~2 and y < 2z, it follows that
272 < |z —y| < 2.
This contradicts (i) in Lemma 2.7.6. Hence y = z,so y = z =1 by (2.7.9). O

Lemmas 2.7.7 and 2.7.8 complete the proof of Theorem 4.2.2 in the case
m = 1, and so Theorem 2.1.4.






Chapter 3

Analogous problem of
Jesmanowicz’ conjecture

3.1 Analogous problem of JeSmanowicz’ conjec-
ture

In this section we propose a similar problem to Conjecture 3.1.1. As mentioned
in Chapter 1, Sierpinski [Si] proved that the equation

37+ 4Y = 5°

has the unique solution (z,y, z) = (2,2, 2) in positive integers z,y and z. Later,
Jesmanowicz [Je] further showed similar results for each of the following equa-
tions:

5% +12Y =13%, 7% +24Y =25%, 9% +40Y =417, 11* +60Y =617,

and he proposed his conjecture (Conjecture 3.1.1). It is well-known that, for
any primitive Pythagorean triple (a, b, ¢) satisfying a?+b? = ¢? (we may assume
that b is even), we can write

a=m?—n? b=2mn, c=m?+n?

where integers m,n satisfy the condition
m>n>0, gedim,n)=1, m#n (mod2).

We will always consider the above expressions.

A number of special cases of Conjecture 1.1.1 have since been settled. As
famous known results, Lu [Lu] proved that the conjecture is true if n = 1. This
is the first result on the conjecture for an infinite number of triples. Extending
some earlier works, Dem’janenko [De] proved that the conjecture is true if ¢ =
b+1. These results include those of Sierpinski and Jesmanowicz and are crucially
important since they are used in many earlier works. In Chapter 1 we generalized

39
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these results by proving that the conjecture is true if a = £1 (mod b) or c =1
(mod b) (Theorems 1.2.1 and 1.2.2). For other known results, see for example
[Ca, DC, Miy, Miy2].

On the other hand, for Pythagorean triples studied by Sierpinski and Je$man-
owicz (also, Dem’janenko and others): (a,b,c) =

(3,4,5), (5,12,13), (7,24,25), (9,40,41), (11,60,61),
we observe that
5% +12Y = 13%, 77 +24Y =257, 9% +40Y =417, 11* 4+ 60Y = 617,

that is, ¢ + b = a®. Note that ¢ = b+ 1 for each of the above cases. So it is
worth studying a variant of (1):

c+v=a” (3)

where z,y,z € N. We propose an analogue of Conjecture 1.1.1 which we call
the shuffle variant of JeSmanowicz’ problem.

Conjecture 3.1.1 Let (a,b,c) be a primitive Pythagorean triple such that a® +
b? = ¢? and b is even. Then (3) has the unique solution (z,y,2) = (1,1,2) if
c=0b+1, and no solutions if c > b+ 1.

If ¢ = b+ 1, then, since a®> = ¢ — b?> = (¢ +b)(c — b) = c + b, we find that
(3) always has the solution (x,y, z) = (1,1,2). We remark that ¢ = b+ 1 if and
only if m =n + 1.

We will prove that Conjecture 3.1.1 is true if ¢ =1 (mod b).

Theorem 3.1.1 Ifc=1 (mod b), then Conjecture 3.1.1 is true.

Clearly, this is an analogue of Theorem 1.2.2. In the proof of Theorem 3.1.1,
we use similar techniques in the proof of Theorem 1.2.2; and further, a result
on lower bounds for linear forms in the logarithms of algebraic numbers based
on Baker’s theory.

In the next section we prove that Conjecture 3.1.1 is true if n = 1 (which
can be regarded as an analogue of the result in Proposition 1.2.1. This is an
important step in the proof. In fact, if n > 1, then we can use the parameters
«, 0 introduced in Section 1.3, which are useful to examine parities of expo-
nential variables x,y and z. It is crucially important to know parities of them
for Conjecture 3.1.1. Using them, we prove that (3) has no solutions if ¢ = 1
(mod b) and ¢ > b+ 1. In the final section we prove that (3) has the unique
solution (z,y,z) = (1,1,2) if ¢ = b+ 1 by using various elementary arguments
and the known result on lower bounds for linear forms in two logarithms due to
Mignotte [Mi].

In what follows, we consider the equation

(m? +n?)" + (2mn)Y = (m? — n?)? (3.1.1)

where z,y, z € N.
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3.2 Linear forms in two logarithms

In this section we quote a preliminary result on linear forms in two logarithms.
We are interested in only rational integral cases.

The following is an immediate consequence of the corollary ([Mi, pp.110-
111]).

Lemma 3.2.1 Let oy and as be relatively prime positive integers greater than
1. We consider the linear form

A =bslogas — by logag,

where by and bs are positive integers. Let p, A\, a1,as be real positive numbers
such that p > 4, A = log p,

a; = (p+1)logay;

for1<i<2, and
ajag > max{20,4/\2}.

Further, let h be a real number such that

by

b
h > max { 3.5, 1.5, log ( + 2) +logA+14 } :
a9 a1

We put x = h/X\ and v =4x + 4+ 1/x. Then we have the lower bound
log |A| > —(Cp + 0.06)(\ + h)? a; as,

where

2
1 1 1 14X (1 1 32v/2(1 + x)3/2
Co==3(24+4———)oH/ot+t | —+— )+ 52—
0 )\3{(+2x(x+1)><3+\/9+3v <a1+a2>+ 302, /atay

Using this lemma, we prove the following.

Lemma 3.2.2 Let (x,y, z) be a solution of (3.1.1). Ify =1, thenx < 4020log a.
Proof. Let (x,y, z) be a solution of (3.1.1). Assume that y = 1, namely,
& +b=a*
where a = m? —n?, b = 2mn and ¢ = m? 4+ n?. Note that ¢ > 3 and ¢ > 5. Put
A= zloga— zlogc.

Then A > 0. Since

b b
zloga =log(c® + b) = zlogc + log (l—i— c“’) < zlogc+ e
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we have
log A < logb — xlogec.

We will obtain a lower bound for log A by using Lemma 3.2.1. With the
notation in Lemma 3.2.1, we put (a1, a9,b1,b2) = (¢,a,z,2). We may take
a1 = (p+1)logc and ag = (p+ 1)loga. Let p = 4.69 and A = log p. Then we
see that ajas > max{20,4\?}. Since ¢**! —a* = (¢ —1)c* —b > 4c—b > 0, we
have z/logc < (x +1)/loga, so

x

1 1
<284+ —— <254+ ——,
loga + logc ot loga — st log 3

where s = x/loga. Then we may take

1
h =max < 3.5, log | 2s+ +logA+14 ;.
log 3

We will treat the two possible choices for h in turn. If h = 3.5, then log(2s+
1/log3) < 1.7, s0 s < e%7/2 = 2.7. Hence the lemma holds.
Next we consider the case where

1
h=log|2s+—— ) +1logA+1.4 > 3.5.
log 3

We will find an upper bound for Cy. Since x > (3.5)/A and v/4 > x + 1 in
Lemma 3.2.1, we see that

1 A
<
2x(x+1) = (24.5)/ A+ 7"

a1 " 1 < A 1 n 1
3v \ar  a 3(x+1)(p+1) \log3 = logh

_ A < Lo, )
= 3((35)/A+1)(p+1) \log3 ' log5 )’

and

32v/2(1 + x)3/? _ 32v/2(v/4)3/?

3v2\/aras 3v2,\/aras
4
3 /varas
< 2v2
3(p+1)y/(x +1)log3log5

2v/2
~ 3(p+1)/((35)/A +1)log3log5 |

Hence Cy < 0.7508. By Lemma 3.2.1, we have

—26.25(h + \)?logaloge < log A < logh — zlogc,
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SO
logb
980 96.25(h + A)?
logalogc
1 1 ?
< +26.25(log |25+ —— | +A+logh+14]) .
log 3 log 3

This implies that s < 4020. O

3.3 Proof of Theorem 3.1.1

In this section we prove Theorem 3.1.1.

3.3.1 The case n=1

In this subsection we prove that Conjecture 3.1.1 is true if n = 1. When n =1,
m may be any even positive integer.
The following can be regarded as an analogue of Proposition 1.2.1.

Proposition 3.3.1 Ifn =1, then Conjecture 3.1.1 is true.
Proof. When n = 1, we rewrite (3.1.1) as
(m? +1)" 4+ (2m)Y = (m? — 1)* (3.3.1)

where z,y, 2 € N and m is an even positive integer.

Let (z,y,z) be a solution of (3.3.1). Taking (3.3.1) modulo 2m, we have
(=1)* =1 (mod 2m). Hence z is even since 2m > 3. We can write z = 27,
where Z € N.

Suppose that y > 1. We will observe that this leads to a contradiction.
Taking (3.3.1) modulo 2m?, we have m?z+1 =1 (mod 2m?),soz =0 (mod 2).
We can write + = 2X, where X € N. From (3.3.1) we define even positive
integers A and B as follows:

(2m)Y = AB, (3.3.2)

where
A=m*-1DZ+m*+ 1%, B=m*-1%-m*+1)%.
It is easy to see that ged(A4, B) = 2 and
A=(-1)?+1, B=(-1)?—-1 (mod 2m).

We claim that Z is odd. Indeed, if Z is even, then A = 2 (mod 2m), that is,
A/2 =1 (mod m). This means that A/2 is odd and prime to m. It follows
from (3.3.2) that A = 2, which is clearly absurd. Hence Z is odd. Then B = —2
(mod 2m), that is, B/2 = —1 (mod m). This means that B/2 is odd and prime
to m. It follows from (3.3.2) that B = (m? — 1)Z — (m? + 1)X = 2. Taking
this modulo m?, we have 4 = 0 (mod m?) since Z is odd. Hence m = 2,
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so A =372 +5%X = 2%1 and B = 32 — 5X¥ = 2. But this implies that
32 =(A+ B)/2=4Y"1 +1 =2 (mod 3), which is absurd. Therefore, y = 1.

Taking (3.3.1) modulo m?, we have 1 + 2m = 1 (mod m?), so 2 = 0
(mod m). Hence m = 2 and 5% + 4 = 3%2. From this we have 5% = (3% +
2)(3% —2). Since these two factors are relatively prime, we see that 32 —2 =1,
so Z =1, hence x = 1. This completes the proof of Proposition 3.3.1. [J

3.3.2 Preliminaries

In this subsection we prepare some lemmas for the proof of Theorem 3.1.1.
First, we give lemmas to examine parities of exponential variables x,y and z.
It is crucially important to know parities of them for Conjecture 3.1.1.

We consider the case where 2ae # 4 1. The following two lemmas will be
used to determine parities of exponential variables. In particular, Lemma 3.3.1
will play an important role in the proof of the theorem.

Lemma 3.3.1 Let (z,y,2) be a solution of (3.1.1). Ify > 1, then x = z
(mod 2).

Lemma 3.3.2 Let (z,y,2) be a solution of (3.1.1). If x and z are even, then
X =Z (mod 2), where X =x/2 and Z = z/2.

We can prove these lemmas just like as the proofs of Lemmas 1.3.1 and 1.3.2.

3.3.3 Thecase c=1 (modb) and ¢ >b+1

In this subsection we prove that (3.1.1) has no solutions if ¢ = 1 (mod b) and
c>b+1.
Assume that ¢ =1 (mod b), or equivalently,

m? +n? =1+ 2mnt, (3.3.3)
where t € N. Then
m?=1 (mod n), (3.3.4)
n?=1 (mod m).

By Proposition 3.3.1, we may assume that n > 1. We first prove an important
lemma.

Lemma 3.3.3 With the notation in (1.3.1), we have
(i) m or n is divisible by 2t.

(ii) 20 # B + 1.

Proof. (i) Since m > n, we see from (3.3.3) that 2m? > m? + n? > 2mnt,
so m > nt. By (3.3.3), we see that (U,V) = (m — nt, n) is a positive integer
solution of the Pellian equation

U? — (2 -1)V2=1.



3.3. PROOF OF THEOREM 3.1.1 45

Since t 4+ v/t2 — 1 is the fundamental solution of the above Pellian equation, all
of the pairs (m,n) satisfying (3.3.3) are given by

m:Ul+tW’ n:‘/h

where positive integers U; and V; are defined by

U+VivVeE—1=(t+VE2—1)1>1.

We will prove (i) by induction on [. It is clear for [ = 1. Assume that (i) holds
for some positive integer [, namely,

U+tVi=0 (mod2t) or V=0 (mod 2t).

Then Upyy = tU; + (2 — 1)V and Vipy = Up +tVp. If Uy +tV; = 0 (mod 2t),
then Vj11 =0 (mod 2¢). If V; =0 (mod 2t), then

U1 + Vi =2tU + (22 = 1)V, =0 (mod 2t).

Hence (i) is proved.

(ii) We consider the case where m is even. As defined in (1.3.1), we put
m = 2% and n = 2%j + e. By (i), we know that 2% is divisible by 2¢, in
particular, ords(2t) < « since 4 is odd. It follows from (3.3.3) that

B+1=ordy((n—1)(n+1)) =ords (m(m — 2nt)) = a + ordy(m — 2nt).

Hence it suffices to check that orda(m — 2nt) # a. If ords(2t) < «, then
ords(2nt) < «, so ords(m — 2nt) = ordy(2nt) < a. If ordy(2t) = «, then
orda(m — 2nt) = o+ orda (i — n(2t/2%)) > a. Therefore, 2o # § + 1. Similarly,
we can prove (ii) for the case where m is odd. O

Lemma 3.3.4 Let (x,y,2) be a solution of (3.1.1). Then z is even.

Proof. Taking (3.1.1) modulo m, we have (n?)®* = (-n?)* (mod m). Then
(=1)* =1 (mod m) by (3.3.5). Hence z is even since m >n > 1. O

The first purpose of this section is to prove the following.

Proposition 3.3.2 If ¢ =1 (mod b) with ¢ > b+ 1, then (3.1.1) has no solu-
tions with y > 1.

For the proof of Proposition 3.3.2, we further assume that ¢ > b+ 1, that
is, m > n+1ort>1 Let (z,y, %) be a solution of (3.1.1). Then z < z since
¢ > a. By Lemma 3.3.4, we can write z = 27, where Z € N.

Suppose that y > 1. We will observe that this leads to a contradiction. By
Lemma 3.3.1 and (ii) in Lemma 3.3.3, we see that z is even. We can write
x = 2X, where X € N. From (3.1.1) we define even positive integers D and E
as follows:

(2mn)Y = DE, (3.3.6)
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where

It is easy to see that ged(D, F) = 2. By (3.3.4) and (3.3.5), we have
D=(-1)?+1, E=(-1)?-1 (modm)

and
D=2 FE=0 (modn).

We prepare some lemmas.

Lemma 3.3.5 X and Z are odd.

Proof. By Lemma 3.3.2 and (ii) in Lemma 3.3.3, we know that X = Z (mod 2).
Suppose that X and Z are even. Then

D=2 (mod4), D=2 (modm), D=2 (modn).

This implies that D/2 is odd and prime to mn. It follows from (3.3.6) that
D = 2, which is clearly absurd. Therefore, X and Z are odd. O

By Lemma 3.3.5, we have
D=0, = -2 (mod m).

It is easy to see that £ = 2 (mod 4) if m is even, and D = 2 (mod 4) if m is
odd.

Lemma 3.3.6 y is even.
Proof. First, we consider the case where m is even. Then

E=2 (mod4), E=-2 (modm), D=2 (modn).
This implies that EF/2 is odd and prime to m, and D is prime to n. It follows
from (3.3.6) that D = 2Y~"'mY and E = 2nY. Hence (m? —n?)? = (D+E)/2 =
2Y=2mY¥ + n¥Y. Since Z is odd, we see from (3.3.5) that

nY =-1 (mod m).

By (3.3.5), we see that if y is even, then 2 =0 (mod m), so m = 2, hence n = 1,
which is an excluded case. Further, if y is odd, then n + 1 = 0 (mod m), so

m = n + 1, which is an excluded case.
Next, we consider the case where m is odd. Then

D=2 (mod4), FE=-2 (modm), D=2 (modn).
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This implies that D/2 is odd and prime to n, and E is prime to m. It follows
from (3.3.6) that D = 2mY and E = 2Y~!n¥. Hence (m?—n?)? = (D+E)/2 =
mY + 2Y~2n¥. We see from (3.3.4) that

m?Y =1 (mod n).

Suppose that y is odd. We will observe that this leads to a contradiction. Then
m =1 (mod n) by (3.3.4). We can write m = 14hn, where h € N. Substituting
this into (3.3.3), we have

np = 2(t — h),

where p = h(h — 2t) + 1. By (i) in Lemma 3.3.3, we know that n is divisible
by 2t, so h is divisible by ¢. In particular, h = ¢ or h > 2t. If h = ¢, then
p =0, so t> = 1, hence t = 1, which is an excluded case. If h > 2¢, then
p=hh—-2t)+1>0,s0t—h = (np)/2 > 0, which is clearly absurd. We
conclude that y is even. [

By Lemma 3.3.6 and its proof, we may assume that m is odd and y is even.
We can write y = 2Y, where Y € N. Furthermore, we have

D= 2m2Y E = 22Y71n2Y.
We will obtain sharp upper and lower bounds for solutions.
Lemma 3.3.7 2m < 7 — X.

Proof. Taking (3.1.1) modulo m?, we have (n?)*¥ = (n?)?? (mod m?). We
see from (3.3.3) that n? = 1 + 2mnt (mod m?). Hence (1 + 2mnt)>X = (1 +
2mnt)?? (mod m?), so 4mntX = 4mntZ (mod m?). Similarly, we can prove
that 4mntX = 4mntZ (mod n?) by taking (3.1.1) modulo n?. Hence 4mntX =
dmntZ (mod m?n?) as ged(m,n) = 1, so 4X = 4tZ (mod mn). By (i) in
Lemma 3.3.3, we know that n is divisible by 2¢. Therefore, 2X = 2Z (mod m),
so X = Z (mod m) since m is odd. Furthermore, X = Z (mod 2m) by Lemma
3.3.5. Since Z > X, we conclude that 2m < 7 — X. O

Lemma 3.3.8 We have

log(c — 1).

Z <4Y, Y <
<& ~  8log2

Proof. Since {¢X,bY,a?} forms a primitive Pythagorean triple, we can write
K =k=1% b =2k, o =K+,

where integers k,[ satisfy the condition k& > [ > 0, ged(k,l) = 1 and k £ |
(mod 2). Since b < a?, we see that a? < 4k21%> = b?¥ < a*Y, s0

Z < 4Y.

Z

Since E = a? — ¢X = 212, we have

1=2Y"1pY,
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Further, since (k +1)(k — ) = ¢ and ged(k + 1,k — ) = 1, we can write
k+l=u™, k—1=v%,
where odd integers u, v satisfying u > v > 0 and uv = ¢. Hence
2n)Y =20 =uX — 0¥ = (u —v)w,

where
X X

ut — v
we U T X X2y XL
uU—v
is an integer. Since w is a sum of X odd integers, we see from Lemma 3.3.5 that

w is odd. Therefore, we obtain
(a+1)Y = orda(u — v).
Since u —v <u—1<c—1, it follows that

v — ords(u — v) < log(u — v) < log(c—1)

a+1 (a+1)log2 = 2log2

Since ¢ = m2+n? < m?+(m—1)% = 2m? —2m+1, it follows from Lemmas
3.3.7 and 3.3.8 that
2log(2m? — 2m)

2 2 <
mEss log 2

)

which is a contradiction. This completes the proof of Proposition 3.3.2.
At the end of this section, we prove the following.

Proposition 3.3.3 Ifc =1 (mod b) and ¢ > b+1, then (3.1.1) has no solutions
with y = 1.

Proof. Assume that ¢ = 1 (mod b) with ¢ > b+ 1. By Proposition 3.3.1,
it suffices to consider the case where n > 1. Let (z,y,2) be a solution of
(3.1.1). By the same observations in the proof of Lemma 3.3.4, we see that z
is even. We can write z = 27, where Z € N. Suppose that y = 1. We will
observe that this leads to a contradiction. By similar observations in the proof
of Lemma 3.3.7, we see that (1 + 2mnt)® + 2mn = (1 + 2mnt)* (mod m?n?),
so 2tz + 2 = 2tz (mod mn). It follows from (i) in Lemma 3.3.3 that 2 = 0
(mod 2t), so t = 1, that is, ¢ = b+ 1. This is a contradiction. This completes
the proof of Proposition 3.3.3. O

3.34 Thecasec=b+1

In this subsection we will complete the proof of Theorem 3.1.1. By Propositions
3.3.2 and 3.3.3, it suffices to prove that if ¢ = b+ 1, that is, m = n + 1, then
(3.1.1) has the unique solution (z,y,z) = (1,1,2).

When m = n + 1, we rewrite (3.1.1) as

(2m?* —2m +1)* + (2m(m — 1))’ = (2m — 1) (3.3.7)
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where x,y,z € N, and m is a positive integer such that m > 2. By Proposition
3.3.1, it suffices to consider the case where m > 3.

Let (x,y,2) be a solution of (3.3.7). Then z is even by Lemma 3.3.4. We
can write z = 27, where Z € N. First we will show that y = 1. For this we
consider the case where m is even and the case where m is odd separately.

Lemma 3.3.9 If m is even, then y = 1.

Proof. Assume that m is even. Suppose that y > 1. We will observe that this
leads to a contradiction. By Lemma 1.3.1 and (ii) in Lemma 3.3.3, we see that
x is even. We can write x = 2X, where X € N. Similarly to the proof of Lemma
3.3.6, we observe that
D= (2m—1)% + (2m? —2m +1)X =2¢"1m¥,
E=2m-1)%—-02m?-2m+1)% =2(m —1)v.
Then (2m? —2m + 1)X = (D — E)/2 = 2Y"2m¥Y — (m — 1)¥. Since 2Y~2mVY is

divisible by 2m and (m — 1)¥ = (=1)Y"tmy + (—1)? (mod 2m), we see that
1= (=1)Ymy+ (=1)Y" (mod 2m), that is,

(-1)Y+1=my (mod 2m).

From this we have (—1)¥ = —1 (mod m), so y is odd since m > 3. Then, how-
ever, the above congruence implies that my = 0 (mod 2m), so y = 0 (mod 2),
which is a contradiction. We conclude that y = 1. O

Lemma 3.3.10 If m is odd, then y = 1.

Proof. Assume that m is odd. Suppose that y > 1. We will observe that this
leads to a contradiction. By Lemma 1.3.1 and (ii) in Lemma 3.3.3, we see that
x is even. We can write x = 2X, where X € N. Similarly to the proof of Lemma
3.3.6, we observe that

D = (2m —1)? + (2m?® — 2m + 1)* = 2mY,
E=02m-17%—-2m?-2m+1)% =271 (m — 1)V.
If m = 3, then 52 = (D+ E)/2 = 3Y +4¥~1, which contradicts the result in [Si].

If y = 2, then X = Z = 1 by the first equation above, which is absurd since
z < z. Hence m > 5 and y > 3. Since D > E, it follows that

D m O\’ 5\ 51 125
1< ==4—"——) =4(= ) <4| = | = —
< E (2(m—1)> (8) = (8) 128"
which is a contradiction. We conclude that y = 1. O

By Lemmas 3.3.9 and 3.3.10, we rewrite (3.3.7) as

(M +1)" 4+ M= (2M + 1) (3.3.8)
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for #,Z € N where M = 2m(m — 1). Note that M is divisible by 4 (since the
product of two consecutive integers m(m — 1) is even). It suffices to prove that
(3.3.8) has the unique solution (z, Z) = (1,1).
Let (z,Z) be a solution of (3.3.8). Taking (3.3.8) modulo M + 1, we have
(-=1)? = -1 (mod M + 1). Hence Z is odd.
Weclaimthat t=1ifz < Zorx+1>2Z. If x < Z, then

M<(2M +1)* — (M +1)* < (2M +1)? — (M +1)* = M.
This implies that x = Z =1. If x + 1 > 27, then

M +1)*% + M(M +1)

(M +1)* < )
< (M4 1) + M(M +1)

)

)

= (M +1)2M +1)?

< (M +1)%+1 27,

o~ o~ o~ o~

SO

M1\%!
5 < 2.

Since M > 4, it follows that Z =1, so x = 1.
To obtain a sharp lower bound for  and some necessary conditions on the
existence of solutions of (3.3.8), we prove the following lemma.

Lemma 3.3.11 If x > 1, then the following hold.
(i)2Z =1 (mod M+1) and x+1=2Z (mod 2M). In particular, z is odd.
(i) @ > 2M + 5.

Proof. We know that Z is odd. Suppose that x > 1. Then Z < z and z+1 < 2Z.
(i) Taking (3.3.8) modulo (M + 1)2, we have M = —M?# (mod (M + 1)2),
so M?271 +1=0 (mod (M + 1)2). Hence

M2271 +1
1—-M+M?2— ..y M222_ - = dM+1
+ + M1 0 (mo +1),
s02Z =1 (mod M +1).
Since M is divisible by 4, we observe that

(M +1)" = (;”)M? +Mz+1, (2M+1)?=2MZ+1 (mod 2M?).
By (3.3.8), we have

@)M? Y Mz+1+M=2MZ+1 (mod 2M?),

SO
T

1
T+ +(2

)M =27 (mod 2M).
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Reducing this modulo 4, we have x = 1 (mod 4) since Z is odd. It follows from
the above congruence that z +1 = 2Z (mod 2M).
(ii) Since Z <z —2 and x + 1 < 2Z, it follows from (i) that

T+ 1+2M <27 <2z — 4,

so2M +5 <zx. O
Now we are ready to prove Theorem 3.1.1.

Proof of Theorem 3.1.1. Let (z,Z) be a solution of (3.3.8). By Lemma 3.2.2,
we see that < 2010log(2M + 1). Suppose that > 1. We will observe that
this leads to a contradiction. By (ii) in Lemma 3.3.11, we have

2M +5 < z < 2010log(2M + 1).

This implies that M < 9940. It remains to consider M’s such that M < 9940
and M = 0 (mod 4). Fix such a M. Then, for each = in the above range,
we can determine the corresponding Z by using the inequalities (2M + 1)% <
(M + 1)*tt < (2M + 1)+ (which easily follows from (3.3.8)). Additionally,
we can check that such a pair (z, Z) does not satisfy all of the conditions of (i)
in Lemma 3.3.11. This is a contradiction. We conclude that x = 1, so Z = 1.
This completes the proof of Theorem 3.1.1. O






Chapter 4

Upper bounds for solutions

4.1 Results on upper bounds for solutions
In this section we give several sharp upper bounds for solutions z,y, z of (1) in
terms of a, b, ¢ for the following cases:

(1) z,y and z are even.

(2) z,y are even and z is odd.

(3) x and z are divisible by 4.

(4) z,z are even and y is odd.

For Cases (1) and (2), we should consider the case where ¢ is odd. Indeed,
if ¢ is even and (1) has a solution with even x and y, then ¢* is a sum of two
squares of odd integers, so it is exactly divisible by 2, which implies that z = 1.

For a prime number p and a non-zero integer m, we denote ord,(m) by the
exact power of p in m.

For Cases (1) and (4), we will use the following elementary fact on 2-adic
calculations (cf. [Ri, p.11; P1.2]).

Lemma 4.1.1 Let U and V' be odd positive integers with U >V, and e be a
positive integer. Then

ordy (U — V?¢) = ordo(U £ V) + orda(e) + 1
for the proper sign for which orda(U £V') > 2.

Theorem 4.1.1 We consider the case where b is even. Let (x,y, z) be a solution
of (1). Assume that x,y and z are even. We write x = 2X, y = 2Y and z = 2Z.
Then the following (i) and (ii) hold.

(i) 1f

e b
(CL,C,X,KZ)# (4_17 T+17 1) q, 1) 7612 1a

53
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then

2Y log(b/2) 7 < 2Y log(b/2) + log 2

)

X <

loga log c

(ii) Suppose that Y > 1. If
log(c —1)

< logmin(a/p(a) + p(a), 2v/c — 1)
- ords(b) log 2 ’

where p(a) is the least prime factor of a.

then
Y

Proof. Assume that x,y and z are even. We can write x = 2X, y = 2Y and
z=2Z, where X,Y,Z € N. As is well-known (cf. [Ri, p.32; P3.1]), we can write

aX =k =12, b =2k, £ =K+

where integers k,[ satisfy the condition k& > [ > 0, ged(k,l) = 1 and k £ |
(mod 2). Since (k+1)(k —1) = a® and ged(k + [,k — 1) = 1, we can write

k+l=uX, k—1=0%,

where odd integers u,v satisfy the condition v > v > 0,ged(u,v) = 1 and
uv = a.

We consider the cases [ = 1 and [ > 1 separately.

First, we consider the case { = 1. Then k2 —a® =1 and ¢Z — k%2 =1. We
know that these are Catalan’s equations. Since a is odd, it follows from [Ko, Le]
that X = Z = 1. Hence k = bY/2, 50 a = b*Y/4 — 1 and ¢ = b?¥/4 + 1.

In what follows, we consider the case [ > 1. We claim that [ > 2Y 1. If [
is even, then 21 is a Y-th power of an even positive integer since 2kl = b* and
ged(k,21) = 1, in particular, [ > 2Y~1. If [ is odd, then [ is a Y-th power of an
odd positive integer since 2kl = b¥ and gcd(2k,1) = 1, in particular, [ > 3Y.

Since aX < k% = b2Y /(41%) and ¢Z < 2k? = b?Y /(21?), we can obtain the
desired upper bounds for X and Z.

From the results [CD, Theorem 5] and [CD2, Lemma 10], we see that ¥ =1
or X, Z are odd. From now on, we assume that ¥ > 1. Then both X and Z
are odd.

We consider the cases v =1 and v > 1 separately.

Ifv=1thenk—-1=1s0c? —b" =(k—10)2=1. Since Y > 1 and Z is
odd, it follows from [Mi] that Z = 1.

In what follows, we assume that v > 1. Since 4kl = (k +1)? — (k — 1)? =

u?X — 02X we see from Lemma 4.1.1 that
Yordy(b) = ordy(bY)
= orda(2kl)

2X 02X
— ordy (H)
2

= ords (u** —v**)—1 = orda(u £ v)
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for the proper sign. Since v > 1, we see that u+v < u+v < a/p(a) + p(a),

hence
_ordp(u +v) < IOg(G/P(a) + p(a))
~ orde(b) T ords(b) log 2

On the other hand, we rewrite k2 + 12 = ¢Z as
(k+1v-1)(k—1v-1)=¢%.

Since c is odd, we see that two factors on the left-hand side in the above equality
are relatively prime in Z[v/—1]. Hence there exist integers a;, by with a?+b7 = ¢

such that
k+1vV—=1=(a; +bvV/—1)%.
Note that a; # by (mod 2). Since Z is odd, we have

Z Z
k=a <a1Z_1— (Z_2)alz_3b12+...:|: <3>a12b1Z_3:|:Zb1Z_1>,

zZ Z

It is easy to see that k/a; and /by are odd integers. Since

Y ordy(b) = ordy(b¥) = ordy(2kl) = ordy(2a1by),
it follows that
OI‘dQ (2&1()1)
ords(b)

Since a1 # b1 (mod 2) and |aq|, |b1] < V¢ — 1, we obtain
log(2\/c -1 )

Y < ————~.
~ ordy(b)log?2

0

Remark 4.1.1 Under the assumption of Theorem 4.1.1, we can not generally
deduce upper bounds for Y such as Y < Clogb, where C is an absolute constant.
Indeed, we know the following identity:

(22p—2 _ 1)2 4 22p _ (22p—2 4 1)2 (p Z 2)

Theorem 4.1.2 We consider the case where b is even. Put

2log max(a, b)
Co=—"—"7F.
log 3

Let (z,y,2) be a solution of (1). Assume that x,y are even and z is odd. We
write x = 2X and y =2Y. Then

log(c —1)
~ 2ordy(b)log?2”
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Further, we suppose that ¢ — 1 is not a square, or

orda(c—1)  log(c—1)

2 orda(b) 2logb '
or
orda(c —1)
2 OI‘d2 (b)
Then
1 -1 log 2
(i) 4X§(ﬁiﬁ), z<cz+l(;§(j if z<+ve—1,
. 2log z z 2Cy 2log 2 .
X < -1 .
(ii) S Tog3 Tog 2 < loge T logZc if Ve—1<z

If Cy < /e — (log2)/logc, then (i) holds.

Proof. Assume that z,y are even and z is odd. We can write x = 2X and
y =2Y, where X, Y € N. It suffices to consider the case where ¢ =5 or ¢ > 13.
Indeed, c¢ is odd, and ¢ can not have any prime factors congruent to 3 modulo
4 since ¢ is a sum of two squares of relatively prime integers.

We rewrite (1) as

(X +bYV=1)(a® —b¥V—-1) =~

Since c is odd, we see that two factors on the left-hand side in the above equality
are relatively prime in Z[v/—1]. Hence there exist integers as, by with af+b2 = ¢

such that
aX + YV =1 = (ag + byvV/—1).
Note that ag # by (mod 2). Since z is odd, we have

zZ— z z— Z z— zZ—
X = a, <a2 - (Z_2>a2 b2 4. £ (3)@22132 3 4 b3 1),

z— z Z2— Z z— z—
”:%G%I‘CQ%3@+“iQ%ﬁz“%l)

It is clear that as divides ¢ and by divides bY. In particular, as and by are
relatively prime non-zero integers. Then as is odd since a is odd, so by is even.
Since as, z are odd, we see that bY /by is an odd integer, in particular,

- OI‘dQ(bQ)
~ ordy(b)

Since |b2| < Ve — 1, we have

log(c —1) < logve—1
~ 2ordy(b)log2 =  log2

We consider the cases |ag| = 1 and |az| > 1 separately.
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First, we consider the case |az| = 1. Then, since by = ¢ — 1, we see that
v?Y/(c—1) = (b¥/ b2)2 is an odd positive integer, in particular,

log(ec —1) <y orda(c —1)
2logb — 2 ords(b)

Next, we consider the case |az| > 1. Then ap has an odd prime factor p.
Hence p divides a, and p does not divide b since ged(a,b) = 1. It is easy to see
that ¢ # 5, so ¢ > 13. The argument below is based on an observation in [HY].

We claim that

X ord,(a) = ordy(az) + ordy(z).

For this, it suffices to show that if z is divisible by p, then

ord, ((j) aiQ_l) > ord(z)

for i = 3,5, ..., 2. Then, since p > 3,7 > 3 and

ordpmzzu< i
=1 LP =

where | - | is the floor function, we see that

ord,, ((j) ag'l) ~ ord,, ( el lemit]) ) + ordy (a37")

1!
= ord, (z(z -1 (z—i+ 1)) —ord, (i) + (¢ — 1) ord,(az)

1
> ord -——+4i-1
ord,(z) p—1+l

P—2.
= ord,(z) + (p—l) i—1
> ord,(z).

Hence the claim holds. Then, since |az| < v/c¢ — 1, we have

log |az| + log 2 - 2log max (vc — 1, z)

X <ordy(az) + ordy(z) < log p = log 3

)

SO

2log max (\/c -1, z)

log 3

Since ¢ = a®X +b*Y < a®M 4+ b*M < 2max(a, b)*, we have

M :=max(X,Y) <

2M log max(a,b)  log2
logc loge’

z <

If 2 < +vc—1, then M < (logc)/log3 and z < Ca2 + (log2)/log ¢, so Case (i)
holds.
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If Ve —1< z, then y/c < zand M < (2logz)/log3, so

z 2M log max (a, b) log 2 2Cq 2log 2
+ ==,
log z (log ¢) log = (log ¢) log = log ¢ log?c

hence Case (ii) holds. Further, since ¢ > 13 and

1 210g 2
Z08C 90,4 228

log z 27" Tloge
we have Vel |
cloge 2log?2
2 =——<2C
ve log\/c et loge

so Cy > v/c — (log2)/logec. From this we see that if Co < /¢ — (log2)/loge,
then z < y/¢ — 1, so Case (i) holds. O

Remark 4.1.2 In the statement of Theorem 4.1.2, the condition C; < /¢ —
(log 2)/log ¢ holds if a* + b? = c. Indeed, if a® + b* = ¢, then
log 2
Ve — % >va?+ b2 — 1> max(a,b) — 1
c

and
max(a,b) — 1 2

logmax(a,b) — log3’

This is valid since max(a, b) > 3.

Theorem 4.1.3 We consider the case where b is even. Let (x,y, z) be a solution
of (1). Assume that x and z are divisible by 4. We write v = 4X and z = 47.
Then

log b log (b/2ereV) - log (/2007

y< orda(b)log2”’ < 2loga Y 2logc

Y.

Proof. Assume that x and z are divisible by 4. We can write z = 4X and
z = 4Z, where X,Z € N. As is well-known (cf. [Ri, p.34; P3.2]), there are
no positive integers A, B and C such that A* + B? = C*. Hence it suffices to
consider the case where y is odd.

From (1) we define positive integers D, E as follows:

W = DE,

where
D:C2Z+CL2X, E:CQZ—GQX.

It is easy to see that ged(D, FE) = 2, and that D is exactly divisible by 2 since it
is a sum of two squares of odd integers. Hence there exist relatively prime odd
positive integers s,t with b = 2°st such that

D=2s¥, E=2"1t
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where 8 = orda(b) > 1.

Since D < bV /20v=1 42X < D/2 and ¢*? < D, we can obtain the desired
upper bounds for X and Z.

Then 3 > 2 ort > 3. Indeed, if 3 = 1 and ¢ = 1, then 2~ = (¢ +a™)(c? —
aX), so ¢ + a® = 2¥~2. This implies that 2s¥ = D < (¢Z +a*¥)? = 2274 <o
s < 4. This is absurd since we see from the first equality above that s > 1 and
s can not be divisible by 3.

We rewrite ¢?Z + a?X = 2s¥ as

(? +aXV=1)(c? —aXV=1)=(14+V-1)1—V-1)s".

It is easy to see that two factors on the left-hand side in the above equality are
relatively prime in Z[\/—1]. Hence there exist integers dy, e; with dZ + e = s
such that

Z+a*V-1=1+eV=1)(d +evV—1)",

where ¢ = +1. Note that dy # e; (mod 2). Let I and J be the real part and
the imaginary part of (dy + e;/—1)Y, respectively. Then

I=d, (df’_l - (g) d¥ Pel 4+ yely_1> ,

J=e <yd1y_1 — (g)df’_?’ef +--- iely_l) ,

further, ¢Z + eaX = 2I and ¢ — ca® = —2¢J. Hence
21 = B = (¢? + ea™)(c? —ea™) = —4elJ.

Since y is odd and dy # e; (mod 2), we see that I/d; and J/e; are odd integers,
S0
ﬂy —1= OI‘dQ(4€IJ) = Ord2(4d161) = ordg(dlel) + 2.

Since 2|dye,| < d? + e = s=1b/(2°t), and B > 2 or t > 3, it follows that

By = orda(dier) + 3

10g|d161‘
—— 43
log 2 +
log (b/(2°+1¢
og (b/(2°711))
log 2
logb logt logb
log 2 <6+ log2>+ = log2’

so the conclusion holds. O

Remark 4.1.3 In Theorem 4.1.3, we can further conclude that y = 1 by the
result in [Da).
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Theorem 4.1.4 We consider the case where b is odd and b > 5. Let (x,y,z)
be a solution of (1). Assume that x,z are even and y is odd. We write x = 2X
and z = 27.

I
! (a,b,¢, X,y,2) # (2,17,3,3,1,2),
or
o). (1)
then

X < ylog(b/p(b))—log27 7 < log (b/p(b))
loga logc

)

where p(b) is the least prime factor of b. Furthermore, the following (i) and (ii)
hold.
(i) If a is even, then
y <Cqloga+1,

where
. log(b/(2p(h)) +p(b)/2)
4 ords(a)(log2) log(\/m _ 1)

(ii) If ¢ is even, then

(< 3).

log (b/(2p(b)) + p(b)/2)
Zs ordz(c) log 2 ’

Proof. Assume that x,z are even and y is odd. We can write x = 2X and
z =27, where X,Z € N. From (1) we define positive integers D, E as follows:

b = DE,

where
D=c?+a%, FE=c—-d.

It is easy to see that ged(D, E) = 1. Hence we can write

D=s%, E=1tY,
where integers s,t satisfy the condition s > t > 0, ged(s,t) = 1 and st = b.
Then

sYHtY =27, Y —tY=2a%.

We consider the cases ¢t = 1 and t > 1 separately.

If t =1, then E =1, so ¢Z —a® = 1. It follows from [Mi] that X = 1 or
Z=1or (a,b,¢c,X,y,Z) =(2,17,3,3,1,2).

In what follows, we assume that ¢ > 1. Then t > p(b). Since D < W /E, E >
p(b)Y, a® < D/2 and ¢ < D, we can obtain the desired upper bounds for X
and Z.
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Note that s > vb+ 1+ 1. Indeed, since s > t + 2 and st = b, we have
s2>b+2s,50 (s —1)2 > b+ 1. Hence
2% =g¥ — ¥
Y
_w_ (b
s
>(Wb+1+1) - (Vb+1-1)">29(Vb+1-1)"",
SO (\/b—|— 1— 1)y_1 < a*. Since b > 5, we have

1< loga
~ log(vb+1-1)

Since 4aXc¢? = s?Y — t%¥, we see from Lemma 4.1.1 that

ords(aXc?) = ordy(s® —t%) —2 =ordy(s £1) — 1
for the proper sign. Since s £t < s+t < b/p(b) + p(b), we have
X ordy(a) + Z ordy(c) = ords(a™ ¢?)

log(s £ 1)
- log2 B
o log (b/p(d) +p(b)) | _ log (b/(2p(b)) +p(b)/2)
- log 2 log 2 '

The desired conclusions follow from this. I

4.2 Applications

Let {F, }n>0 be Fibonacci numbers, the numbers {F}, },,>o defined by
F():Ov F1:1; Fn+2:Fn+1+Fn~

For instance, the first several Fibonacci numbers are given in the following table:

n‘0123
0 2

4 5 6 7 8 9 10 11 12
F, |0 1 1 3 5 8

13 21 34 55 89 144

We can find many works related to Fibonacci numbers in various Diophantine
problems (cf. [BLMS], [BMS], [Coh], [Coh2], [Du], [Fi]). There are a number of
fascinating formulas on those numbers (cf. [Ko]). One of the most important
formulas on Fibonacci numbers is Cassini’s identity (cf. [Ko, p.74; Theorem
5.3]):

Fn2 = (71)n+1 + Fn—an—i-l (Tl Z 1)

Cassini’s identity can be generalized for the generalized Fibonacci numbers
(cf. [Ko, Ch.7]). In the study of Fibonacci numbers, we often observe that
Lucas numbers {L,,},,>0 work well. They are defined by

Lo=2, Li=1 Lpyo=2Ly41+L,.
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For instance, the first several Lucas numbers are given in the following table:

n‘() 1
2

2 3 4 5 6 7 8 9 10 11 12
L2 1 3 4 7

11 18 29 47 76 123 199 322

Fibonacci numbers and Lucas numbers are companionable in a number of ways.
There are many relations among those numbers (cf. [Ko]).
In 1876 Lucas proved the following elegant formulas (cf. [Ko, p.79; Corollary
5.4]):
Fn2 +Fn2+1 = F2n+17

F2+ Fopio = Fn2+2

for n > 0. It is worth stating that the formulas of these types do not seem to
be seen in other Lucas sequences (cf. [Ko]). From these formulas we consider
the exponential Diophantine equations:

Er+F! , =F ., (z,y,2€N), (4.2.1)

FEr+F) . ,=F7, (z,y,2€N). (4.2.2)

It is clear that (4.2.1) has the solution (z,y,2) = (2,2,1), and (4.2.2) has the
solution (z,y,2) = (2,1,2). In 2002 at ICM, Terai [Te3] proposed to study
(4.2.1) and he proved, under strict assumptions on n > 3, that (4.2.1) has the
unique solution (z,y,z) = (2,2,1) by using the theory of linear forms in two
logarithms.

Applying Theorems 4.1.1-4.1.4 to (4.2.1) and (4.2.2), we prove the following
results.

Theorem 4.2.1 For each n > 3, (4.2.1) has the unique solution (z,y,z) =
(2,2,1).

Theorem 4.2.2 For each n > 3, (4.2.2) has the unique solution (x,y,z) =
(2,1,2).

4.2.1 Proof of Theorem 4.2.1

In this subsection we prove Theorem 4.2.1. Let n > 3. We first note that
F,, F,,+1 and F5, 11 are pair-wise relatively prime positive integers greater than
1.

Let (z,y, %) be a solution of (4.2.1). We prepare some lemmas. First we
determine the parities of x, y by using congruence reductions. Further we obtain
congruence relations among x,y, z.

Lemma 4.2.1
(i) = and y are even.
(iil) X =2 (mod F,41) and Y = z (mod F,,), where X =x/2 and Y = y/2.
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Proof. We first consider the case n = 3. In this case, we rewrite (4.2.1) as
2% +3Y =13°. (4.2.3)

Taking (4.2.3) modulo 3, we have (—1)* =1 (mod 3), so z is even. Then taking
(4.2.3) modulo 4, we have (—1)¥ =1 (mod 4), so y is even. Hence we can write
z = 2X and y = 2Y, where X,Y € N. Taking (4.2.3) modulo 5, we have
3* = +2 (mod 5), which implies that z is odd. By Theorem 4.1.2, we see that
z < 2+ (log2)/log13 < 3, so z = 1. This yields X =Y = 1. Hence the
lemma holds for the case n = 3. Similarly, we can prove the lemma for the case
n = 4. Hence it suffices to consider the case n > 5. Then F, 41 > F, + 1 and
F, > F,_1 + 1. Indeed, Fn+1 —F,=F,1>1land F, — F,_ 1 =F,_ 5 >1
since n > 5. In particular,

F,#+1 (mod F,y1), Fny1 Z+1 (mod Fy).

We write z = 2X + x1, where X is a non-negative integer and z; € {0,1}.
Then taking (4.2.1) modulo F,2,;, we have

EXXpF™ 4 FY

n+1 = FnQZ (mOd F712+1)'

By Cassini’s identity, we see that
F2=6+F, \F,.,=6-F,F,., (modF?2,),
where § = (—1)"*1. Hence

(6X —6*'F,F,

n

G X)EP + FY =6 —0"'F,F,

n

4112 (mod F2.)).
Reducing this modulo F}, 4, we have
§XF™ =6 (mod F, ).

If 1 = 1, then F,, = £1 (mod F,,11), which is absurd. Hence z; = 0, that is,
x = 2X. Then 6% = §* (mod F,;1). This implies that 6 = §* since § = +1
and Fj, 11 > 3. Hence

P, X+ FY ' = -0""'F,z (mod F,, ).

Similarly, we can prove that y is even by taking (4.2.1) modulo F.? (for this,
we use the congruences F.2, = —§ + F,F, , (mod F?) and F,;1 # =1
(mod F3,)), and further,

Fnzil + (_6)Y71Fn+1y = (_5)Y71Fn+1z (mOd Fn)a
where Y = y/2. Since > 2 and y > 2, it follows from two congruences above

that X =z (mod Fp,41) and Y = 2z (mod F,,). O

By (i) in Lemma 4.2.1, we can write z = 2X and y = 2Y, where X,Y € N.

It suffices to consider the case where Fy, 1 is odd. Indeed, if Fy, 41 is even,
then F,, and F, 1, are odd, so Fif, ; = F,2X + F2Y, =2 (mod 4). This gives
that z =1,s0 X =Y = 1since F,, ., = F,2+ F2,,.
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In what follows, we consider the case where Fy, 11 is odd. Then F), or F, 11
is even, and n > 5.

We remark that if max(X,Y) < z, then X =Y = z = 1. Indeed, if
max(X,Y) < z, then

(Fn2 + FnQ+1)Z =Fyr1 = FnQX + Fner = (Fnz)z + (Fn%rl)z’

soz=1,hence X =Y =1.

We will obtain sharp upper bounds for X and Y by using Theorems 4.1.1
and 4.1.2. For this we consider the case where z is even and the case where z is
odd separately.

Lemma 4.2.2 Suppose that z is even. Then the following hold.
(i) If F,, is even, then we have the upper estimates

< 10g(Fn+1 + 1)

Y <2X —1.
~ orda(F,)log2’ -

(ii) If F41 is even, then we have the upper estimates

log(F, +1)

X <2Y —1.
~ orda(Fphiq1)log?2’ -

Proof. Suppose that z is even. We can write z = 27, where Z € N. Note that
max(X,Y) >z > 2.

We use Theorem 4.1.1. First, we consider the case where F), is even. We
apply Theorem 4.1.1 to the case where (a,b,¢) = (Fpt1,Fn, Font1). Since

Fri1+1<2/Fs,41 — 1, it follows that

Y _—
< log Fioi1 ~ orda(Fy,) log2

Next, we consider the case where Fj, 1 is even. We apply Theorem 4.1.1 to

the case where (a,b,¢) = (Fp, Fyy1, Fony1). Since F, + 1 < 24/Fp,1q — 1, it
follows that

2log(Fry1/2) Y <9y v < log(F,, +1)

X .
< log F,, ~ orda(Fi41) log 2

O

Next we consider the case where z is odd. To use Theorem 4.1.2 we give an
easy observation on values of ords(L,,).

For all m > 0, we see from two tables in Section 1 that L,, = 2 (mod 4)
when F,,, =0 (mod 4), and L,, = 4 (mod 8) when F,,, = 2 (mod 4), further,
L,, is odd when F, is odd. In particular, ords(L,,) < 2 for all m > 0.

Lemma 4.2.3 Assume that z is odd. Then the following hold.
(i) If F,, is even, then we have the upper estimates

log(Fap41 — 1) < log(Fop41 — 1)
~ 2ordy(F,)log2’ - log 3 '
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(ii) If F,41 is even, then we have the upper estimates

log(Fant1 — 1) < log(Fan+1 — 1)

X< .
log 3 ’ = 2ordy(Fyy1)log?2

Proof. Assume that z is odd. It suffices to show that Case (i) in Theorem 4.1.2
holds.

Since Fy, , = F,2+ F2, and Ly, = Fyq1 + Fppeq for all m > 1, we see
from Cassini’s identity that if n is even, then

Fopi1 —1=F2+ (Fly —1)=F!+ F,F, ,=F,L,,

n

and that if n is odd, then

Fop1—1=(F-1)+F =F, \F, +F =L,F,,.

n

Hence

orda(Fy,) + orda(Ly41) if nis even,

orda (Fon+1 — 1) {ordg(Ln)+0Td2(Fn+1) if n is odd.

We only consider the case where F), is even (the case where F,, 11 is even is
similar). We apply Theorem 4.1.2 to the case where (a, b, ¢) = (F,y1, Fy, Font1).
Since Fy, . — 1> F.2,

ords(F,,) if n is even,

ords(Fope1 — 1) =
2(Fon1 ) {OI‘dg(Ln) if n is odd,
and ords(L,) < 2, we see that

OI‘dQ(FQn+1 — 1) < OI‘dQ(Fn) —+ 1 < 1 < 10g(F2n+1 — 1)
2orda(Fy) ~  2orda(F,) T 2log F,,

Therefore, Case (i) in Theorem 4.1.2 holds. O

Remark 4.2.1 Lemma 4.2.3 can be also shown by the result in [Fi], which
states that the only Fibonacci numbers being a square increased by 1 are F} =
F, =1, F5 =2 and F5 = 5. Another proof of this result is given in [BLMS].
Further, if the condition
orda(c — 1)

2 orda(b)

holds, then Y = 1 by an observation in the proof of Lemma 4.2.3. Then we may
apply results on lower bounds for liner forms in two logarithms (for example,
[La]) to the equation. As a result, we can estimate the value of X as follows:
X < log F,,+1. But the implied constant is very larger than one obtained in
Lemma 4.2.3.

We are ready to prove Theorem 4.2.1.
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Proof of Theorem 4.2.1. We only consider the case where F, 11 is even (the
case where Fj, is even is similar). Let (z,v, z) be a solution of (4.2.1). By (i) in
Lemma 4.2.1, we can write x = 2X and y = 2Y, where X,Y € N. It suffices to
show that M := max(X,Y) < z.

Suppose that M > z. We will observe that this leads to a contradiction.
Then z > 2. We use (ii) in Lemma 4.2.1, (ii) in Lemma 4.2.2 and (ii) in Lemma
4.2.3. If M = X, then

Fn+1+Z<X<max( og(Fy +1) 1 0g(Fant1 ))7

ordy(Fiq)log2 log 3
which does not hold. If M =Y, then

log(F, +1) log(Fant1 — 1) _ log(Fan+1 — 1)
ordy(Fyy1)log2’ 2ords(Fy,i1)log?2 2ordy(Fp11)log?2’

F,+z2<Y < max(

which does not hold. Therefore, M < z. This completes the proof of Theorem
4.2.1. O

4.2.2 Proof of Theorem 4.2.2

In this subsection we prove Theorem 4.2.2. Let n > 3. We first note that
F,, Fy+2 and F, 40 are pair-wise relatively prime positive integers greater than
1.

Let (x,y,2) be a solution of (4.2.2). We prepare several lemmas. First we
determine the parities of z, z by using congruence reductions.

Lemma 4.2.4 x and z are even.

Proof. Similarly to the proof of Lemma 4.2.1, we can prove the lemma for the
case n < 4. Hence it suffices to consider the case n > 5. Then F, # +1
(mod F,42) and F, 42 # +1 (mod F,).

We write © = 2X + zo, where X is a non-negative integer and zo € {0,1}.
Then taking (4.2.2) modulo F,, 2, we have

F2XE™ = (-1 E2  (mod F, ).
By Cassini’s identity, we see that
F?=F2,=-0+F,F, ,=-5 (modF,,),
where § = (—1)"*!. Hence
(=8)¥Ff2 = (-1)V"1(=0)Y (mod F, ).

If 29 = 1, then F,, = £1 (mod F,,12), which is absurd. Hence x5 = 0, that is,
x = 2X. Similarly, we can prove that z is even by taking (4.2.2) modulo F,, (for
this, we use the congruences F,2, , = —§ (mod F,) and F, 4> # £1 (mod F,)).
O

By Lemma 4.2.4, we can write x = 2X and z = 2Z, where X, Z € N.
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Lemma 4.2.5 Ify > 1, then X + Z =0 (mod F,41). In particular, Fj,11 <
X+Z.

Proof. Suppose that y > 1. Note that F,; divides Fb,y2. Taking (4.2.2)
modulo F2;, we have

F2X =F2%, (mod F7,)).
By Cassini’s identity, we see that
F2=06+F, 1Fy1 =6~ F,Foy1 (mod F2),
F2,=06+Fy1F3=0+F,F,s1 (mod F2,),
where § = (—1)"*1. Hence
0N = XN F i X =67 + 677 FoFun 2 (mod Fl ).

Reducing this modulo F,, 1, we have 6% = 6% (mod F,,,1). This implies that
0% = 67 since 6 = +1 and F,,; > 3. It follows from the above congruence that
X+4+Z=0 (mod Fr41). O

From (4.2.2) we define positive integers D, E as follows:
R, =DE, (4.2.4)

where
D=FZ,+F), E=FZ/,-F}. (4.2.5)

If y =1, then F.Z, < F,,,,, which gives that Z < (log Fy42)/log Fp0 <
2,80 Z =1, hence X = 1.

In what follows, we put

o = OI‘dg(Fn_H), ﬂ = OrdQ(F2n+2).

Since Fopi9 = Fa1Ln11, we have 8 = a + orda(Ly41). It is easy to see from
two tables in Section 1 that § > 3 when o > 1, and 8 = 3 when «a = 1, further,
6 =0 when a = 0.

It is easy to see from the first table in Section 1 that
F,, #6 (mod 8)
for all m > 0.
Lemma 4.2.6 y is odd.

Proof. Suppose that y is even. We will observe that this leads to a contradiction.
We can write y = 2Y, where Y € N. By Lemma 4.2.5, we have

Fn+1§X+Z
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We use Theorem 4.1.1. Similarly to the proof of Lemma 4.2.2, we can prove
that X + Z < F,,. As a result, n, X,Y and Z are bounded above. It is easy
to see that any of them does not satisfy (4.2.2). This is a contradiction. We
conclude that y is odd. OJ

We consider the cases @« = 0 and « > 1 separately. It is easy to see that
ged(D, E) = 2 when o > 1.

Lemma 4.2.7 If F,, 1 is even, then X and Z are odd.

Proof. We consider the case where F), 11 is even, that is, « > 1. Then g > 3.
Suppose that X or Z is even. We will observe that this leads to a contradiction.
Since y > 1, we see from Lemma 4.2.5 that both X and Z are even, and

Fn+1§X+Z

We can write X = 2X’ and Z = 2Z’, where X', Z’ € N. Applying Theorem
4.1.3 to the case where (a,b,c¢) = (F, Fant2, Frni2), we have

log Fopq2
Yy<-—{(7 5
3log2

log (Fopn12/8) log (Fan42/4)

X« oty cy, 7 < 2R T oy
2log F,, =y 2log Fyyo vy
Hence 7 9log F.
n+1 / ’ 08 L'on+2
Intl o x1 g9y 2082 o
g =4 tL= 3log 2

which does not hold. This is absurd. We conclude that X and Z are odd. O

Lemma 4.2.8 If F,,11 =2 (mod 4), then (X,y,Z) = (1,1,1).

Proof. We consider the case where F,, 11 =2 (mod 4), that is, « = 1. Then § =
3. It is easy to see that F;, =1 (mod 4) and F, ;2 = —1 (mod 4). By Lemma
4.2.7, we know that X and Z are odd. Hence D = F,Z,+ F,X = (-1)?+1=0
(mod 4). Since ged(D, E) = 2, we see from (4.2.4) and (4.2.5) that there exist
relatively prime odd positive integers S, T such that

D=F7,+F}=2%"15
E=FZ,—-F =2T.

Then F,Z, = (D+E)/2=2%"25+T, s0 2% 25 =3—T (mod 4). Note that
the square of an odd integer is congruent to 1 modulo 8. Since F,,, Z 6 (mod 8)
for all m > 0, and

2Ir=Ff,-FX=F, ,~F,=F,, , (mod8),

it follows that 27" = 2 (mod 8), that is, T = 1 (mod 4). Hence 23728 = 2
(mod 4). This gives that y=1,s0 X =Z =1. O
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Lemma 4.2.9 If F,,;1 =0 (mod 4), then (X,y,Z) = (1,1,1).

Proof. We consider the case where F,y; = 0 (mod 4), namely, « > 2. Then
B >3, and Ly is even. Note that n > 5. It is easy to see that F},, = F,1 2 =1
(mod 4), so D = F,Z, + F;X =2 (mod 4). Since ged(D, E) = 2, we see from
(4.2.4) that E is divisible by 2%¥=1. In particular, E is divisible by 4 since
By—1>3y—12>2.

By Lemma 4.2.7, we can write X = 2X’+ 1 and Z =27’ + 1, where X', 7’
are non-negative integers. Then

E=F%,-FX=F? - FX=F,(F?** —F*') (mod F,,,).
By Cassini’s identity, we see that
F3:5+Fn—an+IE6 (mOd Fn-{-l)a
where § = (—1)"*!. Hence
E=F,(67 —=6X) (mod F,41).

Reducing this modulo 4, we have 6% — X' = 0 (mod 4). This implies that
8% — 6% =0 since § = £1. Hence E =0 (mod F,11). It follows that D/2 is
odd and prime to Fj,11. Since Fy,10 = Fyp1L,11, we can rewrite (4.2.4) as

D . Lo\’
(3)m=2ra (%

This implies that D/2 divides (L,4+1/2)Y and E is divisible by 29~ 1FY, .
Since Ly41 = Fp41 +2F, and F,/F, 11 < 5/8, we see that

D 2(L 2)Y L, y 1 F, y y
1<—§7(_"1+1{/) 4(“) 4<+ > §4(9) :
E PA DA 4F, 11 4 2F, 16
This gives that y < 3. By Lemma 4.2.6, we conclude that y =1,s0 X = Z = 1.

O

We are ready to prove Theorem 4.2.2.

Proof of Theorem 4.2.2. By Lemmas 4.2.8 and 4.2.9, it suffices to consider the
case where F), 11 is odd, that is, « = 0. Then 8 = 0. Let (z,y, z) be a solution
of (4.2.2). By Lemma 4.2.4, we can write x = 2X and z = 2Z, where X, Z € N.
By Lemma 4.2.6, we know that y is odd.

If n = 3, then 4% 4 21¥ = 25Z. Taking this modulo 8, we have 4% = 4
(mod 8), hence X = 1.

We apply Theorem 4.1.4 to the case where (a,b,c¢) = (F,, Fanto, Fnta).
Then

_ Y 10g (Fant2/p(Fant2)) —log2
log F,,
108 (Font2/p(Fanst2))
log Fi 12

< 3y,

Z <

y < 2y.
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Suppose that y > 1. We will observe that this leads to a contradiction.
If F), is even, then
y S C4 log Fn+2 + 1,

where

_ log(Fan+2/(2p(Fan2)) + p(Fant2)/2)
ords(F,)(log 2) log(y/Fan42 + 1 — 1) '

Hence Lemma 4.2.5 yields
Foy1 <X+ 7 <5y—2<5Cslog Frya + 3,

which implies that n = 3 and y = 3. This is absurd since 4 + 213 # 25%.
If F}, 12 is even, then

< 10g(Fant2/(2p(Fant2)) + p(Fany2)/2)
- ords(Fph42)log?2 ’

Hence Lemma 4.2.5 yields

log F,,
Fnﬂgmk(ogwﬂ)z

log F3,
< log Fiuq2 ‘1 10g(Fant2/(2p(Fant2)) + p(Fant2)/2)
~—\ logF, ordy(Fy,42)log 2 ’

which does not hold. This is a contradiction. We conclude that y = 1, so
X = Z = 1. This completes the proof of Theorem 4.2.2. [
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