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1 Introduction

The theory of harmonic maps and biharmonic maps is one of the important fields in differential
geometry. Recall that a smooth map ¢ : (M, gpr) — (IV,gn) between Riemannian manifolds is
said to be harmonic if it is a critical point of the energy functional

1
E(p) = 2/ |dg|*dpgy, .
M
By the first variational formula, then ¢ is a harmonic map if and only if
T(p) = trg,, (Vdp) =0, (1.1)

where Vdop is the second fundamental form and 7(¢) is the tension field of ¢. The Euler—
Lagrange equation (1.1) is a second order nonlinear PDE, therefore the theory of harmonic
maps has been developed in geometric analysis, furthermore it is investigated applying methods
of integrable systems. For example, geodesics, harmonic functions and minimal submanifolds
are harmonic maps. As a generalization of harmonic maps, Eells and Lemaire [10] introduced
the notion of biharmonic map, which is a critical point of the bienergy functional

1
Ba(e) = 5 [ 1r(0) iy
M
Jiang [14] showed that ¢ is a biharmonic map if and only if

() = =V V() — trg, RN (deo(-), 7()) deo(-) = 0, (1.2)

where —V "V is the rough Laplacian and R” is the Riemannian curvature tensor of (N, gn). The
Euler-Lagrange equation (1.2) is a fourth order nonlinear PDE. By definition, it is clear that a
harmonic map is biharmonic. One of the important problems in the study of biharmonic maps
is Chen’s conjecture, that is, an arbitrary biharmonic submanifold of a Euclidean space must be
minimal. This conjecture has been partially positively resolved, but it is still open. As a higher
order energy functional, r-energy functional [19, 22|, ES-r-energy functional [3, 10], F-k-energy
functional [11], and so on. have been introduced, and various researchers have studied them
from the viewpoint of variational problems and submanifolds (cf. Figure 1).

On the other hand, in integral geometry, Howard [12] provided integral invariants of subman-
ifolds by using invariant polynomials of the second fundamental form, and then he formulated
the kinematic formula in Riemannian homogeneous spaces (see also [15]). In his formulation,
there are some notable integral invariants of submanifolds. One is integral invariants in the
Chern—Federer kinematic formula. These integral invariants played significant roles in differen-
tial geometry. For example, Weyl [23] showed that the volume of a tube around a compact sub-
manifold in a Fuclidean space can be represented as a polynomial of the radius of the tube, where
the coefficients are integral invariants of the second fundamental form of the submanifold. Also,
Allendoerfer and Weil [2] used these integral invariants to describe the extended Gauss—-Bonnet
theorem, and this leads to the development of the theory of characteristic classes. Another
notable one is the integral invariant defined from a certain invariant homogeneous polynomial
of degree two. This invariant polynomial also appears in the definition of the Willmore—Chen
invariant, which is a conformal invariant of submanifolds ([6, 7]).

In this thesis, we study variational problems for integral invariants, which are defined as
integrations of invariant functions of the second fundamental form, of a smooth map between
pseudo-Riemannian manifolds. We derive the first variational formulae for integral invariants
defined from invariant homogeneous polynomials of degree two. Among these integral invariants,
we show that the Euler-Lagrange equation of the Chern—Federer energy functional is reduced to a
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Figure 1: Correlation diagram of higher order energy functionals

second order PDE. Then we give some examples of Chern—Federer submanifolds in Riemannian
space forms. The most important point of this research is that we consider the variational
problem for a family of energy functionals, rather than fixing one energy functional.

In Section 2, we recall fundamental notions of pseudo-Riemannian manifolds and induced
bundles. In Section 3, with an idea of integral geometry, we introduce integral invariants of a
smooth map ¢ : (M, grr) — (N, gn) between pseudo-Riemannian manifolds by using invariant
functions of the second fundamental form of ¢. In particular, we focus on integral invariants of ¢
defined from invariant homogeneous polynomials of degree two. The space of those polynomials
is spanned by the square norm of the second fundamental form and the square norm of the
tension field, which are denoted by Q; and Qs respectively. Hence, here the family of integral
invariants includes the bienergy functional. In this thesis, we study variational problems for
these integral invariants of ¢. In Section 4, we derive the first variational formulae for Q;-
and Qs-energy functionals. By the linearity, then we have the first variational formulae for all
integral invariants of degree two. Note that it implies an alternative expression of the Euler—
Lagrange equation of the bienergy functional. As mentioned above, from the viewpoint of
integral geometry, there are two notable polynomials, called the Chern—Federer polynomial and
the Willmore—Chen polynomial, in the space of invariant homogeneous polynomials of degree
two. In Section 5, we discuss some properties of the Chern—Federer energy functional from
the viewpoint of variational problems. The Euler-Lagrange equation of an integral invariant of
degree two is a fourth order PDE in general, however, we show that the Euler-Lagrange equation
of the Chern—Federer energy functional is reduced to a second order PDE. In Section 5.2, we
describe a symmetry of the Euler-Lagrange equation of the Chern—Federer energy functional
comparing with a symmetry of the Chern—Federer polynomial. In Section 6, we give some



examples of Chern—Federer submanifolds in Riemannian space forms. Here, a Chern—Federer
submanifold is the image of an isometric immersion which is a Chern-Federer map. For an
isometric immersion into a Riemannian space form, a necessary and sufficient condition to
be a Chern—Federer map is described in Theorem 6.1. Considering this condition, there is
an obstruction for the domain manifold. In addition, as a trivial example, we can see that
any isometric immersion of a Ricci-flat manifold into a Fuclidean space is a Chern—Federer
map. Finally, we discuss isometric immersions of flat tori into the 3-sphere and isoparametric
hypersurfaces in Riemannian space forms.

This thesis includes the content of the paper [1] to be published in Osaka Journal of Math-
ematics.

2 Preliminaries

In this section, we explain fundamental properties of pseudo-Riemannian manifolds and induced
bundles for later use ([21, 24]).

2.1 Pseudo-Riemannian manifolds

Let (M,",gn) be a pseudo-Riemannian manifold of dimension m with a nondegenerate metric
with index p. Here nondegeneracy means that, at each point x € M, the only vector X € T,, M
satisfying (gar)(X,Y)=0for all Y € T, M is X = 0. Every pseudo-Riemannian manifold has
the unique Levi-Civita connection V. Also, a local pseudo-orthonormal frame field of (M;,”, M)
is a set of m-local vector fields {e;}", such that gas(e;,ej) = €;6;; with e = --- = ¢, =
—lepy1="em=1.

For a local pseudo-orthonormal frame field {e;};2; on a neighborhood U of (M}", gnr), we
have the following local expressions

m
X = cigu(X, ei)es,

i=1

gradf = Z gi df (ei)ei,
i=1

divX = eigu(Ve, X, ),
i=1

m
trgMH = Z €¢H(ei, 62‘),
=1

where X € I'(TM), f € C*°(M) and H is any bilinear form.
The Riemannian curvature tensor RM of (M;,”, gnr) is a correspondence that assigns to every
pair X,Y € I'(TM) a mapping:

RM(X,Y):T(TM) — T(TM)

defined by
RM(X,Y)Z :=VxVyZ-VyVxZ -V xyZ,  Zel(TM).

Also, let {2'}™, be a local coordinate system on M, then we get that:

g 0 0 0
M 9\ 9 _ _ o
R <8xi’ 8xj> Ok (V%V$ V%Vaii) Oxk’

since [ 0 i} =0.



Proposition 2.1 ([21]). Let M be a pseudo-Riemannian manifold. The curvature tensor of M
satisfies the following properties:

RM(X,Y)Z = -RM(Y,X)Z,
(RM(X,Y)Z,W) = — (RM(X, Y)W, Z),
RM(X,Y)Z + RM(Y,2)X + RM(Z,X)Y =0,
(RM(X,Y)Z,W) = (RM(Z,W)X,Y,)
for any vector fields X, Y, Z, W € T'(TM).
The third equation is well-known as the first Bianchi identity.

Proposition 2.2 ([21]). Let M be a pseudo-Riemannian manifold. The curvature tensor of M
satisfies the second Bianchi identity:

(VRM)(X,Y,Z) + (VRM)(Y, Z,X) + (VRM)(Z,X,Y) = 0,
for any vector fields X,Y,Z € T'(TM), where (VRM)(X,Y, Z) is defined by
(VEM)(X,Y, Z)W := Vx (RM(Y, 2)W) — RM(VxY, Z)W — RM(Y,VxZ)W — RM(Y, Z)VxW

for any vector field W € T'(TM).

2.2 The connections induced on the induced bunbles

Let (M}, gn) be an m-dimensional pseudo-Riemannian manifold with index p, (N7, gn) an

n-dimensional pseudo-Riemannian manifold with index ¢, and ¢ : M — N a C*°-map. Then,
the fiber metric (-, ) is naturally defined on the tensor product T*M ® o TN from the pseudo-
Riemannian metrics gps and gy. In this section, we see that the connection is naturally intro-
duced on the tensor product T*M ® ¢~ TN, which is compatible with the fiber metric (-, ).

First, we see that the fiber metric (-,-) is defined on T*M ® ¢~ 'TN. Let U be an open set
of M and {z'}, a local coordinate system on U. Then,

{Ga), () g e

is the basis of the tangent space T, M, and

{(dxl)m, e (d:cm)x}

is the dual basis of the dual space T; M. So that:

(dz'), <<£]>) =5 (1<ij<m).

Also, the pseudo-Riemannian metric ga; of M on U is expressed as

m

gu = > (gar)igda’ @ da

i,j=1

Here, (gar)ij is a C*°-function on U defined as follows:

o= o (20
gm)ij = 9Mm axia O )



and [(gar)q;] forms an m-order symmetric matirix at each point on U. Then, the inverse matrix
of [(gar)i;] is expressed as [(gar)™]. Also, it is defined as

m

Y lgan)allloa™ =61, Y [(gan) o)) = 65, (1 <i,j < m).
k=1

k=1

The pseudo-Riemannian metric gys gives a natural isomorphism between 7, M and 7,y M. That
is, the following maps is obtained:

b:T,M —T;M, $:T;M—T,M.
In fact, for X, € T, M and w, € T M, we define
X:I::(Y:r) = (gm)o( Xz, Ya), (gM)x(wgcan) = we(Ya), Y, € T, M.

By using the local coordinate system, we represent

Xx—ZXZ (aﬂ), wngwxm)(dxi)x.

Then X’ and wh are denoted by

X0=>"1D (om)ij(@) X (2) | (da')e, wh=)" Z (2)w; () <£i> :
i=1 \j=1 i=1 \j=1 *

Therefore, for wy, 6, € T M, the inner product (g};). on Ty M is defined by

(g}k\/[)z(wz,ex) = (gM) ( aﬂ:vgg)
Thus, we have ‘ ‘ -
(931)2 ((d2)z, (d2?)2) = (gar)” (2).

Thus, the inverse matrix [(gar)* (x)] of [(gar)ij(z)] is the matrix that represents the components
of the inner production (g},)s-

Let y € V be an open set of N and {y,}7_; a local coordinate system on V. Then, for
x € U that satisfies p(x) € V, the local representation of ¢(z) is expressed by the C°°-function
p* =y“op on U as follows:

Also, the pseudo-Riemannian metric gy on V is expressed as follows:

n

av = Y (gn)asdy™ @ dy’.
a,f=1

Then, for x € U, the differential map dp, : T, M — T,y N is locally written as follows:

(). -2 (5) 0 (5, 0zism

That is, dp, is a linear map represented by a (n, m)-type matrix ((8“"0-[> (x))




Let Hom(T; M, Ty, N) be
Hom(T: M, T, ) N) = {f TuM — Tp(z)N ; linear map} .

Then we have a linear isomorphism Hom (T M, T,y N) =~ Ty M @ T,y N. Also, since the basis

of T;M X Tw(@N is
‘ 0
Y7 o)

the differentiable map dy, can be expressed by the following equation:

w23 (5) 0w (55)

=1 a=1

1§i§m7léa§n},

Next, we define the inner product (-, ), on the tensor product T; M ® T,y N from the inner
products (gy,)z of Ty M and (9N )y () of Tyr)N. In fact, (-, ), defined by the following formula:

(uyy ® (8‘3)() (da)y (525)()) = (00)" (2)(9 ) ()

and extended bilinearly to general elements of T;M ® T,,,)[N. If we denote the norm induced
this inner product (-,-), as |-, -|», we get the following equation:

|dipy|2 = d‘szdSO:c)

=3 Y (007 (@) anas(la ) (%) @ (?fﬁ) (z).

i,j=1a,f=1

These facts show the following. Let I'(T*M ® ¢ 'TN) be the space of the C*°-sections of
the vector bundle T*M ® ¢ 'TN. Here, the map dp : M — T*M ® ¢ 'TN is defined by
do(x) = dp, for x € M. Hence, dp € T'(T*M ® ¢~ 'TN). In addition, we can naturally define
the fiber metric on the vector bundle T*M ® ¢~ !T'N from the inner product (-, ) ., of the tensor
product Ty M & T, N. In fact, for 0,6 € T(T*M ® ¢~ 'TN), we define

(0,0)(z) = (o(x),0(x)), (v €M)
From this, for dp € T(T*M ® ¢ 1T N), we obtain the norm |dip| of this fiber metric (-,-) as

follows. 5
Op® Oy
= 303 (o amasto) (220) (22).
ox oxJ
i,7=1a,f=1
Next, we show that a connection on the fiber bundle T*M ® ¢ 'T'N is naturally defined
that is compatible with the fiber metric (,-).
On the tangent vector bundle T'M, the Levi-Civita connection V is defined by the pseudo-
Riemannian metric gps. In fact, let {2/}, be a local coordinate system of M, and we define a
coefficients of connection {Ffj} with respect to {x;} of V as

312 81}] Z i Ga:k ’

then Ffj is given by:

p 1 - i (995, Ogi _ 0gij
bij = 2 Z(gM) ot 0w o)’



where (gar)ij are components of gy with respect to {z'} and (ga)¥ are components of the
inverse matrix of [(gar)i;]. For Y € I'(T'M), we define

VY (X):=VxY (X e I(TM)),
then we get the (1,1)-type tensor field:
VY eT'(T*"M @ TM) ~ Hom(TM,TM).
Therefore, the Levi-Civita connection V of M defines the map:
V:I'(TM) - T(T"M @ TM).

Here VY is called the covariant differentiation of Y.
Next, we define the connection V* on T*M. From the linear isomorphism of T M ~ T, M,
we get the following isomorphism between T'M and T M:

b: TM —T*M, §:T"M — TM.

Using these isomorphisms, for w € I'(T*M) and X € I'(T'M), Viw € I'(T*M) is defined by the
following:
Viw(Y) = (Vxof) (V) (Y € D(TM)).

Here Vi w is called the covariant derivative of w with respect to X. For w € I'(T* M), we define
V'w(X) = Vxw (X eI'(TM)),
then we get the (0, 2)-type tensor field:
Vwe(T*M @ T*M) ~ Hom(T M, T*M).

And, the map:
V*:I(T"M) - T(T"M @ T*M)

is called the connection of T*M induced from V. Also, from the definitions of b and f, we can
see the equation:
Viw®) = X (w(Y)) —w(VxY).

Furthermore, for X € I'(TM) and w, 0 € I'(T* M), we see that
X (ghs(w,0)) = gas (Viw, 0) + ghs(w, V0),

which means that V* is compatible with the fiber metric g3, of 7M.

For a smooth map ¢ : M — N, we can uniquely define the connection V of ¢ "'T'N from the
Levi-Civita connection V' of N. Let U and V be coordinate neighborhoods of M and N such
that ¢(U) C V, and {2}, and {y*}"_; local coordinate systems on U and V respectively.

For each 1 < a < n,
0 0
—— o0 T)=|—=— zelU
<3ya (p) (@) <8y0‘>¢(z) ( )

is a C™-section of o ~'T'N on U, and at each point = € U, the set

{(ow) @ (pov) )



is a basis of the fiber T‘p(x)N on z of goflTN. Here, for each 1 <4 < m and 1 < v < n, we
define the covariant derivative V of the section of ¢ "!T'N as:

(2 (572%) ) 0= Vo2

Here V is called the induced connection on ¢ !TN. Notice that the induced connection V is
compatible with the fiber metric p*gy = {(QN)¢(x)}xeM of o~'TN.

Lastly, we explain how the connection V on T*M ® ¢ 'T'N can be defined from the connec-
tion V* of T* M and the connectionV of ¢ "!T'N. In general, the C*-section of T*M ® ¢ 'T N
is represented by the sections of T*M and <p:1TN . Therefore, for w € T'(T*M) and W €
[(p~'TN), we define the covariant derivative V(w@ W) € I(T*M @ T*M ® ¢ 1T N) as follows:

Viwa W)= (Vw) W +we (V).
Under this definition, for X € I'(T'M), the covariant derivative Vx (w® W) is defined as follows:
Vx(w@ W)= (Viw) @ W +w® (VxW).
This induces, the map:
V:I(T"M ® ¢ 'TN) > T(T"M @ T*M @ ¢ 'TN),

which is called the induced connection of T*M ® ¢~ 'T'N. The connection V is compatible with
the fiber metric (,) on T*M ® ¢ 'TN.

3 Integral invariants of a map between pseudo-Riemannian man-
ifolds

In this section, we define integral invariants of the second fundamental form of a map between
pseudo-Riemannian manifolds. An m-dimensional pseudo-Euclidean space with index p is de-
noted by E* = (R™, (, -)E;n) with <x,y>E;n =3P myi+ > ipi1 7y (x,y € R™). Define
I(E}, EY) to be

I(E,", Ey) := {H (E) x EJf — Ef 5 symmetric bilinear map} ,

which is a %nm(m + 1)-dimensional vector space. Let G be the direct product group of pseudo-

orthogonal groups defined by
G = O(p,m —p) x O(g,n — q).

The group G acts on II(E;", EY), that is for g = (a,b) € G and H € II(E;", Ey) then gH is given
by
(gH)(u,v) :=0b (H(a_lu, a_lv)) (u,v € EJY).

Then a function P on II(E}*, Ep) is said to be G-invariant if P(gH) = P(H) for all g € G and
H e TI(Ep,ED).

Let (M}, gn) and (N, gn) be pseudo-Riemannian manifolds, and ¢ : M — N a C*°-map.
Thoughout this thesis, a fiber metric on a vector bundle is also denoted by (-,-). The second
fundamental form of the map ¢ is the symmetric bilinear map Vdy : D(TM) x D(TM) —
I'(¢~'TN) defined by N

(Vdp)(X,Y) :=Vx (de(Y)) —dp (VxY)



for any vector fields X,Y € I'(T'M), which is a section of O*T*M ® ¢ 'TN. Here () is
the symmetric tensor product. We denote by V is the Levi-Civita connection on the tangent
bundle TM of (M", gur), V and V are the induced connections on the bundles ¢ 'T'N and
T*M ® o~ 'TN. If ¢ is an isometric immersion, then we have

(Vdp)(X,Y) = Vi xde(Y) = de (VxY) = VY = VxY,

where V' is the Levi-Civita connection on the tangent bundle TN of (N;, gN), i.e. the second
fundamental form of the isometric immersion ¢ agrees with the second fundamental form of the
submanifold.

For each x € M, we can write

(Vdg)y : ToM x TyM — Ty N,

which is a symmetric bilinear map. Let {e;}™; be a pseudo-orthonormal basis of T, M, {e'},
the dual basis of {e;}, and {{,}5_; a pseudo-orthonormal basis of T,,,yN. Hence we identify

Ty M and T,,;)N with EJ* and Ef, respectively. Then (%dgp)x can be expressed as
G = S S h o ot
a %,]

where h% is defined by

h% = <(Vd90)x(ei’ 6j)7£01>7
and
/ {_1 (azlv"'7q)

1 (a=q+1,---,n).

Thus we have a linear isomorphism between T; M © Ty M ® T,y N and II(E}*,E7). That is,
(Vdp)y € TEM & T*M @ Ty N corresponds to H, = (hf;) € II(E)", Ey). Therefore, for a
G-invariant function P on II(E}*, [E7'), we define an invariant function of the second fundamental
form of ¢ as follows: N

This definition does not depend on the choices of {e;}I"; and {£,}7_; since P is G-invariant and

a change of a basis is the action of the pseudo-orthogonal group. Also, P((%dgp)m) is a smooth
function on M.

Definition 3.1. Let (M;",gn) be an m-dimensional compact pseudo-Riemannian manifold

with index p, (N}, gn) an n-dimensional pseudo-Riemannian manifold with index ¢, and P a

G-invariant function on II(E}?, E}). Then for a smooth map ¢ : M — N, we define

1P (p) = /Mp«%dso)z)dum

We call I¥ () the integral invariant of ¢ with respect to P.

By definition, I 73(go) is an invariant of a map ¢ between pseudo-Riemannian manifolds, that
is, I”(go o f~1) = I”(¢p) holds for any f € Isom(M) and g € Isom(N).

We consider the following G-invariant polynomials on II(E}*, Ep). For H = (h{;) € II(E}', E),
define

2
Qi(H) = e,y eicj(hy)? and Qu(H):=)» e, <Z 5ihf§>
« 2,] « %

10



with

8i:{_1 (i=1,--,p)

1 (i=p+1,---,m).
Q1(H) and Qz(H) are G-invariant homogeneous polynomials of degree two on II(E;", E}).

Definition 3.2. For ¢ € C°°(M, N), the Q;-energy functional I () and the Qz-energy func-
tional 192(p) are defined by

19 (p) = /M Q1 ((Vdep)a)dptg,, = /M <€d<p, 6ds@> dpig,, (3.1)
and

19(0) = | Qu((Fde)a Yoy = [ (tr0n (V) 100y (9)) digyy- (32)

Then ¢ is called a Q1-map if it is a critical point of 1< (). Also, then ¢ is called a Qp-map if
it is a critical point of I92(¢).

Remark 3.3. The Qs-energy functional 192(y) is equal to two times of the bienergy functional
Es(p). Indeed, when ¢ is a smooth map between Riemannian manifolds, it holds that

19 () = /M <trgM(€d<P)7trgM(€d<P)> dprgy, = /M trgM(%dso)fdugM = 2E5(p).

Remark 3.4. When dim M = 4, the Qp-energy functional and Qs-energy functional are invariant
under homothetic changes of the metric on the domain M.

4 The first variational formulae for O -energy and Q>-energy

4.1 Preliminaries

Let (M}, gnr) be an m-dimensional compact pseudo-Riemannian manifold with index p, (Ng', gn)

an n-dimensional pseudo-Riemannian manifold with index ¢, and ¢ : M — N a C*°-map. In
this section, we use the following notation.
V2dyp and V3dy are defined by

(V2do)(X,Y, Z) := Vx ((Vdp)(Y, Z2)) = (Vdp) (VxY, Z) = (Vdo) (Y, Vx Z)
and
(V3dp)(X,Y, Z,W) = Vx ((V2dp)(Y, Z,W)) — (V2dp)(VxY, Z,W)
— (Vo) (Y, VX Z,W) — (VZdy) (Y, 2,V x W)

for any vector fields X,Y, Z, W € ['(TM). V2dy and V3dy are sections of Q> T*M®p TN and
®4 T*M ® ¢ TN, respectively. By definition, V2dy and V3dy have the following symmetry

(6265%0)()(’ Y, Z) = (62d(p)(X, Z,Y),
(%3d30)(X> Y, Z, W) = (%3d<p)(X, Y, W, Z)'

The tension field 7(¢) of ¢ is defined by

T(p) = trg,, (%d(p) = Z €i(%d<,0)(€i, €;) = Zsi (%eidgp) (&)

K3 K3
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If ¢ is an isometric immersion, then its tension field is equal to m times of the mean curvature
vector field.

In general, the curvature tensor field R® of a connection V¥ on the bundle E over M is
defined by
RP(X,Y) = VEVY - ViV = Vixy, (XY € T(TM)).

In particular, for the curvature tensor field R of the induced connection V on the bundle T*M ®
0 ITN, we have

(R(X,Y)dg)(Z) = R*"TN(X,Y)dp(Z) — dp (RM (X, Y) Z)
= RN (dp(X),dp(Y)) dp(Z) — dp (RM(X,Y)Z) (X,Y,Z e T(TM)),

where RM | RN and R? TN are the curvature tensor fields on TM , TN and ¢~ 'TN, respectively.
Then we derive the first variational formulae of the Qp-energy and Qs-energy separately.

4.2 The first variational formula for Q;-energy

We consider a smooth variation {¢;}er (I := (—¢,¢)) of ¢, that is we consider a smooth map
® given by
O:MxI— N, (z,0)— ®(x,t) =: p(x)

such that ¢o(z) = ¢(x) for all z € M, and denote by V its variational vector field, that is

0
—do [ =
Vd(at

) e (e 'TN).
t=0

We denote by V, V and V the induced connections on T(M x I), ® TN and T*(M x I) ®
®~ TN, respectively. Let {e;}™; be a local pseudo-orthonormal frame field on a neighborhood

U of € M, then {el, (%} is a pseudo-orthonormal frame field on the neighborhood U x I of
(z,t) € M x I, and it holds that

Vag—o, Vagei:V 0
t

<1 <
25 0 (1<i<m).

ei&: =

First, we can write the formula (3.1) as
IQl(gp) = / <%dcp, 6dg0> dpig,, = / Zfifj <(%dg0)(ei, ej), (%d(p) (€4, ej)> ditg,, -
M M

For a variation {¢;}ter of ¢, it holds that

d ~
@Igl = /Z€’€J< (Vdd) ez,ej),(Vd@)(ei,ej)>dugM

_ 2/ Zeza] 5 (Vd®)(eirey)), (VaD)(er, ) ) iy, (4.1)
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Then we have

— (Vd®) <§t,ve;) — RN (d(b ei), (;)) dd (e
- (6%@) <ei,ej, ;) — RN <dq> &), (5 )d(I) (4.2)

By substituting (4.2) into (4.1), we have

%Igl —2/ Z€Z€]< (V2dd) <ei,ej,gt) ,(6dq>)(ei,ej)>dﬂm
- 2/M%:eisj <RN <d¢>(ei),d¢> (;)) d®(e;), (6dq>)(ei,ej)> dpigy, - (4.3)

We need the following lemma to calculate the first variation of 791 ().

Lemma 4.1. Under the setting above, for any variation {¢}ier of ¢, it holds

o2 AN
Z €igj d®) ( e, ej, ot )’ (Vd®)(es, ej) dpgyy
= / Z €i&j <d(I) <8t> y (63dq)) (ei, €5, €y 6j)> d/‘LgM' (44)
M ij
Proof. We define vector fields on M depending on t € I by
o ~
2515] (Vdd) € ,(Vd®) (e5,¢€5) ) e

and

}7}/ = Zeﬁj <d(1) (;) > (6261(1)) (ejveiaej)> €i
2%

where {e;}"; is a local pseudo-orthonormal frame field on a neighborhood U of M. )NQ and 37,5
are well-defined because of the independence of the choice of {e;}. Hence X; and Y; are global
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vector fields on M. Indeed, let {f;}"; be another local pseudo-orthonormal frame field, then
the transformation function (ng)lgz,ggm :U — O(p,m — p) is given by

fi=> pije; (1<i<m).
Using this, we have

e ((¥a0) (5. 57) (Fa0) (5.5)) 5

. 9 .
= Z €i€jPjaPibPjcPid <(Vd‘1)) <€a, 6t> ,(Vd®) (eb7ec)> eq

i?j7a7b7c7d

= % cucatuia ((900) (0 5 ) (V) (e,c0) ea

a,b,c,d

> eats <(6dc1>) (ea, ;) ,(Vd®) (ep, ea)> ep-

a,b

In a similar way, we can check that Y, is well-defined.
The divergnce of X; is given by

diVXt

= Zek <Vek)?, ek>
k

= §€k< o (Z Ei€j < (VdD) <€j, i) ,(Vd®) <€i,€j)> ei) ,€k>

= creicjen <<(€dq>) <ej, gt) ,(Vd®) (ei,ej)>> (ei,er)

/[:7j7k

- Zakszaj< (Vdo) <ej, i) ,(Vd®) (e,-,ej)> (Vepeir ex)

4,5,k

= e { (e (1900 (0 57) ) - T
+<(Vd<1>) <ej,§t> Ve ((Vd®)(eire; )>} Ze]sk< (Vdd) <ej,§t> ,(ﬁdé)(vekek,ej)>
_ Zzgigj {<(62dq>) (ei,ej, gt) +(Vad) <veiej, ;) +(Vad) <ej,v€i§t> ,(%dq>)(ei,ej)>

+< Tdo ( )
)

(V2d®)(es, €1, ¢) + (VD) (V€4 ¢5) + (VdD) (e, veiej)>
(

92\% ST

(Vdo)
_ <(€dq>) (637 Vdd Veiei7€j)>}

)
) (
- %:gigj {<(62d¢> <e ej, ;) L (Vd®) (e, ej)> + <(€d¢>) (Veiej, ;) L (Vd®) (e, ej)>

+ <(§d¢>) (ej, gt) L (V2d®)(e;, e, ej)> + <(€dc1>) <ej, gt) ,(Vd®) (e;, veiej)>} .
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At the fourth equality, we use the following

> excie; <(6dq>) <ej, ;) ,(Vd®) (e, e]-)> (Ve €irer)

1;7j7k

== erei; <(%dq>) <ej, ;) ,(Vd®)(e;, ej)> (ei, Veyer)

1,7,k
0 ~
= — Zsjsk < Vd<I> (ej, 8t> , (Vdd) (Z ei (€, Vey€k) €i, e]-> >
o ~
- Zsjek < (Vdd) <ej, 8t> ,(Vdd) (Vekek,ej)> .

Now, take a nelghborhood U of x € M such that the exponential map at x is injective onto
U, which is called a normal neighborhood. And we construct a pseudo-orthonormal frame field
{e;}, by parallel transporting a pseudo-orthonormal basis at « along a geodesic v : [0, 1] - M
from v(0) = z to y(1) = y for every y € U. The pseudo-orthonormal frame field {e;}/*; is
called a geodesic frame field. We note that a geodesic frame field {e;}!"; around a point z € M

satisfies
(Veiej)x =0, [eivej]x =0 (1 <i,j< m)

at x. Since (Veiej)(x H= (Ve,ej), =0 for all t € I, we have

(le)?t) -

-Sea{{(@m () (Emien),,)
<<qu> Ve, 5>><m) ((qu>)(ei,ej))(x’t)>
(o)), (o >>

(oo <ews>>m e»> m>}

2

= Z5z5J {< D) (2,0 ((ei)(a;,t) (%)(m

< qu) ( ezej (x,t)> Gt)( )) v(edq))(m,t) ((ei)(m,t)7 (ej)(r,t))>
< (Vdd), ( » )) L (V2d®) 4y (1) (), (€) o) (ej)(m,t))>

+ <(€d<b)(z,t) ((ej)(a:,t)7 (;) " t)) ) (edq))(:v,t) ((ei)(:v,t)v (veiej)(x,t)) >}

0

= e {<(62d¢)(x,t) ((ei)(:p,t), (€5) (1) <8t>( )) (VA () ((€1) ity (ej)(ac,t))>
%, z,t

+ <(€d¢))(x7t) ((ej)(x,t)y (;)(I t)) (VD) 44y (1) (w0)» () ) (ej)(x,t))>} . (45)

15

Vd(I) (x ) ez)(:c,t)v (ej)(l‘yt)) >

(:L’t



Each term of the last formula of (4.5) is a tensor, so we have

vk = e {(19%00) (s 2 ) (P
%)

+ <(6d<1>) <ej, i) (92D (1, 1, ej)>} , (4.6)

where {e;}, is an arbitrary local pseudo-orthonormal frame field.
In a similar way, we calculate the divergence of Y;. We have

diV)N/t

= Zﬁk <Vek5~/%7€k>
_ ng Ve, (Za,a] 4o §t> , (6%@) (ej,ez-,ej)>ei) ,ek>
= ereicjen << ( ) V2d¢’> (ejv€i7ej)>> (ei,ex)

1,7,k

+3 e <dq>( > V2d<1>) (ej,ei,ej)><vekei,ek>

1,5,k

_ Zz:gigj {<Vei (dcb <8at>> ,(62d(1>)(€j76iaej)> + <d¢> (gt) , Ve, ((62d¢)(€ja€i7€j)>>}
- Jzk: EkEj <d<I> <§t> ,(V2d®) (e;, Ve, e, ej)>
S (@i (e 2) a0 (v 2 ) (Famiepenes)

< ( > (V2d®)(es, ¢, €5, ¢5) + (V2dD) (Ve,e5, i) + (V2dD) (e, Ve,ei, ;)

+(V2dD) ) (ej, €, Ve ej)>

0
< (81‘) V2d<I> e],VeleZ,ej)>}

= Zszsj {<( (e“ ) ,(62d<p)(ej,ei,ej)> + <d<I> (;) ,(63d@)(€i7€j7€iv€j)>

<d<1> (6t> (V2d®) (V. ej,el,e])> + <d<1> <§t) ,(V2do) (ej,ei,veiej)>} .

Then, assuming that {e;} is a geodesic frame field around a point x € M, we have

(@),

0 ~
= 25251 {< qu) (J: t) ((ei)(a:,t)7 <(9t)( )) ) (Vqu))(a:,t) ((ej)(ar,t)v (ei)(x,t)v (ej)(w,t))>
x,t

+ <(d¢)(m,t) ((gt) “ t)) ) (63d(1))(z7t) ((ei)(z,t)a (ej)(x,t)v (ei)(m,t)v (ej)(:s,t)) >} . (4.7)
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Each term of the right hand side of (4.7) is a tensor, so we have

divy; = Z €igj {<(%d<1>) (e gt) L (V2d®)(ej, e, ej)>

+ <d<1> <§t> L (V3d®) (4, 5, €4, ej)>} , (4.8)

where {e;}", is an arbitrary local pseudo-orthonormal frame field.
By Green’s theorem, we have

/ divX, dprg,, = 0= / divy; dftgy,
M M

and together with (4.6) and (4.8), we have
~, 9 .
Z €i€j (V=d®) | e, €55 ot )’ (Vd®)(e;, ej) ditgy
M ij
9 <3
= Zsiej do ( = |, (V°d®) (es, e5,€4,€) ) dpigy,-
M4 ot

Here we use the symmetry of V2d. O
Substituting (4.4) into (4.3), we have

dQ1
a1 ()

/ Zslsj< V3dD)(es, e5,eire;) — RY (dcb(ej),(%d@)(ei,ej)) dd(e;), dd (;)>dugA4.

Therefore we obtain the following theorem.

Theorem 4.2. Let (M}, gu) be a compact pseudo-Riemannian manifold, (N;',gn) a pseudo-

Riemannian manifold and ¢ : M — N a C*®-map. Consider a C*-variation {¢¢}ier of ¢ with
variational vector field V.. Then the following formula holds

d

7191
dt (1)

t=0
/ <Zslsj{ V3d<p ) (eis €5, €5, €5) —i—RN((Vd(p)(eZ,e]) dap(ez))dgo(ej)} V> ditgy,

where {el} m . is a local pseudo orthonormal frame field of (M}, gn) with gn(ei,ej) = €idij,
e1=-=¢gp=-1,epp1=--=enp=1

For a map ¢ € C®(M, N), we define Wi (p) € T'(¢"'TN) by

Zezaj { V dcp (€i,ej,€i,e5) + RN((ﬁdcp)(ei,ej),dap(ei))dgo(ej)} .

Hence ¢ is a Qp-map if and only if Wi(¢) = 0. We can adopt the Euler-Lagrange equation
Wi(e) = 0 as the definition of a Qi-map. Then the domain M of ¢ is not nesessarily compact.

Remark 4.3. In an analytlcal setting, Moser [20] studied a variational problem for the Q;-energy
functional 19 () = [}, IVdy|? dptgy, -
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4.3 The first variational formula for Q,-energy

In a similar way, we show the first variational formula of the Qs-energy. Let {¢;}1cr be a C°°-
variation of ¢ with variational vector field V' and {e;} a local pseudo-orthonormal frame field
on a neighborhood U.

First, we can write (3.2) as

IQQ(‘P) = / <tr91\4<6d§0>7tr91w (€d¢)> dpigys
M
= [ S e {(Fap)esseo, (Fp)es, ) s
M
For a variation {¢}ier of ¢, it holds that
d o d _ -
%I 2(9075) = % /M izjgisj <(qu>)(ei> 62'), (qu))(ej7 ej)> d'ugM
o /M S e (V0 (V@) (e ). (ViR (e,7) ) gy, (4.9)
1,J

Then we have
Vo ((%d@)(ei,ei))

N o _
_ 2 L o . o
— (V2d®) <&,el,ez> +2(Vdo) (V%ez,Q)

— (Vd®) (;,Veiel) — RN <d(I>(ei),dtI> <§t)> dd(e;)

- 0 ~ 0 ~ 0
+ (Vdd) <V€iei, 8t> + (Vdd) <e Veiat> — (Vdd) <8t’ veiez)
0

= (V2d9) <ei,ei, ;) — RN (d®(e;), d® (;)) dd(e;). (4.10)

By substituting (4.10) into (4.9), we have
d QQ ~2 3 —
1% (p) =2 M;aisj (V2d®) (i i, 50 ) (VAD) (e, e)) ) gy,

_ 2/M %:siej <RN (d@(ei),d@ (;)) dd(e;), (6d<1>)(ej,ej)> dug,.  (4.11)

18



Lemma 4.4. Under the setting above, for any variation {p:}icr of o, it holds
2 AW
25253 V d®) | e;, e;, g (VdD)(ej,€;) ) diigy,
= / Zé‘ié‘j <d(I) <8t> N (e3dq))(€i, €i, €5, €j)> dMgM- (4.12)
M7
Proof. For each t € I, we define vector fields on M by
0 ~
Z Ei&j qu) €;, a s (qu)) (ej, ej) €;

and

i;t = Z(—:iej <dq) (;) s (62dq)) (eiyej’ej)> €,
2

where {e;}!", is a pseudo-orthonormal frame field on a neighborhood U of M. Note that X,
and Y; are globally defined vector fields on M.
The divergence of X; is given by

diV)?t

= Z Ek <Vek)?ta €k>
k

= zk:gk< o (Zé—zg]< (Vd®) <ei,§t> ,(Vd®) (ej,ej)>ei) ,ek>
= ecicien <<(6dq>) <e ;) ,(Vd®) (e;, ej)>> (e, ex)

2'7j7k

0 ~
+ Y ey (Va0 (e0 5 ) (900) (0109 ) (Vayersen)

4,5,k

= Zgzg] {< < Vd) (e ;)) ,(Vd) (ej,ej)>
+<(Vd<1>) <ei,§t) Ve, ((Wq») (ej,€; )>} Zek5]< (Vdd) <Vekek,§t> 7(€d<1>)(ej7ej)>
- izgigj {<(62d<1>) <ei,ei, ;) + (VdD) <Veiei, gt) + (VdD) (%Veigt> ,(%dcp)(ej,ej)>

<Vd<1> (e“ t> (V2d®) (e;, ¢, €;) + 2(VdD) (veiej,ej)>

< (VdD) (Velez, at) Vd@)(ejaej)>}

— Zzgigj {<(V2dq>) <e ei, ;) ,(Vd®)(ej, ej)> + <(%d¢>) <e i) L (V2d®)(es, e;, ej)>

+2 <(€dc1>) (e ;) L (Vd®) (Ve,e;, ej)>} .

19



Then, assuming that {e;} is a geodesic frame field around a point x € M, we have

(le)?t) -

= Z €i€; {<(62d¢> ((ei)(a:,t% (€1) (1) ( gt) ( t)> L (Vd®) ((€)) a1 <€j)(a:,t>)>

~ ) _
+ <(Vd(1)) ((ei)(m,tb <8t>( )) ) (ngq)>(g;,t) ((ei)(a},t)a (ej)(az,t)a (ej)(x,t)) >} . (413)
x,t
Each term of the right hand side of (4.13) is a tensor, so we have
divXy = e 4 (V2P (e e 9 (Vd®)(e;, ¢;)
- 1<) (22 8t ) VR
7/7]

+ <(6d<1>) (e ;) L (V2d®)(e;, e, ej)>} , (4.14)

where {e;}", is an arbitrary local pseudo-orthonormal frame field.
In a similar way, we calculate the divergence of Y;. We have

divY;
= kaz <V6k27€k>
_Zek Ve, (Z&e] d<1> a),(%%zcb) (ei,ej,ej)>ei> ,ek>
=Y ereicien << ( ) (Vo) (ei,ej,ej)>> (es, ex)

4,5,k

+Zakezgj <d<I>< ) V2d<I>> (ei,ej,ej)><vekei,ek>

D {9 (a0 (5)) (F2a0) teesnen) + (a0 () T ((V208) (ercr0e0)) )}
S (0 (5) (9200) (Vercnncsne))
- Ze,a] {< (Vdd) <e ;) +do <V6L§> ,(?Qdé)(ei,ej,ej>>
+ <d<I> <8t) L (V3d®) (e, €4, €5, ¢5) + (V2d®) (V,ei, 4, ¢5) + 2(V2dD) (e, Ve,e;, ej)>
(

8t> ,(V2d®) (veie,»,ej,ej)>}
d%) <e i) ,(€2d<1>)(ei,ej,ej)> + <d<I> <gt> ,(63dq>)(ei,ei,ej,ej)>

{ v
+2 <d<I> <§t> ,(V2d®) (e;, Ve,e;, ej)>} .
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Then, assuming that {e;} is a geodesic frame field around a point x € M, we have

(@),

= Z&‘Ej {<(€d®)(x,t) ((ei)(x,t)7 (gt)( )) L (V2dD) (1) ((€0) () (€5) t): (ej)(a:,t))>
i,j x,t

+ <(dq))(a:,t) ((;) . t)) , (63(1(1))(;,;,” ((€5)(@t)s () @ty (€5) (mt)> (€5) () >} . (4.15)

Each term of the right hand side of (4.15) is a tensor, so we have

divy; = Z £i;j {<(6dq>) (e gt) L (V2d®) (¢4, €5, ej)>

+{ao (2 L (V3d®) (ei, eqrej,€5) ) b (4.16)
() )}

where {e;}", is an arbitrary local pseudo-orthonormal frame field.
By Green’s theorem, we have

/ divX, dprg,, =0 = / divY; dftgy,
M M

and together with (4.14) and (4.16), we have
2 AN
ZEZ&‘] (V2dD) ( e, €5, 5 ,(Vd®)(ej,€;) ) dpigy,
= / Zaié‘j <dq) <> s (%3d‘p)(€i, €i, €5, 6j)> dMgM'
M ot

Substituting (4.12) into (4.11), we have

sz
a1 ()

/ Zslsj< V3dd)(e;, eire,¢;) — RY (d@(ei),(%d@)(ej,ej)) dd(e;), dd (gt)>duw.

Therefore we obtain the following theorem.

Theorem 4.5. Let (M;”,gM) be a compact pseudo-Riemannian manifold, (N(?,gN) a pseudo-

Riemannian manifold and ¢ : M — N a C*°-map. Consider a C*-variation {¢}ier of ¢ with
variational vector field V. Then the following formula holds

d

7192
dt (1)

t=0

/ <Z€Z‘€J{ Vsdap ) (eis €, €5, €5) —|—RN((Vd<p)(eZ,ez) dgo(ej))dgo(e])} V> ditgy

where {el} 1 is a local pseudo orthonormal frame field of (M)",gn) with gu(eisej) = €idij,
1= =¢gp=—-1,epp1 ==, =1
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For a map ¢ € C°(M, N), we define Wa(p) € I'(¢~'TN) by

Zazsj { nggo ) (eir€i,ej,€5) + R ((ﬁdnp)(ei,ei),dgo(ej))dgo(ej)} .

Hence ¢ is a Qy-map if and only if W () = 0.

Remark 4.6. For a pseudo-Riemannian manifold (M}", gar), if the index p = 0 then (M{", gar)
is a Riemannian manifold. Therefore a map ¢ : (MO ,gm) — (NG, gn) between Riemannian
manifolds is a Q;-map if and only if

Z {(%3dgp) (€i,€j, €5, e5) + RN((ﬁdgo)(ei, ej),dga(ei))dcp(ej)} =0,

where {e;}/", is a local orthonormal frame field of (M™, gps). Similarly, we have that a map
o (M, gm) — (NG, gn) between Riemannian manifolds is a Qp-map if and only if

Z {(ﬁgdgo) (€i,€i,ej,e5) + RN((%dg@)(ei,ei),dcp(ej))dcp(ej)} =0.

By Theorem 4.2 and Theorem 4.5, we obtain all the first variational formulae of the integral
invariants which belong to the space spanned by the Qi-energy and Qs-energy.

By comparing the first variational formula of the bienergy (cf. [14]) and that of Qg-energy
(Theorem 4.5), we have the following proposition.

Proposition 4.7. Let ¢ : M — N be a C*®-map between pseudo-Riemannian manifolds
(M, gm) and (N, gn). Then the following formula holds

—V'Vr(p Zezej (V3 dy) (e, e, ej,€5),

7]

where ="'V is the rough Laplacian and {e;}", is a local pseudo-orthonormal frame field of

Proof. For any V € I'(¢~'TN), we define vector fields on M by

W= i Ei€; <V, Ve, (Vdp)(e;, 6j))> €

i,
and
Zslej < (V dgo)(ez,e],ej)> e,
where {e;}{", is a local pseudo-orthonormal frame field of (M}, grr). Then, assuming that {e;}

is a geodes1c frame field around a point x € M, we have

W, = 25153 < ((Vdsﬁ)(ej, ej))) ((Vdgo)(v €55 e])) > (€i)x
= Z%( Ve, (Vo) (ejoe5))), ) (e

= Wz.
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Therefore W = W. Thus,
0 = div(W — W),
=D e {{(VeV), (Ve (Vo) (esi€)) ) + (Var (Ve (Vs (V) e51€0))).,)

=Y e {((VeV) (V) ernese)), ) + (Ve (Ve (V) errejie)), ) |

= <Vx7 ( — ﬁ*vT((p))x — Zé‘iéj ((6361@)(6“ €, 6]', ej))x> )
1,]
where {e;}", is a geodesic frame field around a point z € M. So we have
—V'Vr(p) =Y eig;(Vidp)(ei,eirej,€5),
Y]

where {e;}", is an arbitrary local pseudo-orthonormal frame field. O

5 The Euler—Lagrange equation of the Chern—Federer energy

We inherit the settings in the previous section. In this section, we introduce the Chern—Federer
energy functional for a map ¢ : (M)", gn) — (N7, gn) between pseudo-Riemannian manifolds,
which is an integral invariant defined by a homogeneous polynomial of degree two on II(E}", E)
called the Chern—Federer polynomial. Then we verify the Euler-Lagrange equation of the Chern—
Federer energy functional.

For H = (h{;) € IL(E", Ey), the Chern—Federer polynomial CF(H) is defined by
CF(H) := Qa(H) — Q1(H). (5.1)

From Theorems 4.2 and 4.5, the Euler—Lagrange equation of the Chern—Federer energy functional
I9%(p) is
0 =Wa(p) = Wilp)
= Zeiaj {(63d<p)(ei, €i,€j,€e5) — (V3de) (e, €j,€i,€j)

i7j

+RY ((Vdp)(es, e0), dp(e)))dp(ej) — RN ((Vdp)(ess ¢), d@(ei))d@(ea’)} , o (5:2)
where {e;}/; is a local pseudo-orthonormal frame field of (M}", gar). In this section, we give al-
ternative expressions of the Euler-Lagrange equation of the Chern—Federer energy functional. In
particular, the Euler-Lagrange equation of I°F () is a second-order partial differential equation
for ¢. Moreover, we describe the symmetry of the Euler—Lagrange equation of the Chern—Federer
energy functional and that of the Chern—Federer polynomial.

We also introduce the Willmore—Chen energy functional, which is an integral invariant de-

fined by the homogeneous polynomial of degree two called the Willmore—Chen polynomial. For
H = (hg;) € IES, Ey), the Willmore-Chen polynomial WC(H) is defined by

WC(H) == mQ: (H) — Qo (H).

Let o and 3 be constant numbers such that o 4+ 82 # 0. A C®-map ¢ : M — N is called
an (aQq + $Qs)-map if it satisfies

aWi(p) + BWa(p) = 0.
By definition, an (aQ1 + fQ2)-map ¢ is
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e a Qj-map when («, ) = (1,0);

e a Qy-map, that is, a biharmonic map, when («, 8) = (0, 1);
e a Chern—Federer map when (o, 8) = (—1,1);

e a Willmore-Chen map when (o, 8) = (m, —1).

In Section 6, we construct some examples of these maps. In previous research, the mainstream
was to increase the order of the energy functional. In contrast, we extended the energy func-
tionals with a second order class (cf. Figure 2).

ES

E, () EX ()

r-energy ES-r-energy

functional functional

Es(e)
higher order

Chern-Federer Willmore-Chen Q1-energy bienergy Qy-energy
energy functional — cnergy functional — functional functional functional
%) Ve I9(p)  Ealp) = 20%(p)

spang {191 (), I%*(p) }
(our research )

E1(p)

energy
functional

Figure 2: Correlation diagram of energies used in previous research and our research

5.1 Alternative expression of the Euler—Lagrange equation of the Chern—
Federer energy functional I

First, we prepare the following lemmas.

Lemma 5.1. For a smooth map ¢ : M — N and X,Y,Z € T'(TM), the following equation
holds:

(V2dp)(X, Y, Z) = (V2de)(Y, X, Z) = R (dp(X), dp(Y)) do(Z) - dip (R (X, Y)Z)
Proof. Let {e;}1, be a geodesic frame field of (M2, gyr) around z € M. At z, we have
(V2dp)(ei, 5, ex) — (V2dp)(ej, €, ex)
= Ve, ((Vde)(ej,en) ) = (Vp)(Veeyen) = (Vo)(eg, Verer) = Ve, (V) erren)
+ (Vd) (Ve e, e1) + (V) (ei, Ve, ex)
= Ve ((Vdp)(esoen)) = Ve, (V)i en))
Ve, (Ve; (do(er)) — dp(Vesex)) — Ve, (Ve, (doler) — dp(Ve,er)))
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ﬁ )dgp(ek) Ve, (d(p(Vejek)) —l—ﬁej (de(Veer))
= (VeVe, = Ve, Ver = Vierey) ) diole)
Vesen) +dp (Ve Ve,e) b+ { (Vo) (es, Veer) + dip (Ve, Veyer) |
= R‘P_ITN(GZ-, ej)dp(er) — dp <V6ivejek — Ve, Veer — V[ei,ej]ek)
=RN (dp(e;),dp(ej)) dp(er) — dp (RM(ei, ej)ek) .
Since all terms of the first and last formulae are tensors, we have the lemma. O

Lemma 5.2. For a smooth map ¢ : M — N and X,Y,Z,W € I'(TM), the following equation
holds:

(V3de)(X,Y, Z,W) — (V3de) (X, Z,Y,W)
= (VRN) (dp(X),dp(Y),dp(2)) dp(W) + RN ((Vdep)(X,Y), dp(Z))dp(W)
+ RN (dp(Y), (Vdp)(X, 2))dp(W) + RN (dp(Y), dp(Z)) (Vde) (X, W)
— (Vdy) (X, RM(Y, Z)W) — dp ((VRM) (X, Y, 2)WV).
Proof. First, we show that the following equation:
(V3d)(X,Y, Z,W) — (V3d) (X, Z,Y,W)
— (VR? ™N)(X,Y, Z)dp(W) + R TN(Y, Z)(Vdg)(X, W)
— (Vdp) (X, RM(Y, Z)W) — dp ((VRM) (X,Y, Z)W), (5.3)

where X, Y, Z,W € I'(TM). Let {e;}]*; be a geodesic frame field of (M, gas) around = € M.
At z, we have

(~3 )(eiaejaekael) - (%3d90)(ei,ek,ej,el)

:v ( ej,ek,el ) Vez ( V d@)(elmejael)>

= Ve, (BN (dp(e)), dp(er)) dip(er) — do (RM (e, ex)er))

=V.. ( dgo e;) dap( k) d (el)) (Vd(p) (eZ,RM(ej,ek)el) —dy (Vei (RM(ej,ek)el))
( (

2
)) V ez, M(ej, ek)el) —dyp (Vei (RM(ej, ek)el))
VRS"_lTN) (eirej er)do(er)) + RY TN (Veej,en) doler) + RY TN (e, Veser) dip(er)

+ RSN (e, 1) Ve, (dip(er)) = (Vi) (€1, RM (e, ex)er)

—dy ((VRM) (eirejrenser) + RM(Veej,ex)er + RM (e, Ve,er)er + RM (ej, er)Veel)
= (VRWITN> (i, €5, ex)dp(er) + RY TN(e], er)(Vdy)(es, e;) — (Vdep) (ei, RM(e;, er)er)

—dyp ((VRM) (€i, €5, €k, el)) .

Il
g\

i(R‘p TN@ sep)dp(e

Here, the second equality holds because of Lemma 5.1. Since all terms of the first and last
formulae are tensors, we have (5.3). Then, on Ende~!T'N, we have

—1 ~ ~
R TN(Y, Z)((Vde) (X, W) = RN (dp(Y), dp(2)) ((Vde) (X, W)), (5.4)
where X, Y, Z, W € I'(T M), since the following equation holds:

REIN(XY) = (97 RY)(X,Y) = RN (dp(X), dp(Y)).
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Also, we can verify the following equation:
(VR?TV)(X,Y, Z) = (VRN)(dp(X), dp(Y), dip(2))
+ RN (dp(Y), (Vdg)(X, Z)) + RN ((Vde)(X,Y), dp(Z)). (5.5)
Thus we have
(VR?T™N)(X,Y, Z)
<(ReIN(Y, 7)) = R¢TN(VxY, Z) — R "TN(Y,VxZ)
x (RN (dp(Y), dp(2))) = RN (dp(VxY),dp(Z)) — RN (dp(Y), dp(V x Z))
= Vx (RN (dp(Y),dp(2))) + RN (Vdp)(X,Y),dp(Z)) + RN (de(Y), (Vdp)(X, Z))
— RY(Vx(dp(Y)),dp(Z)) = RN (dp(Y), Vx (dp(Z)))
= RN((Vdp)(X,Y),dp(Z)) + RN (dp(Y), (Vdp) (X, Z)) + (VRN )(dp(X), dp(Y), d(Z)).

v
v

Here, by taking local frame fields of (M, gar) and (V, gn) and calculating locally, we verify the
last equality. Therefore the assertion holds from (5.3), (5.4) and (5.5). O

Remark 5.3. Recall that VR? ™ TN is the derivative of the curvature tensor field R?~ 7N , defined
by

(VR?TNY(X,Y, Z)s := Vx (R? ™N(Y, Z)s) — R?"TN (VxY,Z) s
—RTN (Y, VxZ)s — R?TN(Y, Z)V ks,
where X,Y,Z € I'(TM) and s € T'(¢~'TN).

Using Lemma 5.2, we obtain the following proposition.

Proposition 5.4. A smooth map ¢ : M — N is a Chern—Federer map if and only if
0="> cie {(VRN) (dg(e:), de(es), dip(e;)) dip(es) — (Vd) (ei, RM (ei, €))e;)
]

—dp ((VRM) (ei, e5,¢5)e;) + 2R (V) (ei, e4), dp(es) ) dp(e;)
+2RN (dples), (Vdg) (e e5)) dio(e;) | (5.6)
where {e;}; is a local pseudo-orthonormal frame field of (M}, gur)-
By the equation (5.6), it can be seen that the Euler-Lagrange equation of the Chern—Federer
energy functional for a map ¢ is a second-order partial differential equation for ¢.
5.2 Alternative expression of the Euler—Lagrange equation of the Chern—
Federer energy functional II

Here, we express the Chern—Federer polynomial as follows:

CF(H) = Q2(H) — Q1 (H)

2
Sy (Zsihf»;) A s
«a i 1,J

= Zgla Z€i€jdet (ZZZ{ ZZ;) .
- i i 27

Then we have the following alternative expression of the Euler-Lagrange equation of the Chern—
Federer energy functional.
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Theorem 5.5. Let ¢ : M — N be a C®-map between pseudo-Riemannian manifolds. We
define (0,4)-type tensor fields i and v valued on = *TN by

1w(X1, Xo, X3, X4) := (V3d)(X1, X, X3, X4)

and

v(X1, X, X3,Xy) = RN((ﬁdV?)(Xg,XO, dp(X1))dp(Xs),
where X1, Xo, X3, X4 € T(TM). Then ¢ is a Chern—Federer map if and only if

Cp+v)=0. (5.7)

Here C is the contraction of a (0,4)-tensor field on M defined by

Ci2 Ci3
C :=det ,
¢ <C24 C34>

where C;; is the contraction of the i-th and j-th variables.

Proof. From the definition of y and v, we have pu,v € D(T*M @T*M @ (T*M &T*M)®p 'TN).
For simplicity, we set

Mijkl = M(ez‘,ej,ek,el)
and

Vijki := v(€;, €], €k, €1),

where {e;}7, is a local pseudo-orthonormal frame field of M. Note that, by the pseudo-
Riemannian metric gy, there is a natural correspondence between a covariant tensor and a
contravariant tensor on M. Hence we can consider a contraction of (0,4)-tensor field on M.
Then we have

25153{ (V3dyp) (€i,€i,€j,e5) — (%3d<p)(ei,ej,ei,ej)}

= Z5i€j piigi — Higig) = Y (i 57 = pij V)

,J ]

= C12C34p0 — C13C24p = det <

Cr2 C13>
Coy Cszy

In a similar way, we have

ng {RY ((Vdp)(eirer). dple)) dip(e;) = BY (V) (e ;). dple) dole;) |

Cr2 C'13>
= det v
<C24 C34
Therefore the Euler-Lagrange equation (5.2) of the Chern—Federer energy functional can be
expressed as the following equation:

Ci2 Ci3 -
det <C24 034> (u+v)=0.
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In addition, we observe symmetry of the equation (5.7) and the Chern—Federer polynomial
(5.1). Let U be the space of O(p,m — p) x O(q,n — q)-invariant homogeneous polynomials of
degree two on II(E}", Ef), which is spanned by Q1 and Qy:

U = spang {Q1, Oz} .

Also we denote by V the space of sections of ¢ !T'N spanned by vy := C13Ca4(p + v) and
v := C12C34(pt + v):
V := spang {v1, v2} .

Then, by the first variational formula of the («Q; 4+ fQs2)-energy functional, we have a linear
isomorphism between U and V. From the first variational formula (5.7) of the Chern-Federer
energy functional, we observe the invariance of v — v; under the symmetric group Sy of degree
four acting on V as the permutation of the variables. The symmetric group Sy is generated by
transpositions (1 2), (1 3) and (1 4). Here, we set

(12 3 4 (12 3 4 (12 3 4
91 =\2 1 3 4) 27\3 21 4) 7423 1)

By the symmetry of the third and fourth variables of p and v, we have the following relations:
o1(v1) =v1, o1(v2) =v2, o2(v1) =v1, o2(v2) =v1, o3(v1) =v2, 03(v2) = V1.

From these, it can be seen that v; and ve are symmetric by the transposition (1 2) = o, and
v9 — v is antisymmetric by the permutation o3. There are totally 24 elements in S4, however,
due to the invariance by the permutation o1 and the symmetry for the third and fourth variables
of p and v, the action of Sy on V is reduced to the following six permutations:

/1234 (1234 (1234
01, 02, 03, 04 1= 34 1 2 , 05 1= 1 4 3 2 , Og = 13 92 4/

Then we can verify that vy — v; is antisymmetric by the permutations o3 and og. Furthermore,
an element of V is antisymmetric by o3 and og if and only if it is a scalar multiple of vy — vy.

In a similar way, we observe the invariance of the Chern—Federer polynomial under the
symmetric group Sy. First, we rewrite the Chern—Federer polynomial as follows. For H =
(hg;) € IL(E), Ep), we define p € ®4(E;”)* as follows

p = Z Pijkl e e el,
Z’7j7k7l
where p;j; is defined by

pijk = Y enhiihgy
e
and {e’}™, is the dual basis of the standard basis of E,". Then we have
Qu(H) = el Y eigihiihis = cicipijis = Y pij 7 = C13Caap
a 1,J 2] 0,

and

Qy(H) = Z&tla Z ei€jhiih; = Z&'&jpz‘ij]‘ = C12C34p.
i’j

o /L?j

28



Therefore we can rewrite the Chern—Federer polynomial CF(H) as follows:

Ci2 013) ‘

CF(H) = Qz(H) — Q1(H) = det <024 Cs4

As in the case of V, the action of Sy on U is reduced to six elements o; (i = 1,2,--- ,6). Then we
can verify that an element of U/ is antisymmetric by o3 and og if and only if it is a scalar multiple
of the Chern-Federer polynomial CF(H). Consequently, we find that CF(H) and vy — v; have
the same symmetry via the first variational formula and the actions of S4 on U and V.

6 Chern—Federer submanifolds in Riemannian space forms

Let (M™,gn), (N, gn) be two Riemannian manifolds. From now on, we deal with isometric
immersions ¢ : (M™, gy) — (N",gn). In this section, we firstly derive the Euler-Lagrange
equation for an isometric immersion from a Riemannian manifold into a Riemannian space
form. Secondly, we construct examples in the case of curves or surfaces. Finally, we consider
Chern—Federer isoparametric hypersurfaces in Riemannian space forms.

6.1 Euler-Lagrange equations for isometric immersions

For an isometric immersion ¢ : (M™, gpr) — (N™, gn), we denote the shape operator and the
mean curvature vector field by A and H, respectively. Namely, they are defined by

(A(X),Y) = (VAG)(X,¥), ), H = trg, (Vdp) = 7 (¢)

for any X,Y € I'(TM), & € T(T+M), where T+M is the normal bundle over M of . In
addition, we simply denote by h the second fundamental form %dgo in this section.

We denote a Riemannian space form of constant curvature ¢ € R by N™(c). Namely, it is
locally isometric to one of a Euclidean space (¢ = 0), a round sphere (¢ > 0) and a hyperbolic
space (¢ < 0).

When we denote the Ricci operator of (M™, gar) by @, we obtain the Euler-Lagrange equa-
tion for an isometric immersion into a Riemannian space form.

Theorem 6.1. Let ¢ : (M™,gp) — N™(c) be an isometric immersion. Then ¢ is a Chern—
Federer map if and only if it satisfies that

CF(p) = —dy(try,,(VQ)) + 2cm(m — 1)H — try,, h(Q(-), ) =0, (6.1)
equivalently,
(T) i trg,, (VQ) =0, (L):2em(m—1)H —trg,, h(Q(:),-) =0, (6.2)

where (T) and (L) denote the tangent component and the normal component of (6.1), respec-
tively.

Remark 6.2. We define two (1, 1)-type tensor fields A® and Z on M™ as
k
AC(X) = 30 A2 (X), E(X) = Ay (X) — AC(X) = mAy(X) — AC(X),
a=1

where k = n —m and {£,}%_; is a local orthonormal frame of T+ M. The operator AC is called
the Casorati operator (cf. [8, 9]). Then, from the Gauss equation, we have

Q(X) =c(m—-1)X +E(X).
From this, we can also describe the formula (6.2) as

(T) :trg, (VE) =0, (L):em(m—1)H — trg, h(Z(-), ) =0. (6.3)
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Proof of Theorem 6.1

Since the target space N™(c) is of constant curvature ¢ and p*gn = g, by using Proposition 5.4,
we compute

m

> {(VRN) (dp(e:), dp(ei), deles), dp(e;) — dp(VR ) (es, €4, €5, ¢5))
i,j=1

—h(ei, RM (e, e5)ej) + 2RN (h(es, ), dp(e;))dp(e;) + 2RN (dp(e;), hes, ej))deo(e;)}
= —dp(trg,, (VQ)) — trg, A(Q(-,-) + 2¢c(m — 1)7(¢p).

Therefore, the proof is completed since 7(¢) = mH. O

6.2 Examples of Chern—Federer submanifolds

Here, we construct some examples of Chern—Federer maps in the case of isometric immersions.
When an isometric immersion ¢ : (M™, gp) — (N™, gn) is a Chern-Federer map, we call the
image a Chern—Federer submanifold in (N, gn).

Let I C R be an open interval. Then an arbitrary curve v : I — (N, gn) is a Chern—Federer
map. Actually, we have Wi(y) = Wa(y) from Theorems 4.2 and 4.5. Therefore, it is trivial that

CF(y) = Wa(y) = Wi(y) = 0.

There are other obvious examples in the following way. We consider a Euclidean n-space E™
as a target space (N™, gar), which is a flat Riemannian space form. If (M™, gps) is a Ricci-flat
Riemannian manifold, then an arbitrary isometric immersion ¢ : (M™, gp) — E™ is Chern—
Federer. For example, Calabi—Yau manifolds, Hyperkahler manifolds and Ge-manifolds are
all Ricci-flat. Moreover, for any Riemannian manifold (M™, gs), there exists an isometric
immersion into a Euclidean space by Nash’s theorem.

Next, we consider the two-dimensional case (m = 2).

Proposition 6.3. Let ¢ : (M?,gp) — N™(c) be an isometric immersion and K the sectional
curvature of (M?,gnr). Then o is Chern—Federer if and only if

(i) K is constant and ¢ is minimal, or
(ii) K = 2c and ¢ is arbitrary, that is, unconditional on .
Proof. In the two-dimensional case, we have, for any X € I'(T'M),
QX)=KX.
Thus, since ¢ is Chern—Federer if and only if

(T) : trg, (VQ) =grad K =0,
(L) : 4cH — Ktrg, h(-,-) =2(2c — K)H =0,

we have the conclusion. O

Let M?(K) be a two-dimensional Riemannian space form of constant curvature K. For
minimal isometric immersions ¢ : M?(K) — N™(c), the research has already completed. In
fact,

e when ¢ = 0, it implies that K = 0 and ¢ is totally geodesic;

30



e when ¢ = —1, it implies that K = —1 and ¢ is totally geodesic;

e when ¢ = 1, it implies that K > 0. In addition, if N"(1) is isometric to a round sphere
S*(1) = {(a1, - yapr) € BV (2 4o b = 13,

then ¢ is locally congruent to generalized Clifford tori, or Boruvka spheres ¢y (k > 1).
Here a generalized Clifford torus is a minimal 2-torus in S"(1) which is an orbit of an
abelian closed Lie subgroup of SO(n + 1), and a Boruvka sphere is a minimal 2-sphere in
S™(1) which is an orbit of an irreducible representation of SO(3). See [4, 16] in detail.

At the end of Subsection 6.2, we consider flat tori in the unit 3-sphere S3(1).

Let T2 be a flat torus, ¢ : T? — S3(1) an isometric immersion. Then the flat torus 72 admits
an asymptotic Chebyshev net (s1, s2), that is, by using the asymptotic Chebyshev net (si, s2),
we can express

gr = ds% + 2coswdsidsy + ds%, hr = 2sinw dsidss,

where w = w(sy, s2) is some smooth function, and g7, hr are the induced metric and the second
fundamental form of ¢, respectively. Moreover, we compute the mean curvature function H of
¢ from this as

H(s1,s2) = — cot [w(s1, S2)].

See [17] in more precise details regarding an asymptotic Chebyshev net of a flat torus.

Theorem 6.4. Let T? be a flat torus, ¢ : T? — S3(1) an isometric immersion with constant
mean curvature H. Then ¢ is an («Qy + 5Q2)-map if and only if

(i) H=0 (when o+ =0),

e
ii) H=0 h + 0, —— >0},
(ii) <wena B # = )
(i) H=0, or H2 = —— (whena+ﬁ7é0, e <o>.
2(a+ ) a+
Moreover, in the case of (iii), H? runs across the whole range of (0, 00).

In [18], Kitagawa showed that any isometric embedding ¢ : T? — S3(1) with constant mean
curvature are congruent to Clifford tori. Therefore, we have the following classification theorem.

Corollary 6.5. Let T? be a flat torus, ¢ : T? — S3>(1) an isometric embedding with constant

mean curvature H. Then ¢ is an («Q1 + Q2)-map if and only if it is congruent to one of the
following Clifford tori

(1) @ minimal Clifford torus defined by

st (\2) x St (\2) — S3(1)  (when o+ B =0),

(ii) a minimal Clifford torus defined by

st <\2) <! (é) < §(1) <Wh€n04+5#0, ajﬁw),
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(iii) a minimal Clifford torus defined by

() -+ (&) o=

or a non-minimal Clifford torus defined by

St(ry) x St(r) «— S3(1) (when a+ [ #0, ai,@ < 0) ,

where r1,T9 are defined by

1 2(0& + /3) 2((1 + /3)
1 5 \ 1 + 723 - 1- 723 )
Ty = 5 1 + 723 + 1- 723 )

and the mean curvature of the Clifford torus S'(r1) x St(ry) < S3(1) satisfies that

2 _ o
= 2(a+8)°

Proof of Theorem 6.4

Let (s1,s2) be an asymptotic Chebyshev net for 72. We define a frame field by using this
coordinates 5 9 5

_ 9 _ 9 2 7
~ Osy’ 2 H851+ AL 0sy’

Then {ej, e2} defines a geodesic frame. By using this, we compute

€1

Wi(p) = —4H(1 +2H%)E,  Wa(p) = —8H’E,
where £ is a unit normal vector along ¢. Namely, we have
aWi(p) + fWa(p) = —4H{a + 2(a + B)H?}E.

This completes the proof. ]

Remark 6.6. Regarding the following hypersurfaces in unit spheres

1
o S™ () C S™*1(1) (a totally umbilical small sphere),

V2

1 1
o S™ () X S™ () C $?™+1(1) (a minimal generalized Clifford torus),

V2 V2

these inclusion maps are both (aQ + 3Qs)-maps for any «, 8 € R such that a? + 32 # 0.
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6.3 Chern—Federer isoparametric hypersurfaces in space forms
We remark that for a hypersurface M™ C N™*+! with a unit normal vector field £, it holds that
h(X,Y) = (Ae(X),Y)E (6.4)

for any X,Y € I'(TM), and we may denote the shape operator A¢ by A for simplicity.

Let M™ c N™*!(c) be an isoparametric hypersurface, that is, a hypersurface with constant
principal curvatures. Then the inclusion map ¢ : M™ < N™F1(¢) gives an isometric immersion
by considering the induced metric gas by ¢, and we have an orthogonal direct sum decomposition

as vector bundles g
TM = @ Eo.
a=1

where g denotes the number of distinct principal curvatures and E,, are the principal (curvature)
distributions. We remark that each FE, is auto-parallel, that is, the following holds

VXY' € F(Ea) (X7Y € F(Ea))7

where V denotes the Levi-Civita connection of (M™, gps). In particular, each E, is integrable.
More precisely, see [5, Lemma 3.9] in detail.

Theorem 6.7. Let M™ C N™V(c) be an isoparametric hypersurface in a Riemannian space
form. Then M™ is Chern—Federer if and only if it satisfies that

c(m — 1)(tr A) — (tr A)(tr A2) + (tr A%) = 0.

We give a proof of Theorem 6.7 after Lemmas 6.9 and 6.10 stated below.

Remark 6.8. Let M™ C N™T!(c) be an isoparametric hypersurface. Then the inclusion map ¢
is a Q1-map if and only if
Wi(t) = e(tr A) — (tr A3) =0,

the inclusion map is a Qg-map (that is, a biharmonic map) if and only if
Wa(i) = (me — (tr A?)) (tr A) =
and the inclusion map is a Willmore-Chen map if and only if
WC(1) = mWi (1) — Wa(e) = (tr A)(tr A%) — m(tr A%) = 0.

Lemma 6.9. Let M™ C N™Y(c) be an isoparametric hypersurface, 1 : M™ < N™H1(c) the
inclusion map and gps the induced metric of M™ by v. Then it holds that

trg,, (VZ) =0.
Proof. Let {e;}"; be an orthonormal frame of M such that
Ale;) = ey,

where \;’s are principal curvatures, which are constant. Then we have by using (6.4)

m
trgM V_ Z trgz\f V\_ ek> €k

i [< ei (An(eje)€i) — (Ah(ej,ej)veiei),ek>
g,k

=1

Zv

B <Vel- (An(eie€s) — (Ah(Veieivej)ej)’ekﬂ ek
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[=AiXj0ij(Vesej, ex) + AiXjdjn(Ve,ei, e5)] ex
1

i?

,j=1

I

From the last formula, we can claim the following statements for e; € I'(E,), e; € I'(Eg): When
o = (8, we have

Aidj =M =0
since \; = ;. When a # 3, we have

(Ve,ei,e5) =0
since V¢, e; € I'(E,) and E, is orthogonal to E. Therefore, we complete the proof. ]
Lemma 6.10. Under the assumption of Lemma 6.9, it holds that

trg A(E(), ) = [(tr A)(tr A?) — (tr A%)]¢,
where £ is a unit normal vector field of M™.
Proof. Taking an orthonormal frame {e;}", of M™ such that A(e;) = Aie;, we compute by
using (6.4) that
m
g R(E(), ) = > Wl Anie;e))€i = An(esse;) € €i)

= > hlei, (Ale), e5) Aleq) — (Ales), e5) Ale;))

=) [N = APN 5] € = [(tr A)(tr A7) — (tr AP))E.
Thus, the proof is completed. O

Proof of Theorem 6.7

From Lemma 6.9 and Lemma 6.10, we can see that an isoparametric hypersurface M™ C
N™*+1(c) is Chern—Federer if and only if it holds that

(T) : trg,,(VE) =0 (trivially holds),
(L) : em(m — 1)H — trg, h(E(),) = [c(m — 1)(tr A) — (tr A)(tr A%) + (tr A*)] £ = 0.

Thus, we obtain the conclusion. ]

Let L™ be a Minkowski n-space. By using the classification [5, Theorem 3.12, Theorem 3.14]
of isoparametric hypersurfaces in a Euclidean space E™*! and a hyperbolic space

Herl(—l) = {(xl, s ,$m+2) e Lmt2 | —CC% + x% 4+ 4+ x72n+2 =-1, z1 > 0}7
we have the following results:

Theorem 6.11. Let M™ C E™+L be an isoparametric hypersurface. Then M™ is Chern—Federer
if and only if it is congruent to an open portion of one of the following hypersurfaces
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[g=1] E™CE™"! (a totally geodesic hyperplane),
[g=2] Sl(r)x E™1 Cc E™*! (a generalized right circular cylinder).

Theorem 6.12. Let M™ C H™"1(—1) be an isoparametric hypersurface. Then M™ is Chern—
Federer if and only if it is totally geodesic.

In the case of a unit sphere S™+1(1), there exist fruitfully Chern-Federer isoparametric hy-
persurfaces which is not minimal. This is a different situation from that of biharmonic isopara-
metric hypersurfaces in a unit sphere. See [13] on the classification of biharmonic isoparametric
hypersurfaces. In this thesis, we do not classify Chern—Federer isoparametric hypersurfaces
in S™*1(1). However, we show some examples of Chern-Federer homogeneous hypersurfaces,
which are also isoparametric. Since all of their proofs are done by direct calculations by using
Theorem 6.7, detailed calculations are omitted. We again remark that g denotes the number of
distinct principal curvatures of isoparametric hypersurfaces.

e [g=1]

The classification is the following totally umbilical hypersurfaces
S™(r) = {(:c, V1—172) e E™F2 | ||z|]? = 7"2} cS™H1) (0<r<1), (6.5)

where || - || denotes the canonical Euclidean norm of E™*!. From this, we obtain:

Proposition 6.13. The isoparametric hypersurface (6.5) is Chern—Federer if and only if r = 1
(totally geodesic one), or v =1/+/2 (proper biharmonic one).

°lg=2|
The classification is the following Clifford hypersurfaces
SP(ry) x S™P(ry) C S™(1) (ri+13=1). (6.6)

We denote the distinct principal curvatures of (6.6) by A1, A2. Then by setting

A=A =cott <0<t<g>,

we have

A t(t+7r> L !
= co ) ==
2 2 cott A

From this, we obtain:

Proposition 6.14. The isoparametric hypersurface (6.6) is Chern—Federer if and only if A
satisfies that

p(p—1)A® = p(2m — p— )X* + (m — p)(m + p — 1)X* — (m — p)(m —p — 1) = 0.

e [g=13]

The classification is the following four Cartan hypersurfaces

M3 = SO(3)/Zy x Zy — S*(1), (6.7)
MS = SU(3)/T? — S™(1), (6.8)
M'? = Sp(3)/Sp(1)’ — $'3(1), (6.9)
M?* = F,/Spin(8) — S?°(1). (6.10)
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We denote the distinct principal curvatures of (6.7-6.10) by A1, A2, A3. Then by setting
T
A=)\ =cott (0<t<§>,

we have

A—3 \ IRERE
A+ T Bt

Ao =
From this, we obtain:

Proposition 6.15. The isoparametric hypersurfaces (6.7), (6.9) or (6.10) are Chern—Federer
if and only if X = \/3 (the only minimal one).
The isoparametric hypersurface (6.8) is Chern—Federer if and only if \ satisfies that

A2 =3)(3XN =3X2 —OA+ 1)(3N3 +3X2 —9Xr — 1) =0.
Namely, there are non-minimal ones in the case.

e lg=14

In this case, we deal with homogeneous hypersurfaces. Non-homogeneous isoparametric ones are
called to be of OT-FKM type. The classification of homogeneous hypersurfaces is the following
ones

= S0(5)/T? = $°(1), (6.11)
=U(5)/SU(2) x SU(2) x U(1) — S'9(1), (6.12)
=U(1) - Spin(10)/S* - Spin(6) — S3!(1), (6.13)
M4m 2=85(U©2)xU(m))/SUQ) xU1) x Uim —2)) = $™™ (1) (m>2), (6.14)
M?™2 = SO(2) x SO(m)/Zy x SO(m —2) — $*™1(1) (m >3), (6.15)
M®™=2 = Sp(2) x Sp(m)/Sp(1) x Sp(1) x Sp(m —2) — ™~ 1(1) (m > 2). (6.16)

We denote the distinct principal curvatures of (6.11-6.16) by A1, A2, A3, \4. Then by setting
s
A=A =cott <0<t<1>’

we have

From this, we obtain:

Proposition 6.16. The isoparametric hypersurface (6.11) is Chern—Federer if and only if A\ =
1+ /2 (the only minimal one).
The isoparametric hypersurface (6.12) is Chern—Federer if and only if X satisfies that

A2 — 40010 + 22308 — 69270 4+ 2230* — 4002 + 3 = 0,

which is not minimal.
The isoparametric hypersurface (6.13) is Chern—Federer if and only if X satisfies that

12212 — 111010 4 488)8 — 1098X5 + 488\ — 11102 4+ 12 = 0,

which is not minimal.
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The isoparametric hypersurface (6.14) is Chern—Federer if and only if X satisfies that

M2 —4(2m — DA + (72m—85)A% — 32(4m? — 10m + 7)A
+ (72m — 85)AT —4(2m — DA +1 =0.

The isoparametric hypersurface (6.15) is Chern—Federer if and only if X satisfies that
(2m — 3)A® — 4(5m — 9)A® + 2(16m? — 62m + 63)A* — 4(5m — 9)A\2 4+ 2m — 3 = 0.
The isoparametric hypersurface (6.16) is Chern—Federer if and only if X satisfies that

3A12 —16mAY + (136m—117)\% — 4(64m? — 116m + 63)\°
+ (136m — 117)A* — 16mA2 + 3 = 0.

* [g=6]

The classification is the following two homogeneous hypersurfaces

M® = 80(4)/Zy x Zy — S7(1), (6.17)
M2 =Gy /T? — S3(1). (6.18)

We denote the distinct principal curvatures of (6.17), (6.18) by A1, A2, A3, A4, A5, A¢. Then by
setting

A=)\ =cott (0<t<%>,

we have

\, V31 A—V3 1 AFV3 o VBAH

- . = :77)\:_77)\:_77 — - =
SNV R Y-S WE D S Y. S R D W

From this, we obtain:

Proposition 6.17. The isoparametric hypersurfaces (6.17) or (6.18) are Chern—Federer if and
only if X = 2 4+ /3 (the only minimal one).

From the configuration of the examples of the Chern—Federer map so far, we obtained the
examples of the star parts in Figure 3.

biharmonic
map

totolly geodesic
map a8
'Y

%

Figure 3: Correlation diagram of maps
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