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ABSTRACT. It is confirmed that the various operators on the predual of Morrey spaces and
Bs — LP spaces are bounded. At first, we check their boundedness and define B, —Morrey
the predual space. This space is the set of all the measurable functions decomposed into

f=22521X;B; with some {);}72, € ¢1(N) and some sequence {B; 12 of (', d',03Qj,75)-

blocks. Then the predual of B, —Morrey spaces is shown to satisfy Fatou’s lemma and the
boundedness of the Hardy-Littlewood maximal operator , the singular integral operator and
the fractional integral operator.
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4. NOTES

4.1. Operators dealt with in this paper.

The Hardy-Littlewood maximal operator. The Hardy-Littlewood maximal operator was
introduced by Hardy and Littlewood in [17] for the purpose of investigating the Fourier series on
the torus. They investigated the 1-dimensional maximal operator and later Wiener generalized
the boundedness of the Hardy-Littlewood maximal operator to higher dimension; see [40].

Singular integral operators. The research of the singular integral operators dates back to
the study of the Hilbert transform, which is given by
1 t—
Hf(t) = = lim ez,

T €l0 Ju|>e u

u.

The boundedness of the Hilbert transform dates back to the papers by Kolmogorov and M.
Riesz, first appeared in [32] in 1927. However, it is announced in 1924 by M. Riesz in [31].
are due to Kolmogorov [23] and M. Riesz. Later P. Stein, L. H. Loomis and A. P. Calderén
gave different proofs [4, 28, 37]. Calderén and Zygmund generalized the integral kernel by
using the “so-called” Calderén-Zygmund decomposition [6, 7, 8, 9]. The Calderén-Zygmund
decomposition, whose detail can be found in the textbook [12, Chapter 2], is now used for
various aims.
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Fractional maximal operators. Theorem 2.13 with ¢ = 0 and p = ¢, or equivalently, The-
orem 2.12 with ¢ = 0 is a fundamental theorem whose root lies especially in [18, 19, 36]. The
fractional integral operator is important because it generalizes the fundamental solution of the
potential operator.

4.2. B, spaces. It is known that Morrey and Campanato spaces contain LP, BMO and Lips-
chitz spaces as special cases. Therefore, using B,-Morrey-Campanato spaces, we can unify the
results of the boundedness of operators on several classical function spaces.

Here we shall give some examples of classical function spaces.

The dual of the Beurling algebra. We now see how the B, spaces, in particular the space
B, arose. Beurling [3] introduced the space BP(R™) together with its predual AP(R™) so-called
the Beurling algebra. Later, to extend Wiener’s ideas [38, 39] which describe the behavior of
functions at infinity, Feichtinger [13] gave an equivalent norm on B?(R™), which is a special case
of norms to describe non-homogeneous Herz spaces K, (R™) introduced in [20]. The function

space BP(R™) and its homogeneous version B?(R") are characterized by the following norms,
respectively:

1 1/p
fllgr =sup | ——— f(2)|P dx
17l =00 T e )

and

1/p
1l 5 = sup (Hl |f(x)[P da:) .

-, T}nl [=r,r]m

In this case £ = L? and o = n/p. BP(R") = B,(L?)(R") and BP(R") = B,(L”)(R") with
o=n/p.

B, spaces and Morrey spaces. Garcia-Cuerva and Herrero [15, Proposition 1.6] and Alvarez,
Guzman-Partida and Lakey [2, Definition 2.2] introduced the non-homogeneous central Morrey
space BP*(R™) and the central Morrey space BP*(R") as an extension of BP(R"™), BP(R™),
CMO?(R™) and CBMOP(R™), respectively, with the following norms:

1 1 1/p
px =SUp —~ | ———— z)|P dx ,
17130 TJ?M(n—r,rm ) )
1
11 oy ga— Hapds)
apa = SUP — | ————— T T .
B r>0 ™ H_T) T]n| [=rr]™

Then these spaces are expressed by B, (E)(R") and B, (E)(R") with E = L? and ¢ = n/p+ \.
In [29], B,-Morrey-Campanato spaces have been introduced to unify central Morrey spaces,
A-central mean oscillation spaces and usual Morrey-Campanato spaces. Using these function
spaces, we can study both local and global regularities of functions simultaneously.

4.3. The mothod of the proof together with related facts.

Theorems 2.4 and 3.4-the predual of B, (L?) and B,(M?). The predual of B, (L) seems
to be new. The idea of the proof goes back to the Zorko paper [41].

Theorems 2.9 and 3.10-the Fatou property of B, (L?) and B,(M?). The Fatou property
of the function spaces dates back to [35, Theorem 1.2], whose idea is from [22]. See some related
facts by S. Nakamura [30].
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Theorem 2.10-The boundedness of the Hardy-Littlewood maximal operator. The
Hardy-Littlewood maximal operator on H, spaces is simpler than the singular integral operators
on H, spaces.

Theorem 2.11-The boundedness of the singular integral operators. The boundedness
of the predual of Morrey spaces, namely Theorem 2.11 with ¢ = 0, can be found in [24,
Theorem]. One of the difficulties in defining the singular integral operators on H, is that it is
not enough to define

Tf = i )\jTaj

Jj=1

when we have infinite sum
o0
f=2 "Ny
j=1
as is desribed in the definition. There are two problems in this definition.

(1) How can we guarantee that the right-hand side defining T'f converges 7
(2) How can we check that the definition of T'f does not depend on the expression of f 7

To overcome this problem we can use the finite sum as is described in Proposition 2.5, for
example. Another method is to resort to Lemma 2.8. Since we have defined T' on L' and LY
with 1 < oo; see [12, Chapters 3-5], we can defined T on B, spaces as a restriction from L'+ L?
to B, spaces.

Theorems 2.13, 3.12 and 3.13—The boundedness of the fractional integral operators.
The proof of Theorem 2.13 by means of Theorem 2.12 which is [27, Theorem 8] dates back to
the paper [33, 34, Theorem 3.1]. In particular, see [34, Theorem 3.1]. Since the integral kernel
of I, is positive, the matters are not so serious as the singular integral operators. We can
readily use the infinite decomposition. We can also use the formula

If1 =Y \B;
j=1

as in Proposition 3.5. But analyzing each a; as in Theorem 2.11 is not enough; we do not have
good method using the structure of a; so far.
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