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1 Introduction

For a smooth projective variety X defined over an algebraically closed field k
of characteristic p > 0, we denote by D?(X) the bounded derived categories
of coherent sheaves on X. We say that a smooth projective variety Y is
deriwed equivalent to X or a Fourier—Mukai partner of X if there exists an
equivalence D?(X) = D®(Y) as k-linear triangulated categories.

The derived category of coherent sheaves was introduced by Grothendieck
and Verdier in 1960s as an appropriate framework for their theory of duality.
Later, it has been observed that the derived category of coherent sheaves
contains a lot of information about the variety, and that the derived category
of coherent sheaves has connections with other subjects. An important one
is homological mirror symmetry conjectured by Kontsevich [24]. Roughly
speaking, it states a correspondence between the algebraic geometry and the
symplectic geometry. Since the appearance of this conjecture, there is a
growing interest in the derived category of coherent sheaves.

Of course, if X and Y are isomorphic, then X and Y are Fourier—-Mukai
partners each other. But in general, there exist pairs of varieties which are
Fourier-Mukai partners and not isomorphic to each other. The first example
of such pair was discovered by Mukai in [29], which states that an abelian
variety A and its dual A are derived equivalent. Note that A and A are
not even birationally equivalent in general. The idea of using moduli spaces
was applied to K3 surfaces by Orlov [30] and he got the characterization of
Fourier-Mukai partners of K3 surfaces. Moreover, Borisov and Caldararu [9]
discovered a pair of Calabi—Yau threefolds which are derived equivalent and
not birationally equivalent. Moreover, Kuznetsov discovered other examples
of such pairs in [25] using his theory called homological projective duality.

We let FM(X) denote the set of isomorphism classes of Fourier-Mukai
partners of X. It is a fundamental question to describe the set FM(X)
explicitly. It is known that | FM(C)| = 1 for any smooth projective curve
C' (see [3, Theorem 7.16]). On the other hand, smooth projective surfaces
S may have non-trivial Fourier—Mukai partners, namely | FM(S)| # 1 may
occur. Bridgeland, Maciocia and Kawamata showed in [12] and [23] that if a
smooth projective surface S over C has a non-trivial Fourier—-Mukai partner
T, then both are abelian surfaces, K3 surfaces or elliptic surfaces with non-
zero Kodaira dimension. For these surfaces, there are characterizations of
their Fourier-Mukai partners.



Theorem 1.1 ([30]). Let X and Y be K3 surfaces over C. The following
conditions are equivalent:

(1) There exists an equivalence D*(X) = D(Y).

(2) There exist v € H(X,Z) satisfying v*> = 0 and an ample divisor w on
X such that there exists an isomorphism Y = M (v), where M (v) is
a moduli space of w-stable sheaves on X .

(3) There exists a Hodge isometry H(X,Z) = H(Y,Z).

Here, ]E[(X, Z) is a Mukai lattice, i.e., H*(X,Z) endowed with the Mukai
pairing.

Theorem 1.2 ([12]). Let m: S — C be an elliptic surface over C with non-
zero Kodaira dimension. Then

FM(S) = {J'(S) | (i,\s) = 1}/ 2.

where J'(S) is the relative moduli space of stable pure-dimension 1 sheaves
on the fiber w, which parametrizes degree © line bundles. For more details,
see §3.

In positive characteristic, it is known that similar results hold to the case
k = C. For example, Lieblich and Olsson gave a generalization of Theorem
1.1 to fields with p # 2 in [27]. It is also known that Enriques and bielliptic
surfaces do not have any non-trivial Fourier—Mukai partners [?]. Moreover,
we get a generalization of Theorem 1.2 to arbitrary characteristic fields. (See
Theorem 3.3. )

In this thesis, we study the set FM(.S) of elliptic ruled surfaces S defined
over k with arbitrary p. Here, an elliptic ruled surface means a smooth
projective surface with a P!-bundle structure over an elliptic curve. The
author and Uehara obtain the following theorem, which is a generalization
of the result for £ = C in [40] to an arbitrary algebraically closed field k.

Theorem 1.3. Let S be an elliptic ruled surface defined over k and w: S —
E be a P*-bundle over an elliptic curve E. If |[FM(S)| # 1, then S is of the

form

S =P(Op & L)

for some L € Pic" E of order m > 5. Furthermore, we have

FM(S) = {P(Op @ L)) | i € Z with (i,m) =1 and 1 <i<m}/ =, (1)
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and

[FM(S)] = o(m)/|H].

Here,  is the Fuler function, and we define
Hg = {i € (Z/mZ)* | 3¢ € Auty(E) such that ¢*L = L'} (2)

as a subgroup of (Z/mZ)*. We also have |H§] = 2,4 or 6, depending on the
choice of E and L.

In the case p t m = ord(L), it is known (cf. [40, Equation (3.4)]) that
S = P(Og @& L) is a quotient of Fy x P! by a cyclic group action, where
Fy is an elliptic curve, and Uehara uses this fact to describe the set FM(S)
in [40]. On the other hand, in the case p > 0 and p | m, an elliptic ruled
surface S = P(Og & L) does not admit a similar construction (see [39, §5.1]).
Therefore, we need more general treatment to show Theorem 1.3.

Moreover in the proof of Theorem 1.3, we study the structure of the
group H g, which heavily depends on the structure of the automorphism
group Autg E of E. In the case k = C, it is a rather simple task, but in the
case arbitrary k, especially, in the case p = 2,3 and j(E) = 0 = 1728, we
need a different approach from the one in [40] (see Lemma 4.7).

In the proof of Theorem 1.3, we obtain some evidence of the Popa—Schnell
conjecture in [35], which states that for any Fourier-Mukai partners Y of a

given smooth projective variety X, there exists an equivalence of derived
categories of their albanese varieties, i.e., D’(Alb(X)) = D*(Alb(Y)).

Proposition 1.4 (=Corollary 5.22). Let X — A and Y — B be P"-bundles
over abelian varieties A and B forn =1,2. If X and Y are Fourier—Mukai
partners, then so are A and B. Furthermore, the Popa—Schnell conjecture
holds true in this case.

The plan of this thesis is as follows. In §2, we state several facts about
derived categories of coherent sheaves . A criterion of fully faithfulness in [5]
is extended to the case including positive characteristic.

In §3, we explain some results and notation of relative moduli spaces of
stable sheaves on elliptic fibrations, a main tool for the study of Fourier—
Mukai partners of elliptic surfaces. We obtain a characterization of Fourier—
Mukai partners of elliptic surfaces with non-zero Kodaira dimensions in The-
orem 3.3 for arbitrary p = ch k, which was originally proved by Bridgeland
in the case p = 0.



In §4, we show several results on automorphisms of elliptic curves.

In §5, we apply Pirozhkov’s result [34] to show Proposition 1.4.

In §6, we explain several results of ruled surfaces on elliptic curves, which
are based on [17].

Finally, in §7, we first narrow down the candidates of elliptic ruled surfaces
with non-trivial Fourier-Mukai partners by Proposition 1.4 and the main
result in [39], and then prove Theorem 1.3.

Notation and conventions All algebraic varieties X are defined over an
algebraically closed field k of characteristic p > 0. A point x € X means a
closed point unless otherwise specified.

For an elliptic curve E, Auty(FE) is the group of automorphisms fixing the
origin.

By an elliptic surface, we will always mean a smooth projective surface S
together with a smooth projective curve C' and a relatively minimal projective
morphism 7: S — C whose general fiber is an elliptic curve. An elliptic ruled
surface means a smooth projective surface with a P!-bundle structure over
an elliptic curve.

For a morphism n: X — Y between algebraic varieties, the symbol
Aut(X/Y) stands for the group of automorphisms of X preserving 7.

2 Preliminaries

2.1 Adjoint functors

For the study of the derived category of coherent sheaves, adjoint functors
appear frequently, for example, see Lemma 2.15. In this subsection, we recall
the definition and basic properties of the adjoint functors. Most of results
are found in [20].

Definition 2.1. Let A and B be arbitrary categories and F': A — B be a
functor. A functor H: B — A is right adjoint to F, we write F' 4 H, if there
exist isomorphisms

Hompg(F(a),b) = Hom4(a, H(D)) (3)

for any a € A and b € B which are functorial in a and b.



A functor G: B — A is left adjoint to F, we write G - F', if there exist
isomorphisms

Hom A(G(8), @) = Homs(b, F(a)) (1)
for any a € A and b € B, which are functorial in a and b.

Clearly, H is right adjoint to F' if and only if F' is left adjoint to H.

A right (or left) adjoint functor is, if it exists, unique up to isomorphism.
It can be verified by Yoneda’s lemma.

Suppose F' - H, under the correspondence

Homgp(F(a), F(a)) = Homy(a, H(F(a))), (5)

the morphism idp(,) induces a morphism a — H(F'(a)). By the functoriality
of the isomorphism, we get a natural transformation

h:idq — H o F. (6)
Similarly, suppose G 4 F', then we get a natural transformation
g: Go F —idy. (7)

For the induced natural transformation h described in (6), composing the
functor H from the right, we can define the natural transformation

hy: H— (HoF)oH.

Similarly, for the induced natural transformation g: F o H — id 4, composing
the functor H from the left, we can define

H(g): Ho(FoH)— H.

We can check that the compositions

H™ (HoF)oH =Ho(FoH) ™y (8)
FIY po(HoF)=(FoH)oF % F (9)

are the identities.



Lemma 2.2 (Lemma 1.21 in [20]). Let F': A — B and H: B — A be functors
and suppose F' 4 H. Then the induced natural transformation h: id4 — HoF
induces the following commutative diagram:

Homa(a, b) s Hom.a(a, H(F(b))) (10)

T, |

Homgp(F(a), F(b))

for any a,b € A. Here, the vertical isomorphism is given in (3).
Similarly, for functors G 4 F, the induced natural transformation g: G o
F — id 4 induces the following commutative diagram:

Hom 4(a, b) (11)

g(a{ \

Hom4(G(F(a)),b) —— Homp(F(a), F'(D)).
Recall that we say a functor F'is fully faithful if the natural map
Hom 4(a,b) — Homp(F'(a), F(b))

is bijective for all objects a,b € A. By Lemma 2.2, we get the following
corollary.

Corollary 2.3. Let F': A— B and H: B — A be functors and suppose F'
H. Then F s fully faithful if and only if the induced natural transformation
h:idy — H o F is an isomorphism.

Similarly, of G 4 F, then F s fully faithful if and only if the induced
natural transformation g: G o F' — id 4 is an isomorphism.

2.2 Exact functors

Let A and B be triangulated categories and F': A — B be an exact functor.
In this subsection, we describe a useful criterion for F' to be fully faithful.
Let us start with the definition of a spanning class.



Definition 2.4. Let A be a triangulated category. A set Q) of the objects of
A is called a spanning class for A if for any object a of A,

Hom’y(w,a) =0 Vw € QVi €Z = a0,
Hom’y(a,w) =0 Vw e Q,Vi € Z = a=20.
Example 2.5. Let X be a smooth projective variety. Then the set
N={0, |z e X}
is a spanning class for D°(X).
In the following theorem, spanning classes play an important role.

Theorem 2.6 (Proposition 1.49 in [20]). Let A and B be triangulated cate-
gories and F: A — B an exact functor with a left and right adjoint. Suppose
that A has a spanning class €. Then F is fully faithful if and only if for all
elements wy,ws €  and for all i € Z, the homomorphism

Hom’, (w1, wa) — Hom(F(w:), F(ws))
18 an isomorphism.

Next, we give a criterion for a fully faithful functor to be an equivalence.
Let us start with the definition of a Serre functor.

Definition 2.7. Let A be a triangulated category and suppose that all Hom’s
in A are finite dimensional, i.e. for any a,b € A, >, dimHom’(a,b) < oo
holds. An autoequivalence

SAZA—>A

is said to be a Serre functor if for any a,b € A, there exists an isomorphism
Hom 4(a, b) = Hom 4(b, S(a))”
which is functorial in each a and b.

Lemma 2.8 (Lemma 1.30 and Remark 1.31 in [20]). Let A and B be tri-
angulated categories with finite dimensional Hom’s and F: A — B be an
exact functor. Suppose that both A and B have Serre functors Sy and Sg
respectively.



(1) The functor F' admits a left adjoint functor if and only if F admits a
right adjoint functor.

(2) If F is an equivalence, then it commutes with Serre functors, i.e.
Fo SA = SB oF
holds.

In particular, applying Lemma 2.8 (2) to the identity functor, we see that
a Serre functor is unique if it exists.

Here we give some remarks on indecomposable triangulated categories.

Definition 2.9. We say that a triangulated category A is decomposed into
triangulated subcategories A; and A, if the following three conditions hold:

(1) Both categories A; and Ay are non-trivial.
(2) For all a € A, there exists a distinguished triangle
by = a — by — by[1]
with b; € A; for i =1, 2.
(3) Hom4(by,be) = Hom 4(bs,b1) = 0 for all b; € A; for i =1, 2.

A triangulated category A is said to be indecomposable if it cannot be de-
composed.

Proposition 2.10 (Proposition 3.10 in [20]). For a Noetherian scheme X,
DP(X) is indecomposable if and only if X is connected.

The following criterion is useful.

Theorem 2.11 (Corollary 1.56 in [20]). Let F': A — B be an exact functor
with left adjoint and right adjoint. Assume that A is non-trivial,  is a
spanning class of A, B is indecomposable and F is fully faithful. If for any
w € (), there exists an isomorphism

FoSa(w) = Spo F(w)

then F' is an equivalence.
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2.3 Fourier—Mukai functors

First, we note a generalization of Serre duality, called Grothendieck—Verdier
duality.

Let X and Y be smooth projective varieties and f: X — Y be a mor-
phism. We define the relative dualizing bundle

wp = wx ® froyt

where wy and wy are the canonical bundle of X and Y respectively.
The following theorem is a special version of Grothendieck—Verdier dual-
ity. For more general version, see [16].

Theorem 2.12. For any £ € D*(X) and F € D*(Y), there exists a bifunc-
torial isomorphism

Rf. RHomx (E,Lf*(F) @ weldim X — dimY]) = RHomy (Rf.E, F). (12)
Corollary 2.13. Let X be a smooth projective variety. Then
Sx(-) := (-) ® wx[dim X] : D*(X) — D"(X)
s a Serre functor.

Proof. Let £ and &, be objects in D*(X). We write & = RHomx (&, Ox)
for the derived dual of &. Applying Theorem 2.12 to

L
f:X — Speck, £:=& ® &) and F =k,
we get an isomorphism
RHOHlx(gl, 82 X wX[dim X]) = RHOHlx(gQ, 81)\/.

Taking 0-th cohomology, we get the assertion. O]

Let us define
fD(Y) = D'(X), &= Lf(E)@widimX —dimY].  (13)

Corollary 2.14. The functor f' is right adjoint to Rf,.

11



Proof. Applying RI" to both sides of (12) we get an isomorphism
RHomyx (&, Lf*(F) ® ws[dim X — dimY]) = RHomy (Rf.E, F).
We get the conclusion by taking cohomology in degree zero. O
We know that the functor Rf, is right adjoint to L f*. In conclusion we

get
Lf*ARf A f"
Now we introduce a fundamental notion. For smooth projective varieties
X and Y, we denote by mx and 7y the projections of X xY to X and to Y,
respectively. For P € D*(X x Y), we define a Fourier—Mukai functor ®” as
follows:

L
OP () := Ry, (P @ % (-)). (14)

By the definition, we immediately see that a Fourier—-Mukai functor is
exact. If a Fourier-Mukai functor gives an equivalence, we say that it is a

Fourier—-Mukai transform.
Let € and F be objects of D°(X). For an integer i, we define

Hom’bb(X)(S,}") := Hompu(x) (€, Fli]).
If £ and F are sheaves, then these spaces are just the Ext-groups, i.e.
Homlbb(X)(E,}") = Ext (€, F).
We note that for any equivalence ®: D*(X) — DY), we get
Hom"Db(n(CI)(S), O(F)) = Hom’bb(X)(E,}") (15)
since ® commutes with the translation functors. From (15), we get
X(®(E), B(F)) = x(&,F),
where x(&, F) is the relative Euler characteristic
X(E,F) = Z(—l)idim Hom’bb(x)(é',}").
By Riemann—Roch theorem, the relative Euler characteristic is given in

terms of the Chern characters of £ and F. In particular, if X is a surface,
we get

X(E,F) =r(E)cha(F) — c1(E) - cr(F) 4+ r(F)cho(E)

1
+5(r(Fei(&) = r(€)er(F)) - Kx +r(E€)r(F)x(Ox),
where K x is the first Chern class of the canonical bundle wx.

12



2.4 Criterion of fully faithfulness

Let X and Y be smooth projective varieties and ®%: D*(X) — DY) be a
Fourier—Mukai functor. The aim of this subsection is to give a criterion for
% to be fully faithful.

Lemma 2.15 ([29]). For any P € D*(X x Y), we let
Pr =P’ @mywy[dimY] and Pr:=P" @ rywx[dim X],

where P¥Y = RHom(P,Oxxy), the derived dual of P. Then the induced

Fourier—-Mukat functors
®7r: YY) — D*(X) and ®TR: D°(Y)— D°(X)
are left, respectively right adjoint to ®F.

Proof. The proof is a straightforward application of Corollary 2.14. For any
£ € D(X) and F € D*(Y), we get a sequence of functorial isomorphisms:

Home(X)(CI’PL (]'_)a 5) = Home(X) (RWX* (PL % w;‘,]-"), 5)
~ Hotmps(xxy) (P ® T F, TE & mhwy[dim V)
= Hom pb(xxy) (P é iy F,xE)
>~ Hompy(xxy) (73 F, P (% xE)

L
= Hom po vy (F, Ry (P @ 7% &)
= Hom p(yy (F, @7 (E)).

This shows &7z 4 ®7. For ®” 4 ®P%_ the proof is similar. O

The following theorem is essential.

Theorem 2.16 ([30]). Let F be an exact functor from DP(X) to D*(Y)
where X and Y are smooth projective varieties. Assume that F is fully
faithful and has the right or left adjoint functor. Then there exists an object
P € D*(X xY) such that F is isomorphic to the Fourier—Mukai functor ®7
defined in (14), and the object P is unique up to isomorphism.
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Here, we give a criterion for a Fourier-Mukai functor to be fully faithful.
The following theorem is proved in [5, 11] in the case & = C. Most of the
proof is similar to the one in [5, 11]. See also Remark 2.18.

Theorem 2.17. (1) The functor ®%: D*(X) — Db(Y) is fully faithful if
and only if the following two conditions holds:

(1-a) For any points x,y € X,

k ifr=yandi=0

Homl‘Db(Y)((I)P(O:c%(I)p(Oy)) = {0 fo 7& y ori §é [O,dlmX]

and

(1-b) the homomorphism
Hom}jb(x)(Om, 0,) = Hom}jb(y)(cbp(om), o7 (0,))
18 injective.
(2) Suppose that ®F is fully faithful. Then ®F is an equivalence if and only
iof for any point x € X,
d7(0,) ® wy = d7(0,)
holds.

Proof. (1) If the functor ®7 is fully faithful, the conditions (1-a) and (1-b)
hold obviously.

For the opposite direction, note that {O, | z € X} given in Example 2.5
is a spanning class for D’(X). By Theorem 2.6, it is enough to show that for
any point x € X and for all ¢ € Z, the homomorphism

Hom%b(x)((’)x, 0,) — Homi[)b(y)(q)p((’)x), d7(0,))

is an isomorphism.
We shall use the following commutative diagram given in (11) associated
to the adjointness ®%2 4 &7,

Hom%b(x)(ox, 0,)

Homyy, ) (®72 0 7(0,), 0,) —— Homiyu iy (7 (O,), 97(0,))

14



Therefore, the desired conclusion is equivalent to that the vertical mor-
phism is an isomorphism. So it is enough to show that ®* o ®7(0,) =2 O,
via the natural transformation g.

First we check that ®72 o ®7(0,) is a sheaf supported at the point z. For
any point z & X, there are isomorphisms of vector spaces

Li5(®7E 0 ®7(0,))Y = HomiDb(X)(CIDPL 0 ®7(0,),0,)
= HomiDb(Y)(CI)P(OJ:)a CDP(Oz»

coming from the adjunctions L¢i 4 Re,,.. Here, L;.} is the i-th cohomology
of L¢t. Hence we see that L;.2(®72 0 ®7(0,)) = 0 for 2 # z or i ¢ [0, dim X]|
by the assumption. Thus by [5, Proposition 1.5], ®7% o ®7(0,) is a sheaf
supported at the point z. Furthermore, for the adjunction morphism ®”= o
d*(0,) — O,, let K be the kernel of its morphism, then we get a short
exact sequence

00— K — &0 d”(0,) = 0, =0 (16)

in Coh(X).

Let us show that K" = 0. Consider the natural transformation /v: id pe(yy —
®Po®”r and g: 7L o ®” — idpy(y) defined in (6) and (7), respectively. The
composition

h P
OP(0,) 275 &P 0 0Pr 0 0P(0,) 294

°"(0,)
yields the identity by (8). Since ®%(0,) # 0 by the assumption, we see that
dPr 0 ®7(0,) — O, is not zero.

Applying the functor Homy (-, O,) to (16), we get Homx (K, O,) = 0 by
the assumption (1-b) and Ext’ (K, O,) = 0 for i # 0 since ®** o ®P(0O,)
and O, are sheaves supported at a point. Therefore, we get K = 0, which
completes the proof.

(2) The proof of [11, Theorem 5.4] works for arbitrary algebraically closed
fields.

O

Remark 2.18. There does not exist the condition (1-b) in [5, 11] because
in the case ch(k) = 0, the condition (1-b) holds automatically. See [20, Step
5 in the proof of Proposition 7.1]. On the other hand, in the case ch(k) > 0,
there exists a functor satisfying the assumption (1-a) but not fully faithful.
Here we describe it given in [18, Remark 1.25].
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Let X be a smooth projective variety of dimension d over k with p > 0.
It is well known that the relative Frobenius morphism Fr: X — X® ig
topologically a homeomorphism. Let us consider the direct image functor

Fr,: D*(X) — Db(X )

which can also be described as a Fourier-Mukai functor ®' where I' C X x
X @) is the graph of Fr. Since Fr,O, = Orr(z) for any o € X, we see that ol
satisfies the condition (1-a) in Theorem 2.17. However, Fr,Ox is a locally
free of rank p?. So, we see that

HomODb(X(m)(Fr*OX, Fr.0,) = HOIHODb(X(p))(Fr*OX, Oky(a)) = e
Since HomODb( x)(Ox, O0) = k, the functor Fr, is not fully faithful.

Lemma 2.19 ([12]). Let X and Y be surfaces and ®: D*(X) — D®(Y) be a
Fourier—-Mukai transform. For any point x € X, there exists an inequality

> dim Exty (H'®(0,), H'®(0,)) < 2,

and moreover, each of the sheaves ®(0,) satisfies P(0,) @ wy = O1(O,).
Proof. Let us consider the spectral sequence

ER = (P Bxt} (9/(0,), 97(0,)) = Homlt, (9(0,), &(0,)).

Since Y is a surface, the E21’0 term survives to infinity. On the other hand,
by (15) we get

HomlDb(Y)(Cb(Ox>’ (I)(Ox)) = Hom})b(X)(Om Oa:) = kQa
so, the result follows. O

Recall that a smooth projective variety Y is called a Fourier—-Mukai part-
ner of X if D°(Y) = DP(X) as k-linear triangulated categories. We write
FM(X) for the set of isomorphism classes of Fourier-Mukai partners of X:

FM(X) := {Y smooth projective variety | D*(X) = D(Y)}/ = .

16



It can happen that X does not have any non-trivial Fourier—-Mukai part-
ners, i.e. [FM(X)| = 1. For example, let X be a smooth projective variety
with ample canonical or anticanonical sheaf. Then |[FM(X)| = 1 holds by
[6].

On the other hand, there exists a variety which has a non-trivial Fourier—
Mukai partners. For example, as mentioned in §1, for an abelian variety
A, FM(A) contains A. In general A is not isomorphic to A, so in this case
FM(X)| # 1,

For a study of Fourier—-Mukai partners, the following is useful. For a
proof, see e.g. [20, Corollary 6.14].

Proposition 2.20. Let X andY be smooth projective varieties and ®: D*(X) —
D*(Y) be a Fourier-Mukai transform. Suppose there exists a closed point
xo € X such that

(Oyy) = O

for some yo € Y. Then there exists an open neighborhood U of x¢ and a
morphism f: U —'Y such that f(xy) = yo and

D(0,) = Oy

for any closed point x € U.

3 Relative moduli spaces of sheaves on ellip-
tic fibrations

3.1 Fourier—-Mukai partners of elliptic surfaces

We study the set FM(.S) for elliptic surfaces S. Let w: S — C be an elliptic
surface and F; be a general fiber of m. We define

Ar == min{D - F, | D is a horizontal effective divisor on S}. (17)

Fix a polarization on S and consider the relative moduli scheme M(S/C) —
C' of purely 1-dimensional stable sheaves! on the fibers m, whose existence

'Here we consider the Gieseker stability, equivalently the slope stability for 1-
dimensional sheaves. Moreover, the stability does not depend on the choice of polarizations
for such sheaves.

17



is assured by Simpson in the case p = 0 in [37], and by Langer in the case
of arbitrary p in [26]. For integers a > 0 and ¢ with ¢ coprime to al,
let Js(a,i) be the union of those components of M(S/C) which contains a
point representing a rank a, degree ¢ vector bundle on a smooth fiber of .
Bridgeland shows in [10] that Js(a,?) is actually a smooth projective surface
and the natural morphism Jg(a,i) — C' is a minimal elliptic fibration.

Lemma 3.1 (Lemma 4.2 in [12]). For any integers a and b with b coprime
to a)., there is an isomorphism

Js(a,b) = Jb(9).

Put J(S) := Js(1,7). We can also define an elliptic surface J7(S) — C
for arbitrary j € Z, which is not necessarily fine but the coarse moduli space
of a suitable functor (see [21, §11.4]). We have J°(S) = J(S), the Jacobian
surface associated to S, J'(S) = S and

J'(J(S)) = J7(S) (18)

for i,j € Z. See the argument after (23) for the proof of (18).
It is well known that the following statement holds in the case p = 0 by
[10, Theorem 1.2]. We state that it is also true for arbitrary p.

Proposition 3.2. Elliptic surfaces S and J'(S) for some integer i with
(i, A\r) = 1 are derived equivalent via a Fourier—Mukai functor

®7: Db(J(S)) — D"(S)
for a universal sheaf P on J'(S) x S.

Proof. First note that the coprimary assumption implies that J*(S) is a fine

moduli space. Let us check the conditions (1-a), (1-b) and (2) in Theorem

2.17. The conditions (1-a) and (2) can be checked same as the proof in [10].
For (1-b), we will consider the map

Ethjl(S)(Om7 Ox) — EXt;(Px, Pz),

which is the Kodaira—Spencer map. Actually, the map is an isomorphism in
our case because P is a universal family. This completes the proof. O]

We have a nice characterization of Fourier-Mukai partners of elliptic sur-
faces with non-zero Kodaira dimensions.
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Theorem 3.3. Letw: S — C' be an elliptic surface andT' a smooth projective
variety. Assume that the Kodaira dimension k(S) is non-zero. Then the
following are equivalent.

(i) T is a Fourier—-Mukai partner of S.
(ii) T is isomorphic to J'(S) for some integer i with (i, \;) = 1.

Proof. 1t follows from Proposition 3.2 that (ii) implies (i). The opposite
direction was proved in [12, Proposition 4.4] when p = 0 and S has no (—1)-
curves. The most of proof there works even for p > 0.

Let ®: D*(T) — D"(S) be an equivalence. Take a point z € S lying on
a smooth fiber F, of m and take ¢t € T" such that the support of £ := ®(O;)
contains z. Since

HOHlDb(S) (8, g) = HOme(T) (Ot? Ot) = k’

the support of £ is connected, hence either Supp & = F, or Supp £ consists
of a single closed point.

If £ is a vector bundle on F,, its Chern class is of the form (0, aFy,b) for
some integers a and b. Now we know that

X(€,2(0r)) = x(0, Or) = 1.

Using Riemann—Roch theorem we see that a\, is coprime to b by the defini-
tion of A;. Since £ is supported on an elliptic curve,

Extg(H'(), H'(€)) # 0

for any ¢« € Z. Hence Lemma 2.19 induces that £ has only one non-zero
cohomology sheaf. Thus, we see that £ is a shift of a simple sheaf. In
particular, £ is stable.

Let us consider the equivalence

®”: D*(Js(a, b)) — D°(S)

induced by the universal family P. It takes O, to E for some point z €
Js(a,b). Hence the composition

U =o' od”: D(Js(a,b)) — D*(T)
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satisfies U(O,) = O,. By Proposition 2.20, there is a rational map f: T --»
Ji(S) such that ¥(0,) = Oy, for any z in an open subset of T'. Because ®”
is an equivalence, we can avoid the possibility that f is purely inseparable,
and hence f is a birational map. Then the proof of [12, Proposition 4.4]
works in the rest (including the case that S is not minimal). Finally, Lemma
3.1 gives the conclusion of this case.

If € is concentrated in a single point z € S, then ®(O;) = O,. Then we
get a birational map between J'(S) and T. So, the above discussion gives
the conclusion.

O
As a consequence of Theorem 3.3, we obtain
FM(S) = {J'(S) |i € Z, (i,\s) =1}/ .
Moreover, we see that there exist natural isomorphisms
JU(S) = JH(8) = J7HS). (19)

Hence, in order to count the cardinality of the set FM(S), we often regard
an integer ¢ as an element of the unit group (Z/\;Z)*. It follows from the
isomorphisms (18) and (19) that the set

H, = {i € (Z/)\Z)" | J(S) = S} (20)
forms a subgroup of (Z/A\,Z)*. Moreover, we see from (18) that J*(S) =

JI(S) for i,j € (Z/\Z)* if and only if (S =).J1(S) = J* J(S). Combining
all together, we have the following.

Lemma 3.4. For an elliptic surface 7: S — C with k(S) # 0, the set FM(S)
is naturally identified with the group (Z/ :Z)*/H;.

Since H, contains the subgroup {£1} if A\, > 3, we see
| FM(S)] < ¢(Ar)/2, (21)

where ¢ is the Euler function.
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3.2 Weil-Chatelet group

In this subsection, we recall the definition of the Weil-Chatelet group. For
more details, see [36, Ch.X.3] and [21, Ch.11.5].

Definition 3.5. Let Ej be an elliptic curve over a field K. A homogeneous
space for Ey is a pair (E, 1) where E is a smooth curve over K and

w:Ex Ey— FE
satisfies the following properties:

(1) u(p,O)=p forallpekFE.

(2) p(u(p, P),Q) = pu(p, P+ Q) forallp e E and P,Q € Ey.
(3) For all p,q € E, there is a unique P € Ej satisfying u(p, P) = q.

We say two homogeneous space (E, ) and (E', i) are equivalent if there
exists an isomorphism 6: F — E’ defined over K which is compatible with
the action of Ej, i.e. the following diagram is commutative:

0><idE0

EXE()‘)E’XEO

1L

E—0>E'

The collection WC'(Ey) of equivalence classes of homogeneous spaces for
Ey has a natural group structure (cf. [36, Theorem X.3.6], [21, Proposition
11.5.1]), and it is called the Weil-Chatelet group.

Note that the minus element of (F, u) is given by (E, po (id x (=1))).

Proposition 3.6 (Proposition X.3.3 in [36]). Let (E,u) be a homogeneous
space for Eq. Then (E,p) is in the trivial class if and only if E(K) is not
empty.

Let 7: S — C be an elliptic surface (over an algebraically closed field k)
and J denote the generic fiber of 7;: J*(S) — C for i € Z. Then J) is an
elliptic curve over the function field of C', and we have a natural homogeneous
space structure

piz Jyx J) = I (LLM) = LM,
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and hence we can regard (J}, u;) € WC(J))). We define
&= (Jy,m) € WO(T)), (22)
then, we have .
i§ = (Jp, i) (23)
(cf. [21, Remark 11.5.2]) and thus

ord € | Ar. (24)

It follows from (23) that the generic fibers of J¢(J7(S)) — C and J¥(S) — C
are isomorphic to each other, and taking the relative smooth minimal models
of compactifications of generic fibers, we obtain J¢(J7(S)) = J¥(S) as in (18).

Take a closed point z € C' and consider the henselization of the local ring
O¢.. and denote it by OF . We also denote the base change of 7y: J°(S) — C
by the morphism Spec(’)g,gC — C by

J) — Spec(’)gm.

Then it is known by [13, Proposition 5.4.3 in p.314, Theorem 5.4.3 in p.321]
that there exists an exact sequence:

0 — Br(JS)) — WC() = @,ecWC(JD)
W Y (25)
f — (555)$€C

Here, we denote the image of £ (given in (22)) in WC/(J?) by &,. Tt follows
from [13, Proposition 5.4.2] that m, = ord &,, where m, is the multiplicity
of the fiber of 7 over the point x € C. Define

A= Lem.geo(my) = ord((&,)ze0)- (26)
Since ord ¢ is divided by ord((&;).ec), we see from (24) that
M| A

In particular, if ¢ € Z is coprime to A, then ¢ is coprime to each m,, and
thus we have

ord (i), = ordi(§,) = ord(&,) = m,. (27)
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Lemma 3.7. Let m: S — C be an elliptic surface. Then we have the follow-
g statements.

(1) Fori € Z with (i, \;) = 1, consider the elliptic fibration 7;: J(S) — C.
The multiplicities of the fibers F,, and F.. of m and m; over a fized point
x € C coincide. Furthermore, if the fiber F, is smooth, then it is
isomorphic to F.

(2) Let S be an elliptic ruled surface, and take S' € FM(S). Then S’ is
also an elliptic ruled surface with an elliptic fibration.

Proof. (i) Combining (27) with (23), we know that the multiplicity of the
fiber of m; over the point x is also m,. This shows the first statement. By the
property of the relative moduli scheme, the fiber F is the fine moduli space
of line bundles of degree 7 on a smooth elliptic curve F,. Consequently, the
second statement follows.

(ii) Theorem 3.3 implies that there exists an integer i with (i, A;) = 1
such that J(S) = S’, which implies that S” has an elliptic fibration 7’. The
Kodaira dimension is derived invariant by [38, Corollary 4.4], hence S’ is a
rational elliptic surface or an elliptic ruled surface. Then, [19, Theorem B]
implies that S’ is also an elliptic ruled surface. Il

Define a subgroup H. of the group H,(:= {i € (Z/)\;Z)* | J(S) = S}
given in (20)) to be

H ={ie€ H,|i=1 (mod \.)}. (28)

We use the following lemma to obtain a lower bound of the cardinality of the
set FM(S).

Lemma 3.8. Let m: S — C be an elliptic surface with Br(J°(S)) = 0. Then
we have

|He/H, | <[ Auto(J))].

Proof. For each ¢ € H,, fix an isomorphism 6;: J; — JZ) over the generic
point n € C. Then we obtain a structure of a homogeneous space on J; by
the action

py =0, o pgo (6 x idye): Jy x J) = Jy
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such that (J}, ;) = (J;, ;) holds in WC(J)) by the definition. On the
other hand, by [36, Exercise 10.4], (J;, p;) = (J;, 1 o (idj3 x ¢)) for some
¢ € Auto(J)). We define an equivalence relation ~ of Auto(J)) such that

¢1 ~ @2
for ¢; € Auto(J))) when
(Jyspa 0 (ids X ¢1)) = (Jy, pa o (idyy X ¢a)).
Then we can define a map
fi He = Auto(J)/~ i o

We see that 15! € H. if and only if f(i) = f(j) as follows. First note that
we have an injection

WC(I) <> @WC) &= (J)m) — (&)wec

zeC

by the vanishing of the Brauer group Br(J°(S)) and (25), and hence

ord€ = N (:= ord((&x)zec))- (29)
We observe that for i, j € H,, the condition f(i) = f(j) is equivalent to the

equality i€ = j€ by (23), which is also equivalent to i~'j € H. by (29).
Consequently, we obtain an inclusion

H./H. — AutO(J,?)/N

and the conclusion. O

4 Elliptic curves and automorphisms

Let F' be an elliptic curve over an algebraically closed field k£ with p =chk >
0. The explicit description of the automorphism group Autg(F) fixing the
origin O is well-known, and is given as follows.
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Theorem 4.1 (cf. Appendix A in [36]). The automorphism group Auty(F)
18

7)27 if j(F) #0,1728,

7]AZ if j(F) = 1728 and p # 2,3,
Z]6Z if 7(F) =0 and p # 2,3,
737 % 7,)AZ if j(F) =0 =1728 and p = 3,
Q % Z/3Z if j(F) =0 = 1728 and p = 2.

Note that in the last second case, Z/AZ acts on Z/37Z in the unique non-
trivial way, and in the last case, the group is so called a binary tetrahedral
group, and @ is the quaternion group. In the last two cases F' is necessarily
supersingular.

For points x1,x5 € F, to distinguish the summation of divisors and of
elements in the group scheme F', we write x; @ x5 for the sum of them by
the operation of F, and

i xy =21 @ - Day (i times).
Furthermore, we use the symbol T, to stand for the translation by a € F"
T, F—>F z—a®dzx.

We also write
iry:=x1+ -+ 21 (i times)

for the divisors on F' of degree i. We denote the dual abelian variety Pic’ F
of F' by F. It is well-known that there exists a group scheme isomorphism

F—F 2 Op(x—0), (30)

where O is the origin of F'.
We will use the following lemma several times.

Lemma 4.2. Take a point a € F with ord(a) > 4, and ¢ € Auto(F). If
¢(a) = a, then ¢ = idp.

Proof. In any of the cases in Theorem 4.1, we have ord(¢) € {1,2,3,4,6}.
Let us first consider the case ord(¢) = 2,4 or 6. In this case, ¢* = —idp for
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some i € Z, and hence we get —1 - a = a. The condition ord(a) > 4 yields a
contradiction. Next, consider the case ord(¢) = 3. Then we have

(¢ —idr)(¢” + ¢ +idp) =0

in the domain End(F), which implies that ¢* + ¢ + idp = 0, and hence
®*(a) ® ¢(a) ® a = O. By the assumption ¢(a) = a, we see that 3-a = O.
This is absurd by ord(a) > 4. O

For a non-zero integer m, we define the m-torsion subgroup of F' to be
Fim|:={a€ F|m-a=0}.
Equivalently, F'[m] is the kernel of the multiplication map by m. Recall that

Z7/p°Z if ' is ordinary, m = p°, e > 0
Fim] =< {0} if F'is supersingular, m = p°, e > 0
Z/mZ x Z/mZ if ptm.

(See [36, Corollary II1.6.4].) Note that these 3 cases do not exhaust all
possibilities (i.e., cases where m is divisible by p but is not power of p is not
covered.)

Take a € F' with ord(a) = m. In order to count Fourier-Mukai partners
of elliptic ruled surfaces, we need to study the subgroup

Hp = {i € (Z/mZ)" | 3¢ € Auto(F)such that ¢(a) =1 -a} (31)

of (Z/mZ)*. Note that the definition of HZ given in (2) is compatible with
(31). We obtain the following result as a direct consequence of Lemma 4.2.

Lemma 4.3. Take a € F with ord(a) > 4.

(1) We have an injective group homomorphism
v Hi — Auto(F). (32)
Furthermore, we have |H%| = 2,4 or 6.

(2) Suppose that p > 0 and ord(a) = p¢. Then (32) is an isomorphism.
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Proof. (i) Take i € Hf.. Then there exists ¢ € Auty(F') such that ¢(a) =i-a,
and define ¢(7) to be ¢. The well-definedness of ¢ follows from Lemma 4.2, and
¢ is injective by the definition. Since Hf. is regarded as an abelian subgroup
of Autg(F") described in Theorem 4.1, and H% contains {£1} as a subgroup,
we obtain the second assertion.

(ii) The existence of an order p® element in F implies that F' is ordinary.
Since F[p¢] = Z/p°Z = (a), for any ¢ € Auty(F') we see that ¢(a) =i - a for
some i € (Z/p°Z)*. Hence the injective homomorphism in (32) is surjective,
and then we can confirm the statement. ]

Remark 4.4. If ord(a) < 3, the map (32) may not be well-defined in the
same way as in the proof of Lemma 4.3. For example, let ' be a complex

—1 4+ /=
torus C/(Z + +T3Z
—14+/-3

2

). In this case Autg(F’) contains a complex multi-

2 —14++v/—
. Consider the element a = -+ —- B
3 3 2
-a = a, so the map (32) is not well-defined.

plication by . Then

—1+ /=3
2
From now on, by (32) we often regard H% as a subgroup of Auty(F)
when orda > 4. Note that we immediately see that Hf = {1} if m = 2 and
He = {£1} if m = 3.
We need the following to show Lemma 4.7,
Lemma 4.5. Let F' be an elliptic curve, and take g € Auty(F') with ord(g) >
3 (note that this condition implies j(F) = 0 or 1728). Let m be a positive

integer satisfying p t m. Then there exists a € F|m] with ord(a) = m such
that a and ga generate F[m)].

Proof. For k = C, F is a complex torus. Since j(F') = 0 or 1728, we can put
—14++v-3
F=C/(Z+2Zr), 7= +T or V=1,

Then we see that

!/

F[m]—{ﬁ—l—iT\m,n,n’eZ}.
m  m

In each case, complex multiplication by 7 is an element of Auty(F') and the

1 1
elements — and —7 generate F'[m].
m m
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Let us consider another field k£ with p = 0. The defining equations of F
is

v +y=a" if j(F)

0
v =P+ ifj(F)=1

728,

so F' can be defined over Q. Take the smallest finite extension K of Q such
that F'[m] C F(K). Then F[m] = (a, ga) for some a € F(K) by the result
of the case k = C. Note that the automorphism ¢ and the base change of
the field extension commutes. Since algebraically closed field k£ with chk =0
contains K, the element « can be taken as an element in F'(k), which gives
the assertion.

Let us consider the case p > 0 and p f m. Regard F' as an elliptic curve
over K as above. By [36, Proposition VII.3.1], the reduction map

F[m] — F[m]

is bijective, where F is a mod p reduction of F. Moreover, observing the

action of Auty(F') and Autg(F), the above map commutes with the action of
their automorphisms. Hence the assertion follows from the case p =0. [

Note that in this case, we easily see that o and ga are linearly independent
i.e. for any x,y € Z/mZ, the equality - a @y - ga = 0 implies z = y = 0.

Remark 4.6. Set L := Z/mZ x Z/mZ(= F|m]). In Lemma 4.5, the auto-
morphism g really need to come from an automorphism group of F. In fact,
take m = 5 and the automorphism

(33

of L with ord(h) = 4. Since we have ha = 2« for any a € L, it turns out
that a and ha cannot generate L.

A part of the following lemma is shown in [40, Lemma 2.3] in the case
k= C.

Lemma 4.7. Let I be an elliptic curve, and take a € F withord(a) = m > 4.

(i) One of the following cases occurs:
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a) There existsn € Z such that m divides n>+1 and H%: = {£1, £n}.
F

(b) There exists n € Z such that m divides n®* + n + 1 and H% =
{£1, +n, +n?}.

(¢c) HE = {£1}.
(i1) Assume that p does not divide m.

(a) If j(F) #0,1728, then H& = {£1}.

(b) Suppose j(F) = 1728 and p # 2,3. If there exists n € Z such
that m divides n®* + 1 and a € (n- a ® ga) the subgroup of F[m],
for some a € Fm| and g € Auto(F) with ord(g) = 4 satisfying
the condition in Lemma 4.5. Then H% = {£1,4n}. Otherwise,
H§ = {+1}.

(c) Suppose j(F) =0 and p # 2,3. If there ezists n € Z such that m
divides n?*+n+1 and a € ((n+1)-adga) the subgroup of Fm], for
some o € Flm| and g € Auty(F) with ord(g) > 3 satisfying the
condition in Lemma 4.5. Then H% = {+1,4n,+n?}. Otherwise,
He = {+1}.

Proof. (i) We freely use Theorem 4.1 below. In the case F' is ordinary, the
assertion directly follows from the description of automorphism groups in
Theorem 4.1. Suppose that F' is supersingular. In the case p = 2, Hf is
an abelian subgroup of the binary tetrahedral group. This condition implies
that H{ is isomorphic to one of Z/2Z, Z/AZ or Z/6Z. Hence, we get the
assertion. In the case p = 3, then Auty(F) is isomorphic to Z/3Z x Z/AZ,
and then the rest of the proof is similar to the previous case.

(ii) Note that the cardinality |H| is even, since H§ always contains {£1}
as its subgroup. (a) is obvious by | Auto(F')| = 2. Hence, let us consider the
case (b). Take a generator g of the cyclic group Auty(F') = Z/4Z. 1t follows
from Lemma 4.5 that we can set

a=zT-xDY-go

for some z,y € Z and suppose that ga = n - a holds for some n € Z. Then
we have

nr=-y, ny=x (modm)
since g = —1. Hence, we deduce that a € (n-a® ga) and m divides n? + 1.
In the case (c), the proof is similar to the case (b). O
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Assume that m = np® with e > 0 and p t n. We easily see that the
natural projection
(Z/mZ)* — (Z/nZ)".

induces a group homomorphism
HE — HY (33)
Lemma 4.8. The homomorphism (33) is surjective.

Proof. Assume that there exists ¢ € Auto(F') such that ¢(p© - a) = i1p° - a
for some iy € (Z/nZ)*. Since

Fim| =2 Z/nZ x Z/nZ x 7] p°Z

the element a € F[m] can be decomposed by a = a; + ay where ord(a;) =m
and ord(ag) = p°. Note that by the assumption we get ¢(a1) = iy - a;.
Moreover, since ay generates F[p®|(= Z/p°Z), there exists iy € (Z/p°Z)*
such that ¢(as) = is - as. Let us consider the isomorphism

(Z/nZ)" x (Z/p°Z)" — (Z/mZ)*
and let i € (Z/mZ)* be the image of (i1,42). Then we see that
i-a=1-(a;+ as)

:i1~a1—i—i2-a2

= ¢(a1) + ¢(az)

= ¢(a)
so the homomorphism (33) is surjective. O
Lemma 4.9. If n > 3, then the homomorphism (33) is an isomorphism.

Proof. By Lemma 4.8, we see that if |[H%| = 2 then |H” “| = 2. Hence it is
enough to show that |H%| > 2 implies | H% *| > 2 because the groups H% and
HY" are isomorphic to one of Z/2Z, Z/A7Z or Z/67Z. In the case H% = 7/4Z.
Then there exists ¢ € (Z/mZ) such that > = —1 and

ola)=1i-a

for some ¢ € Autg(F). Denote by i the image of i by the projection Z/mZ —
Z./nZ, which induces H% — H2 . Since we have ¢(p° - a) =i - p° - a, we see
that 7 € H2 . Since i? = —1, we get H2 * 2 Z/47.. In the case H}: = Z./6Z,
the proof is similar. O
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Take a € F and put m := ord(a). Assume furthermore that p { m. Let us
define an elliptic curve E to be F'/{a), and consider the quotient morphism

q: F — E = F/{a).

Then we can find £ € Pic E = E with m = ord(£) such that F = E/(L)
and the dual morphism X R

Gg=q¢:F—F
of ¢ coincides with the quotient morphism

E — E/(L).

The following lemma for & = C is shown by case analysis in [40, Lemma

2.4]. We give a more direct proof for an arbitrary algebraically closed field
k.

Lemma 4.10. In the above notation, the equality H} = Hg holds.

Proof. If m = 2 or 3, then H% = {1} or {£1}, respectively, without depend-
ing the choice of a € F. So the assertion is clear.

In the case m > 4, suppose that we are given ¢ € Hjp. Then there
exists ¢ € Auty(F') such that ¢(a) = ¢ - a, which means that ¢ preserves the
subgroup (a) of F. Then we see that ¢ induces the automorphism ¢p of E
which makes the diagram

F

F E
¢ o

commutative. Taking the dual of it, we obtain the commutative diagram:

1T

q

~

Since Ker ¢ = (L), we see that qg; = ¢% preserves the subgroup (£) C E.
Hence, we get

opL =L
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for some 5 € H é It follows from Lemma 4.2 that the equality j = 1 holds
only if ¢, = id, in particular ¢ = idp. Hence, we have an injection

Hj — Hf i j.

Because the conditions on a € F and £ € E are symmetry, we conclude the
equality Hg = H é O

Remark 4.11. Suppose that j(F) # 0,1728. Then Lemma 4.7 (ii-a) tells

us that |H%| = 2, and hence ]Hé\ = 2 by Lemma 4.10. A similar statement
holds if we relace a € F with £ € E.

5 Admissible subcategories

In this section, we summarize some definitions and results in [34], and give
their application to Popa—Schnell conjecture in [35]. Throughout this sec-
tion, let D be a k-linear triangulated category. We also refer to [32] for
fundamental notions of oo-categories.

5.1 Basic properties

In this subsection, we give basic properties of admissible subcategories. For
more details, see [20].

Definition 5.1. Let A C D be a full triangulated subcategory. If the inclu-
sion functor ¢: A < D has the left (resp. right) adjoint functor, we say A is
a left (resp. right) admissible subcategory of D. A left and right admissible
subcategory is called an admissible subcategory.

Remark 5.2. Let B be a left (resp. right) admissible subcategory of D and
A be a left (resp. right) admissible subcategory of B. Then A is a left (resp.
right) admissible subcategory of D. Indeed, the inclusion functor

ALBS D

has a left adjoint functor 6y, o ¢, where ¢y, and 6, are left adjoint functor of
¢ and 6, respectively.
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Remark 5.3. Let X be a smooth projective variety. In this case A C
D*(X) is left admissible if and only if right admissible. For the proof, see [8,
Propositions 2.6, 2.8 and Theorem 2.14].

Example 5.4. Let X := P(£) — Y be a P"-bundle. Then 7*D’(Y) is an
admissible subcategory of D’(X).

To see this, it is enough to show that 7*: D*(Y) — Db(X) is fully faith-
ful since 7* has a right adjoint functor Rm,. Because of Corollary 2.3, we
will check that Rr,7m*F = F for any F € D°(Y). By the projection for-
mula, we only have to check that Rm,7m*Oy = Oy. Since a fiber of 7 is P",
H'(X,,Ox,) = 0 for any ¢ # 0, where X, = 7~ '(y). On the other hand,
since H'(X,, Ox,) = (R'm.Ox)|,, we see that R'm,Ox = 0 for i # 0. Hence,
we get Rm,m* Oy = Oy.

Now let us recall some basic notions.

Definition 5.5. Let D be a k-linear triangulated category and C be its full
triangulated subcategory.

(1) The right orthogonal subcategory to C is a full subcategory of D
C*t:={E € D | Homp(F,E) =0 for any F € C}.
Similarly, the left orthogonal subcategory to C is
+C:={F € D | Homp(E, F) =0 for any F € C}.
(2) A triangulated subcategory C is called thick if it is closed under taking
direct summands.

Definition 5.6. (1) An object E € D is exceptional if RHomp(E, E) =k
holds, or equivalently,

- k ifi=0
Homy(a,a) = l Z
0 ife#0
holds.

(2) A collection of exceptional objects

(Er, ..., Ey),

where Ey, ..., E, € Disan exceptional collection of length n if RHomp (£}, E;)

0forany 1 <i<j<n.
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(3) An exceptional pair is an exceptional collection of length 2.

Lemma 5.7. Let X be a smooth projective variety and E € D*(X) be an
exceptional object. Then (E) is an admissible subcategory of D°(X), where
(E) is the smallest thick subcategory of D®(X) which contains E.

Proof. Let us consider the functor

L
-® E: D*(Speck) — D"(X).

By the definition of exceptional objects, any object in (E) is of the form

L
P E[i|*". Hence, we see that the essential image of the functor - ® F is
(E). We know that the functor

R Homy (E,-): D*(X) — D"(Speck)

L
is right adjoint to - ® E. Since F is exceptional, we have isomorphisms of
functors

L L
RHOIHX(E, (—) & E) = RHOIHX(E, E) ® (-) = idDb(Speck)-
This completes the proof. n

Definition 5.8. A collection of full triangulated subcategories Dy, ... D, is
called a semiorthogonal decomposition of D if the following two conditions
hold.

(1) Forall 1 < j < , < n and any objects E; € D;, E; € D; we have
HomD(E“E )=

(2) The smallest triangulated subcategory of D containing Dy, ..., D, co-
incides with D.

In this case we denote it by
D= (Dy,...,D,)

a semiorthogonal decomposition.
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Let (E4,..., E,) be an exceptional collection in D. If the smallest trian-
gulated subcategory of D containing FEi, ..., E, coincides with D, then we
get a semiorthogonal decomposition

D = {(Ey),...,(E,)).
In this case, we say (E1,. .., E,) is a full exceptional collection and we denote
it by
D= (E,...,E).
Theorem 5.9 ([4]). There is a full exceptional collection
D*(P") = (Opn (i), Opn(i + 1), .., Opn(i + n))
for any i € Z.

Proposition 5.10. Let C be a full subcategory of D and v: C — D be the
fully faithful functor. Then the following statements are equivalent.

(1) The functor v has a right (resp. left) adjoint functor, i.e. the category
C is a right (resp. left) admissible subcategory.

(2) There exists a semiorthogonal decomposition

D =(C+,C) (resp. D= (C,}C)).

Proof. We denote by ti the right adjoint functor of . By the natural trans-
formation given in (7) we get a distinguished triangle

votr(E) 2 E — G — 1o wg(E)[1]

for any object E € D. For any object C' € C apply the functor Homp(¢(C), -)
to the distinguished triangle, we get a long exact sequence

— Homby (1(C), 1 0 tx(E)) 25 Homks (¢(C), E) — Homb (¢(C), G)

— Hom$*(1(C), 10 1r(E)) LEEN
By the construction, we see that each ¢; is an isomorphism. Hence, we get

RHomyp (:(C),G) =0
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for any object C' € C. So we get G € C*, which gives the proof of (1) = (2).
For the converse, suppose that there exists a semiorthogonal decompo-
sition D = (C*+,C). Then for any object E € D, we get a distinguished
triangle
(F)— E— G — (F)[1]

for some F' € C and G € «(C)*. Let us define n(E) := F, and we will
show that 7 is a functor from D to C. Let «(F;) — E; — G; — «(F;)[1] be
distinguished triangles for ¢ = 1,2 and f: E; — F5 be a morphism in D.
Consider the following diagram

UF) —— B —— G, (B[

Js

L(Fg) E2 G2 L(Fg)[]_]

Since Gy € «(C)*, a composition of morphisms

L(Fl) — E1 L E2 — G2

is zero. So, we get a morphism ¢(F}) — ¢(F3). Since ¢ is fully faithful, we get
a morphism F; — F5 in the category C. Hence, 7 is a functor.
For each C' € C, applying the functor Homp(:(C'),-) we get an isomor-
phism
Homp(C,7w(E)) = Homp((C), E)

because G € +(C)*. Hence, we see that  is right adjoint to ¢. O

Lemma 5.11. Let D be a triangulated category. Then any left or right
admissible subcategory of D is a thick subcategory.

Proof. Let C C D be a right admissible subcategory, t: C < D be an in-
clusion and tg: D — C be its right adjoint. For an object F € C, suppose
that there is a decomposition ((E) = A @ B. Since tg ot = ide, we get a
decomposition

E = LR(A) © LR(B)
in the category C. On the other hand, since £ € C we get

Homp (A, G) @ Homp(B,G) = Homp(E,G) =0

for any object G € C*+. Since +(Ct) = C, we see that A, B € C.
In the case C C D is a left admissible subcategory, the proof is similar. [
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For a semiorthogonal decomposition D = (Dy,...,D,), we see that
D= <D17 s 7Dk—17 <Dk7 s 7Dl>7Dl+17 s 7Dn>
is also a semiorthogonal decomposition of D where 1 < k <[ < n.

Proposition 5.12. Let X be a smooth projective variety. If there exists a
semiorthogonal decomposition

DY(X) = (Dy,...,Dy),
then all D; are admissible subcategories.

Proof. Since we have a decomposition
DY(X) = (Dy,(Ds,...,D,))

we see that D; is a left admissible subcategory by Proposition 5.10. Note
that by Remark 5.3, D; is also a right admissible subcategory. Similarly, we
see that Dy is an admissible subcategory of (Ds,...,D,). By Remark 5.2
D, is also an admissible subcategory of D. Repeating this procedure, we see
that D; is admissible for each 1 <7 < n. O

For an exceptional pair &£, F, the left mutation L¢F of F through £
and the right mutation Rx€ of £ through F are defined by the following
distinguished triangles:

RHomp(E, F) @ E = F — LeF
Rz — £ L RHomp(E, F)' @ F

The following lemma is well-known. See e.g. [20, Corollary 3.15].
Lemma 5.13. Let C' be a smooth projective curve.

(1) For any object E € D*(C), there is a decomposition
E=PH (E)-i]

into a direct sum of shifts of cohomology sheaves.
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(2) For any coherent sheaf F on C, there is a decomposition
FEToE
into a direct sum of a torsion sheaf T and a locally free sheaf &.

The complete description of admissible subcategories of D?(IP!) is easy to
be seen. Here we give a proof of this.

Proposition 5.14. Any non-trivial admissible subcategory in D°(P') is of
the form (O(j)) for some j € Z.

Proof. Let A C D°(P') be a non-trivial admissible subcategory and E € A
be an object. By Lemma 5.13 (1), there is a decomposition

o= @Hi(E)[—z']

and by Lemma 5.13 (2), each H'(E) is decomposed into a direct sum of
torsion sheaves and locally free sheaves. Note that any locally free sheaf on
P! is decomposed by a direct sum of line bundles @, O(j;) for some j, € Z.

Assume that there exists an object E € A which contains a (shift of) line
bundle O(j) as a direct summand. By Lemma 5.11, we see that O(j) is in A,
hence (O(5)) C A. Since we know that +{O(j)) = (O(j + 1)) by Theorem
5.9, YA C (O(j +1)). Hence we see * A = (O(j +1)) or 0. For the first case
we get A = (O(j)) and for the latter case we get A = D’(P!), which is a
trivial one.

It remains the case that for any £ € A, the object E contains no line
bundles as direct summands. Since any torsion sheaf on P! is a filtration of
structure sheaves of finite points, so A contains O, for some = € P'. If we
take a semiorthogonal decomposition

Db(PY) = (AF A)

then + A also has no line bundles by a similar argument to the previous case.
Since both A and A have only direct sums of shift of torsion sheaves and

Homp: (O,, O,) = Homp1 (O,,0,) =0

for y # x, we see that D°(P') is decomposed into A and +A in the sense of
Definition 2.9. This contradicts Proposition 2.10. O

Theorem 5.15 (Theorem 4.2 in [33]). Any admissible subcategory in D°(P?)
1s generated by a subcollection of a mutation of the standard exceptional col-

lection D*(P?) = (Op2, Op2(1), Op2(2)).
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5.2 Pirozhkov’s result and its application

For a Noetherian scheme S over k, we denote by Perf(.S) the full subcategory
of D*(S) consisting of perfect complexes. Note that for a smooth projective
variety S, we know that Perf(S) = D?(S). A stable k-linear co-category D
is said to be S-linear if there exists an action functor

ap: D x Perf(S) — D

together with associativity data.
For a morphism f: X — S between smooth projective varieties X and S
over k, the category D°(X) has a natural S-linear structure via the functor

DY(X) x D*(S) — D*(X) (&, F)—¢& Ox Lf*F.

Definition 5.16 ([34]). Let S be a Noetherian scheme over a field k. We
say that S is noncommutatively stably semiorthogonally indecomposable, or
NSSI for brevity, if for arbitrary choices of

(1) D, a S-linear category which is proper? over S and has a classical
generator, and

(2) A, a left admissible subcategory of D which is linear over k,
the subcategory A is closed under the action of Perf(.S) on D.

Remark 5.17. For a definition of a classical generator, see [7]. For a quasi-
compact and quasi-separated scheme S, the category Perf(S) has a classical
generator [7, Corollary 3.1.2]. In particular, for a smooth projective variety
S, the category D(S) has a classical generator.

Theorem 5.18 (Lemma 6.1 in [34]). Let m: X — S be a smooth projective
morphism which is an étale-locally trivial fibration with fiber Xy. Assume
that S is a connected excellent scheme®. Then for any point s € S the base
change map

S-linear admissible
subcategories
AcC D¥(X)

18 an injection.

restriction to X, 2 Xo_ | admissible subcategories
A() C Db(XO)

2See [32] for this notion.
3In [34, Lemma 6.1], Pirozhkov assumes that S is a scheme over Q, but it is not needed
in its proof.
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Definition 5.19. Let 7: X — S be a smooth projective morphism of
Noetherian schemes.

(1) An object £ € Perf(X) is m-exceptional if Rr, RHomx (E,€) = Os.

(2) A collection of m-exceptional objects &;,...,En € Perf(X) is a 7-
exceptional collection if Rr, RHomx (E;,&) =0forany 1 <i < j < N.

(3) A m-exceptional pair is a m-exceptional collection of length 2.

For a m-exceptional pair &, F, the left m-mutation L¢F of F through &
and the right m-mutation RzE of £ through F are defined by the following
distinguished triangles:

R, RHomy (€, F) ®o, € = F — LeF,
RzE — €L m*Rr, RHomx (€, F)Y @0, F.
We see that mutations commute with base change.
Lemma 5.20 (Lemma 2.22 in [22]). Consider the following Cartesian square

of finite dimensional Noetherian schemes, where w is smooth projective.

YL>X

of

For any m-exceptional pair (€, F), it follows that (f*E, f*F) is an p-exceptional
pair and we have the following isomorphisms:

Lye (f*F) = f*(Le F)
Ry-5 (f°€) = [*(RFE)
We apply Lemmas 5.18 and 5.20 to obtain the following.

Proposition 5.21. Let m: X — S be a P"-bundle (n = 1,2) over a smooth
projective variety S. Then any non-trivial S-linear admissible subcategory of
D*(X) is of the following form:

(1) (Casen=1)
D"(8)(i)(:= 7"D"(S) @0, Ox(i))

for some i € Z.
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(2) (Casen =2)
m™D"(S) ®oy (&1,..., &),

where E1,...,& (1 <1 <n+1)is am-exceptional collection.

Proof. (i) Any non-trivial admissible subcategory in D°?(P!) is of the form
(Op1(7)) for some ¢ € Z by Proposition 5.14. Since the restriction of the
admissible category D®(S)(i) to a fiber is (Op1 (7)), the injective base change
map in Theorem 5.18 is surjective. Hence the result follows.

(ii) Theorem 5.15 states that any non-trivial admissible subcategory A in
D*(P?) is generated by a subcollection of successive mutations of the standard
exceptional collection Opz, Op2(1), Op2(2). Lemma 5.20 yields an S-linear ad-
missible subcategory Ay of D°(X), which is generated by a m-exceptional
subcollection obtained by successive m-mutations of the m-exceptional col-
lection Ox,Ox(1),Ox(2), and its derived restriction on a fiber is \A. This
means that the injective base change map in Theorem 5.18 is surjective,
hence, we obtain the result. O]

Popa and Schnell showed in [35] that for smooth projective varieties X
and Y over C, if D’(X) = D®(Y') then Alb(X) and Alb(Y) are isogenous. On
the other hand we know that derived equivalence between abelian varieties
induces their isogeny by Orlov [31].

The Popa—Schnell conjecture in [35] states that for any Fourier-Mukai
partners Y of a given smooth projective variety X, there exists an equivalence
DP(AIb(Y)) = DP(Alb(X)) of derived categories.

From Proposition 5.21, we deduce that the Popa—Schnell conjecture holds
true in certain situations.

Corollary 5.22. Let X — A and Y — B’ be P"-bundles over abelian vari-
eties A and B forn = 1,2. If X and Y are Fourier—Mukai partners, then
so are A and B. Furthermore, the Popa—Schnell conjecture holds true in this
case.

Proof. Put D°(A)(i) = 7*D°(A) ® Ox(i), where 7 is the Pl-bundle X —
A. Since abelian varieties are NSSI by [34, Theorem 1.4], any admissible
category of D’(X) is A-linear. Proposition 5.21 implies that any non-zero
indecomposable admissible subcategory of D?(X) is equivalent to D°(A).
This completes the proof of the first assertion. We see that A = Alb(X) and
B = Alb(Y), and hence obtain the second. O
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If X is an elliptic ruled surface over C, namely n = 1 and k£ = C, in
Corollary 5.22, the statement follows from [40, Theorem 1.1]. The proof
given above for n = 1,2 and arbitrary k is more direct and natural.

Remark 5.23. Let X — F and X’ — E’ be P"-bundles over elliptic curves
E and E' for n = 1,2. As a consequence of Corollary 5.22, if X and X' are
Fourier-Mukai partners, then D°(E) = D°(E’), and hence E = E’ by |20,
Corollary 5.46].

6 Elliptic ruled surfaces

6.1 Basic properties of ruled surfaces

In this subsection, we give some basic results of ruled surfaces. Most of
results are found in [17, Ch. 5 §2].

Let m: S — C be a ruled surface i.e. 7 is a surjective morphism to a curve
C such that the fiber S, is isomorphic to P! for any p € C. The following
characterization is well-known.

Proposition 6.1. If m: S — C' s a ruled surface, then there exists a locally
free sheaf € of rank 2 such that S = P(E) over C. Conversely, every such
P(E) is a ruled surface over C.

Proposition 6.2. If S — C s a ruled surface, then it is possible to write
S = P(E), where € is a locally free sheaf on C' with HY(E) # 0 but for any
invertible sheaf on L on C with deg L < 0, we have H°(E) = 0. Moreover,
the integer deg & depends only on S.

If a locally free sheaf £ satisfies the conditions in Proposition 6.2, we say
& is normalized. Let us put e := —deg &, which is an invariant of S.

Proposition 6.3. Let S := P(£) — C be a ruled surface over the curve C
of genus g, where £ is a normalized locally free sheaf.

(1) If € is decomposable, then & = Oc @ L for some L € PicC with
deg L < 0. So, we see that e > 0. Moreover, all values of e > 0 are
possible.

(2) If € is indecomposable, then we get —2g < e < 2g — 2.
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6.2 Vector bundles over elliptic curves

Atiyah classified indecomposable vector bundles on elliptic curves [1]. We
summarize his result we need below.

Let Mg(r,d) = M(r,d) be the set of isomorphism classes of indecom-
posable vector bundles of rank r and degree d on an elliptic curve F.

Theorem 6.4 (Theorem 5 in [1]). (1) There exists a vector bundle &, on
E, unique up to isomorphism, with h°(E,) # 0.

(2) If £ € M(r,0), then there exist a line bundle £ € Pic’(E) such that
E=E0®L.
Theorem 6.4 says that for £ € M(r,0), we have
RO(E) =h'(E) =0 when & # &0
and
RO(E.0) = R (E.o) = 1.

Hence we see that the vector bundle &, is the only normalized vector bundle
in M(r,0).
Actually we can define &, by putting £ o = Op and the unique non-
trivial extension
0— gr’o — 57«4_170 — O —0

inductively. We can also see that &9 = (€,.0)".
Corollary 6.5. Let E be an elliptic curve. For any L1, Lo € Pic® E we get

ko if L2 Ly

Hompg (L4, Lo) = {O if L0 % L

Next we describe indecomposable vector bundle of rank 2 and degree 1.

Proposition 6.6. Let S be a ruled surface over an elliptic curve E, corre-
sponding to an indecomposable vector bundle £. Then e =0 or —1 and there
1s exactly one such ruled surface over E for each two values of e.

Indeed, we can construct indecomposable vector bundles with e = —1
explicitly. For a closed point P € E, we define a vector bundle £p by the
following non-split exact sequence

0= 0O —&p — Op(P)—0.
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Although Ep 2 & for distinct points P, () € E, we have P(Ep) = P(&g)
by Proposition 6.6. We can also see that

M(2,1) = {Ep | P € EY.

Let f:S — E be a ruled surface over an elliptic curve F, corresponding
to a normalized vector bundle £. Put a general fiber of f by Fy and take a
section Cy with C7 = —e. Let us define a divisor D which satisfies Og(D) =
det€. Then we have
K S = —200 — el f

by [17, Corollary 2.11]. Note that if S has an elliptic fibration, then —Kg is
nef. Moreover, we can see that — K is nef if and only if e = 0, —1. We can
also deduce from the above discussion that

g: OE@EOrgQ’O lerO (34>
Ep ife=-—1.
for some £ € Pic E and P € E.

7 Fourier—Mukai partners of elliptic ruled sur-
faces

7.1 Elliptic ruled surfaces

In this subsection, we recall a result in [39].

Let S be an elliptic surface and 7: S — C' be a relatively minimal elliptic
fibration. We denote by

T (pi) = miD;

the multiple fibers of m, where m; is the multiplicity and p; € C for i =
1,2,...,A. We know that R'7,0g = L. ® T, where L, is an invertible
sheaf and 7, is a torsion sheaf. Note that 7, = 0 in the case p = 0. The
multiple fiber is said to be tame for a point p; ¢ Supp T, and wild for a point
pi € Supp Tx

The canonical bundles on S and C' are related by the canonical bundle

formula:
by

ws 2T (we® LY ® OS(Z a; D;) (35)

=1
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for some integer a; with 0 < a; < m; —1. If a; # m; — 1, then 7*(p;) is known
to be a wild fiber.
Let £ be a normalized rank 2 vector bundle on an elliptic curve E and

fiS=PE —E

be a P!-bundle on E defined by £. If S has an elliptic fibration, then e = 0
or —1 holds by the discussion around (34).

The following theorem gives a classification of ruled surfaces over elliptic
curves from the point of view of elliptic fibrations. In the tables contained
therein, the symbol * stands for a wild fiber. Moreover, as mentioned above,
if a multiple fiber m;D; is tame, then a; = m; — 1 where a; and m; are given
in (35). Hence, we omit the value of a in the list. For example, (2,0/2*) in
the case (ii-3) stands for one tame fiber of multiplicity 2 with a; = 1 and one
wild fiber of multiplicity 2 with as = 0.

Theorem 7.1 (Theorem 1.1 in [39]). Let us consider the above situation.

(1) For e =0, we have the following:

’ ‘ bot ‘ 3 an elliptic fibration on S? ‘ P ‘
(i-1) Or ® Og no multiple fibers p>0
(-2) | Og @ L, ord L =m > 1 (m,m) p>0
(i-3) O L, ordL = no elliptic fibrations p>0
(i-4) indecomposable no elliptic fibrations p=0
(i-5) indecomposable (p—2/p*) p>0

Here L is an element of Pic’ E.

(2) Suppose that e = —1. Then the isomorphism class of such vector bundle
E on E is unique, and S has an elliptic fibration. The list of singular
fibers are as follows:

| | (ai/m,) | E__ | » |

(11-2) | (1/2%) | supersingular | p =
(11-3) | (2,0/2%) ordinary | p =2
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By [12] and [23], we know that if S has non-trivial Fourier-Mukai part-
ners, S has an elliptic fibration. Hence, from now on, we suppose that S has
an elliptic fibration m: S — P!. Theorem 7.1 says that the multiplicities of
all multiple fibers of 7 are the same number m.

When e = 0 (resp. e = —1), we see

Fr-Fr=mCy-Fr=m (resp. Fr-Cy=m(2C, — Ff)-Cy=m) (36)
by [39, Remark 4.2], and hence
— (37)

for both cases (recall the definitions of A; and X in (17) and (26) respec-
tively). Here F, (resp. Fy) is a fiber of 7 (resp. f), and Cj stands for a
section of f satisfying C§ = —e.

Consider the case | FM(S)| # 1. Then the inequality (21) yields m =
Ar > 5. Hence, S fits into either (i-2), m > 5 or (i-5), p > 5 in Theorem
7.1. Then S" € FM(S) is also an elliptic ruled surface admitting an elliptic
fibration 7’ fitting into the same case as S by Lemma 3.7.

Lemma 7.2. Suppose that |FM(S)| # 1. Then S fits into the case (i-2).

Proof. 1t suffices to show that | FM(S)| = 1 in the case (i-5). Suppose that S
fits into the case (i-5). As we explained above, S’ € FM(S) is also an elliptic
ruled surface in the case (i-5). In other words, S’ has a P!-bundle structure
f'iP(&) — E', where &£ is the indecomposable vector bundle of rank 2,
degree 0 on an elliptic curve E’. By Corollary 5.22, we have E = E’. Then,
we see S = S" by [17, Theorem V.2.15], in other words, | FM(S)| = 1. O

The purpose of this paper is to describe the set FM(S) for elliptic ruled
surfaces. Hence in the sequel, we will concentrate on the case (i-2), the
unique candidate of S admitting non-trivial Fourier—-Mukai partners.

7.2 Case (i-2).
Take £ € Pic’ E with 1 < m := ord £ < oo, and set
S:=P(Op®L).

The following lemma is elementary and useful.
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Lemma 7.3. (1) There exists an isomorphism S = P(Og & M) over E if
and only if £L = M*!L,

(2) For ¢p € Aut(FE), we have an isomorphism f*¢g in the fiber product
diagram:

P(Op @ ¢L) 22 S (38)

| = b

F—F
)

(3) For some M € Pic’ E, let fr: T := P(Og ® M) — E be the P*-bundle
over E. Suppose that we are given an isomorphism ¢: T — S. Then,
if we replace ¢ appropriately, we can take ¢ € Auto(FE), which makes

the diagram

SN (39)

T
le f
F——F
oE

commutative. Moreover, we have an isomorphism
T =P(Op @ ¢pL) (40)
over E, and an isomorphism
M= ¢pL. (41)

Proof. (i) This fact directly follows from [17, Exercise I11.7.9(b)].

(i) This assertion must be well-known. We leave the proof to readers. (For
example, use [17, Proposition 11.7.12].)

(iii) Since S has a unique P!-bundle structure, the existence of ¢ € Aut(FE)
fitting in (39) is assured. Next, write ¢p = T, o ¢% for some ¢% € Auty(E)
and a € E. Since TFL = L, the isomorphism f*T, (given as f*¢g in (38))
gives an automorphism of S. Then, if necessary, replace ¢ with (f*T,) o ¢,
we may assume that ¢p € Autg(E). By the universal property of the fiber
product in (38), we obtain an isomorphism (40) over E. Then by (i) there
exists an isomorphism M* = ¢%.L. Since (—idg)*L = L7}, f*(—idg) also
gives an automorphism of S. Thus, replace ¢ with f*(—idg) o ¢ if necessary,
we may assume that ¢p € Auty(E) and (41) holds simultaneously. O
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Lemma 7.4. Fori € (Z/mZ)*, S 2 P(Op & L) if and only if there erists
an automorphism ¢ € Auto(E) such that oL = L. Consequently, the set

{(P(Op® L) |i € (Z/mZL)}] =
1s naturally identified with the group
(Z/mZ)*/HE.
Here, recall that HE = {i € (Z/mZ)* |3 € Auto(E) such that¢*L = L'}.

Proof. “If” part follows from Lemma 7.3 (ii). “Only if” part follows from
Lemma 7.3 (iii). O

Consider the dual morphism

—

w:Fy=E/(L) > E (42)

of the quotient morphism E — £/ (L). Then it follows from the definition
of ¢; that ¢i £ = Op, holds. Thus we have a diagram

Fy+ 2 Fyx Pt 2 p! (43)
fhl ] Jqs l%

1
B+ § —— P,

where the left square diagram is a fiber product, and the right one is obtained
by the Stein factorization of 7 o gg. The reason why 7 o qg factors through
po is as follows. First, we have gfws = wp,«pr by [39, Lemma 2.14]. On the
other hand, the elliptic fibration ps (resp. ) are defined by the linear system
of some multiple of —Kp, «p1 (resp. —Kg). Therefore 7 o gg factors through

Pa.
Recall that the elliptic fibration 7 has exactly two multiple fibers.

Convention. By the action of PGL(1, k) on P!, we always assume below
that in the case (i-2), the elliptic fibration m has multiple fibers over the
points 0 and oo in P'. Furthermore, we also assume that ¢»(0) = 0 and

q2(00) = o0.
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For yo € P! with y := ¢2(yo) € P'\{0, 0o}, we denote by F, the non-multiple
fiber of m over the point y. Then it follows from f o qs = ¢ o p; that the
restriction of ¢g induces the isomorphism

QS|F0><y0: FO X Yo = Fya (44)

since we see from (36) that f|g, is finite morphism of degree m. We tacitly
identify Fy and F), by this isomorphism.
Take xp € Fy and set  := ¢1(x¢) € E. Then in a similar way to (44), we
have an isomorphism
S |agxpt s To X P' 2 F,, (45)

where F, is the fiber of f over the point x. We identify P* and F, by (45).
By our convention above, we see that the two multiple fibers of 7 intersect
with each fiber P! of f at 0 and oo respectively.

Recall that f has two minimal sections, let’s say Cy and C', corresponding
to the projections

OE@ﬁ—)OE and OE@E—)[, (46)

Then the multiple fibers of 7 are given exactly mCy and mC (see [39, Remark
4.2]).
We use the following lemma to show Claim 7.7.

Lemma 7.5. Let us regard the multiplicative group G,, as a subgroup of
Aut(Op @ L) (= G, x G,,,) by the diagonal embedding. Then there exists an
injective homomorphism

t: G = Aut(Op @ L) /Gy, — Aut(S/E).

Here, for A € G,,, the automorphism t(\) of S induces the action on each
fiber P of f fizing the points 0 and co.

Proof. The existence of the injection ¢ is assured in [15, p.202].* Note that
since any elements of Aut(Og @ L) preserve the projections in (46), any
B € Im¢ preserves the minimal sections Cy and €4, and hence it gives an
automorphism on each fiber P! of f fixing the points 0 and co. ]

4See also [28, Lemma 3]). Because A in ibid. is trivial, we actually see that ¢ gives an
isomorphism.
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7.3 Proof of Theorem 1.3.

Let S be an elliptic ruled surface and suppose |FM(S)| # 1. Lemma 7.2
implies that
S=POp® L)

for some £ € Pic’ E with ord £ = m > 5. Now if S’ € FM(S), by the same
reason we get S’ = P(Op @ L') for some £’ € Pic’ E with

m=\ =ordL =ord L.

Moreover, by Corollary 5.22, we see that £ = E'.

We divide the proof of Theorem 1.3 into two cases: The case m = p® > 5
for some e > 0, and the case arbitrary m > 5 with m # p® for any e > 0. In
both cases, first we define an injective map

{7'(5) |i € (Z/mZ)"}) == {P(Op @ L) | i € (Z/mZ)'}) =, (47)

and secondly, we shall see

|H.| < |HE|. (48)
The cardinality of the L.H.S in (47) is ¢(m)/|H,| by Lemma 3.4, and the
cardinality of the R.H.S. in (47) is gp(m)/|H§] by Lemma 7.4. Therefore,

combining (47) with (48), we can conclude that (47) is a bijection, and hence
Theorem 3.3 yields

FM(S) = {P(Op @ L") | i € (Z/mZ)*}] =

as required in Theorem 1.3.

Case: m = p® > 5 for some e¢ > 0. Theorem 7.1 implies that J/(S) =
P(Op @ L;) for some L; € Pic’ E with ord £; = p°. But in this case, E is
necessarily ordinary, and hence E [p€] is a cyclic group generated by L. So
in this case, £; = £°% for some 8(i) € (Z/mZ)*, and thus we can define an
injective map (47) by Ji(S) — P(Op @ LPW).

Denote by Fj the elliptic curve satisfying £y = E/ (£) as in §7.2. Then
by (44), a general fiber of the elliptic fibration 7: S — P! is isomorphic to
F().

Claim 7.6. The inequality (48) holds (if m = p® > 5).
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Proof. [13, Propositions 5.3.3, 5.3.6] implies that x(J°(S)) = —oco. Com-
bining this fact with [13, Corollary 5.3.5], we see that J°(S) is an elliptic
ruled surface with a section. Therefore, by the classification in Theorem
7.1 and [13, Theorem 5.3.1 (i)], we have J°(S) = Fy x P!. Then we have
Br(J%(S)) = 0 by [14, Proposition 2.1]. Moreover we have A\, = p® = \. by
(37), and hence the group H. in Lemma 3.8 is trivial. Therefore Lemma 3.8
yields
|Hx| < |Auto(J))]-

Recall that Hg = Auto(F) by Lemma 4.3 (ii) in the case m = p® > 5. Hence,
to obtain the conclusion, it suffices to check that |Auto(J))| < [Aute(E)].
Thus we may assume 2 < | Autg(.J)))|. Note that we have a surjective homo-

morphism

Auto(J°(S)/P') — Auto(J)),
where Auty(J°(S)/P') means the automorphism group of J°(S)(= Fy x P')

[

over P!, fixing the O-section. Thus, we have an isomorphism Autg(J°(S)/P!) =
Autg(Fp), and moreover obtain

2 < | Auto(J))| = [ Auto(J°(S)/P)| = | Auto(Fp)|.

This yields j(Fy) = 0 or 1728. Since the morphism ¢;: Fy — E obtained
in (42) is a composition of relative Frobenius morphisms (cf. [36, Theorem
V.3.1)), [17, Exercise IV.4.20(a)] produces the isomorphism E = [}, which
completes the proof. O

Claim 7.6 completes the proof of Theorem 1.3 in the case m = p® > 5.

Case: Arbitrary m > 5 with m # p°® for any e¢ > 0. We may put
m = np® with e > 0, n > 1, p{ n. We generalize the method of [40] below.

Recall that S = P(Og @ L), and define elliptic curves Fyy and F as F :=
E/ (L) and F := E/ (£P"). Denote by

qE - F—-F
the dual morphism of the quotient morphism E—~F=FE / <£pe> . Set

M :=g¢pL and T :=P(Op & M).
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Then we see Fy = F// (M) and ord M = p°. Moreover if e > 0, the existence
of a non-zero element M of F[p°| implies that I is ordinary, and the dual
morphism of the quotient morphism

P o= B/ (M),

is the e-th iteration of the relative Frobenius morphisms (cf. [36, Theorem
V.3.1]). Then we obtain the following commutative diagram:

Foe 2 Fyxpr 2 p! (49)
Frel g Jhl lFr;d
1
Fe—T— P
5
E S P!

f ™

Both of the left squares are fiber product diagrams, and the right squares
are obtained by the Stein factorizations of m o hy and 7 o g respectively.
Moreover, we have
deg qp = deg q = deg gp1 = n.
Take
i€Zwithl<i<m, (i,m)=1L1. (50)
Note that this condition implies that (i,p¢) = (i,n) = 1, and hence we
sometimes regard ¢ € (Z/p°Z)* or i € (Z/nZ)* below.
Recall that we have already proved Theorem 1.3 for line bundles whose
order is p-th power. By applying it to M, we obtain

JUT) = P(Op & MPD) (51)

for some p(i) € (Z/p°Z)*. Moreover, since (Fr¢)*M = Opg, we have a
diagram
Fy 2 Fyx P 2 p! (52)

Frel o J{hi lF re1

Fﬁji(T)?ﬂP’l

as in (43). Here f; is a P'-bundle defined by using the P!-bundle structure
on P(Or & MP®) and the isomorphism (51).

52



Fix an n-th primitive root of unity ¢. Consider the multiplication on G,,
by ¢, and extend it to the automorphism of P!. Denote it by gp1. Because we
see that gp1 in (49) fixes points 0 and co in P!, it turns out that the morphism
gpr is the quotient morphism by the action of the group (gp) = Z/nZ on P'.

Take a € F such that F = F/(a) and orda(= ord £LP") = n. Then we
can construct an action of the group G := Z/nZ on J'(T) as follows.

Claim 7.7. For each s € (Z/nZ)* and t € (Z/p°Z)*, there exists an au-
tomorphism g, of JY(T') which induces the translation Ty, of F' and the
automorphism gp1 of P*.

Proof. Since T7 , M = M, there exists an automorphism

(51)
a € Aut(JHT)) (Y Aut(P(Op & MPD)))

compatible with T,, on F. Note that T, lifts a translation T, on Fj for
some b € Fy with Fr¢(b) = a, and hence « lifts to Ty x idp on Fy x PL.

FO(;FO XPIHPI
T@-b‘/‘ /
F()%FO X]Pﬂ;)}Pﬂ

e+
Frel F%k JUT) lﬂﬂj’l

Ts.a v a v

F o JUT) 7 P

Therefore, a respects the elliptic fibration 7, i.e. o € Aut(J*(T)/P).

Next take an integer ¢ with p°q = 1 in (Z/nZ)*. It follows from Lemma
7.5 that there exists an automorphism 5 € Aut(J*(T)/F) which induces the
automorphism g¢, on each fiber Fy, (which we identify with P! by (45)) of
the P-bundle f;. Combining (45) with the commutativity of the right square
in (52), we see that m|p, : Fj, — P' coincides with Frg:, and then 3 induces
the automorphism (gp1)P*? = gp on P!, the base space of ;.

]P)1*>Fft(—>\

Ipn J J@’ J(gﬂﬂ )P a=gp

P! —= Fy,—— JY(T) = P,

Fr];l //

Hence, the automorphism g, := « o [ has the desired property. O
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Denote by g a generator of the cyclic group G = Z/nZ, and define the
action of G on J*(T') by

psi: G — Aut(JYT)) g+ gs. (53)

For the integer ¢ given in (50), regard i € (Z/nZ)* and i € (Z/p°Z)*, and set
pi := pi;. We define the quotient variety to be

S = J(T)/,,G (54)
by the action p;, and denote the quotient morphism by

It is easy to see that S is the quotient of 7' = J'(T') by the action p; for
some s. Replace a € F' with s - a, and redefine g; and p,; by this new a, so
that S = S; holds. After this replacement, we consider only the action p;,
but not general p; ;.
We set
g7 =Ty x gl € Aut(Fp x PY).

Then we see that ord ¢) = ord T, = ordgf, = n and it is compatible with
gi € Aut(JY(T)) defined in Claim 7.7:

h; o g? = g; o h;. (55)
We also define the action on Fy x P! by
Pl G — Aut(Fy x P) g g? (56)
for each 1.
Take an integer j with 1 < j < m, (j,m) =1 and ij = 1 in (Z/mZ)*.
For the projection
pi13: Fo X Apr X Fy — Fy x Fy,
define a line bundle
Uy := p1308,xm (Ar, + (J — 1) Fy x O+ (i — 1)O x Fy)

on
Fy x Ap x Fy(2 (Fy x PY) xp (Fy x PY)).
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Then Fy x P! in the second factor in R.H.S. serves as J*(Fy x P') where U
plays the role of a universal sheaf, and moreover it is shown in [40, page 3229
that it satisfies
(p1(9) x pi(9))Uo = Up. (57)
On the other hand, it follows from [10, Theorem 5.3] that we can take
a universal sheaf U’ on T xp: J'(T'), which satisfies that U’ ji(r) is a line
bundle of degree j on Fy for general z € T. For a point (x,y) € Fy X
(P'\{0,00}), there exists an isomorphism

((ha X hi) U (FyxBty s (2) = U [T b)) (58)
since the restriction of hy x h; gives
(FO X Pl) Xp1 (l’,y) = Fo Xy = Fy &T Xp1 hz((.ﬂ,y)),

where the second isomorphism comes from (44). Hence, we see that the
L.H.S. in (58) is a line bundle of degree i on Fy. Then, by the universal
property of Uy, there exists an automorphism ¢y € Aut(Fp) such that

(idmxa, X ¢o)Uo = (hy x hi)U" @ p3No

for some N € Pic? F,.
We shall construct an elliptic ruled surface 7" and (iso)morphisms ¢, ¢, b’
which make the following diagrams commutative:

FO%FO x P! (59>
F0<JFO x P! lh
Fre\L hl .
me|  Fe|- JUT)
1/¢F Ve

Fe— T °

First, ¢p descends to ¢r € Aut(F) via Fr: Fy — F by [36, Corollary 11.2.12],
and ¢p induces an isomorphism

¢: Ji(T) = P(Or ® Mﬁ(i)) - T = P(Or @ qzﬁF*M'B(i)).

Note that ¢p. € Auto( 7} preserves the subgroup ker Fi® = = F[pc] = (M) of
F, and thus ¢z, M%) € (M). Hence, we obtain a morphism

h/: FO X Pl = ]P)(OFO D OFO) - T, = IP)((QF b ¢F*M6(Z))a
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which fits into the diagram in (59). Moreover we have the following commu-
tative diagram:

(idpyxag;) X0 3
FO X Apl X F()(;Fo X Apl X F0*>F0

h]_ Xh/l J{hl Xhi \LF‘I‘E3

T Xpl T/<T><(f>T X]pl Jz(T)fZOT)F

Take N € Pic F such that (Fr¢)*N = N, and define a line bundle
U = (idr x ¢).(U' ® (fiop2)"N)

on T xp1 T" so that
Uy = (hy x b')'U (60)

holds. The pair (T",U) serves as J*(T) and its universal sheaf, ane thus we
redefine 7" to be J(T).

Claim 7.8. The universal sheaf & on T xp1 J(T') satisfies

(r1(9) x pi(9))U =U.
Proof. Take yo € P'\{0,00} with y := Fr°(y,) € P'\{0,00}. Denote by
F, x F} the fiber of m; x m;: T xp1 J*(T') — P! over the point y. Pull back the

isomorphism (60) to the subscheme Fyx yo x Fy, which is isomorphic to Fy, x F
by (44), and combine (55) and (57) with it, then we have isomorphisms

((p1(9)xpi(9)) U, xr, = ((6Y(9) %Y (9))* Uo) Ry xyox o = Uol Fyxyoxio = Ul p,xp, -

F() XyOXFOC—>FOXAP1 ><}70i>]1m1 2 Yo

% h xh{ JFrﬂ‘il

Fy X F;C—>T Xp1l JZ(T) mT)]P)l > Yy

This yields that the line bundle L := (p1(g) x pi(9))*U @ U™ is trivial over
the open set (m; x ;) H(P'\{0,00}) by [17, Exercise 111.12.4]. We also see
by (55), (57) and (60) that (hy x h;)*L is trivial over P'\{0, 00}, and thus

L = Opy,, yier) (b(Do % Dy — Do x D)) (61)
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for some b € Z, where p° Dy and p°® D}, (resp. p° Dy, and p®D’_) are the multiple
fibers over 0 € P! (resp. c0) of m; and ;. Note that ord L divides p°, the
multiplicity of the multiple fibers. Since ord(pi(g) X pi(g)) = n and the
R.H.S. in (61) is (p1(g) x pi(g))-invariant, we see that

U= (pi(g) x pi(9))"U = (p1(g) x Pi(g))("_l)*u QL. ..2Yx L%,

and hence ord L | n. Since p { n, we have ord L = 1, as it is required. ]

Recall that we have the following commutative diagram by the definition
of S; in (54):

Fedo Jim) T p

R

E Si P!

s,

Here, gg and gp: are the same one appeared in (49), and 7g, is an elliptic
fibration.

Claim 7.9. For each i, there exists a(i) € (Z/mZ)* such that we have an
isomorphism

S, = P(Og & £2Y).

over F.

Proof. First of all, we know by Theorem 7.1 that there exists an isomorphism
S; =2 P(Og & L;) over E for some L; € Pic’ E with ord £; = m. Then the
result follows from

L; € ker(F® o qp) = (L) = Z/mZ.

Recall that S = S| below.
Claim 7.10. There exists an isomorphism J¢(S) & S;.

Proof. First, we shall show that there exists a coherent sheaf i; on S x S;
such that
(q1 % idyier))-U = (ids X ¢;)"U; (62)
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for the morphisms

q1 X idJi (1)

Tx J(T) =T 8% J(T) 3% § x 8,
Claim 7.8 implies that

(p1(g) x idi(r))*U = (idr x p;(g)~")U.

Push forward the both sides by the morphism ¢; X id (7). Then we obtain

(q1 X idJi(T))*u = (idS X pi(g)_l)*((h X idJi(T))*u7

that is, the sheaf (¢; % idji(p)).U is G-invariant with respect to the diagonal
action of G on S x J'(T), where G acts on S trivially. Since G = (g) is
a finite cyclic group, the G-invariance of coherent sheaves is equivalent to
the G-equivariance, and hence there exists a coherent sheaf U; on S x 5;
satisfying (62).

For z € JY(T'), we have

ui|5><qi(z) = ((QI X ldJl(T))*u)|S><z = q1*(u|T><z)-

Here, the second isomorphism follows from [5, Lemma 1.3] and the smooth-
ness of ¢;. Suppose that z is not contained in multiple fibers of m;, that is,
y :=m;(2) € P'\{0, 00} by the convention stated in §7.2. Then U|r, is actu-
ally a sheaf on Fj, X z, and the restriction ¢i|g, . is an isomorphism by (44).
It turns out that Ui|sxg, (=) is also a line bundle of degree i on Fy, () X ¢;(2)-

Then, by the universal property of J*(S), there exists a morphism from

751 (PA{0, 00})(C S1) — 77k (P10, c0})(C ()
over P'\{0, 00}, where 7g, and mi(g) are the elliptic fibrations on S; and
J'(S) respectively. Since Us|sxg(s1) Z Uilsxqi(zo) 00 Fy for z1 # z € JY(T),

this morphism is injective, and hence S; and J*(S) are birational over P'.
Then, [2, Proposition I11.8.4] implies that S; & J¢(S). O

Combining Claims 7.9 and 7.10, we obtain the inclusion (47) by the map
JU(S) = P(Op @ £9),

The next aim is to show (48).
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Claim 7.11. There exists an injective group homomorphism
a: Hy/{+1} — HE/{+1}.

Proof. Take i € H.(:= {i € (Z/mZ)* | J(S) = S}). We have a(i) €
(Z/mZ)* so that there exists an isomorphism

U PO ® £ 5 5, 5 JH(S)

by Claims 7.9 and 7.10. We use ¢ and the P!-bundle structure on P(Og @
L£2@) to fix a P'-bundle structure on J(S):

frig: J'(S) = E

Then Lemma 7.3 (iii) implies that there exist an isomorphism ¢ and an
automorphism ¢p € Autg(E) fitting in the commutative diagram

(OEGB[,C” )%JZ(S)L (63)
l fﬂ(s{ f
o= E4>E

and %L = £20) is satisfied.

Take another isomorphism ¢’: J(S) — S. Then since ¢’ o p~! is an
automorphism of P(O @ L), we have (¢’; 0 ') L =2 L*! by Lemma 7.3 (i)
and (ii). Thus, we obtain the group homomorphism

: Hy — HEJ{#1}(:= {i € (Z/mZ)" | 3¢ € Auto(E)st.¢"L = L1} /{£1}.)

Thus it suffices to prove Ker o = {£1}. Suppose i € Ker . Since piL = L+
holds in this case, Lemma 4.2 implies that ¢g fitting in the diagram (63) is
either idg or —idg. Replace ¢ with f*(—idg) o ¢ (see the notation in Lemma
7.3 (ii) and the proof of ibid. (iii)) if necessary, then we may assume that

vr = idg. We have the following commutative diagram °:

Fett Ji(T) (64)

SHere, we identify S; and J*(S) by Claim 7.10.
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Because the front and the back squares in (64) are the fiber product diagrams,
there exists an isomorphism ¢: J(T') — T which makes the right square the
fiber product.

Since ¢ descends to ¢: S; = JY(T)/,,G — S =T/, G for G = Z/nZ =
(g), we have

p(g)od=gop(g)

for some . Recall that both of p;(g) and p;(g) induce the same automorphism
gpr on the base curve P! of the elliptic fibrations on 7' and J*(T) (see Claim
7.7 and (53)), then we see | = £1. Next recall pi(g) (resp. p;i(g)) induces
the automorphism 7T, (resp. T},) on F, the base curve of the P!-bundle f;
(resp. f;). Then we know that

Ta - (ﬂ-a)l - ﬂiuy

and hence, 1 = il in (Z/nZ)*. Therefore, we have i = %1, and hence
Kera C {£1}. The other direction is obvious. O

By Claim 7.11, we conclude that |H,| < |H| as is required in (48).
Therefore, we complete the proof of the first statement in Theorem 1.3
for arbitrary m > 5. The second follows from Lemma 4.3 (ii).
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